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Directional Multiscale Amplitude and Phase Decomposition by the Monogenic
Curvelet Transform*

Martin Storath?

Abstract. We reconsider the continuous curvelet transform from a signal processing point of view. We show
that the analyzing elements of the curvelet transform, the curvelets, can be understood as analytic
signals in the sense of the partial Hilbert transform. We then generalize the usual curvelets by the
monogenic curvelets, which are analytic signals in the sense of the Riesz transform. They yield a new
transform, called the monogenic curvelet transform. This transform has the useful property that it
behaves at the fine scales like the usual curvelet transform and at the coarse scales like the monogenic
wavelet transform. In particular, the new transform is highly anisotropic at the fine scales and yields
a well-interpretable amplitude/phase decomposition of the transform coefficients over all scales. We
illustrate the advantage of this new directional multiscale amplitude/phase decomposition for the
estimation of directional regularity.
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1. Introduction. Analytic wavelets are important in one-dimensional signal processing,
because they yield a meaningful multiscale decomposition of a signal into amplitude and
phase, where the amplitude has the interpretation of the envelope of the signal. This fact
is exploited for AM-demodulation, for instance [8]. In one dimension, analytic wavelets are
easily constructed by just taking a real wavelet 1) and adding the Hilbert transform of i as
an imaginary part.

However, the construction of two-dimensional analytic wavelets is not straightforward,
and several approaches have been made. Kingsbury constructed analytic wavelets by a sepa-
rable approach, called the dual tree complex wavelet transform [13]. These analytic wavelets
proved to be a powerful tool in many image processing applications such as denoising or image
rotation [13, 18]. However, the dual tree complex wavelet transform still has, as a separable
construction, an intrinsically one-dimensional character. Nonseparable wavelet constructions
are in general more flexible and better adapted to the two-dimensional structure of images. In
order to construct nonseparable analytic wavelets one has to generalize the Hilbert transform
to two dimensions. A straightforward construction is the partial Hilbert transform. Unfortu-
nately, the partial Hilbert transform is again some kind of separable construction; thus it has
several drawbacks, which we will point out in section 2.2.1.
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A more suitable nonseparable construction of analytic wavelets in two dimensions uses the
Riesz transform. These Riesz transform based analytic wavelets are called monogenic wavelets.
Several authors already use such monogenic wavelets in image processing [9, 16, 21|, for
example, in applications such as AM/FM analysis [21] or descreening [9]. The mother wavelets
used in [9] and [21] are completely isotropic [9] or near-isotropic [21], and directionality is
imposed only by the Riesz transforms. However, the analysis of orientations is often an
important task in image processing, e.g., for edge detection and analysis. To gain higher
anisotropy, Unser and Van De Ville propose in [22] higher order Riesz transforms, which lead
to an approach similar to the steerable pyramid. Olhede and Metikas gain anisotropy by
a certain directional wavelet transform [16]. However, the degree of anisotropy of all three
approaches does not adapt to the scale, so the resolution of the orientations of the singularities
still has some uncertainty [4]. Using the words of [4], these wavelet transforms do not resolve
the so-called wavefront set, which is the set of singularities of a function along with their
(possibly multiple) orientations.

The continuous curvelet transform (CCT), proposed by Candes and Donoho in [4], resolves
the orientations of the singularities exactly, hence without any uncertainty. To use again the
words of [4], the curvelet transform does resolve the wavefront set. This is possible because
the curvelet transform increases the anisotropy of its analyzing elements—the curvelets—
as the scale decreases according to a parabolic scaling law. Thus, the curvelets have higher
directional selectivity at the fine scales. In order to construct a directional monogenic wavelet
transform, it seems natural to take the curvelet transform as a basis. We mention that the
curvelet transform is not the only such transform; a similar construction was proposed in [10],
for example. Interestingly, by construction the curvelets are already analytic wavelets in the
sense of the partial Hilbert transform. To overcome the problems that arise from the partial
Hilbert transform, we propose in this article monogenic curvelets and define the monogenic
curvelet transform (MCT). The new MCT unifies the advantages of the monogenic wavelet
transform and the excellent directional selectivity of the usual curvelet transform.

The article is organized as follows. First, we give an introduction to the analytic signal and
its generalizations to two dimensions, namely, the analytic signal in the sense of the Hilbert
transform and the monogenic signal. We show how they yield reasonable amplitude/phase
decompositions (section 2). We then identify the usual curvelets as analytic wavelets in the
sense of the Hilbert transform (section 3). In section 4 we construct new monogenic curvelets
and define the MCT. This is achieved by replacing the usual curvelets by the new monogenic
curvelets. We prove that the CCT and the MCT converge uniformly to each other at the
fine scales, and we illustrate the differences at the coarse scales (section 5). After a view on
the frame discretization in section 6, we present a possible application, namely, estimation of
regularity from the amplitude of the MCT coefficients.

1.1. Preliminaries and notation. Throughout this article we use (r,w) for polar coordi-
nates in the frequency domain, and x = (z1,22) and £ = (&1, &2) for Cartesian coordinates in
the spatial domain and in the frequency domain, respectively. The space of real-valued square-
integrable functions is denoted by L?(R™,R). Unless otherwise stated, all formulas hold in
the L%-sense, thus almost everywhere (a.e.). f is always a real-valued and square-integrable
function; thus f € L?(R™ R), where n = 1,2. py denotes a counterclockwise rotation in R?
by the angle 6 with its matrix realization
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_ (cosf —sinf
PO=\sinh cosh )
The translation by b € R? is denoted by 7,. We denote the corresponding rotation and
translation operators with the same symbols, that is,

pof(x) = flpy'x) = f(p—gz),
nf(x) := f(z —b).

The complex imaginary unit is denoted by the (italic) letter i. We denote the modulation by
eg(z) := €™ and define the Fourier transform by

F&)=Ff(e) = s Flz)e 2mEw gy

2. Analytic signal concepts. We give a brief introduction to the analytic signal in one
dimension and its generalizations to two dimensions. We will call every generalization of
the analytic signal to two dimensions an analytic signal as well. A short overview of ampli-
tude/phase decomposition by analytic signals is given at the end of the section.

2.1. The analytic signal in one dimension. Let H : L? (R,R) — L? (R, R) be the Hilbert
transform defined in the Fourier domain by

~

(2.1) H(s) =i sign(s) f(s).

Note that H.f is real-valued. Recall that we are in the L?-setting, so (2.1) has to be understood
a.e. Thus it does not matter how the sign-function is defined in 0.

A complex-valued function g : R — C whose imaginary part is the Hilbert transform of its
real part, that is, Img = —H(Reg), is called an analytic signal. The function f —iH f is an
example of an analytic signal. In one-dimensional signal processing the analytic signal is used
to decompose a signal into amplitude and phase, or, loosely spoken, into a signal intensity and
a signal structure. We refer the reader to [8, 11, 12] for exhaustive discussions of the Hilbert
transform and its applications to one-dimensional signal processing.

2.2. The analytic signal in two dimensions. We now present two reasonable extensions
of the one-dimensional analytic signal to two dimensions, the Hilbert-analytic signal and the
monogenic signal. We will give evidence that the latter is preferable. As the underlying
concept of these extensions is the analytic signal, we also refer to both the Hilbert-analytic
signal and the monogenic signal by the more abstract name analytic signal.

2.2.1. The Hilbert-analytic signal. A straightforward extension to two dimensions is
achieved by letting the Hilbert transform operate on parallel lines which point towards a fixed
orientation . This extension is called partial Hilbert transform with respect to the angle 6 [2],
defined in the Fourier domain for f € L?(R% R) by

o~

Hof(€) = i sign (cos(0)&; + sin(0)&) F(£).
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Figure 1. Fourier multipliers (imaginary parts) of partial Hilbert transform Ho (a) and Riesz transforms
Ri1 (b) and R2 (c). The origin of the coordinate system lies in the center of the images.

The Fourier multiplier of the Hilbert transform Hg is displayed in Figure 1(a). We call a
complex-valued function g : R? — C an analytic signal in the sense of the partial Hilbert
transform (or Hilbert-analytic signal) if its imaginary part is the partial Hilbert transform
with respect to any angle € of its real part, that is, Img = —Hy(Reg).

The Hilbert-analytic signal has two major drawbacks. The first is that the partial Hilbert
transform has a purely one-dimensional nature; thus, the Hilbert-analytic signal does not suf-
ficiently take into account the structure of true two-dimensional signals. The second problem
is the dependence on the angle #. One encounters the problem of choosing a suitable angle
0 € [0,27). Though there are functions f which allow only one sensible choice for 6, in general,
Hgy yields a different analytic signal of f for every different angle 6.

Let us illustrate another problem of the partial Hilbert transform concerning the decay
rate. Let f € Lz(Rz,AR) such that fe C* and such that flAs supported in a ring around the
origin; that is, supp f = Br(0) \ B,(0) with R >r > 0. As f € C*, we get that f is of rapid
decay; that is, f € o(|z|™™) for every m € Iﬁ\ The application of the partial Hilbert transform

to f generates a step singularity in f, so Hyf loses its differentiability, independently of the
choice of 6. Hence, Hyf is not of rapid decay any longer.
Later we will need the following properties of the partial Hilbert transform.
Lemma 2.1.
(1) The (unrotated) partial Hilbert transform Hy commutes with the translation operator
Ty, that is,
nHof = HoTof-

(2) Hg can be interchanged with the rotation pg by the following intertwining relation:
poHof = Hopof-

Proof.
(1) Using the modulations e_;(£) = e~ 2™¢?, the statement follows from

~

F(Hof) (€) = Hof(€)e_y(€) = i sign(€) F(€)e—s(€) = i sign(&)mf(€) = F (Hom ) (€)-
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(2) We use the fact that the rotation commutes with the Fourier transform
F (potof) (€) = poHo (€) = @(pgla
e cos(0)&; + sin(6
= Tif <<— sin(0)&1 + cos (0 >
— i sign(cos(0)&1 + sm( )&) 0 (¢
=F (Hopof) (€).

2.2.2. The monogenic signal. In order to overcome the aforementioned drawbacks, an-
other generalization of the analytic signal for two dimensions, which is called the monogenic
signal, was introduced in [7]. It is considered to be the proper generalization of the one-
dimensional-analytic signal for image processing [7] and has proved its usefulness in several
image processing applications [9, 21, 22]. The monogenic signal is based on the Riesz trans-
form. For f € L? (R2, R) the Riesz transform with respect to the axis z,, v = 1,2, is defined
in the L?-sense by

)

(2.2) Rof(©) =i Fe).

Like f, R, f is a real-valued L?-function, that is, R, : L? (]Rz,]R) — L? (R2,R); see [19].
The Fourier multipliers of the Riesz transforms are displayed in Figure 1(b)—(c). Unlike the
partial Hilbert transform, the Riesz transform does not depend on any orientation 6. Instead
we have two transforms R f and Rof with respect to the fixed coordinate axes x1 and xs.
Consequently, a proper representation of the monogenic signal needs two imaginary parts,
one for Rif and one for Rof. Hence we have to switch from the complex numbers to a
hypercomplex algebra which possesses at least two algebraically independent imaginary units.
The classical choice for such a hypercomplex algebra are the quaternions

H:={h=a+ib+jc+kd:a,bc,d € R},

which are an extension of the complex numbers with the three imaginary units i, j, and k. A
short description of the quaternions is given in Appendix A. Now we are able to define the
monogenic signal M f by
Mfi=f—-iRif —]jRaf.

The monogenic operator M maps a real-valued function f to a quaternion-valued function
Mf; hence M : L*(R? R) — L?(R?, H).

We will later use the following important properties of the Riesz transform, which were
proved in [19].

Lemma 2.2. Let f € L*(R?), v = 1,2, and let 7, be the translation operator and pg the
rotation operator. Then the Riesz transforms satisfy the relations

R f = RuTpf,
Ripof = cos(0)pgR1f + sin(0)pgRaf,
Raopof = —sin(0)pgR1 f + cos(0)peRaf.
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2.3. Amplitude/phase decomposition by analytic signals. We briefly introduce the no-
tion of amplitude and phase of the complex numbers and the quaternions in an exemplary
way. Deeper treatments of the subject can be found in [8, 9, 12]. To prevent differentiation
of cases we define an arcus tangens with two arguments by

atan2(b,a) := arg(a +1ib).

A complex number z = u + iv can be decomposed into an amplitude Ac € RBL , a phase
angle pc € [0, 7], and a phase orientation qc € {—i,i}, that is,

(2.3) z = Ac - efcPc,

where Ac = |z|, pc = atan2 (|[Im z|,Re z), and ¢c = i sign (Imz) =1 &ﬁi; The real part u is

recovered by

u=Rez =Re(Ac - elPC) = A cos(pc).

Analogously to the complex decomposition, we define, for a quaternion h, amplitude by
Apg = |h| and phase angle by pg = atan2 (|[Imh|,Reh). Note that the quaternionic phase
Imh

orientation gy = T ] is purely imaginary. Thus, a quaternion is decomposed as

(2.4) h = Ay - ed8PH,
and the real part is recovered by
a = Reh = Re (A - e®PH) = Ay cos(pm).

We omit the subscripts C or H in the following.

The most important advantage of analytic signals is that they provide a reasonable notion
of amplitude and phase of real-valued function f(z). Let us clarify first in which cases we con-
sider an amplitude/phase decomposition as reasonable. The amplitude function A(x) should
represent the signal intensity. A(z) should vary slowly, such that A(z) becomes insensitive
with respect to small shifts. The phase function p(z) should encode the oscillatory part of
f(x), which is the part that is sensitive to small shifts of the signal.

We first consider a naive amplitude/phase decomposition of a real-valued (thus nonana-
lytic) signal f: R — R, so

f(z) = |f(x)|sign f(z) = |f(x)] ' 8T = A(2)e? P,

The amplitude boils down to the absolute value A(x) = |f(z)|, the phase angle p(z) =
arg f(x) € {0, 7} becomes a jump-function between 0 and 7, and the phase direction gg(z) = ¢
remains constant. This approach obviously does not fulfill the expectations of an amplitude/
phase decomposition; for instance, the amplitude still contains oscillations (Figure 2(b)—(d)).

We now illustrate that the analytic signal, on the other hand, yields a reasonable ampli-
tude/phase decomposition. As the analytic signal f(z) —iH f(z) is a true complex-valued
function, we get according to (2.3) the decomposition

fl@) —iHf(z) = A(x)e?@)P@),
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Figure 2. Oscillatory signal (a) and the real (second row) and analytic (third row) amplitude/phase de-
compositions. The real amplitude/phase decomposition mizes up the envelope and the oscillating part (b). In
contrast, the analytic amplitude/phase decomposition clearly separates the oscillation from the slowly varying
envelope (e)—(g). The thin dashed lines in (b) and (e) show the original function f.

The amplitude now has the interpretation of a slowly varying envelope, and the cosine of the
phase encodes the oscillation part of the signal (Figure 2(e)—(g)).

Analogous arguments hold for the analytic signal of a two-dimensional function f :
R? — R. For the complex-valued Hilbert-analytic signal f(z) — i Hgyf(x), we can take the
same amplitude/phase decomposition of the one-dimensional case. For the quaternion-valued
monogenic signal M f(z) = f(x) —iR1f(x) —jRaf(x), we have the slight difference that we
need the quaternionic amplitude/phase decomposition according to (2.4). Examples of the
monogenic amplitude/phase decomposition will be given in section 5.

3. The curvelet transform as analytic signal. We first recall the definition of the contin-
uous curvelet transform (CCT) as proposed in [4]. We then prove that the curvelets are by

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



64 MARTIN STORATH

construction analytic signals in the sense of the partial Hilbert transform.

3.1. The usual continuous curvelet transform (CCT). Let W : Rf — R/ be a compactly
supported radial window function and V' : R — Rar be a compactly supported angular window
function satisfying the admissibility conditions

& 1
(3.1) / W(ar)za da=1 VYr>0
0
and

(3.2) /_1 V(u)? du = 1.

1

Examples of admissible windows W and V are given in [14]. Let a € R*, b € R? and
0 € [0,27). Recall that (r,w) denote polar coordinates in the frequency domain. A curvelet
Yapo 18 defined by

Yabo () = Yaoo(po(z — b)) = p—gTyYa00(2),
where py is a rotation as defined in section 1.1 and v,q9 is defined by its Fourier transform

(33) (1. 0) = W)V ().

The angular windowing is well defined only for scales a smaller than a fixed scale ag [4]. Thus
for the coarser scales a > «ag the transform is continued by a purely radial window

W (ar)
N

(3.4) Yaoo(r,w) = a
The CCT T’y of a function f is defined by

Rt x R? x [0,27) — C,
(3.5) Ix
((1, b) 9) = <7ab97 f> .
Note that v4p9 is complex-valued for a < o and real-valued for a > «y.

3.2. Interpretation of curvelets as Hilbert-analytic signals. We show that ~.9 is by
construction a Hilbert-analytic signal for a < «g. To this end, we define the real-valued
function Buo0 by symmetrizing 7,00 with respect to the origin in the Fourier domain

. 1 R
Baoo (€1, &2) = 5(%00(51752) + Yao00(—€1, —&2))-
Now the simple calculation (omitting the subscripts)

F(Er, ) = Bl&r, &) — i (i sign(61)B(Er, &) = Bl&r, &) — i HoB(£1, &)

yields Y400 = Baoo — ¢ HoBaoo- By the translation invariance and the rotation covariance of the
partial Hilbert transform (Lemma 2.1), we get that v, is a Hilbert-analytic signal; that is,

(3.6) Yavo = ReYapg + 7 Imyapg = Bave — @ H—08abo-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



THE MONOGENIC CURVELET TRANSFORM 65
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Figure 3. Comparison of the atoms of the CCT and the MCT at a fine scale. There is no visible difference
between HoBaoo and RiBaco. Note that the values of R2Baoo(x) are one order of magnitude smaller than those
of RiBaoo-
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Figure 4. Comparison of the atoms of the CCT and the MCT at a coarse scale. The partial Hilbert
transform is not sensible for these isotropic functions, so the usual curvelets are not analytic wavelets at the
coarse scales. The Riesz transform, on the other hand, is applicable to isotropic functions as well, so the
monogenic curvelets are analytic wavelets at the coarse scales.
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Candes and Donoho considered real-valued curvelets in [6] but without establishing this con-
nection to the complex-valued curvelets.

From now on we refer to the usual curvelet transform also as the Hilbert-analytic curvelet
transform. We call B9 real(-valued) curvelets. Examples of the usual curvelets for a fine scale
can be found in Figure 3 and for a coarse scale in Figure 4.

4. The monogenic curvelet transform (MCT). In the last two sections we introduced
the necessary tools to define the new MCT. In section 2.2.2 we stated that the proper gen-
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eralization of the one-dimensional analytic signal is not the Hilbert-analytic signal but the
monogenic signal. This motivates us to replace the usual curvelets 49, which we identified as
Hilbert-analytic wavelets, by monogenic curvelets MB49. We construct monogenic curvelets
by applying the monogenic signal to the real-valued curvelets .9 as defined in section 3, thus
adding the Riesz transforms as imaginary parts:

MPBapo : = M(Baro) = Babs — i R1(Bave) — J R2(Babo)-

Illustrations of some monogenic curvelets can be found in Figure 3 for a fine scale monogenic
curvelet and in Figure 4 for a coarse scale monogenic curvelet. The monogenic curvelets yield
a new quaternion-valued transform, which we call monogenic curvelet transform (MCT). We
define the MCT M; by

Rt x R? x [0,27) — H,
(4.1) I
(a,b,0) = (MBao, f)

where

(MBabo, [) = (Bave, f) +1 (R1(Bava), f) +3 (Ra(Bare), f) -

Remark 4.1. For the definition of My we do not require that f € L?(R?%). We require only
that f be a tempered distribution, because Bapg and Ry Pap € S(R?).
Like the CCT [5], the MCT has a reproducing formula and a Parseval formula.

Theorem 4.1. Let f € L?(R%,R). The monogenic curvelets have a Calderon-like reproduc-
ing formula

(4.2) Mf(z) =/<Mﬁab9,f> MBapg () dbdf da/a®

a.e. and a Parseval formula
(43) 1613 = [ 1M5(ab.0) v .

The proof of Theorem 4.1 is similar to the proof in [5] and is given in Appendix B.

5. Comparison of the MCT and the CCT. The goal of this section is to point out the
differences and similarities between the CCT and the MCT. To this end, we first compare
the function plots of the usual curvelets and the monogenic curvelets. At the fine scales,
one immediately recognizes the similarities between the imaginary part of v,00 and R1Bq00
(Figure 3). At the coarse scales, on the other hand, there is a big difference, because 7400
lacks an imaginary part for a > ag (Figure 4). In Figure 5, the amplitudes and phases of the
CCT and the MCT are compared.

5.1. Uniform convergence of MCT and CCT at fine scales. The MCT is quaternion-
valued, whereas the CCT is complex-valued; hence they cannot be compared per se. To
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Fine Scale (Anisotropic) Coarse Scale (Isotropic)
MCT MCT

CcCcT CcCcT

1 1 1 1
0.8 0.8 0.8 0.8
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Figure 5. Comparison of amplitude and phase responses of the filters in Figures 3 and 4. There is no
visible difference at the fine scale between CCT and MCT. At the coarse scale the CCT-amplitude oscillates
and the CCT-phase is discontinuous, whereas the MCT-amplitude decays monotonously and the MCT-phase is
smoother.

make them comparable, we isometrically embed the complex values of the curvelets into the
quaternions. We define the embedded curvelets Y459 by

Yabo = Revapg + 1 cos(—0) Im vape + j sin(—0) Im 49
= Bave +1 cos(—0)H_gBape + j sin(—0)H _gBabe
(5.1) = Baps + 1 COS(Q)'H,Q,Babg -] Sin(@)'Hfg,Babg.

The corresponding embedding of the curvelet coefficients is denoted by

Tf(a,b,0) = Fao, f) -

The canonical embedding C — H, a + b — a + ib is not suitable here, because it is not
compatible with the rotations in this setting. With the embedding (5.1) we are able to prove
the uniform convergence of the CCT and the MCT (Corollary 5.4). To this end, we need some
preliminary lemmas.

Lemma 5.1. Let Q, = ([—2, —£]U[%, 2]) x [-/a, /@] and Bago be a real curvelet at scale
a, where 0 < a < ag. Then the following statements hold: R

(1) The support of Baoo lies in the rectangle $q; that is, supp Baoo C $lq-

(2) The measure of supp Baoo has the upper bound pu(supp(Baoo)) < w(Q) = 6a=/2, where
p denotes the Lebesgue measure.

(3) HﬁaooHoo = ¢34 Cw,y with a constant Cyw,y depending only on the choice of the
window functions W and V.

(4) For all € € Qg we have the inequalities

(3]

1521 < 943/2

.
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and ¢
sign(&1) — é < 243/,
which are related to the Fourier multiplier of the Riesz transform.
Proof.

(1) The statement holds by construction of Baoo-
(2) 1(0) = 22 — £)(2v/a) = A( — £)v/a = 4& /a = 6a~a'/? = 602,
3)

‘ %H = sup a3/4W(T)V(w) = a3/% sup W(r) sup V(w).
©  (rw)eRT x[~1,1] reR+ wel-1,1]
::Cwyv

(4) The first inequality follows from |&| < \/a and || > 5. For the second we have
1€] = [&1] < &)+ [&2] — [&1] = |&2| = /a; thus it follows that

G| [sign&ilél - & :‘!ﬂ—!&!
€l €l €l

Lemma 5.2. Let 0 < a < ag, b € R?, and 6 € [0,27). For the L?-distance of the embedded
curvelets Yqp9 and the monogenic curvelets MBqpg, there holds the equation

signéy —

S@:2a3/2. [ |
2a

1 Fabs — M Bapalls = | HoBaoo — RiBavolls + | R2Baoolls -

Proof. First we calculate

[Fabs — MBaalls = || Bape + 1 cos(O)H _aBape — § sin(0)H_0Bubs — Bave — 1 R1Babe +§ R2Barell
= [li (cos(0)H_gBabs — R1Bas) + 3§ (—sin(0)H _oBaps — Rabare)|l
= ||cos(0)H—oBus — R1Bavalls + |15in(0)H_oBup + RaBaball5 -

We compute for the first term using Lemmas 2.1 and 2.2

lcos(0)H_oBaps — RiBavolls = llcos(0)H—_ap—oBao — R1p—oBaboll3
= ||cos(8) p—oHoBavo — cos(—0)p_gR1Bapo + sin(—0)p_sRoBaro |3
= [lp—olcos(6)(HoBao — R Baro) — sin(6)RaBao] 13
= [|cos(8)(HoBaro — R1Baro) — sin(@)RaBao |3

and analogously for the second term
Isin(0)H B0 + RoBavolls = 15in(0)H—0p—0Bas0 + R2p—-oBano
= ||sin(0) p—gHoBaso + sin(—0)p_gR1Bapo + cos(—0)p—sRaBano 3

= ||p—olsin(0) (HoBaro — R1Baro) + cos(0)RaBarol |15
= [sin(8) (HoBaso — R1Bapo) + cos()RaBaro|3 -

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



THE MONOGENIC CURVELET TRANSFORM 69

Putting both terms together, we get

[[cos(0)(HoBaso — R1Baso) — sin(0)RaBusolls + [[sin(0)(HoBaso — R1Baso) + cos(0)RaBasoll5
= [ (cos(®)(oa(w) ~ R o)) ~ sin(6)Rafan())* +
(sin(0) (HoBabo (z) — Ri1Babo(x)) + cos(0)RaBapo(z))* dz
= /}R2 (HoBabo () — RiBapo(x))? + RaBaso () da
= | HoBabo — R1Basolls + | R2Basoll3
where the penultimate equation follows from the trigonometric identity
(cos(B)u — sin(8)v)? + (sin(0)u + cos(9)v)? = u* 4 v2

Now the claim follows because both the Hilbert transform and the Riesz transform commute
by Lemmas 2.1 and 2.2 with the translations; that is,

[HoBabo — RiBarolls + [R2Basolls = | HoBa00 — RiBacolls + [|R2Ba0oll3 - u

Theorem 5.3. For every b € R?, every 0 € [0,27), and every 0 < a < ayq it holds that

[Fabs — MBas|la < a*4V3Cwv,

with a constant Cyyy depending only on the choice of the window functions W and V.
Proof. From Lemma 5.2, we get

(5.2) Fao () — MBapa (@) 12 = 1 H0Ba00 — R Bavol + | R2Ba0oll? -

Now we estimate upper bounds for the terms in (5.2), so applying the Plancherel equation
and using Lemma 5.1 we get

[H0Ba00 — R1Baooll3 = [|IF(R1Bac0 — HoBaoo)ll3
_ 2
= HR15aoo — HoBaoo ‘2

ﬁaoo( ) — i sign & Baoo (€)

& G
- / <|£| s1gn£1> Buon(€)? dé

< (2a%/?)? M(Spr(gaOO)) ‘ anoHio

2
ﬁaOOH
o0

2

dg

— 4a® pu(supp(Bano)) ‘
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and

IR 2Ba00l3 = H@aooHZ

&\’ 5
:/ <—2> Baoo ()? d¢
r2 \ €]
< (20*/2)2u(supp(Buco) | Buoo|

B\aOO H

2
o)

2
o9

= 4a® u(supp(Bano)) ‘

Summing up both terms and applying Lemma 5.1 again, we get

Fabo — MBasoll = /[ HoBa0 — R Baol3 + [RoBacoll?

< \/8(13,u(supp(§aoo)) ‘ B\aOOHOO
< V8a36a=1/2 a*4Cyy

— VSa¥t Oy

= a’4V3 Cwyv,

and the proof is complete. |

Corollary 5.4. Let f € L*(R%,R). The Hilbert-analytic curvelet coefficients and the mono-
genic curvelet coefficients converge to each other uniformly in b and 0 for a — 0; more
precisely,

T (a.b,6) = My(a,,0)| < a*4V3Cwy |1 -

Proof. By virtue of the Cauchy—Schwarz inequality we get

[Ty@.5,6) = My(a,.6)| = [ ) = (MBuog. )

= |(Vavo — M Babo, [)]
< || Vavs — MBapollo || £l
<a®W3Cwy ||fll,. ™

Corollary 5.4 shows that the CCT and the MCT are essentially the same as the scale a
when the scale a is near 0. Thus the asymptotic estimates for a — 0 of the CCT in [4] hold
true for the MCT.

5.2. Coarse scale behavior of the MCT. We have seen that CCT and MCT are essentially
the same at the fine scales. At the coarse scales, in contrast, the transforms differ strongly.
The concept of the Hilbert-analytic signal is not applicable to the isotropic scales (see section
2.2.1). Thus, 7. remains a purely real-valued function for a > «y. Hence the amplitude
|7ap0| boils down to the absolute value of the real numbers. In analogy to the one-dimensional
example in Figure 2, the real absolute value |v,p9| oscillates and is nonsmooth, even though
Yabg 1s smooth (Figure 5, upper row).
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Table 1
Comparison between the monogenic wavelets, the usual curvelets, and the monogenic curvelets. Only the
monogenic curvelets possess both the high scale-adaptive directionality and a consistent concept of analytic
stgnal over all scales.

Anisotropy Analytic signal concept
Coarse scales Fine scales Coarse scales Fine scales
Isotropic monogenic low low monogenic monogenic
wavelets [9, 16]
Curvelets [4] low high (scale-adaptive) — Hilbert-analytic
Monogenic curvelets low high (scale-adaptive) monogenic monogenic

The concept of the monogenic signal, on the other hand, can be applied to all scales, so
MBapg is an analytic signal also at the coarse scales a > «g. Following the arguments of
section 2.3, |MBpg| can be interpreted as an envelope of [,59. We observe that |MSBgp| is
slowly varying and does not oscillate (Figure 5, upper row), whereas the oscillating part is
coded in the phase (Figure 5, bottom row)

We want to offer a remark about the connection of the MCT with other existing transforms.
Consider the case ag = co. In that case, the angular windowing never applies, so the real parts
of the monogenic curvelets are purely isotropic functions. In that case the MCT boils down
to the isotropic monogenic wavelet transform of [16] or, after discretization, to the monogenic
wavelet frames of [9]. Table 1 depicts the connections we describe in this section.

6. Discretization and frames. We briefly recall the frame discretization of the CCT;
details can be found in [5]. The discretization of the MCT derives directly from there. Recall
that a family of functions {h; };cz is called a tight frame for L?(R™) if there is an A > 0 such
that for every h € L?(R™) there holds

(6.1) AR = (ki )

1€EZ

The usual curvelet family 7,9 is discretized as follows. The continuous parameters a, b, and
0 are replaced by discrete samples, so we set

aj = 277 jEZ,

a2 1ol

1
i T 9
01 := gl . Q_U/QJ, where [ =0,...,L; — 1 with L; :==4- 2U/2J,
i po,, (k120 ke /29/2) if j >0,
Rk T\ (ke /2, e /) else,

where (k1, k) € Z2. The discrete parameters sample the continuous parameters exactly only
at every other scale due to the construction of a; [5]. The discrete curvelet frame is the family

e L it _ L
{@]Jﬁl = (10]70,0(109]',1( bkh]@)) | l= 07 cee 7LJ 1}j,k1,k2€Z’
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Figure 6. Schematic tiling of the frequency plane by the curvelet frame.

where
W(ajr)v(%/z) if >0,
7TCLj
W(aj;r) else.
The curvelet frame yields a tiling of the frequency plane according to the scheme in Figure 6.

Note that now W and V have to fulfill admissibility conditions that are slightly different
from those in the continuous case, namely,

Pj00(r,w) =

f: W(2ir)y? =1 Vre(3/4,3/2),

i V(it—-1)?=1 Vte(-1/2,1/2).
l=—0c0

We derive a frame of monogenic curvelets M1); ;. ; in exactly the same fashion as we derived
the MCT from the usual curvelet transform in sections 3 and 4. We symmetrize the basic
element @; oo with respect to the origin by

Pio0(Er, &) = %(@yo,o(&,&) + @j.0,0(=&1, —&2))

to get a tight frame of real-valued functions v;; [3]. Because of the symmetry it is sufficient
to discretize the angles in the range from [0, 7), so we modify L; to Zj =2 2l/2]

In [9, Theorem 5.1], Held et al. proved that the Riesz transforms maps a frame of real-
valued elements into a frame of quaternion-valued elements with the same frame bounds. So
it follows that

{M¢j7k,l — jps +FiRaWj ey +iRojps | 1=0,...,Lj — 1} ‘
]7k17k262

is also a tight frame for L?(R% R).
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7. Application: Estimation of regularity by decay rates of curvelet coefficients. Let us
switch for the moment from the special case of the CCT to continuous wavelet transforms Wy
in general. We assume that the wavelet transforms depend on the parameters a, b, and 6 as the
curvelet transform does. The decay rate dp of the wavelet coefficients Wy (a,b,8) for a — 0
can be seen as a measure for the (Holder-)regularity of a function f. (See [4, 15, 17, 23].) So
the regularity at a point b with respect to the orientation ¢, denoted by dg 3, can be estimated
from the relation

(7.1) [Wy(a,b,0)| ~ Coy - ader.

To exploit this characterization of regularity in practice, we have to estimate dy; from a
limited number of scales a;, 7 = 0,..., N. This can be done by wavelet coefficient regression,
which is a least squares approach after taking logarithms in (7.1) [1, Chapter 11].

To get a stable estimation of dgy, the amplitude |Wy(a;,b,6)| must behave well for all
available scales a;. We pointed out in section 5 that the amplitude of the CCT oscillates at
the isotropic scales (Figure 5). This behavior leads to artifacts in the estimation of the decay
rates dgp. The MCT in contrast does not suffer from these artifacts (Figure 7).

From a theoretical point of view, only the limit a; — 0 matters for the estimation of regu-
larity. Thus we compute dg; from the finest scales a;, which are anisotropic for a sufficiently
small a;. However, there are cases where it makes sense to employ the isotropic scales as well
for the estimation. For example, if for some reason (e.g., runtime), the number of directions
at the finest scale is small, let us assume only four directions. Then we have only three an-
isotropic scales available (one scale with four directions and two scales with two directions).
Hence the anisotropic scales provide only three data points for the computation of dg j, which
is not sufficient for a robust estimation of dg;. The addition of further data points by using
the subsequent isotropic scales leads to a more robust estimation; see Figure 8.

8. Conclusion and outlook. We introduced the MCT, which is a new tool for directional
multiscale amplitude/phase decomposition. We took the usual curvelet transform with its
excellent directional selectivity and imposed the monogenic signal to add a sensible notion of
amplitude and phase to the curvelet coefficients for all scales. The uniform convergence of
the MCT to the CCT assures us that the MCT inherits the most important properties of the
CCT. A frame discretization was derived directly from the discretization of the usual curvelet
transform. We illustrated the advantages of the MCT over the CCT by the estimation of
directional regularity.

An extension to three-dimensional functions is more or less straightforward. We construct
a three-dimensional CCT analogously to the two-dimensional curvelet transform and impose
the Riesz transform in the same way as in the two-dimensional case. A discretized version
of a three-dimensional curvelet transform is presented in [24], for example. In the three-
dimensional case, we get a third imaginary part Rsf. As the third imaginary unit of the
quaternions k is not algebraically independent of the others, that is, k = ij, we have to switch
to a hypercomplex algebra with three algebraically independent imaginary units.

Appendix A. The quaternions. The quaternions can be defined as a four-dimensional
R-vector space, whose basis, denoted by {1,1i,j,k}, is a noncommutative algebra with the
properties i? = j? =k?> = —1 and k =ij = —ji. As for the complex numbers, a conjugation
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Orientation Decay rate dy, Decay rate dg
computed by CCT computed by MCT
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Figure 7. Estimation of the regularity by decay rates of curvelet coefficients. The upper image shows the
test image. The first two rows display the decay rates over two different orientations, that is, the functions
1(b1,b2) = do, (b, by) for @ = m/8 and 0 = 57/8. The bottom row shows the minimum of the decay rates, that is,
the function I(b1,b2) = infgepo 2x) do, (b, ,b5)- As isotropic scales aj > ao are also considered for the estimation,
the unstable amplitude of the CCT at the isotropic scales results in artifacts (thin curved lines), whereas the
MCT does not suffer from this problem. Note that these artifacts do not occur if we take only the anisotropic
scales aj < ao for the estimation of dg (b, by)-
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4

3

2

1

\/ “ 0
(a) Estimation of d, s, by the (b) Estimation of d/s; by the (c) Estimation of d, s, by the
usual curvelet transform using usual curvelet transform using all MCT using all three anisotropic
all three anisotropic scales. three anisotropic scales and the scales and the two subsequent

two subsequent isotropic scales. isotropic scales.

Figure 8. Estimation of d,/sp by the curvelet transform with four directions at the finest scales. The
estimation by the usual curvelet transform (a) using only the anisotropic scales oscillates strongly. Using also
the subsequent two isotropic scales (b) results in artifacts as explained in Figure 7. The estimation by the MCT
using the anisotropic and two subsequent isotropic scales is much smoother than the result of (a) and does not
suffer from the artifacts of (b).

is defined by h = a+ib+jc+kd = a —ib — jc — kd, and the absolute value is |h| =
Vhh = |la+ib+jc+kd| = Va2 +b% + c2 + d2. The real part is denoted by Reh = a and
the imaginary part by Imh =ib+jc+ kd.!

Appendix B. Proof of Theorem 4.1. We need the following lemma.
Lemma B.1. Let f,g € L? (R2,R) such that gx g f € L? (RQ,R). Then

F(Mgx Mg * f) = 2G(6)*MF(€).
Proof. Recall that ij = —ji. The claim follows from
F (Mg Mgxf)(€) = F(g—iRig —jR2g) (§)F (9 — iR1g — jR2g) (€) F(€)
= (9(6) —1R1g(8) =3 R29(9)) (3(6) — 1R1g(6) — i Rag(©))

_ef _..g_..g)(_..g_..g)
9 (5)<1 b g ) g g

a1 s 8 8 & 268 . &
5 fm( g I T e TR g e
&& &
+ 2—+—2>
e Hiep
e PRSIy )
— 592 F©) (2 2ii 12 |£|>

= 2G(¢)? (f(g) FiRLf() +j7€2f(§))
=25(&°Mf(¢). m

!Note the difference from a complex number z: Im z is real, whereas Im h is imaginary.
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Proof of Theorem 4.1. We mainly follow the argumentation of [5]. Let
gual@) i= [ (Mo, ) Mbso(w) db
R
in L?(R?,R). We have to show
oo 2T
(B.1) Mf(x) = / / Gap () db daa®
0o Jo
in L?(R?,R). Let ~ denote the reflection. As M Bug(x) = MBaop(z — b), we have

@) = [ Mbante ) ([ Fraaly—000) )

= / M B (z — b) (maoe * f) (b) db
R2

= M/BaOG * /\7/@&09 * f($)
= Mﬁaoe * MﬁaO@ * f(x)v

because Baog is symmetric with respect to the origin and real-valued and hence ma09($) =

M Baog(—x) = MPByog(x). The preceding lemma yields

—

Gab () = F(MBaog * MBage % F)(€) = 2Ba0s (€)> M (€).

Plugging this into (B.1), we get

i@ = [~ [ @ iora
=287 [ [ Bl 0o
So it remains to show that
(B.2) [ hanter waasa® =172
We split the integral into two parts:

00 2m ao 2m o) 2w
/ Booo(€)2 B daa® = / / Booo (62 d dafa® + / Baoo (€)% d6 da)a?,
0 0 0 0 ao 0

As ang is defined in polar coordinates, we rewrite the equation via £ = r(cosw, sinw) to get

Banl€) = 3W (e (220) oV
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thus
(B.3)

The admissibility condition for V' yields

ag 2 ~ ap 27 1 w— 9 2
2 3 _ 1 2 3/2 3
/0 /0 Baoo(§)” d0 daja —/0 /0 2W(ar) a V< 7 ) dfda/a’.

o w—0\?2
V< > do = a'/?.
[ vtz

So (B.3) reduces to

1 fao
2l

Boop(£)2dOda/a® = -
u¢)? a0 da/a” = | 0

For the second part we have

/oo 2w
ao 0

ao

[ee]
_/%2

W (ar)? da/a.

2

1 5 a? 3
-W(ar)*—df da/a
4 s

1 ~
W(ar)?da/a Vr = |¢| with & € supp f.

After summing up the two integrals, we get from the admissibility condition

%/Ow W(ar)? daja = %/OOO ORI %/OOO W) dit =

which completes the proof of (4.2).

product as a convolution and applying the Plancherel formula, we get

/ (MBuso, )2

dbdf daja® = / | (M Baog * f)(b)|2 db df da/a®

_ / |(MBaog * 1) dbdé daja?

— e — —

o~

Il
N

Il
N

/
J1

where the last line follows from (B.2).

‘(%@f)

i

2

df da/a?
2
Baoo (&) <1+1z €] |£|>‘ ‘ d{d@da/a?’
Baoa(f)‘ ( 1+ % + é—T) ‘f(g)f d¢ df daa®

~ 2~
2|Buon(®)| |F(©)| de b dafa?

o (/

1 5 de = £,

—~ 2
,Baog(g)‘ dé’da/a3> de
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