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ABSTRACT Visible light communication (VLC) is being envisioned as an enabling technology to provide

the much-needed spectral relief for the ever-increasing demand for Internet connectivity and data con-

sumption. Since VLC uses illumination sources for lighting as well as communication, it is required to

provide dimming control for proper lighting and enhanced error performance for reliable data communi-

cation. In this paper, we address both these issues holistically. We formulate and study the power spectral

densities of dimming-based modulation schemes, namely variable on-off keying (VOOK) and variable

pulse position modulation (VPPM), and hence, derive their bandwidth requirements and spectral efficien-

cies. Moreover, the capacity of VLC systems is severely limited by the inter-symbol interference (ISI)

occurring as a result of the multipath propagation of light signals in VLC. We propose to ameliorate the

error performance of VLC systems by using channel equalization for ISI mitigation, thereby enhancing

the system capacity. We develop the analytical model of a dimmable VLC system employing channel

equalization and use this model to study the effect of dimming and data rate on the error performance of

VOOK and VPPM schemes. We present simulation and analytical results to show that the performance

of dimming-based modulation schemes is significantly improved using channel equalization.

INDEX TERMS Dimming, ISI mitigation, channel equalization, visible light communication.

I. INTRODUCTION

THE International Telecommunication Union has pre-

dicted that, by 2030, the global mobile traffic volume

is expected to increase by 670 times of that in 2010 which

would demand a data traffic volume of over 5 ZB/month,

where 1 ZB = 1021 bytes [1]–[3]. This dramatic increase in

the number of data-hungry devices connected to the Internet

has created an urgent need to explore the untapped and unli-

censed regions of the electromagnetic spectrum. To this end,

the upcoming disruptive optical wireless communication tech-

nology called visible light communication (VLC) promises

tremendous expansion of spectrum resources by opening up

the hitherto untapped visible range of the electromagnetic

spectrum for mobile communications [4], [5].

Besides the benefits of license-free spectrum reuse and

higher bandwidth, VLC offers several other advantages like

radiation safety, less electromagnetic interference, higher

energy efficiency, and more security from eavesdroppers

as compared to conventional wireless communication tech-

nologies [6]. Most of these advantages are attributed to the

high efficiency, compact size, long life, and low cost of

the white light-emitting diodes (LEDs) used therein [7].

However, in such dual functionality applications, where

LEDs are employed both as a communication source and

an illumination device, it is desirable to have efficient

and reliable data communication and dimming control for

brightness regulation. Dimming control provides variable

levels of lighting and ensures that data communication is

not hindered when a user arbitrarily changes the bright-

ness level of the LEDs. Proper dimming support facilitates

power savings, improves energy efficiency, and has ecolog-

ical benefits. As such, dimming control has been identified
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as an essential consideration for VLC by the IEEE 802.15.7

task group [8], [9].

To understand and implement dimming support, it is essen-

tial to appreciate the physiology behind how the human eye

perceives brightness. The human eye responds to different

light levels by dilating or constricting its pupil, in order

to allow more or less light to enter the eye, respectively.

However, this eye response is non-linear with respect to

dimming which results in a difference between the perceived

brightness level (bp) and the actual brightness level (ba), both

measured as a fraction of their respective maximum values.

These are related as bp =
√

ba [10]. For example, a lamp that

is perceived by the human eye as being dimmed to 22%,

is actually dimmed to 5%. Hence, it is required to pro-

vide dimming support over a large range and, at the same

time, maintain reliable data communication. To this end,

the dual objective of dimming control and data transmission

is achieved by incorporating dimming techniques into the

modulation schemes that are popularly used in other types

of optical wireless communication techniques like free space

infrared (IR) communication.

While the problem of dimming control exists only in VLC,

the detrimental effects of inter-symbol interference (ISI)

plague all types of wireless communication systems which

are inherently multipath in nature. ISI, which is caused

due to the multipath propagation of signals, puts an upper

limit on the achievable data rate in a communication

system. However, the adverse effects of ISI are more

severe in VLC as compared to other wireless communica-

tion technologies. This is due to the broadcasting nature

of spatially distributed LED transmitters, and the rela-

tively closed and confined indoor environment in which

VLC is employed. These two factors result in a very

large number of successive reflections, thereby leading to

significant variations in the effective path lengths of dif-

ferent signal components carrying the same information.

Hence, ISI is a serious concern for high data rate VLC

systems.

The most commonly used ISI mitigation technique is

channel equalization in which the dispersive effect of the

multipath channel is reduced or completely removed by

using equalizers at the receiver. The two most popular

linear equalizers are the zero-forcing equalizer (ZFE) and

the minimum mean square error equalizer (MMSE). ZFE

is the simplest equalizer, but it entails noise enhancement at

the receiver. The MMSE is complex but does not enhance

noise. Interestingly, if the value of signal to noise ratio (SNR)

is high (which is the usual case for VLC) then MMSE

works as ZFE [11]. However, the linear equalizers can-

not mitigate the ISI when the channel noise and distortions

become too severe [11]. In that case, non-linear equaliza-

tion techniques are required. Nevertheless, since VLC is

primarily an indoor communication technology, it generally

operates at high SNR and low distortion (due to negligible

effects of fading). Therefore, ZFE suffices for ISI mitigation

in VLC.

A. RELATED WORK

Brightness control and data transmission have been mostly

addressed as separate research areas in the literature available

on VLC. In this section, we present a review of the literature

related to our work on dimming control and ISI mitigation

in VLC.

1) DIMMING CONTROL

In the 1990s, several variations of the pulse position

modulation (PPM) scheme were proposed to enhance

bandwidth (BW) efficiency of IR systems [12], [13].

These include multiple pulse position modulation (MPPM)

in [14]–[16] and overlapping pulse position modula-

tion (OPPM) in [17]–[19]. However, they do not provide

any inherent dimming support. One of the first attempts to

develop a dimming-based modulation scheme is presented

by authors in [9], where the 2-PPM modulation is modi-

fied to variable pulse position modulation (VPPM) scheme

to provide dimming control by varying the pulse widths.

They also suggest the use of another scheme called vari-

able on-off keying (VOOK) which is a modification of

the on-off keying (OOK) scheme popularly used in optical

communication.

Later, authors in [20], [21] and [22] adapted the MPPM

and OPPM schemes, respectively, to incorporate the provi-

sion for dimming control by changing the number of pulses

being transmitted in each symbol. The spectral efficiencies

and power requirements of VOOK, VPPM and MPPM are

studied in [20], where the authors show that the spectral

efficiency of MPPM is higher than that of VOOK and VPPM.

Recently, authors in [23] and [24] have further explored

dimming using MPPM. While [23] attempts to achieve

enhanced spectral efficiency by combining MPPM with

reverse polarity optical orthogonal frequency division

multiplexing (RPO-OFDM), [24] studies the encoding and

decoding algorithms required for MPPM. However, as

also acknowledged by these works [20]–[24], the practi-

cal implementation of MPPM is very difficult because its

cardinality (number of possible symbols that can be trans-

mitted) depends on the dimming level. So, each time the

user adjusts the dimming level, the cardinality and hence,

the symbol mapping changes. Consequently, in both MPPM

and OPPM, the receiver needs to estimate the dimming level

accurately and then re-calibrate the symbol mapping for

proper demodulation and correct detection of the received

signal. This greatly aggravates the complexity of the receiver

architecture and increases latency, especially if the dimming

control is required to be done in real-time.

On the other hand, the cardinality and mapping of VOOK

and VPPM signals are independent of the dimming value.

Hence, they are much simpler to demodulate because each

symbol always contains only one pulse, irrespective of

the dimming level. However, some amount of performance

loss is incurred by choosing a lower complexity scheme.

Specifically, using VOOK or VPPM instead of MPPM incurs

a power penalty of approximately 2.5 dB, 1.5 dB, 1.5 dB
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and 2.5 dB at dimming levels of 0.2, 0.4, 0.6, and 0.8,

respectively [20]. Moreover, if VOOK is used instead of

MPPM, then at γ = 0.2, 0.4, 0.6 and 0.8, the spectral

efficiency degrades by approximately 20%, 10%, 10% and

20%, respectively [20]. Similarly, at the same dimming

levels, using VPPM instead of MPPM deteriorates the spec-

tral efficiency by approximately 40%, 45%, 45% and 40%,

respectively [20].

The problem of low spectral efficiencies of these binary

schemes can be ameliorated by using them in conjunction with

popular multiplexing techniques like OFDM [23], multiple-

input-multiple-output (MIMO), non-orthogonal multiple

access (NOMA), etc. Considering these factors, the IEEE

802.15.7 task group [9] suggested the use of VOOK [25] and

VPPM [26], to support dimming in the two types of physi-

cal (PHY) layers, PHY-I and PHY-II. As such, it is crucial

to study the power spectral densities (PSDs) and determine

the BW requirement of these modulation schemes to ascer-

tain their feasibility in practical scenarios (ref. Section III-A).

However, to the best of our knowledge, none of the above

works attempts to derive and study the PSDs of VOOK and

VPPM, and hence obtain their BW requirements.

2) CHANNEL EQUALIZATION

Channel equalization is realized through equalizer filters

which are broadly classified into two main categories: analog

and digital. Analog equalizer filters are typically high-pass

filters implemented on hardware using resistive and capaci-

tive components. Recently [27]–[30], such filters have been

experimentally demonstrated for capacity enhancement of

VLC systems. However, these filters suffer from two major

drawbacks. Firstly, they introduce a form of ISI known as

baseline wander, resulting in an exponential power penalty

around the low-frequency region [31]. This renders analog

equalizer filters unsuitable for dimming-based modulation

techniques because these schemes have strong frequency

components near the DC region. Secondly, it is difficult

to quickly change the characteristics of the hardware filters

to match the quasi-static channel conditions in indoor VLC

systems. Hence, for channel equalization in dimmable VLC

systems, it is advisable to opt for digital equalizer designs

which are usually implemented through digital signaling

processing algorithms in software.

Digital equalizer filters (DEFs) are realized through software

implementations of digital techniques like signal processing,

beamforming, precoding, channel estimation, channel equal-

ization, signaldecodingetc.TheDEFsused inVLCarerequired

to have significantly different functionalities as compared to

the DEFs used in conventional radio frequency communi-

cation (RFC) systems. The main reason behind this is the

difference in channel conditions. While the channel in RFC

systems is very dynamic, it is largely quasi-static in indoor

VLC systems. Moreover, since VLC systems are designed to

provide illumination along with communication, so certain

functionalities like dimming, flickering, DC biasing, etc. are

unique to VLC and are not required in RFC systems.

DEFs have been popularly used in MIMO-VLC systems

for various functionalities [32]–[37]. Authors in [32] and [33]

employ DEFs in MIMO decoding and in successive

interference cancellation (SIC) for NOMA, respectively.

They analyze and compare the performance of different types

of DEFs in MIMO-VLC systems. In [34] and [35], authors

attempt to maximize the achievable sum rate by using beam-

forming techniques and neural network-based equalization,

respectively, in a multiuser MIMO-VLC system. The studies

in [36], [37] and [38] explore DEF-based precoding tech-

niques for performance enhancement of multiuser MIMO-

VLC and NOMA-VLC systems, respectively.

Authors in [39], [40] investigate the use of DEFs for chan-

nel estimation in VLC systems. While [39] uses the least

squares and the minimum mean square error (MMSE) algo-

rithms for channel estimation in an OFDM-VLC system, [40]

proposes an adaptive statistical Bayesian MMSE technique

for optical OFDM aided VLC systems. However, except [35]

and some other sporadic attempts [41]–[44], not much

research has been done to mitigate ISI in VLC systems by

implementing DEFs. In [41], feed-forward pre-equalization

is used to mitigate ISI and achieve multi-gigabit transmission

over VLC channels. Authors in [42] use adaptive nonlin-

ear equalization by combining sparse Bayesian learning and

Kalman filtering for VLC. Frequency domain equalization

and fractionally spaced equalization are proposed in [43]

and [44], respectively, for the performance enhancement of

VLC systems.

ZFE is the simplest DEF, and its applications have been

investigated in some of the above works [32]–[34], [38].

However, its use for ISI mitigation is not explored in the liter-

ature available on VLC. Recently, in [45], authors investigate

different precoding and equalization schemes (including

ZFE) for a 2 × 2 MIMO in a vehicle-to-vehicle VLC

system, but this work is significantly different from ours.

Firstly, and most importantly, the system under considera-

tion in [45] is an outdoor VLC system while we consider

an indoor scenario. Secondly, although the authors in [45]

restrict the transmitted power to meet the dimming and illu-

mination requirements, but there is no study on the effects

of dimming on the error performance. Thirdly, they do not

derive or study the spectral performance of dimming-based

modulation schemes. Fourthly, they do not formulate the

analytical model for the bit error rate (BER) of dimmable

VLC systems with channel equalization.

ISI mitigation can also be achieved by using OFDM that

distributes data onto different frequencies, thereby increas-

ing the data’s symbol time on each frequency. This is

a very effective technique for frequency-selective channels.

On the other hand, zero-forcing equalization can be used

to invert the channel effects, particularly in slow fading

channels (so that we can learn and adapt our equalizer).

Many authors [46]–[48] have used zero-forcing equalization

together with OFDM to invert any distortions on a single

frequency. As this paper focuses on single carrier-based mod-

ulation schemes, we only discuss zero-forcing equalization.
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Nevertheless, OFDM can be used over and above the ZFE

approach for further improvements in data rates.

In summary, it is observed that one or more of the follow-

ing aspects are not considered in the current state-of-the-art

of dimming-based modulation schemes. Firstly, all of them

lack a comprehensive analysis of the spectral performance

of VOOK and VPPM, which have been suggested in the

IEEE 802.15.7 standard [8], [9]. Secondly, a clear and com-

plete formulation of their error performance is often missing.

Thirdly, none of the existing works on equalizer filters in

VLC considers the aspect of dimming control. Fourthly, and

most importantly, there has been no attempt to mitigate ISI

using channel equalization in dimmable VLC systems.

B. CONTRIBUTIONS

Motivated by the observations mentioned above, we attempt

to bridge these gaps in the existing literature on dimming-

based modulation schemes in VLC. Our work aims to study,

improve, and integrate both aspects of the dual-functionality

applications envisioned for VLC, i.e., illumination with dim-

ming control and reliable data transmission with superior

error performance. We present a comprehensive quantita-

tive study on the spectral analysis and error performance

of VOOK and VPPM schemes that enable dimming con-

trol. To the best of our knowledge, there is no existing

work that studies channel equalization to mitigate ISI and

ameliorate the error performance of VLC systems that are

based on dimming-based modulation schemes. The key novel

contributions of our work are as follows.

1) We formulate and study the PSDs of VOOK and

VPPM and highlight the effect of dimming on their

spectral performance.

2) We compare the different types of definitions used

to quantify the BW requirement and determine the

most precise definition that can be used for reliable

implementation of practical dimmable VLC systems.

3) We implement ZFE for ISI mitigation in a dimmable

VLC system and formulate the analytical model for

the same.

4) Using Gram-Schmidt orthogonalization and vector

space analysis of signals, we derive the expressions

for the BER of a VLC system that employs dimming-

based modulation schemes like VOOK and VPPM.

5) We study the effect of changing the dimming levels

and increasing the data rate on the error performance

of dimmable VLC systems.

6) At different data rates, we compute the power savings

achieved by mitigating ISI using channel equalization.

This is calculated as the difference in power levels

required to maintain the same BER with and without

equalization.

7) We determine the data rate beyond which the imple-

mentation of ZFE is advantageous, i.e., when the effect

of ISI is more significant as compared to that of noise

enhancement.

The remainder of this paper is organized as follows.

We describe the dimming-based modulation schemes in

Section II and analyze their spectral performance in

Section III. We present the system model in Section IV and

formulate the analytical model for ISI mitigation using ZFE

in Section V. We discuss and analyze the error performance

of the system in Section VI. Finally, we give a brief

conclusion of work in Section VII.

II. DIMMING-BASED MODULATION SCHEMES

In this section, we describe the two dimming-based modula-

tion schemes popularly used in VLC to control the brightness

level of the emitted light. The brightness level is quantified

by the dimming factor (γ ), which is defined as the ratio

of average optical power (Pγ ) at that brightness level and

the average optical power (Pf ) under full brightness, i.e.,

γ = Pγ /Pf [20]. Hence, γ = 0 indicates that the LED

is completely switched off, whereas γ = 1 denotes that

the LED is switched on at full brightness. Since LEDs are

current-driven devices, their brightness is proportional to the

input current and, hence, dimming control is achieved by

varying the forward input current. There are two primary

approaches to control the average current flowing through

the LEDs [49].

The first approach is called amplitude modulated (AM)

dimming in which the peak current or amplitude of the cur-

rent pulses is varied to control the average input current.

This method is cost-effective and simple, but continuously

changing the current amplitude can create several problems,

which render AM dimming unsuitable for practical imple-

mentation. Firstly, rapid changes in the peak current affect

the wavelength (and hence, the color) of the emitted light

leading to the problem of chromatic shift [50]. For exam-

ple, the peak wavelengths of red LEDs (AlGaInP) shift

towards shorter wavelengths, while those of the green and

blue LEDs (InGaN) shift towards longer wavelengths [51].

This undesired color shift is caused by the quasi-Fermi

level moving away from the band edge as the injection

current increases [50], and it adversely affects the illumina-

tion performance. Secondly, continuous adjustments to the

input current reduce the energy efficiency of the driver cir-

cuits [52]. Thirdly, AM dimming causes non-linearities in

the output characteristics of the digital-to-analog converters

driving the LEDs [52]. Fourthly, it is often difficult to adjust

the current amplitude precisely, i.e., fine-tuning the LED’s

brightness is not easy with AM dimming [20]. Due to these

issues, amplitude dimming is not preferred for VLC.

The second approach is pulse-width modulated (PWM)

dimming, in which the average current is controlled by vary-

ing the width of the input current pulses. In PWM dimming,

the brightness level is determined by the proportion of the

time the LEDs are kept in the ON state. This dimming

method is inherently linear. We now describe the two PWM

dimming-based modulation schemes mentioned in the IEEE

802.15.7 standard [8], [9] for short-range wireless optical

communication using visible light.
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FIGURE 1. VOOK signal waveforms of bits ‘1’ and ‘0’ for different dimming levels (γ ).

FIGURE 2. VOOK signal waveforms for any general dimming level (γ ).

A. VARIABLE ON-OFF KEYING (VOOK)

VOOK is a hybrid combination of OOK and PWM, where

OOK provides data communication, and PWM enables dim-

ming control [25]. In Fig. 1, we depict the VOOK signal

waveforms for bits ‘1’ and ‘0’ when γ = 0.3, γ = 0.5 and

γ = 0.7, where we observe that at γ = 0.5, the VOOK

signal waveforms are the same as those for OOK with non-

return-to-zero (NRZ) pulses, i.e., a full pulse for the entire

bit duration Tb for bit ‘1’ and no pulse for bit ‘0’. When γ is

reduced below 0.5, the LED remains off for bit ‘0’, and the

pulse width for bit ‘1’ is decreased to reduce the average

forward current. On the other hand, when γ is increased

above 0.5, then the LED remains on for bit ‘1’and also dur-

ing a small portion of Tb for bit ‘0’, thereby increasing the

average forward current and hence the LED brightness. Note

that communication is not possible for γ = 0 and γ = 1.

Based on the above discussion, we generalize and obtain

the VOOK signal waveforms k1(t) and k0(t) for bits ‘1’ and

‘0’, respectively, at any general value of γ , as illustrated in

Fig. 2. These are expressed mathematically as,

k1(t) =

⎧

⎨

⎩

A rect
(

t
2γTb

− 1
2

)

, γ ≤ 0.5

A rect
(

t
Tb

− 1
2

)

, γ > 0.5,
(1)

and,

k0(t) =

{

0, γ ≤ 0.5

A rect
(

t
(2γ−1)Tb

− 3−2γ
4γ−2

)

, γ > 0.5,
(2)

where A is the signal amplitude and rect(x) is the rectangular

function defined as,

rect(x) =
{

1, |x| ≤ 1
2

0, otherwise.
(3)

Using Fig. 2, we also obtain the duration of the smallest

pulse transition in VOOK signals which is expressed as,

Tc,K =
{

2γTb, γ ≤ 0.5

2(1 − γ )Tb, γ > 0.5.
(4)

Note that, for γ ≤ 0.5, the smallest transition is a 0-1-

0 transition whereas for γ > 0.5, it is a 1-0-1 transition.

B. VARIABLE PULSE POSITION MODULATION (VPPM)

By changing the pulse-widths, binary pulse position mod-

ulation (2-PPM) is modified to VPPM to incorporate the

dimming control feature [9]. Hence, VPPM is inherently

a combination of 2-PPM and PWM, such that data commu-

nication is obtained by 2-PPM whereas dimming control is

achieved by PWM. The signal waveforms for different dim-

ming levels of VPPM are depicted in Fig. 3. It is evident

from these figures that at γ = 0.5, VPPM transforms into

2-PPM with NRZ pulses. To reduce dimming below 0.5,

we decrease the width of both the pulses without affect-

ing their positions. This reduces the average forward current

and, consequently, the brightness of the LEDs. Similarly, we

increase the pulse width for both bits to increase the dim-

ming level above 0.5, thereby enhancing the LED forward

current and their brightness. Note that, like VOOK, com-

munication is not possible for γ = 0 and γ = 1 in VPPM

as well. Using these observations, we generalize to express

the VPPM signal waveforms p1(t) and p0(t) for bits ‘1’ and

‘0’, respectively, at any general value of γ , as depicted in

Fig. 4. These are expressed mathematically as given below:

p1(t) = A rect

(

t

γTb
−

2 − γ

2γ

)

, (5)

and,

p0(t) = A rect

(

t

γTb
−

1

2

)

. (6)

From Fig. 4, we also observe and express the duration of

the smallest pulse transition in VPPM signals as,

Tc,P =
{

γTb, γ ≤ 0.5

(1 − γ )Tb, γ > 0.5.
(7)

Like VOOK, it should be noted that for VPPM also, the

smallest transition is a 0-1-0 transition when γ ≤ 0.5, and

it is a 1-0-1 transition for γ > 0.5.
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FIGURE 3. VPPM signal waveforms of bits ‘1’ and ‘0’ for different dimming levels (γ ).

FIGURE 4. VPPM signal waveforms for any general dimming level (γ ).

III. SPECTRAL ANALYSIS

In this section, we analyze the spectral performance of the

dimming-based modulation schemes in terms of their PSD

and hence obtain the BW required by these modulation

schemes.

A. POWER SPECTRAL DENSITY (PSD)

The PSD of a signal is its power spectrum, depicting the

distribution of power as a function of frequency. The PSD

of the transmitted signal plays a crucial role in the design

of communication systems due to several reasons. Firstly, it

gives a foresight regarding the effect that the transmission

channel might have on the propagating signals, leading to the

discussion on the BW required by these signals. Secondly, in

multiuser systems, analyzing the PSD helps in anticipating

the amount of inter-user interference due to spectral overlap

between adjacent channels (also known as crosstalk). Thirdly,

a knowledge of the signals’ PSD helps in ensuring that the

constraints imposed by the regulatory bodies are satisfied.

Hence, it is crucial to study the PSD of the signals generated

by the dimming-based modulation schemes that have been

recently proposed for VLC.

Note that these schemes use a different pulse shape for

each symbol, so they are non-linear modulation schemes.

Moreover, in a practical communication system, the sample

functions of a binary information stream are not determin-

istic, and not of finite energy. So, the simple approach of

calculating PSD as the time average of the energy spectral

density is not valid for such schemes. However, in such

cases, the auto-correlation function (ACF) can be obtained

using the statistical properties, and the Fourier transform of

the ACF gives the PSD of the signal.

We now briefly describe the derivation of PSD of an L-ary

modulation scheme which is considered to be non-linear for

the sake of generality. During each symbol period (Ts), the

modulator present in this communication system produces

one of the L signal waveforms depending upon the input bit

sequence {xn}. In general, the signals have arbitrary shapes

and are not selected independently, e.g., when {xn} is coded
prior to modulation, either for error control or spectrum

shaping or both. The output of the modulator is modeled as

a random process formed by the temporal superposition of

all signals, and each of these L signals is a sample function

from this random process. Hence, the modulator output is

expressed as,

s(t) =
∞
∑

n=−∞
sxn(t − nTs). (8)

The above signal lacks randomization of the timing epoch

and is not a wide-sense stationary random process. Rather,

it is a cyclostationary random process, and its mean and

ACF are periodic functions of time. The mean and ACF for

such processes are calculated by averaging over the time

period which is Ts in this case. The desired PSD of the

signal is obtained by taking the Fourier transform of the

ACF, and is expressed as shown in (9) at the bottom of

the page [53]. Here P(i) is the marginal probability of the

ith signal si(t), δ(.) is the Dirac delta function, Si(f ) is the

Fourier transform of si(t), and Pm(k|i) is the probability that

sk(t) is transmitted m symbol periods after the transmission

of si(t). In (9), we observe that the first term represents

the discrete component Zd,s(f ) of the PSD, comprising of

possible spectral lines arising due to the periodicities in the

Zs(f ) =
1

T2
s

∞
∑

n=−∞

∣

∣

∣

∣

∣

L−1
∑

i=0

P(i)Si

(

n

Ts

)

∣

∣

∣

∣

∣

2

δ

(

f −
n

Ts

)

+
1

Ts

L−1
∑

i=0

L−1
∑

k=0

P(i)Si(f )S
∗
k (f )

[ ∞
∑

m=−∞
{Pm(k|i) − P(k)}e−j2π fmTs

]

(9)
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ACF, whereas the second term denotes the continuous part

Zc,s(f ) of the PSD. Hence,

Zs(f ) = Zd,s(f ) + Zc,s(f ). (10)

The spectral lines which make up the discrete compo-

nent of the PSD can be used for the recovery of carrier

frequency during phase demodulation or clock recovery for

receiver synchronization. However, they do not contain any

useful information related to the message signal being trans-

mitted over the communication channel, and hence, they

are considered a waste of signal power. Moreover, the

spectral concentration of power can be a source of strong

narrow-band interference to other users.

We now simplify the PSD expression by imposing the

condition that symbols are chosen independently. In that

case, we have [53],

Pm(k | i) =
{

1, m = 0

P(k), m �= 0,
(11)

and hence, the continuum PSD gets reduced to,

Zc,s(f ) =
1

Ts

L−1
∑

i=0

P(i)|Si(f )|2 −
1

Ts

∣

∣

∣

∣

∣

L−1
∑

i=0

P(i)Si(f )

∣

∣

∣

∣

∣

2

. (12)

Hence, the complete PSD for an L-ary modulation scheme

with independent signals is given by (13) as shown at the

bottom of the page. Since both, VOOK and VPPM, are

binary modulation schemes with equiprobable symbols so

Ts = Tb, L = 2 and P(0) = P(1) = 1/2. Substituting

these values, the discrete and continuum parts of the PSD,

respectively, boil down to,

Zd,s(f ) =
1

4T2
b

|S0(f ) + S1(f )|2
∞
∑

n=−∞
δ

(

f −
n

Tb

)

, (14)

and (15) given at the bottom of the page. Using (14) and (15)

with the signal waveforms presented in Section II, we now

obtain the PSDs for VOOK and VPPM.

1) PSD OF VOOK

From (1) and (2), the Fourier transforms of the VOOK

signals for bits ‘1’ and ‘0’ are obtained, respectively, as

K1(f ) =
{

2γATbsinc
(

2γ fTb
)

e−j2π fγTb , γ ≤ 0.5

ATbsinc
(

fTb
)

e−jπ fTb , γ > 0.5,
(16)

and (17) given at the bottom of the page. Substituting in (14)

and (15), we get the continuous and discrete parts of the

PSD as shown in (18) and (19), respectively, at the bottom

of the page.

For simplicity and ease of illustration, we normalize these

two quantities as Zc,K(f ) = Zc,K(f )/A2Tb and Zd,K(f ) =
Zd,K(f )/A2. In Fig. 5, we depict Zc,K(f ) for different dim-

ming levels. We observe that the continuous part of the PSD

for γ is the same as that for 1 − γ . Moreover, at all dim-

ming levels, the continuous part of the PSD has a strong DC

component and weaker side lobes. The discrete counterparts

are illustrated in Fig. 6, where we make some interesting

observations. Firstly, unlike the continuous part, the discrete

parts of the PSD for γ is not the same as that for 1 − γ .

Secondly, as γ is increased from 0.1 to 0.9, the power in

the DC spectral line increases significantly (∼ 80 times).

Thirdly, the power in the non-DC spectral lines falls sharply

as γ is increased up to 0.5. These lines disappear completely

at γ = 0.5, after which they are negligibly small. This can

also be concluded mathematically from the expression of

Zd,K(f ) for γ = 0.5 in (19), where the sinc(fTb) term is

zero for all integral values of fTb. Hence, when dimming is

increased, there is an increase in DC power and diminution

of spectral lines. Both these effects are detrimental to the

practical implementation of this modulation scheme. While

Zs(f ) =
1

T2
s

∣

∣

∣

∣

∣

L−1
∑

i=0

P(i)Si(f )

∣

∣

∣

∣

∣

2 ∞
∑

n=−∞
δ

(

f −
n

Ts

)

+
1

Ts

⎡

⎣

L−1
∑

i=0

P(i)|Si(f )|2 −

∣

∣

∣

∣

∣

L−1
∑

i=0

P(i)Si(f )

∣

∣

∣

∣

∣

2
⎤

⎦ (13)

Zc,s(f ) =
1

2Tb

[

|S0(f )|2 + |S1(f )|2
]

−
1

4Tb
|S0(f ) + S1(f )|

2

(15)

K0(f ) =
{

0, γ ≤ 0.5

(2γ − 1)ATbsinc
[

(2γ − 1)fTb
]

e−jπ f (3−2γ )Tb, γ > 0.5
(17)

Zc,K(f ) =

⎧

⎨

⎩

γ 2A2Tbsinc
2
(

2γ fTb
)

, γ ≤ 0.5
A2Tb

4

{

sinc2
(

fTb
)

+ (2γ − 1)2sinc2
[

(2γ − 1)fTb
]

− 2(2γ − 1)sinc
(

fTb
)

sinc
[

(2γ − 1)fTb
]

cos
[

2π f (1 − γ )Tb
]}

, γ > 0.5

(18)

Zd,K(f ) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

γ 2A2sinc2
(

2γ fTb
)
∑∞

n=−∞ δ

(

f − n
Tb

)

, γ ≤ 0.5

A2

4

{

sinc2
(

fTb
)

+ (2γ − 1)2sinc2
[

(2γ − 1)fTb
]

+ 2(2γ − 1)sinc
(

fTb
)

sinc
[

(2γ − 1)fTb
]

cos
[

2π f (1 − γ )Tb
]}
∑∞

n=−∞ δ

(

f − n
Tb

)

, γ > 0.5

(19)
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FIGURE 5. Normalized continuous part of the PSDs of VOOK at different dimming levels (γ ).

a high value of DC power creates problems during AC cou-

pling at the receiver, loss of non-DC spectral lines makes

clock recovery difficult, especially for γ ≥ 0.5.

2) PSD OF VPPM

Taking the Fourier transforms of the VPPM signals in (5)

and (6), we get,

P1(f ) = γATbsinc
(

γ fTb
)

e−jπ f (2−γ )Tb , (20)

and,

P0(f ) = γATbsinc
(

γ fTb
)

e−jπ fγTb . (21)

Again, using (14) and (15), the PSD for VPPM is obtained

as (22) given at the bottom of the page, and

Zc,P(f ) = γ 2A2Tbsinc
2
(

γ fTb
)

sin2
[

π f (1 − γ )Tb
]

. (23)

To analyze the spectral performance of VPPM, we now

plot the normalized continuous and discrete parts of its PSD,

i.e., Zc,P(f ) = Zc,P(f )/A
2Tb and Zd,P(f ) = Zd,P(f )/A

2. In

Fig. 7, we illustrate Zc,P(f ) for different dimming levels.

Similar to that of VOOK, the continuous part of the PSD

of VPPM is the same for γ and 1 − γ . However, unlike

VOOK, there is no DC power in the continuous part of

the PSD of VPPM. Another important observation is that

the power content in the side lobes is very large at low

and high values of γ and falls sharply as γ approaches

0.5. The discrete parts of VPPM’s PSDs are depicted in

Fig. 8, which are same as those of VOOK (ref. Fig. 6). This

can be verified mathematically by observing the expressions

of Zd,K(f ) and Zd,P(f ) in (19) and (22), respectively. We

infer that, although they appear different, but using simple

trigonometric manipulations, (19) can be simplified to (22)

for integral values of n. Hence, similar to VOOK, VPPM

also faces the problems of DC coupling and difficult clock

recovery at high values of γ , i.e., for γ ≥ 0.5.

B. BANDWIDTH REQUIREMENT

In the context of communication systems, the BW of a signal

pertains to its spectral extent and is a quantitative measure of

the frequency spectrum that a channel must provide for the

faithful transmission of that signal. Without doubt, the BW

requirement is a crucial parameter to gauge the suitability of

a particular modulation format. However, unfortunately, since

digital signals are time-limited, they have an infinite extent

in frequency, and no physical communication channel can

provide an infinite spectrum for transmission. Nevertheless,

for most of these signals, it is possible to determine a range

of frequencies in which most of the signal power is located.

Based on the method adopted to determine this frequency

range, there are three common definitions to measure the BW

required by a communication signal [54]. Moreover, as dis-

cussed earlier, the discrete part of the PSD does not contain

Zd,P(f ) = γ 2A2sinc2
(

γ fTb
)

cos2
[

π f (1 − γ )Tb
]

∞
∑

n=−∞
δ

(

f −
n

Tb

)

(22)
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FIGURE 6. Normalized discrete part of the PSDs of VOOK at different dimming levels (γ ).

FIGURE 7. Normalized continuous part of the PSDs of VPPM at different dimming levels (γ ).

any useful information of the message signal being transmit-

ted, and hence, only the continuous part of the signal’s PSD

is used to calculate the BW required by that signal [53].

a) Approximate BW: In digital communication systems, the

modulator output is a temporal superposition of time-limited

signals. The more the signals are compressed in the time

domain, the larger is the spectral spread. Hence, the approx-

imate BW (Ba) is calculated as the inverse of the smallest

temporal transition (Tc) present in the modulated signal as

Ba = 1/Tc [54]. It is based on the assumption that the

smallest transition in time sets the upper limit on the spec-

tral spread without considering other transitions. It is the

simplest definition as it is calculated by merely observing
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FIGURE 8. Normalized discrete part of the PSDs of VPPM at different dimming levels (γ ).

(a) (b)

FIGURE 9. Approximate BW (Ba ), first-null BW (Bn) and x % containment BW (Bx ) required by (a) VOOK, and (b) VPPM with increase in dimming factor at bit rate,

Rb = 10 Mbps. Here, subscripts K and P denote VOOK and VPPM, respectively.

the modulated signal waveform and does not require any

knowledge of the signal’s PSD. It provides a very reliable

approximation of the BW when NRZ pulses are used for

modulation.

b) First-null BW: First null BW (Bn) is the smallest non-

DC frequency at which the PSD falls to null or zero [54].

It can be mathematically expressed as,

Bn = min
{

fi : Zc,s(fi) = 0 and fi > 0
}

. (24)

This definition was developed keeping in view the lobed

behavior of the PSD. It is based on the assumption that the

PSD possesses a main spectral lobe containing most of the

signal’s power and bounded by well-defined spectral nulls.

Since a graphical description of PSD suffices to calculate Bn,

it is a simpler definition, but it lacks generality as it cannot be

faithfully applied in modulation schemes where the signals

do not have a lobed PSD with a prominent central lobe.

c) Fractional Containment BW: This definition specifies

the range of frequencies that contain a certain fraction (say

x %) of the signal power [54]. It is calculated from the signal’s

PSD as Bx = f1 such that the following condition holds:

∫ f1

0

Zc,s(f ) df =
x

100
×
∫ ∞

0

Zc,s(f ) df . (25)
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It is the most precise definition of BW since it measures

the power without making any assumptions. However, it

requires the complete knowledge of the mathematical expres-

sion of the signal’s PSD and the ability to integrate the same

mathematically.

We now calculate the BW required by VOOK and VPPM

at different dimming levels, and compare the results obtained

using the three definitions explained above.

1) BW REQUIREMENT OF VOOK

The approximate BW of VOOK is calculated as the

reciprocal of Tc,K given in (4), to get

Ba,K =

{

Rb
2γ

, γ ≤ 0.5
Rb

2(1−γ )
, γ > 0.5,

(26)

where Rb = 1/Tb is the bit rate of data transmission.

To obtain the first-null BW, we need to find the null

positions in the continuous part of VOOK’s PSD Zc,K(f )

depicted in (18). For γ ≤ 0.5, the spectral nulls occur when

2γ fTb = n1 ∀ n1 ∈ I+ where I+ is the set of positive

integers. The first-null is obtained when n1 = 1. Similarly,

for γ > 0.5, the spectral nulls occur when sinc(fTb) =
−(2γ − 1)sinc[(2γ − 1)fTb] and cos[2π f (1 − γ )Tb] = −1.

The first condition mandates that fTb = fTb(2γ − 1)

+(2n2 − 1) ∀ n2 ∈ I+ while the second condition boils

down to 2π f (1 − γ )Tb = (2n3 − 1)π ∀ n3 ∈ I+. The first-

null is obtained when n2 = n3 = 1 at which both conditions

are satisfied simultaneously for the same value of frequency.

Hence, we get

Bn,K =

{

Rb
2γ

, γ ≤ 0.5
Rb

2(1−γ )
, γ > 0.5.

(27)

Using (25), we also calculate the fractional containment

BWs, B50,K, B70,K and B90,K. In Fig. 9(a), we plot the BW

requirement of VOOK with an increase in dimming level

for Rb = 10 Mbps. We observe that when γ is increased

from 0.1 to 0.5, the width of the smallest pulse transition

in the signal waveform increases (ref. Figs. 1 and 2), and

hence, the BW requirement gets reduced. However, when γ

is increased beyond 0.5 up to 0.9, the required BW increases

due to a reduction in the width of the smallest pulse tran-

sitions. Consequently, the BW curves are symmetric about

γ = 0.5, which is expected because the continuous PSDs

used to calculate the BW are the same for γ and 1−γ (ref.

Fig. 5). Moreover, B50,K < B70,K < B90,K because more

BW is required to transmit a higher fraction of the signal

power faithfully. Furthermore, Ba,K = Bn,K, so the plots of

Ba,K and Bn,K overlap.

2) BW REQUIREMENT OF VPPM

To obtain the approximate BW of VPPM, we take the inverse

of Tc,P expressed in (7), to get,

Ba,P =

{

Rb
γ

, γ ≤ 0.5
Rb

(1−γ )
, γ > 0.5.

(28)

We now compute the first-null BW by locating the null

positions in Zc,P(f ) as given in (23). Spectral nulls occur

when either γ fTb = n4 ∀ n4 ∈ I+ or π f (1 − γ )Tb = n5π

∀ n5 ∈ I+. The first-null is obtained when n4 = n5 = 1.

Invoking the minimum condition of (24), we get

Bn,P =

{

Rb
(1−γ )

, γ ≤ 0.5
Rb
γ

, γ > 0.5.
(29)

We also calculate the fractional containment BWs, Bx,P
for x = 50, 70, and 90. In Fig. 9(b), with Rb = 10 Mbps,

we depict the BW required by VPPM with an increase in

dimming level. Similar to VOOK, and for the same rea-

sons (ref. Figs. 3, 4 and 7), the BW curves are symmetric

about γ = 0.5. We also observe that B50,P < B70,P < B90,P

because more BW is required to transmit a higher fraction of

the signal power faithfully. However, a very interesting and

unique observation is that, for VPPM, Ba,P �= Bn,P, except

at γ = 0.5. The shape and trend of Ba,P agrees with Bx,P for

x = 50, 70 and 90, and hence, Ba,P is sufficiently reliable.

On the contrary, Bn,P gives a highly misleading estimate of

the BW. The reason for the failure of Bn,P is the fact that,

for γ �= 0.5, the PSDs of VPPM do not contain a promi-

nent central spectral lobe (ref. Fig. 7). As γ deviates away

from 0.5, the strength of the spectral lobes becomes more

and more comparable to each other, and hence, neglecting

the power contained in the side lobes leads to erroneous

results. Therefore, first-null BW fails to estimate the BW

requirement in case of VPPM correctly.

Evidently, for both schemes, the approximate BW, Ba
gives a very reliable estimate of the BW requirement. It is,

therefore, used to calculate the spectral efficiency of the mod-

ulation schemes as µ = Rb/Ba. Substituting (26) and (28),

we get the spectral efficiencies of the two schemes as,

µK =
{

2γ, γ ≤ 0.5

2(1 − γ ), γ > 0.5,
(30)

and,

µP =
{

γ, γ ≤ 0.5

(1 − γ ), γ > 0.5.
(31)

Hence, VOOK is twice as spectrally efficient as VPPM. This

is also evident in Fig. 10, where the spectral efficiencies of

both the schemes are plotted for comparison.

IV. SYSTEM MODEL

In this section, we present the system model used in our

work. We describe the multipath VLC channel model and

the indoor configuration simulated in our study.

A. MULTIPATH CHANNEL MODEL

In VLC, data is transmitted over visible light signals.

While propagating from the LED transmitters to photodi-

ode receivers, these signals travel via multiple paths (ref.

Fig. 11) due to reflections occurring at the walls of the indoor

environment. The reflections are mostly diffused in nature,

and hence, can be modeled using the Lambertian radiation
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FIGURE 10. Variation of spectral efficiency with increase in dimming factor for

VOOK and VPPPM.

FIGURE 11. Depiction of the multipath propagation of light signals in a VLC channel.

model [55]. The multipath propagation occurs via two types

of paths. The first type is the line-of-sight (LoS) path which

is a direct path between the transmitter and receiver. The sec-

ond type comprises non-line-of-sight (NLoS) paths which

are circuitous paths including at least one reflection [56].

Due to the multipath propagation of visible light signals, the

received optical signal in the indoor VLC link experiences

time dispersion leading to ISI. The multipath channel model

for indoor VLC systems is explained in great detail in [55],

where the channel impulse response between the ith source

Si and the receiver R is derived to be,

h(t) =
NP
∑

i=1

[

h
(0)
i (t; Si,R) +

K
∑

k=1

h
(k)
i (t; Si,R)

]

, (32)

where K is the reflection order defined as the total number

of reflections modeled in the system, NP is the total number

of LED panels, and h
(0)
i (t; Si,R) and h

(k)
i (t; Si,R) are the

impulse responses [55] of the LoS path and NLoS paths,

respectively, as shown in (33) and (34) at the bottom of

the page. The various physical parameters are depicted in

Fig. 11, where D is the vertical separation between the

transmitter and receiver planes, li is the path length between

Si and R, AR is the physical area of the receiving element

R, αi is the angle of irradiance from Si to R, βi is the angle

of incidence at R, δ(.) is the Dirac delta function, Tf is the

transmission coefficient of the optical filter, c is the velocity

of light, βFoV is the field of view (FoV) of R, NR is the total

number of reflective elements, ρr is the reflection coefficient

of the rth reflective element εr, li,r is the path length between

Si and εr, αi,r is the angle of irradiance from Si to εr, βi,r
is the angle of incidence at εr, Aεr is the physical area of

εr, and mi is the Lambertian order of radiation of the source

Si, defined as [56],

mi =
−ln2

ln
(

cos α1/2,i

) , (35)

where α1/2,i is the semi-angle of the LED source Si.

Moreover, gc(β) is the gain of the optical concentrator at

the receiver given as [57],

gc(β) =

{

ν2
c

sin2βFoV
, 0 ≤ β ≤ βFoV

0, β > βFoV,
(36)

where νc is the refractive index of the concentrator.

B. INDOOR CONFIGURATION

The indoor environment, as illustrated in Fig. 12, is

a cuboidal room (5 m × 5 m × 3 m) with four LED pan-

els installed symmetrically on the ceiling. Each LED panel,

consisting of an equal number of identical LEDs, is consid-

ered as an abstract point source located at its center. This

approximation is valid because the distance between any two

adjacent LEDs on a panel is fixed at 1 cm, which is very

small in comparison to the room width. Assuming a three-

dimensional Cartesian system with its origin at the center of

the room, the coordinates of the four LED panels (S1, S2,

S3 and S4) are (−1.25, 1.25, 1.5), (1.25, 1.25, 1.5), (−1.25,

h
(0)
i (t; Si,R) =

{

mi+1

2π l2i
ARcos

miαi cosβi gc(βi)Tf δ
(

t − li
c

)

, 0 ≤ βi ≤ βFoV

0, βi > βFoV

(33)

h
(k)
i (t; Si,R) =

{

mi+1
2π

∑NR

r=1

Aεrρr

l2i,r
cosmiαi,r cosβi,r h

(k−1)
(

t − li,r
c

; εr,R
)

, 0 ≤ βi,r ≤ π
2

0, βi,r > π
2

(34)
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FIGURE 12. VLC indoor configuration depicting the four LED panels and the user.

FIGURE 13. Illustration (top view) of the relative locations of the LED sources

(S1, S2, S3, S4) on the ceiling and the fixed user (R) located in the corner of the

room.

−1.25, 1.5) and (1.25, −1.25, 1.5), respectively. The user

with the photodiode receiver (R) is located near the corner

of the room, i.e., at (2, 2, −1.5). The user is assumed to

be fixed and its location is chosen in order to study the

worst-case BER performance [55]. The relative positions of

the LED sources and the user is depicted in Fig. 13.

Visible light signals emanating from the LED sources

undergo reflections (quantified by the reflection order, K)

at the walls which are divided into reflective elements with

the same reflectivity (ρ). It has been shown in [55], [56]

that the multipath nature of the VLC channel can be ade-

quately modeled with K = 3 and ρ = 0.8. After traversing

the multipath VLC channel, the signals reach the photodiode

receiver where noise is added to the received signal. In this

work, we consider the white Gaussian noise with zero mean

and variance of σ 2
T . The modeling of different components

of this noise present in VLC is explained in [55], [58]. The

values of the system parameters are summarized in Table 1.

In the system being studied in our paper, ISI in the wireless

channel arises due to two main reasons. The first reason is the

presence of multipath reflections in the VLC channel. Since

visible light signals cannot penetrate through walls, so they

undergo multiple successive reflections at these walls. These

reflections create multiple paths from the LED source to the

receiver, giving rise to the problem of delay spread because

the light signals carrying the same data reach the receiver at

TABLE 1. System parameters.

different time instants. The second reason is the asymmetrical

placement of LEDs. The illumination LEDs used for VLC

have a non-directed diffuse radiation pattern and are installed

in the form of panels on the ceiling [57]. So, the path lengths

between each LED panel and the receiver are different. In

such a system with a broadcasting scenario, where all LEDs

transmit the same data, the presence of spatially distributed

transmitters aggravates the delay spread. Hence, the presence

of reflections and multiple transmitters creates the problem

of delay spread, which is the primary reason for the origin

of ISI in indoor VLC systems. In a typical indoor scenario

(specifically a 5 m × 5 m × 3 m room, as considered in

our study), the maximum values of root mean square (RMS)

delay spread varies between 1 – 2.5 ns [55].

V. ISI MITIGATION USING CHANNEL EQUALIZATION

In this section, we implement a ZFE filter to achieve ISI

mitigation. We analyze and derive the analytical expres-

sions for BER when VOOK and VPPM are used as

the modulation schemes. As explained in Section I, ISI

affects all multipath wireless communication systems. The

impulse response of a multipath VLC system with differ-

ent transmitter-receiver configurations has been illustrated

in several research works [59]–[67]. In [59]–[61], authors

depict the impulse response for various relative locations

of the transmitters and receivers, whereas authors in [62]

vary the relative orientation of the transmitter and receiver

and illustrate the corresponding impulse responses. Authors

in [63], [64] study the impulse response for different spac-

ings between LED transmitters. The effect of different types

of reflections is investigated by plotting impulse responses

of the VLC channel in [65], [66]. Recently, in [67], the

impulse response of a multipath VLC system with 11 differ-

ent transmitter configurations is studied in detail. In all these

works [59]–[67], it is shown that, for all system configura-

tions, the impulse response has a delay spread and hence,

there is always ISI in the system. As such, in any realistic

VLC system, the effect of ISI cannot be neglected without

risking an overestimation of the results.
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FIGURE 14. Simplified block diagram of a VLC system employing zero-forcing equalization (ZFE) for ISI mitigation.

A. ZERO-FORCING EQUALIZATION (ZFE)

Equalization aims to mitigate ISI by compensating for imper-

fections in the channel. In the simplest case, the equalizer

filter has the inverse characteristics of the channel, essen-

tially restoring the transmitted pulse shape at the receiver.

Such a filter is known as the ZFE filter. A simplified block

diagram of a VLC system employing a ZFE filter at the

receiver is shown in Fig. 14. Here the transmitter block con-

tains modulator, driver, and LEDs. The received signal is

written as,

r(t) = R
[

x(t) ∗ h(t)
]

+ w(t), (37)

where x(t) is the transmitted signal, ∗ denotes the convo-

lution operation, and w(t) is the additive white Gaussian

noise (AWGN) which is added at the photodetector and has

a one-sided PSD of Nw, such that Nw = 2σ 2
T . Here, h(t)

is the impulse response of the multipath VLC channel as

depicted in (32). For the sake of mathematical simplicity, it

is expressed as,

h(t) =
∑

n

ξnδ

(

t −
Ln

c

)

, (38)

where ξn and Ln are the total loss and total length of the nth

path, respectively. If the signal component traversing the nth

path undergoes k reflections, then the nth path comprises of

k + 1 segments between consecutive reflections, such that,

ξn = ρk
k+1
∏

i=1

ζi,n and, Ln =
k+1
∑

i=1

ℓi,n, (39)

where ρ is the wall reflectivity and ζi,n and ℓi,n are the

path loss and path length, respectively, of the ith segment

of the nth path [56]. Now, (37) is written in the frequency

domain as,

R(f ) = RX(f )H(f ) +W(f ), (40)

where R(f ), X(f ), H(f ), and W(f ) are the Fourier transforms

of r(t), x(t), h(t) and w(t), respectively. Hence, using (38),

we get,

H(f ) =
∑

n

ξnexp

(

−j2π f
Ln

c

)

. (41)

The output of the ZFE is,

Y(f ) = R(f )G(f ), (42)

where G(f ) is the transfer function of the ZFE filter defined

as [11],

G(f ) =
1

H(f )
. (43)

Hence, ZFE is a type of linear channel equalization tech-

nique which removes the channel distortions by completely

inverting the channel response. It reduces the ISI to zero

and hence its name. From (43), we have, G(f )H(f ) = 1,

which means that the combination of the ZFE filter and

channel results in flat frequency response with zero phase.

Using (40) – (43), we get,

Y(f ) = RX(f ) + N(f ), (44)

where N(f ) = W(f )/H(f ) is the noise present in the

ZFE output. Since physical channels are inherently lossy,

max|H(f )| < 1, and hence, although the ZFE filter elim-

inates the ISI due to channel effects, it leads to noise

enhancement at the receiver. Therefore, the use of ZFE filer

is advantageous when the effect of ISI is more significant

as compared to the noise added by the detector [11]. The

ZFE output is expressed in the time domain by taking the

inverse Fourier transform of (44) as,

y(t) = Rx(t) + n(t). (45)

The PSD of n(t) is obtained as,

N0 = Nw|G(f )|2. (46)

Using (41), (43), and (46), we obtain,

N0 =
Nw

∣

∣

∣

∑

n ξnexp
(

−j2π f Ln

c

)∣

∣

∣

2
. (47)

The maximum value of denominator in RHS of (47) is,

∣

∣

∣

∣

∣

∑

n

ξnexp

(

−j2π f
Ln

c

)

∣

∣

∣

∣

∣

2

≤
∑

n

(

|ξn|2 + 2
∑

i<n

ξiξn

)

, (48)

which results in a lower bound approximation of the error

performance. From (47) and (48), we have,

N0 ≥
Nw

∑

n

(

|ξn|2 + 2
∑

i<n ξiξn
) . (49)
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B. BER EVALUATION

We use the Gram-Schmidt orthogonalization procedure

(described briefly in the Appendix) to find the orthogonal

representation of signals and find the Euclidean distance

between them [68]. We summarize the steps to orthog-

onalize a binary set of signals s0(t) and s1(t) which

can be represented as, s0(t) = s00φ0(t) + s01φ1(t), and

s1(t) = s10φ0(t)+s11φ1(t). Here, Ts = Tb since each symbol

has only one bit.

Step 1 [Obtain ψ0(t) and hence φ0(t)]: For i = 0, using

(A.4), we get,

ψ0(t) = s0(t). (50)

So,

φ0(t) =
s0(t)

√

∫ Tb
0
s2

0
(t)dt

. (51)

Step 2 [Calculate s00 and s10]:

Using (A.2), we write,

s00 =
∫ Tb

0

s0(t)φ0(t)dt,

s10 =
∫ Tb

0

s1(t)φ0(t)dt. (52)

From (51) and (52), we get,

s00 =

√

∫ Tb

0

s2
0
(t)dt,

s10 =
∫ Tb

0
s0(t)s1(t)dt

√

∫ Tb
0
s2

0
(t)dt

=
〈s0(t), s1(t)〉

s00

, (53)

where 〈.〉 denotes the inner product operation.

Step 3 [Obtain ψ1(t) and hence φ1(t)]: For i = 1, we get

from (A.4),

ψ1(t) = s1(t) − s10φ0(t). (54)

So,

φ1(t) =
s1(t) − s10φ1(t)
√

∫ +∞
−∞ ψ2

1
(t)dt

, (55)

where
∫ +∞

−∞
ψ2

1 (t)dt =
∫ Tb

0

s21(t)dt − s 2
10. (56)

Step 4 [Calculate s01 and s11]: From (A.2), we get,

s01 =
∫ Tb

0

s0(t)φ1(t)dt,

s11 =
∫ Tb

0

s1(t)φ1(t)dt. (57)

Using (A.7), the Euclidean distance between the two signals

can be calculated as,

d =
√

(s00 − s10)
2 + (s01 − s11)

2. (58)

For the binary case, the two received symbols are

expressed, using (45), as

y0(t) = s0(t) + n(t),

y1(t) = s1(t) + n(t), (59)

where s0(t) = Rx0(t), s1(t) = Rx1(t), and n(t) is Gaussian

noise with zero mean and a one-sided PSD of N0 given

in (49). For maximum-likelihood (ML) detection, the total

probability of error is [68],

Pe = Q

(

d
√

2N0

)

. (60)

Using the above method, we now calculate the error

probability for VOOK and VPPM.

1) BER FOR VOOK

The orthogonal representation for VOOK is,

k0(t) = k00u0(t) + k01u1(t),

k1(t) = k10u0(t) + k11u1(t), (61)

where k00, k01, k10 and k11 are constants independent of

time, and u0(t) and u1(t) are two orthonormal functions. As

described in Section II-A, the shapes of the VOOK signals

are different for γ ≤ 0.5 and γ > 0.5, so we have two cases.

Case-I [γ ≤ 0.5]: We proceed using the signals for γ ≤
0.5 given in (1) and (2) and depicted in Fig. 2. Using (51),

we get, u0(t) = 0, which is obvious because one of the

signals, ko(t), is zero and so we require only one orthogonal

dimension. Consequently, from (52), we get, k00 = k10 = 0.

Now, using (55) and (56), we can write,

u1(t) =
k1(t)

A
√

2γTb
, (62)

which is illustrated in Fig. 15(a). Finally, from (57), we have

k01 = 0 and k10 = A
√

2γTb. Hence, the Euclidean distance,

in this case, is calculated to be dK = A
√

2γTb.

Case-II: [γ > 0.5]: We now orthogonalize the signals for

γ > 0.5 shown in Fig. 2 and using (51), we have

u0(t) =
k0(t)

A
√

(2γ − 1)Tb
, (63)

which can be substituted in (52), to get k00 = k10 =
A
√

(2γ − 1)Tb. Similarly, using (55), we obtain the other

basis function as,

u1(t) =
k1(t)

A
√

2(1 − γ )Tb
−

√

2γ − 1

2(1 − γ )
u0(t). (64)

The two basis functions for VOOK when γ > 0.5 are

depicted in Fig. 15(b). In Figs. 2 and 15(b), we observe

that k0(t) and u1(t) do not overlap and so using (57), we

get k01 = 0 and k11 = A
√

2(1 − γ )Tb. Now, from (58), we

determine the Euclidean distance to be dK = A
√

2(1 − γ )Tb.

To summarize, we have,

dK =
{

A
√

2γTb, γ ≤ 0.5

A
√

2(1 − γ )Tb, γ > 0.5,
(65)
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FIGURE 15. Orthonormal waveforms for VOOK when (a)γ ≤ 0.5, and (b) γ > 0.5.

FIGURE 16. Orthonormal waveforms for VPPM when (a) γ ≤ 0.5, and (b) γ > 0.5.

and finally, using (60) and (65), we get the BER for

VOOK as

Pe,K =

⎧

⎨

⎩

Q

(√

γ
Eb
N0

)

, γ ≤ 0.5

Q

(√

(1 − γ )
Eb
N0

)

, γ > 0.5,
(66)

where Eb = A2Tb is the energy per bit in the signals. The

term Eb/N0 is also known as the normalized SNR.

2) BER FOR VPPM

We now orthogonalize the VPPM signals in (5) and (6),

which can be written as,

p0(t) = p00v0(t) + p01v1(t),

p1(t) = p10v0(t) + p11v1(t), (67)

where p00, p01, p10 and p11 are constants independent of

time, and v0(t) and v1(t) are the two orthonormal basis

functions. Using (6) and (51), we get the first basis

function as,

v0(t) =
p0(t)

A
√

γTb
, (68)

which is illustrated in Figs. 16(a) and 16(b) for γ ≤ 0.5 and

γ > 0.5, respectively. Substituting this in (52), we get p00 =
A
√

γTb. However, we observe that the calculations of p01

and other parameters depend on the overlap between p1(t)

and v0(t) which, in turn, depends upon the value of γ . From

Figs. 4 and 16, the limiting case of overlap is (1 − γ )Tb =
γTb, i.e., γ = 0.5. So we have two cases: γ ≤ 0.5 and

γ > 0.5.

Case-I: [γ ≤ 0.5]: Here (1 − γ )Tb ≥ γTb and so p1(t)

and v0(t) do not overlap. Hence, using (52) we get, p10 = 0.

The second basis function is obtained from (55) as,

v1(t) =
p1(t)

A
√

γTb
, (69)

which can be graphically represented as shown in Fig. 16(a).

Again, since (1 − γ )Tb ≥ γTb, so p0(t) and v1(t) do not

overlap. Hence, using (57) we get, p01 = 0 but p1(t)

and v1(t) overlap in the region (1 − γ )Tb ≤ t ≤ Tb, and

so, p11 = A
√

γTb. Finally, using (58), we calculate the

Euclidean distance between the signals to be,

dP = A
√

2γTb. (70)

Case-II: [γ > 0.5]: Here (1 − γ )Tb < γTb and so

p1(t) and v0(t) overlap in the region (1 − γ )Tb ≤ t≤ γTb.

From (52) we get, p10 = A(2γ − 1)
√
Tb/γ . Now, using

(54 – 56), we obtain the second basis function as,

v1(t) =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

√

(1−2γ )2

γ (4γ−1−3γ 2)Tb
, 0 ≤ t< (1 − γ )Tb

√

(1−γ )2

γ (4γ−1−3γ 2)Tb
, (1 − γ )Tb ≤ t≤ γTb

√

γ

(4γ−1−3γ 2)Tb
, γTb < t≤ Tb,

(71)

which is illustrated in Fig. 16(b) with K3, K2 and K1

being the signal levels in the three time-intervals, respec-

tively, in (71). Note that, if the orthonormal function (being

used to represent a signal) is negative, it does not necessarily

imply that the signal itself is negative. Therefore, although,

as depicted in Fig. 16(b), v1(t) for γ > 0.5 is negative dur-

ing 0 ≤ t< (1 − γ )Tb, the VPPM signal is always positive

for all values of γ (ref. Fig. 4).

Substituting (71) in (57) yields p01 = 0 and

p11 = A
√

(4γ − 1 − 3γ 2)Tb/γ . Hence, using (58), the

Euclidean distance, in this case, is calculated to be

dP = A
√

2(1 − γ )Tb. We now summarize the results for

VPPM as,

dP =
{

A
√

2γTb, γ ≤ 0.5

A
√

2(1 − γ )Tb, γ > 0.5,
(72)

which is substituted in (60), to obtain the BER expression

for VPPM given below:

Pe,P =

⎧

⎨

⎩

Q

(√

γ
Eb
N0

)

, γ ≤ 0.5

Q

(√

(1 − γ )
Eb
N0

)

, γ > 0.5.
(73)

Interestingly, the error performance of both the schemes is

symmetric about γ = 0.5. Moreover, the Euclidean distance

and hence, the BER expressions for VOOK and VPPM are

the same. This observation has also been noted for NRZ-

OOK and 2-PPM by authors in [69], [70].

VI. PERFORMANCE ANALYSIS

In this section, we study the effect of various system param-

eters (namely, dimming level, modulation scheme, data rate

and channel equalization) on the BER performance of the

system.
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FIGURE 17. Variation of BER with increase in normalized SNR for (a) VOOK, and (b) VPPM with ZFE at different dimming levels (γ ). Here, the markers indicate simulation

results, and the dotted lines are analytical plots.

FIGURE 18. Variation of BER with increase in total transmitted power for (a) VOOK, and (b) VPPM with ZFE at different dimming levels (γ ). Here, the markers indicate

simulation results, and the dotted lines are analytical plots.

A. EFFECT OF DIMMING LEVEL

In Fig. 17(a), we plot the variation in BER for VOOK with

an increase in normalized SNR (also denoted as Eb/N0)

for different values of dimming levels where we observe

that the BER curves at γ = 0.1, γ = 0.2, γ = 0.3 and

γ = 0.4 are the same as those at γ = 0.9, γ = 0.8,

γ = 0.7 and γ = 0.6, respectively, i.e., the BERs for γ

and 1 − γ are equal. Hence, the error performance is sym-

metric about γ = 0.5. Moreover, as the dimming is increased

above or decreased below γ = 0.5, the error performance

deteriorates. Specifically, ∼ 7 dB more SNR is required to

maintain a BER of 10−6, when γ is increased from 0.5 to

0.9 or reduced from 0.5 to 0.1. Furthermore, as depicted

in Fig. 17(b), the BER vs. Eb/N0 curves for VPPM are the

same as those for VOOK. Since these curves are plotted with

respect to the normalized SNR, the effect of BW require-

ment is not considered herein, and hence, the BER curves

for VOOK and VPPM are identical. All these observations

are consistent with the results and explanations presented

in Section V. Moreover, the simulation results (denoted by

marker points) are in excellent agreement with the analytical

results (represented by dotted curves).

For a more holistic evaluation, we include the effect of

BW requirement and so, in all further analyses, we study

the error performance with respect to the total transmitted

power. For quantitative comparison, we define power penalty

as the difference in power levels required to maintain a BER

of 10−6 under two different system conditions. In Figs. 18(a)

and 18(b), we depict the error performance of VOOK and

VPPM, respectively, with respect to the total transmitted

power at different dimming levels. In both cases, increasing

γ from 0.5 to 0.9 (or reducing it from 0.5 to 0.1) incurs

a power penalty of ∼ 10 dB. Although the BER follows the

same pattern with dimming as in Fig. 17, the BER curves of
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FIGURE 19. Variation of BER with increase in total transmitted power for VOOK and VPPM (a) with ZFE, and (b) without ZFE at different dimming levels (γ ). Due to

symmetricity around γ = 0.5, the BER plots for γ = 0.1 and γ = 0.7 (not shown here) are same as γ = 0.9 and γ = 0.3, respectively.

VOOK and VPPM are evidently different when plotted with

respect to increase in transmitted power instead of Eb/N0.

VPPM results in higher BER than VOOK. This is studied

in greater detail in the following sub-section.

B. EFFECT OF MODULATION SCHEME

We now compare the error performance of the two dimming-

based modulation schemes, namely, VOOK and VPPM. In

Fig. 19(a), we depict the error performance of VOOK and

VPPM with ZFE at different dimming levels. Since the BW

requirement of VPPM is double that of VOOK, so its BER

performance is poorer than VOOK. At all dimming levels,

using VPPM instead of VOOK results in a power penalty

of ∼ 3 dB. A similar analysis is presented in Fig. 19(b) but

without using the ZFE filter. The power penalty for using

VPPM now increases to ∼ 5 dB. Moreover, the BER

obtained without using ZFE is significantly higher than that

obtained with ZFE. The performance enhancement achieved

by using ZFE is analyzed in the next sub-section.

C. EFFECT OF CHANNEL EQUALIZATION

In this sub-section, we analyze the improvement in error

performance due to ISI mitigation by the implementation of

ZFE at Rb = 660 Mb/s. In Fig. 20(a), we study the BER

performance of VOOK with and without ZFE at different

dimming levels. We observe that without channel equaliza-

tion, there is a power penalty of ∼ 9 dB due to the presence

of ISI. Similarly, for VPPM, as shown in Fig. 20(b), the

power penalty is ∼ 10 dB if ZFE is not used. However,

as explained in the next sub-section, the use of ZFE is not

advantageous at low data rates.

D. EFFECT OF DATA RATE

When the data rate is high, the symbol duration is small

and so, the delay spread is not negligible in comparison to

the symbol period. Consequently, the effect of delay spread

(and hence, ISI) becomes prominent [55], [61]. We now

study the error performance at different data rates with and

without channel equalization. For brevity, we fix the modu-

lation scheme as VOOK and the dimming level at γ = 0.5.

The effect of changing these parameters is explained in the

previous sub-sections. In Fig. 21(a), we depict the error

performance of VOOK at different data rates when ZFE is

used. We infer that a power penalty of ∼ 18 dB is incurred

when the data rate is increased from 50 Mb/s to 3 Gb/s.

However, if ZFE is not used, as shown in Fig. 21(b), this

power penalty increases to ∼ 30 dB due to the presence

of ISI.

The effect of using channel equalization is depicted in

Fig. 22 for some data rates. In Figs. 20–22, we observe

that using ZFE is not advantageous at low data rates

(≤ 100 Mb/s). As explained in Section V-A, the implemen-

tation of ZFE mitigates ISI, but it also enhances the noise

that is added by the receiver. At low data rates, where the

effect of ISI is minimal, the benefit obtained by ISI mitiga-

tion due to ZFE is overshadowed by the noise enhancement

at the receiver. Specifically, power penalties of ∼ 2.7 dB,

∼ 2.3 dB, and ∼ 1.4 dB are observed at data rates of

50 Mb/s, 75 Mb/s and 100 Mb/s, respectively. Hence, effec-

tively, the use of ZFE results in the deterioration of BER

performance at low data rates. However, at high data rates,

the advantage of ISI mitigation surpasses the noise enhance-

ment, resulting in a net improvement in error performance

of the system. For example, from Figs. 20 – 22, we infer

that using ZFE leads to a power saving of ∼1.5 dB at

250 Mb/s, increasing to ∼8.5 dB at 500 Mb/s and beyond.

The power savings obtained at different data rates are listed

in Table 2. In Fig. 23, the BER performance is studied

for three different power levels at data rates 500 Mb/s to

3 Gb/s. Here again, we observe that channel equalization

leads to significant improvements in the error performance of

the system.
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FIGURE 20. Variation of BER with increase in total transmitted power for (a) VOOK, and (b) VPPM with and without ZFE at different dimming levels (γ ) when Rb = 660 Mb/s.

Due to symmetricity around γ = 0.5, the BER plots for γ = 0.1 and γ = 0.7 (not shown here) are same as γ = 0.9 and γ = 0.3, respectively.

FIGURE 21. Variation of BER with increase in total transmitted power for VOOK (a) with ZFE, and (b) without ZFE at different data rates when γ = 0.5.

TABLE 2. Power savings for BER = 10−6.

Physical parameters (like LED semi-angle, detector FoV,

detector size, etc.) also affect the BER performance of VLC

systems. The impact of these factors manifests in a reduction

of the SNR at the receiver. This has been extensively studied

in the literature for conventional VLC systems (without dim-

ming functionality) [6], [55], [58]. Detector area is directly

related to the channel gain and so increasing the detector

area enhances the gain leading to performance improvement.

However, a very large detector area deteriorates performance

due to the capture of spurious signals like ambient light, sun-

light etc. [6]. Moreover, a detailed comprehensive study on

the effect of LED semi- angle on the achievable data rate and

BER of a multipath VLC system has been recently presented

in [55], where it has been shown that with an increase in the

LED semi-angle, the system performance first improves and

then deteriorates, thereby indicating the existence of an opti-

mum value of semi-angle at which the system performance

is the best. Furthermore, in [58], the authors study the effect

of detector FoV on the achievable data rate and received

SNR of the system. They show that increasing the FoV

degrades the system performance. However, a conventional
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FIGURE 22. Variation of BER with increase in total transmitted power for VOOK with

and without ZFE at different data rates when γ = 0.5.

FIGURE 23. Variation of BER with increase in data rate for VOOK with and without

ZFE at different values of total transmitted power when γ = 0.5.

VLC system designed to operate at acceptable values of tar-

get BER (generally chosen between 10−6 − 10−3) may not

work reliably when the dimming functionality is incorpo-

rated therein. This is because, for dimmable VLC systems,

the BER performance is aggravated if the reduction in trans-

mitted power (at low levels of dimming) deteriorates the

SNR such that the BER increases above the target value

leading to unreliable system performance. Hence, while

designing dimmable VLC systems, the physical parameters

should be chosen such that the system performance is reli-

able (i.e., the BER remains below the target value chosen

between 10−6 − 10−3) at all dimming levels, especially at

low dimming values.

VII. CONCLUSION

In this paper, we propose the use of channel equalization

to mitigate the effect of ISI and thereby improve the error

performance of a dimmable VLC system. We obtain the ana-

lytical expression for the BER of dimming-based modulation

schemes (namely, VOOK and VPPM) used in VLC and also

study their spectral performance. We derive the expressions

for PSDs of VOOK and VPPM and show that their spec-

tra are significantly affected by the level of dimming. For

both the schemes, the continuous part of the spectra are

symmetrical around γ = 0.5, i.e., they are identical for γ

and 1 − γ . The discrete spectra for VOOK and VPPM are

same, and both have high DC power and negligible non-DC

spectral lines at high values of γ , leading to problems during

AC coupling and clock recovery. We compare the different

methods used to quantify the BW requirement and conclude

that the “approximate BW” is the most reliable definition to

evaluate the actual BW required by the dimming-based mod-

ulation schemes. Comparatively, VPPM requires double the

BW required by VOOK, and hence, its spectral efficiency is

half that of VOOK. Furthermore, we formulate the analyti-

cal model for the implementation of a ZFE filter to mitigate

the effect of ISI on the system. We derive the BER of both

schemes with ZFE and observe that the error performance is

also identical for γ and 1 − γ . Moreover, the BER obtained

with VPPM is more than that with VOOK. We also show

that ZFE causes deterioration in the error performance at

low data rates (≤ 100 Mb/s), where the noise enhance-

ment dominates the benefit of ISI mitigation. However,

channel equalization is significantly advantageous at higher

data rates where ISI is largely prevalent, and its mitigation

leads to considerable improvement in system performance.

The spectral analysis and ISI mitigation technique presented

in this paper provide critical insights into the development of

practical high data rate dimmable VLC systems. The work

presented in this paper can be extended by studying other

dimming-based modulation schemes and channel equaliza-

tion techniques. Moreover, the effect of physical parameters

(like LED semi-angle, detector FoV, detector size, etc.) on

the performance of dimmable VLC systems can also be

studied.

APPENDIX

GRAM-SCHMIDT ORTHOGONALIZATION PROCEDURE

In this Appendix, we describe the Gram-Schmidt orthogonal-

ization procedure [68]. Developed by J. P. Gram in 1883, and

later popularized by Erhard Schmidt in 1907, the procedure

is commonly used in the signal-state analysis to represent

any set of M energy signals as a linear combination of

N orthonormal basis functions, such that N ≤ M. So, for

a set of real-valued energy signals, s0(t), s1(t), . . . , sM−1(t),

each of duration Ts, we can find a set of real-valued basis

functions φ0(t), φ1(t), . . . , φN−1(t), such that,

si(t) =
N−1
∑

j=0

sijφj(t), (A.1)

where i, j ∈ N+, 0 ≤ i ≤ M − 1, i ≤ j ≤ N − 1, and N+ is

the set of non-negative integers. Hence, each signal in the

set {si(t)} is completely determined by the coefficients sij
and the vector si = [si0 si1 · · · siN−1]T is called the signal
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vector corresponding to si(t), where [.]T denotes the matrix

transpose operation. The coefficients sij are the projections of

the signal si(t) on the basis function φj(t), and are calculated

by taking the inner product of si(t) and φj(t) as,

sij =
∫ Ts

0

si(t)φj(t) dt. (A.2)

The basis functions are orthonormal, i.e., they must satisfy

the following two conditions,

∫ Ts

0

φi(t)φj(t) dt =
{

0, if i �= j

1, if i = j.
(A.3)

While the first condition states that these functions are

orthogonal to each other in the time period 0 ≤ t ≤ Ts,

the second condition specifies that they are normalized to

have unit energy. Note that for a given signal set, the basis

functions are not unique. They depend upon the sequence

in which the orthogonalization is done, i.e., the signal that

is designated as s1(t) and so on.

The first step in the orthogonal procedure is to define an

intermediate function ψi(t) which is obtained by subtracting

from the ith signal si(t), the projections of si(t) over all

previous basis functions, i.e., φ0(t), φ1(t), . . . , φi−1(t), i.e.,

ψi(t) = si(t) −
i−1
∑

j=0

sijφj(t), (A.4)

where the coefficients sij are calculated using (A.2). From

ψi(t), we obtain the ith basis function by dividing ψi(t) by

its length as,

φi(t) =
ψi(t)

√

∫ +∞
−∞ ψ2

i (t)dt

, (A.5)

where,

∫ +∞

−∞
ψ2
i (t)dt =

∫ Ts

0

s2i (t)dt −
i−1
∑

j=0

s2ij. (A.6)

Note that, if the signals in the set {si(t)} are not linearly

independent, then N < M and the intermediate functions

ψi(t) = 0 for i > N − 1. However, if the signals are lin-

early independent then N = M. Now the Euclidean distance

between any two signals si(t) and sk(t) of this set is cal-

culated as dik = ‖si − sk‖, where ‖.‖ denotes the norm

operation. Hence,

dik =

√

√

√

√

√

N
∑

j=1

(

sij − skj
)2

. (A.7)
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