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Abstract

We provide sharp two-sided estimates on the Dirichlet heat kernel k1 (¢, x, y) for the Lapla-
cian in a ball. The result accurately describes the exponential behaviour of the kernel
for small times and significantly improves the qualitatively sharp results known so far.
As a consequence we obtain the full description of the kernel k{(¢, x, y) in terms of its
global two-sided sharp estimates. Such precise estimates were possible to obtain due to the
enrichment of analytical methods with probabilistic tools.
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1 Introduction

Letn > 1 and k(t,x,y) = (4m)’”/2e"x’y|2/4’ be the global heat kernel for Laplacian
in R"”. We denote by ki (¢, x, y) the heat kernel of the Dirichlet Laplacian in the unit ball
B(0,1) = {x € R" : |x| < 1}. The main result of the paper is the following theorem pro-
viding sharp two-sided estimates of k1 (¢, x, y) for the whole range of the space parameters
x,y € B(0, 1) and small time 7.

Theorem 1 Foreveryn > 1 and T > O there exists constant C = C(n, T) > 1 such that

1
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forevery |x|, |y| < landt < T, where

h(t,x.y) = (1 A w>

_ _ 2 _ 2
—I—(l/\(l |X|);|x yl)(lA(l Iyl)tlx y|>. (1.2)

The main novelty of this result is that it describes the exponential behaviour of the con-
sidered kernel for small time ¢. Any results reached so far (see e.g. Theorem 2.5 in [16], the
Davies-Zhang estimates described in details below or the heat kernel estimates on the gen-
eral metric spaces in Theorem 5.11 in [7]) were quantitatively sharp. It means that the time
variable was multiplied by different (usually unknown) constants in the upper and lower
bounds. The weakness of such estimates reveals when the quantity |x — y|2/¢, appearing in
the exponent, gets large. The lower and upper bounds become then arbitrarily far away from
each other. In the presented result we removed this obstacle and the function k(¢, x, y) (or
equivalently exp(—|x — y|?/4t)) appears in the unchanged form in upper and lower bounds.
Optimization of the constant in exponent required more precise study of boundary behaviour
of ki (t, x, y). It is characterized by the factor i (¢, x, y), which, up to the authors’ knowl-
edge, has not appeared in the literature so far. Finally, such precise result was possible to
obtain due to application of mixture of probabilistic and analytical tools. Purely analytical
approaches resulted always in quantitatively sharp estimates.

The long-time behaviour (i.e. for + > T, where T > 0 is fixed) of k{(¢, x, y) can be
easily deduced from the general theory (see [3, 4]), i.e. there is a comparability between
ki(t,x,y)and

(1= xD(1 = [yhe ™",

for every |x|, |y| < 1 and t > T, where A stands for the first eigenvalue of —A on B(0, 1).
Note that this kind of result can be derived from the spectral series representation of the
kernel k1(¢, x, y) in terms of the eigenfunctions and eigenvalues of the Laplacian in the
ball (see for example [8]), i.e. it can be shown that for large times ¢ the first component
of the series dominates the others. However, this representation is ineffective for small 7,
when we have to deal with the cancellations of highly oscillating series. Combining the
long time behaviour result stated above together with Theorem 1 we easily obtain the global
sharp two-sided estimates. Due to the translation invariance and the scaling property of the
Laplacian in R”, one can extend the result for any ball B(xg, r) with a radius r > 0 and
a center at xo € R?. Denoting by kyy,(t, x, y) the corresponding heat kernel, we get the
following result, which covers all discussed cases including also the large-time estimates.

Corollary 1 For every n > 1, there exists constant C; = C1(n) > 1 such that

1 hr(t,x’y) 7}~712’
a(lA(rz/t))<n+2)/2k(t’x’y)e = ket X, y)

A

hl‘(t5vxay) 7%
= LT A 2kt x e =

where h.(t,x,y) = h (t/rz,x/r, y/r), ie.

—yP 2
Bt xy) = (1/\5B(x)t83(}’)>+(1/\88(x)|x yl )(1/\88(}’)|x yl )

rt rt
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foreveryx,y € B(xo,r) andt > 0. Here 8 (z) denotes the distance from 7 to the boundary
of B(xo, ).

Studies on the behaviour of heat kernels related to various kinds of operators and domains
or manifolds have very long history and there is an enormous number of research papers on
this topic including many beautiful and general results (see, among others, [1, 2, 6, 11, 15,
18] and the references therein). On the other hand, it is difficult to imagine more classical
example than the Laplace operator in smooth bounded domain and a unit ball is definitely
the most basic example of such set. Nevertheless, such accurate result as in Theorem 1 has
not been known until now except the one dimensional case. More precisely, for n = 1 we
have B(0, 1) = (—1, 1) and the following estimates hold (see [13], Theorem 5.4)

N x+D+1) (1-x)1 -y 1 (x—y)*
ki(t, x,y) ~ (l/\ %) <l/\ f) Zexp (— P ) (1.3)

for every x, y € (—1, 1) and ¢ small enough. Note that the product of the two minimums
above is comparable to h(t, x, y). To see this we assume without loss of generality that
x < y.Thenfor |x —y|>1/2wehave [x —y|~ 1,1 — x|~ 1+x~ (1+x)(1+y)and
1—|y| = 1—y = (1—-x)(1—y).Thus the right-hand side component in Eq. 1.2 dominates
the other one and consequently

h(t,x,y)%(l/\l_lm) (1A1;|y|)%<1/\w> <1A w)

t

In the remaining case |x — y| < 1/2 observe that the situation when x is close to —1 and
y is close to 1 is excluded. If both x and y are away from the boundary, A(t, x, y) and the
expression in Eq. 1.3 are comparable with 1. If x is close to —1 we have (1 4+ x)(1 + y) =
(1—1]x])(1—]y]) and (1—x)(1—y) ~ 1. Since |x —y|*> < |x —y| < 1 —|y| we conclude that

s 1 QI () GEDOEDY () 0=

The case when y is close to 1 follows by symmetry. We emphasize that the one-dimensional
case is significantly less complicated than the multidimensional case n > 2. First of all,
apart from the usual spectral representation, the representation in terms of the series of
differences of exponents is available (see formula (5.7) in Chapter X of [5]). Furthermore,
for n = 1 “being close to the boundary” just means “being close to —1 or 17, which makes
the consideration much simpler.

To outline the context of Theorem 1 we recall the upper-bounds for ki (¢, x, y) provided
by E. B. Davis in [3]. The result relates to much more general setting of bounded C!!
domains, but limited only to the case of a unit centered ball it ensures existence of constants
c1,¢2 > 0and T > 0 such that

(1= xDA = Iy]) ¢l Ix — y|?
ki(t,x,y) < |:t Al WGXP ) ;

for every x,y € B(0,1) and ¢ < T. These bounds were complemented by Q. S. Zhang in
[17], who proved that for some c¢3, ¢4 > 0

(I—xDA =y 3 Ix — y|?
ki(t,x,y) > [%/\1 Wexp —C4 p

for every x, y € B(0, 1) and ¢ small enough. As a consequence, we obtain quantitatively
sharp estimates of k(z, x, y). The obvious difference between the Davies-Zhang’s result
and the estimates given in Theorem 1 is that the latter accurately describes the exponential
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behaviour of ki (, x, y), i.e. there are no different constants in the exponential factors in
the lower and upper bounds. According to [15] we expect that the exponential behaviour of
ki1(t, x, y) for small ¢ should be the same as in the case of the Gaussian kernel

=yl

k(t,x,y) = ——7
¢ x.) (4rr)n/? eXp( 4t

>, t>0, x,yeR". (1.4)

However, as Theorem 1 shows, it is not possible to get c; = ¢4 = 1/4 in the Davies-Zhang
estimates, since the sharp estimates require modification of the non-exponential terms and
appearance of the factor (¢, x, y) described above.

The heat kernel k; (¢, x, y) has the very well-known probabilistic interpretation as the
transition probability density of the n-dimensional Brownian motion W = (W;);>¢ killed
when reaching the boundary of the ball. Thus, it can be expressed in terms of the Gauss
kernel k(t, x, y) and the distribution of the first hitting time r; = inf{r > 0 : |W;| = 1} and
the hitting place Wy, , i.e. the Hunt formula holds (see Eq. 2.4 below). On the other hand, the
density gx (¢, z) = E¥[t1 € dt, Wy, € dz]/dtdz of the joint distribution of the first hitting
time and hitting place is a normal derivative of k1 (¢, x, y) (see Eq. 2.7) and consequently
Theorem 1 immediately leads to its sharp two-sided estimates. This extends estimates of the
exit time density (without its dependence on exit place) derived in [14] .

Corollary 2 Forevery T > 0 we have

_ .12 _ .12
ge(t, 2) ~ (1 t|x| B tz| (1/\ a 'xe'x d )) k(t, x,2) (1.5)

whenever |x| < 1, |z| = 1andt < T.

The main advantage of the Hunt formula compared to the series representation is the
simple fact that we represent the heat kernel as a difference of two non-negative expressions,
which is much simpler to deal with than with the series of oscillating components. This
approach has been successfully used in [12] to study the short time behaviour of the Fourier-
Bessel heat kernel. Since the Hunt formula is the starting point, we use several probabilistic
tools and ideas in the proof of the main result. However, some parts of the proof are purely
analytical. In both approaches we try to use as much geometric arguments as possible to
make the proof simpler and applicable in other contexts and potential extensions.

Finally, the result stated in Theorem 1 should be discussed in the context of the famous
Mark Kac’s principle of not feeling the boundary stated in [9]. Restricting the result to the
case of the ball, Kac showed that k; (¢, x, y) ~ 1/(4nt)exp(—|x — y|2/(4z)) (in R?) as
t — 0, where x, y are fixed, i.e. the behaviour of k; (¢, x, y) and k(t, x, y) are the same in
this sense, when ¢ goes to zero. He described this phenomenon in his famous paper [10] by
saying

As the Brownian particles begin to diffuse they are not aware, so to speak, of the
disaster that awaits them when they reach the boundary

Following this poetic language, we can now say that the Brownian particles do not have
death premonitions when they begin to diffuse (the exponential behaviours of k| and k are
the same), but they are afraid of death by rational judgement of the distances to the threat of
the starting and the final points, the length of the road between them and the time in which
they should overcome this path (described in details by A(z, x, y)).
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2 Preliminaries
2.1 Notation

We write f ~ g whenever there exists constant ¢ > 1 depending only on a dimension n
such that c=! < f/g < ¢ holds for the indicated range of the arguments of functions f and
g- Similarly, we write f < g (or f 2 g) if we have f < cg (f > cg) for some constant
¢ > 0 depending only on n. If the constants appearing in the estimates depend on some other
parameters, it will be indicated by placing those parameters above the sings ~, < and 2.

By |x| we denote the Euclidean norm of a point x € R" and write oy, for the (smaller)
angle between non-zero vectors x and y. Moreover, we put o, = 0 if x or y is zero. We
write B(xg,r) = {x € R" : |[x — xo| < r} for a ball of a radius r > 0 centered at xo € R”"
and S(xp,r) = {x € R" : |x — x9| = r} stands for the corresponding sphere. In the
basic case xo = 0 and r = 1 we write do (z), z € S(0, 1), for the spherical measure. For
x € B(0, 1), x # 0, we indicate by H, the half-space containing the unit ball B(0, 1) and
such that its boundary hyperplane is tangent to the sphere S(0, 1) at the point x/|x|. In the
special case x/|x| = (1,0..., 0) we omit the subscript in the notation and we simply write
H = {x € R" : x| < 1}. For a general hyperplane L, we denote by Py (x) the reflection of
x with respect to L. In particular, we have

Pyg(x) = Q2 —x1,%x2,..., %), x=(x1,...,x,) € R". 2.1)
Moreover, we put

2 — |x]

| x|

X =

)

whenever x # 0. If x € B(0, 1), then X is a reflection of the point x with respect to the
hyperplane tangent to S(0, 1) at a point x/|x|, i.e. X = Pyp, (x).

For a general set D C R" and x € D we write §p(x) for a distance of x to the boundary
dD. As previously, we shorten the notation in the case of D = B(0, 1) and just write
81 (x) =8B,1)(x) =1 — |x]. For every x, y € B(0, 1), by the parallelogram law, we have

X+y

2 2 2 2
X — 1—|x 1—
: AR G Bl GO g ]

11— =
4 2 2

2 .
, we obtain

and consequently, since 2 (1 — |¥|) >1-— |%

x+y lx—y*>  1—I|x| 11—yl
) > . 2.2
1< > )_ g + 7 + ) (2.2)

2, we finally get

Furthermore, since clearly 1 — |%| <1- |%

51 (x;y>w|x—y|2+<1—|x|>+(1—|y|>. 2.3)

2.2 Brownian Motion
We consider n-dimensional Brownian motion W = (W;);>¢ starting from x € R" and
we denote by P* and E* the corresponding probability law and the expected value. Obvi-

ously P* is absolutely continuous with respect to the Lebesgue measure and k(z, x, y) is the
corresponding transition probability density.
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The next lemma will be frequently used in the sequel. One can interpret the result, in the
probabilistic context, by saying that Brownian motion going from x to y in time 2¢ is mostly
at time ¢ passing through a neighbourhood of the midpoint (x 4 y)/2 of a size comparable
to /7. In fact, we can move away from (x + y)/2 at a distance not greater then multiplicity

of J/t.
Lemma 1 Foreveryc,l > 0 we have

/;z(a,cﬁ) k(t,x,2)k(t, z,y)dz & k(2t, x,y)
foreveryx,y € R", t > 0and a € R" such that |a — %l < It

Proof The upper estimates are obvious and come directly from the Chapman-Kolmogorov
identity. Thus, we focus only on the lower bounds. Without loss of generality we can and
we do assume that x = (—|x —y[/2,0, ...,0), y = (]x — y|/2, 0, ..., 0), which follows from
translational and rotational invariance of the heat kernel k(¢, x, y). Then (x +y)/2 = 0. Let
¢ and [ be fixed positive constants. For every x, y € R” of the form indicated above, r > 0
anda = (ay, ..., a,) € R" we can write

ajtey/t/n ante/t/n
/ k(t,x, 2)k(t, z, y)dz 2/ /
B(a,cA/1) ay—c/tjn a

and the inequality follows since the ball B(a, c+/7) contains the cuboid

(a1 —c/t/n,a1 +cy/t/n) X ... X (ap — cy/t/n,an, + cy/t/n).

Due to the special form of x and y, we can easily show that

k(t, x,2)k(t, z, y)dz1...dzy

n—ca/t/n

2
Y
|X—Z|2+|y—Z|2=| 2Y| + 20

and consequently

1 lx — yI? |z
k s Ay k RS = - — 5. |-
(, x,2)k(t,z,y) anoy exp( % exp n

Combining all together we obtain the lower bound of the form
1 |x — y|2 ay+ey/t/n an-teyt/n 122
exp (— )/ / e 2dzy...dz,.
Coek 8t aj—c/t/n an—cA/tjn
Finally, assuming that |a — (x + y)/2| = |a| < [/, which implies |a;| < [/, we get

n

ai+cy/t/n 2 n a; [t+e/Jn g2\
[ / e Udz | = "] / e du) > "2 (2—Ce_(l+ /2[)’)
ai—cJ/i]n ; ai/Ni—c/\/n NG

i=1 =1

and we arrive at

n,c,l
/ kt,x, k(t,z, y)dz 2 k2t x,y).
B(a,c/1)

For a general smooth domain D C R? we define the first exit time from D by
tp =inf{t > 0: W; ¢ D}.

We write kp (¢, x, y) for the transition probability density for wP = (WtD )i>0 Brownian
motion killed upon leaving a set D. To shorten the notation we write 7; (and obviously
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ki(t,x,y)) in the case D = B(0, 1). The relation between kp(t, x, y) and k(¢, x, y)
together with the joint distribution of (tp, Wr,) is described by the Hunt formula

kp(t,x,y) =k(t, x,y) —E'[t > 1p, k(t —tp, Wrp, )], x,y€D, 1>0. (24)

Due to the reflection principle, the case of a half-space is quite special. More precisely, for
H = {x e R" : x; < 1} we can write kg (¢, x, y) explicitly as follows

kp(t,x,y) =k(t, x,y) —k(t, x, Pyu(y)),
where Py (y) = (2 — y1, ¥2, - .., ¥n) as defined in Eq. 2.1. Since

(1—-ypd - xl))
t

k(t,x, Py (y)) = exp (— k(t,x,y), x,yeR"

and 6 (x) =1 —x1, 85 (y) = 1 — y; we immediately get
kp(t,x,y) =k(t,x,y) —k(t,x, Pyg(y)) ~ (1 /\M) k(t,x,y),x,yeH. (2.5)

The last estimates hold for every half-space, since both sides are rotationally and trans-
lationally invariant. Such transparent formula and estimates are no longer available in the
considered case of a unit ball and we have to start from the general formula

t
kit y) = k(1. x, y) — / / K(t — 5.2, )42 (5, Ddsdo (2), 2.6)
0 Jiz|=1

where g, (¢, z) denotes the density function of the joint distribution (71, Wy, ) for the process
starting from x € B(0, 1). Note also that we can recover g, (¢, z) from k;(z, x, y) by (see
[8], Theorem 1)

1 0
g:(t,2) = ——ki(t,x,2), |x|<1,]z]l=1,t>0, 2.7
2 dn,

where n; is the inward normal direction at z € dB(0, 1). Thus, as we have mentioned in
Introduction, dividing the estimates in Eq. 1.1 by (I — |y|) and taking a limitas y — z €
S(0, 1) we obtain Corollary 2.

Remark 1 Although the statement of Theorem 1 covers the case of t < T for fixed 7 > 0,
we emphasize that it is enough to show the estimates for # small enough. Indeed, knowing
ki(t,x,y) ~ h(t,x, y)k(t,x,y) for t < to for some t9p > 0 we can easily replace #y
by 2ty and consequently by any other constant 7 > 0. To see that notice the estimates
h(t,x, y)k(t,x,y) = (1 — |x|)(1 — |y|) holding whenever ¢ is bounded away from 0 and
infinity. Thus, by the Chapmann-Kolmogorov equation, we simply get

1
kit %, y) = / k)2, x, Dk ()2, 2, Wz 2 (1 — (1 — |y|)/ (1— [2)dz
B(0,1) B(0,1)

RE

h(t,x, y)k(t,x,y),

whenever 19 < t < 2ty. Therefore, from now on we will focus only on estimates for ¢
sufficiently small.

Remark 2 A natural next step would be to obtain estimates of the heat kernel for C1!
bounded domains with the precision as in Theorem 1. Apparently, that task is much more
demanding. For instance, in case of concave domains D the distance |x — y| in the expo-
nential factor has to be changed into infimum of all the arcs in D connecting x and y (cf.
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552 J. Matecki, G. Serafin

[16], Section 4). But even for convex domains the formula (1.1) does not work in general,
which shows that estimates are strongly related to geometry of the set. To see this, let us
consider an open set D such that (0, 3) x (0, 1) C D and (0, 3) x {0} C 9D and take t — 0,
x — (1,0), y — (2, 0) with xt—z ‘72 — 0. The heat kernel kp (¢, x, y) of D behaves then as
the half-space heat kernel, which is kp(t, x, y) ~ xﬂ—”k(r, x, y), while the estimates (1.1)
would give kp(t, x, y) ~ %k(r, X, ).

3 Upper Bounds
We begin with a very simple result providing upper bounds of the following form.
Lemma 2 We have

kit x,y) < (1 A %) (1 A @) k(t,x, y) 3.1)

foreveryx,y € B(0,1)andt > Q.

Proof Since B(0,1) C Hy, we have tg(,1) < TH, and consequently, for any borel A C
B(0, 1),

f ki(t, x, y)dy=P"[W; € A, w01y >1] <P [W, € A,y > 1] = / kg, (t, x, y)dy,
A ’ A

which gives us k1 (7, x, y) < kg, (¢, x, y) for x, y € B(0, 1). This implies

8u, (x)8H, (y)> 1 -yl
t t

ki(t,x,y) S (1 A kt,x,y) S (1 A )k(t,x, )
by using (2.5) together with 8y, (y) = 81 (y) = 1 — |y| and a simple estimate 5y, (x) < 2.

Thus, using the Chapmann-Kolmogorov equation and the symmetry of k{ (¢, x, y) we arrive

at
ki(2t,x,y) = f ki(t, x, 2)k1(t, z, y)dz
B(0,1)
1-— 1-
</ (1 A 'x')ku,x,z) (1 A 'y'>k(t, 2 )z
B(0,1) t t
1- 1-—
< (1 A j) (1 A ¢> / k(t,x, 2)k(t, z, y)dz
t t R”
1- 1-—
_ (1 A t'”) (1 A %) k@21, x, y).
This ends the proof. O

Note that these bounds are optimal for small ¢ if additionally one of the space variables
are bounded away from the boundary or x and y are bounded away from each other, i.e. we
have

Corollary 3 For a fixed ¢ > 0 we have

ki@, x,y) S h(t, x, )k, x, y)

@ Springer



Dirichlet Heat Kernel for the Laplacian in a Ball 553

whenever 1 — |x| > e or|x — y| > e.
Proof Indeed, if |x — y| > ¢ we just simply have

(1 N —t|x|> (1 . l_zM) < (M (- |x|>t|x—y|2> <1 A L= bbb —y|2>

and the last expression is apparently dominated by %(¢, x, y). Similarly, for 1 — |x| > & we
have

<1A1_|x|><1A1_|y|>5(1A1_|y|)g(lA(l_lxD(l_M)),
t t t t

which is smaller than k(z, x, y). O

Note that if the angle oy, is greater than or equal to 7 /4, then we are in the case covered
by Corollary 3, i.e. if x and y are close to each other and both close to the boundary, then
oy must be small. Thus, it is enough to prove the upper-bounds with additional assumption
that the angle a is smaller than 7 /4.

Proposition 1 There exists a constant T > O such that
ki(t,x,y) S h(t, x, )k, x, y),

forevery x,y € B(0, 1) such that ayy < w/4andt <T.

Proof Without loss of generality we can assume that
X = (x1,x2,0...,0),
y=01,0...,0), y €[0,1),

and 81 (x) > &1 (y). Since simply B(0,1) C H, N Hy, we have ki(t,x,y) <
kH,mHy (t, x, y). Moreover, it is clear that

1 1 < )
kHXﬁHy (t5 X, y):kH(xlyxz)ﬁH(yl,o) (t5 (-xlv -x2)a ()’l» 0))W exp<_4t I;(xk - yk) ) .

It means that it is enough to consider 2-dimensional case. Thus, from now on, we will
assume that n = 2, x = (x1, xp) and y = (y1, 0).

The proof is divided into two parts. The first one relates to the case when x €
B(y/Qly), 1/2), ie. (x1 — 1/2)* + x% < 1/4. Then §; (x) ~ &g, (x). Indeed, since
y=(y1,0),wehave Hy = H = {x : R?: x; < 1} and consequently §g, (x) = 1 —x;. The
inequality 61 (x) < §y(x) is clear but it is also easy to see that

1 1

2
Sp(x)=1—x :1—x12—<4—(x1—2> ) <l—x7—x3<2(1—|x) =28 (x).

Thus, using (2.5), we obtain

A 8H(X)t5H(y)> k(t.x. y)

kanu(t, x,y) < ku(t,x,y) =~ <1

~ (1 A w) k(t,x,y) < h(t, x, y)k(t, x, y).
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554 J. Matecki, G. Serafin

Now we consider the remaining case, i.e. x € B(0,1) N [B(y/(2]y|), 1/2)]¢. Since
x is outside the ball B(y/(2|yl),1/2), the inversion x — )c/lx|2 transforms the set

B(y/(2lyD), 1/2)" into H and
1 x
X|=2—|x] < — = |—
x| |x|2

)

we get that X remains inside H. Moreover, we have

kiom (%, ¥) < k(1 %, y) — ki1, %, y). 3.2)
To see this, let A be any Borel subset of B(y/(2|yl), 1/2) and since ty.nyg = T, A Ty We
can write

/ ka.na(t,x,2)dz = E'[t <ty, W(t) € Al —E*[ty, <t <, W(t) € Al
A

Denoting by t I-IIJX the first exit time from H, by the killed process W# we can rewrite the

last expression using the strong Markov property in the following way
E'[ty, <t <ty W(t) € A] = E*[tff <1, W (1) € A]
= B [off < BVC0 [whe—cffyea]]. 33)

To make the following computation more transparent we write P(x) = Pyg, (x) = X, i.e.
P is the reflection with respect to the hyperplane d H,. P(W) is again a Brownian motion,
clearly P(x) = X, P(Hy) = int(H{) and P(z) = z for z € 0H,. Moreover, due to the
continuity of the paths the first exit times from H{ and int(H{) are equal a.s. and we will
omit “int” in the notation. Consequently, for a Borel set B € dH we have P(B) = B.
Thus, for every Borel set I € (0, ¢) we have

E'[tffc € ; W (zye) € B] = E'[1ffe € I, e < w3 W(tpe) € B
=EO1f ) e Ltpa,

ey P(W)(tpcn,)) € P(B)]

= Ex[tgx €, ty, < tpy; W(th,) € Bl.

A

Moreover, since ayy, < /4, (by simple geometry) Tpy) < 7y on {ty, < t} and
E'[tff € I; W (zye) € Bl < E'[zff € I W () € BI.
Thus, the last expression in Eq. 3.3 is bounded from below by

B [tffc <rE" [

whH @ —fl) e AH :
which by the strong Markov property is equal to
E' [the <t <ty W) € A] =E" [t <1, W(t) € Al.

Note that since x € H{ and A C H,, we could remove the condition Tge <. Combining
all together we arrive at Eq. 3.2 and thus we have

ki(t,x,y) <k(t,x,y) —k(t,x,y) —k(, x,y)+k( x,y).
Since Zx0y = o,y we can find that

Ix — 5% = Jx — yI> +4(1 — [y — |x| cos axy),

¥ = 51% = |x — yI* +4(1 = cosaxy) (1 = |x]) + (1 = [y]),
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which directly lead to

_d=lypa _; IXICOSOtxy))] K(tox. ).

(I = cosay)(( = |x) + A = |yD)
t

k(t,x,y) = exp |:

k(t,%,5) = exp [— i|k(t,x,y).

We can also rewrite k(¢, x, y) — k(¢, X, y) — k(¢, x, ) as

(1 oo [_(1 ~ xha - |y|cosaxy>] ~exp [_U - yha - |x|cosaxy>D A

ki(t,x,y)
k(t,x,y)

(1_exp [_a— |x|><1—t |y|cosoexy>D (1_ oxp [_(1— Wl_f |x|cosaxy)]> o)

and

(I —cosayy) (A —[x) + A = yD) 2cosaxy (1 =[x = [y
exp | — ; 1—exp|— ; .

and consequently we get the upper bounds for as a sum of two components

It is clear that the last expression can be bounded by
1 — 1-—
1A ( IXI)t( |YI).

To deal with the first one note that, by simple geometry, |x|sinayy < |x —y| < |y|tanay,y.
By our assumptions on ayy and |x| we get sinayy, ~ [x — y| in the considered region.
Moreover, since x is outside the ball B(y/(2|y|), 1/2) we have |x|*> > x;, which simply

gives us that cos oy, = \fcll\yyll = f;—“ < |x] < |y|. Consequently
)
1 — cosa _%wu_ |2
Xy — ~ y
I + cosayy
and
I —|x[cosayy = 1— x|+ [x|(1 —cosayy) =~ 1 —cosayy ~ |x — y|2.

In the similar way we obtain 1 — |y| cos ayy ~ [x — y|?. Combining all together we get the
desired bounds for Eq. 3.4 and the proof is complete. O

Now we can use the upper bounds from Theorem 1 together with the relation (2.7) to
prove the upper bounds in Corollary 2. However, since this result will be used in the next
section to get the lower bounds of the considered heat kernel ki (¢, x, y), we formulate it in
a separate corollary.

Corollary 4 For every T > 0 we have

_ .12 _ 12
qm,z)s(l t'x'+'x tz' (m(l 'x'i"‘ d ))k(z,x,z) (3.5)

whenever |x| < 1, |z| = 1andt < T.
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4 Lower Bounds

It is well-known that whenever the space variables x and y are bounded away from the
boundary, the heat kernel is comparable with the Gaussian kernel. We start the proof of the
lower bounds with more general result which also ensures comparability between & (¢, x, y)
and k(¢, x, y), but here we only assume that x and y are not too close to the boundary in
comparison to the time variable 7.

Proposition 2 For every C1 > 0 there exists Co = C2(Cy, n) such that
ki(t, x,y) = Cok(t, x, y)
for every x, y such that 81 (x) > C1+/1, 81 (y) = C14/1.
Proof We begin with considering the cuboid of the form
K = (a1, by) x (a2, by) x ... X (ay, by).

It is obvious that kg (¢, x, y) is a product of the kernels k4, »,) (¢, x;i, y;) and in particular, if
8k (x) and 8k (y) are bounded from below by c1+/7, we get (see Eq. 1.3)

kg (t,x,y) > cok(t, x, y).

Moreover, due to the rotational invariance the same statement is true for every cuboid. To
finish the proof it is enough to notice that since 8; (x) and 8| (y) are greater then Ci+/1,
there exists a cuboid K included in the ball such that x, y € K and §g (x), 8x (¥) > c3+/1
for some positive c3 depending on C; and n. Then, we just can write

ki(t,x,y) > kx(t,x,y) > cok(t, x, y).

and the proof is complete. O

The crucial step in the proof of the lower bounds are the estimates when x and y are in
a small ball tangent to the sphere S(0, 1). In fact we narrow our considerations to §; (y) <
1/16 and x € B(%ﬁ, %). Note that in this case, we have
P < 1=l = P < 1= =P,
y

where the last inequality holds if §; (x) > 81 (). Consequently

lx —yI?

2.
1+ |x|

S1(x)=1—|x| >

1|
> —|x —
2 y

and obviously the first component on the right-hand side of Eq. 1.2 dominates the other.
Thus, our next aim is to prove the following

Proposition 3 There exist constants C3 = C3(n) > 0, to = to(n) > Oand m = m(n) > 0
such that

kit y) = Cy <1 A w) K(t,x. y),
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for every x,y € B(0, 1) such that 81 (y) < 1/16, x € B(%ﬁ, %), 81 (x) > ma/t and
t < I.

Proof The best way to present the technical details of the proof and to make it more
transparent and simpler to read is to consider the ball B = B((1,0,...,0),1) and set
y = (31,0,...,0), where in general y; € (0, 1/16). Note that such a choice implies that
Hy = {x € R" : x; > 0} and for simplicity we denote it by Hy. Moreover, we set
x = (x1,x2,0,...,0) and assume as previously that §5(x) > dp(y). Our assumptions now
reads as x € B((1/16,0,...,0), 1/16) and it implies that x? + x5 < x;/8. Thus

Sp(x) ~ 1 —[(x1 — D? + x3] = 2x1 — (x7 + x3) =~ x1. 4.1)
Consequently, since p,(x) = x1 and 8,(y) = y1 we have
8 3
kit 3) ~ (1A 22 ) k(e x, ) ~ (1 A M) Kt xy).  (42)
Moreover, we have
E'(t <tp; W) edy) =E*(t <ty W(t) edy) —E" (1 <t < thy; W() € dy),
thus it is enough to show that
R(t,x,y) :=E*(tg <t < ty,; W(t) € dy)/dy
is dominated by c kpy, (¢, x, y) for some ¢ < 1. By Strong Markov property we can write
R, x,y)dy =E*[tg < 1; EW(TB)(t < THy; W(t — 1) € dy)]

and consequently

t
R(.x.y) = /0 /3 aus D (1 = 5,2, ) do (2)ds

t
= f (/ +/ )qx(s,z)kyo(t—s,z,y)da(z)ds
0 Ai(s) Az(s)

=: Ri(t,x,y) + Ra(t, x, y),

where Ai(s) = {z € 9B : |x — z|* > 25(8%(x) Vv s)} and Ax(s) = dB \ Ai(s). Note that
the second term of the right-hand side of Eq. 3.5 dominates on the set A(s), i.e.

gx(s,2) S

N

Ix — z|? (1 L Sl — z|?
S

)k(S,X, 2), z€ A(s).

Moreover, since |x — z|? > 585 (x) > %|x — y|2 on A (s), we have |x —z|2 > %Ix — yl2 +
%|x —z%and |x —z]> < 2lx — yP + 2|y —z* < %Ix — z|? + 2|y — z|?, which implies
|x — z|> < 10|y — z/|>. Thus, using the above-given estimates together with Eq. 4.2, then
replacing the set A1(s) simply by d B and interchanging the integrals, we arrive at

2 1 —z? lx—z2

_5 -y ! _ P
Rl(t,x’ Y) SSB(X)SB()))@ 4 4 ‘/(;B ‘X_Z|4Z1/0 We 8 e 40(””de0‘(2).
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We have used here the fact that g, (z) = z1 and 8y, (y) = 55 (y). Moreover, we have

t/2 lx —z|* el ezl x—z* (2 1 e
e 8 e 00— ds < e 8 ds
) S22 — gyl N T YpES

4—n t/2 2
|x —2z| n/2 —r/16 1 =z
< — — 16s
YGRS supr'/“e A 5e s ds

r>0 s
|)C _ Z|2—l’l
~ tn/2+]
Similarly
t _ 4 ) r—z|2 _ 4 t/2 2
|x Z| e_\X&;-l e_%ds < |)C Z| I e_‘x40:4| du
12 Sn/2+2(t — S)n/2+1 ~ tn/2+2 0 un/2+l
6—n t/2 12
|)C - Z| 1 _ lx—z]
S ppm ) pe du
)2+ 0 u

N |)C _Z|47n _‘Xﬂ;‘z < |)C _Z|27n
Y Tz € N T2

Furthermore, since sup, .5 fE)B [x — zlz_"dz < 00, wWe obtain

Ri(t,x,y) S

3p(x)dp(y) eyl
—"k(t, x, Tor |
; (t, x,ye

In the same way, using

lx —z|?
s

and kg, (t —s,2,y) < k(t —s,z,y) we arrive at

qx(s,2) S k(s, x,2)

5 —yl2 ! 1 —z? _ =z
Ri(t. x < e"4 4 X — 2 — e & e M- dsdo
10, x,y) S / lx —z|"z1 ST syl ()
A] 0
and we can similarly show that

le—y|2
Ri(t,x,y) Sk(t, x, y)e™ T .

It finally gives
8p(x)8 21
Ri(t.x,y) < (1 A M) Kt x, y)e™ T < Sk (t,x, )

for |x — y|?/t large enough. Note that if |x — y|%/t is bounded, then there is no exponential
decay of the kernel k1 (¢, x, y) and consequently the lower bounds we want to show are just
given in Zhang’s result (1.4).

The estimates of Ry(¢, x, y) are much more delicate. We simply begin with

Z13B()’)k
t

kHo(taZsy)S (t»Z’y)-

Note that for z € A, (s) we have by Eq. 3.5 that g, (s, y) < @k(s, X, z) and consequently

t
Rao(t, x,y) f/ qx (s, 2Dkny(t — 5,2, y)dsdo(2)
0 JAxs)

d 21 lx—z*  Jz—y?
) ) — — d .
B(x) B(y)/o /;z(s) ST — sy e exp ( " T s)> o(2)

N
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Since we have /385 (x) < +/3/8 < 0.8 and v/25s < /25t < &/25/62 < 0.8 fort < 1/62,
we get that |x —z| < 0.8 whenever z € Ax(s). Thus |z] < |x —z|+|x] < 0.84+1/8 = 0.925.
In particular, it implies that z% +...+ z,zl < c < 1,wherec = (0.925)2. It means that if we

parametrize this part of the sphere writing z1 = f(z2,...,24) =1 — \/1 - (z% +...4+22)

we get that
Bf 2 (Bf )2
I+(— ) +...+| —
\/ (aZ2> azy

is comparable with a constant and consequently we can write

! Z1 x—z>  z—yP
Ry, x,y) <6 ) — — dz,
2(t, x,y) S 6B (x) B(y)f0 /msc ST 5y exp( P 2 _s)> 4

where Z = (z2, ..., z,) is the projection from R” to R"L. First we simply estimate z; =
1 —/1—|Z]? < |Z|%. Next we can write
e—z2  Jz—y? -z + -4+ 2 i —2)? 4 EP
4s 4t —s) 4s 4t — s)
%3 =200+ 2P +xf - 2z Z|2
- 4s 4t —s)

by omitting two non-negative terms. Since z; < |Z|* we get

=2 ) )

-2 t

1Z| X121 n 1Z| . Z| o).
4s 4(t — 5) 4s \t —s

Now we put w := ﬁ —2x1. Notice that since # > s and x; < 1/8 we have w >

and in particular w is strictly positive. Thus we can write

13
2(t—s)

o —

=

|)C_Z|2 |z )’|2 1 ( ~2 2 2
> 2200 + X2+ )
4s 4(t —s) — 4s wil 2RTHhTh

= —|w X - — xt),
4s 2 w !

where we have used the special form of x to notice that zox is just the inner product of Z
and x. Moreover, using w > 1/2, we get

l_s
Tt

w

7——X
w

t—s2£> s_4x1(t—s).

t w ot t

Since x € B((1/16,0), 1/16), we have x3 < x7 + x5 < x;/8, which implies

1 2 (4 1 42 >x12—|—x22 +x12(t—s) 4x1x§(t—s) - xlz—i—x% +x12(t—s)
— —— ) +x — .
2 V)= 4 4st 4st - 4 8st

4s
(n—1)/2 2
(2) /(S+ )
w w
(S(t - s)>(”1>/2 (s(l —s5) xR — s)z)
+ > :
t t t
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where we just enlarge the region of the integration to the whole R”~!. Combining all
together we arrive at

38(x)85(y) P [fst =) xP(t—s)
< 27227 R A 7
Ro(t,x,y) S FIESYE exp ” T TV exp ™ ds.

Then, substituting u = xj 2(1/s — 1/1) we reduce the the right-hand side of the above-given
inequality to

SB(X)(SB(y)eX |X|2 . /001+(X2/X1)2u ex (—Z)du
o PTG ) R st TP

and the last integral can be easily bounded from above by

2 00
B 14+u u
1 —_— ——)du.
x1< +<x1)> , e

Since 65 (x) ~ x1 (see Eq. 4.1), 6p(y) = yl,xlz-i—xz <x1/8and x| = [x —y2+y1 (2x1 —
Y = |x — yl2 + x1y1 we obtain

t
Ra(t, %, ) S S S exp (=220 ke, x, )
toxj 4¢

and it is clear that for every ¢ > 0 we can chose m > 0 such that

Ra(t, x, y)<f<1/\1—yl)k(t X, )

for every x such that §(x) > m+/t. This ends the proof. O

The next step is to show that we can enlarge the ball B(}g Iil’ 16) considered in

Proposition 3 to the ball B(y/(3|y]), 2/3) i.e. we prove the following
Proposition 4 There exist C4 = C4(n) > 0, m = m(n) > 0 and ty = to(n) > 0 such that
1— 1 -
kit x,y) = Cy (1 A M) Kt x, ), 43)

whenever x € B(y/(3]y]),2/3), 81 (x) = ma/t and t < to.

Proof The idea of the proof is to show that if we know the lower bounds of the form (4.3)
for every x,y € B((1 — r)y/|yl, r) for some r > 0, such that §; (x) > M/t for some
M > 0and 81 (x) > &1 (v), then we can deduce the estimates of the same form for the same
range of parameters but with r replaced by 3r/2 and possibly with different constants M
and 1. Applying this procedure 6 times ((3/2)°/16 > 2/3) we will then get Proposition 4
from Proposition 3.

Consequently, our starting point are the estimates (4.3) holding for x and y as stated
above for some r € (0, 2/3) with some M > Oand 7o > 0. Letx, y € B((1 — R)y/|yl, R),
where R = 3r/2, such that §; (x) > 8; (y) and 81 (x) > m+/t, where m = 8M. We can
additionally assume that y is close to boundary by requiring 81 (y) < +/t < R/3, since
the case 81 (x) > 81 (y) = /t follows directly from Proposition 2. Note that under our
assumption, the midpoint between x and y belongs to the ball B((1 — r)y/|y|, r). Indeed,
since |[y| > 1—R/3=1—r/2, we have

1 1—-R R-—r |y|l—1+r/2
i — = >0
2 2yl [yl 20y|
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and consequently

x+y (1—r)y’ _|x =Ry (1 (1-R) R—r)‘
2 Iyl 2 20yl 2 20yl Iyl

1 1-R 1 1-R R-r

SRR PRI CLIN 2
2 Iyl 2 20yl BY
1 1-R 1 1-R

L
2 Iyl 2 BY
A

< ST 3 r)=r.

We fix t; = fo A (8¢/m)? and for t < f; we consider A as a point on the line between

(x + y)/2 and (1 — r)y/|y| such that (x 4+ y)/2 belongs to the sphere S(A, m+/t/16).
Such a choice ensures that the ball B(A, m+/t/16) is contained in B((1 — r)y/|y|,r) as
well. Moreover, since we have 81 ((x + y)/2) > 81 (x) /4 (see Eq. 2.2), for every 7 €
B(A,m+/t/16) we have

51 (2) > &1 (x+y)—mﬁ>51(x)>mﬁ:zw?.

2 &8 — 8 T 8

We use the Chapmann-Kolmogorov equation to get
ki(t, x,y) = / ki(t/2,x, 2)ki(t/2, z, y)dz.
B(A,m\/1/16)

We have ki (t, x,z) = k(t, x, z) since 81 (z) > M4/t and 81 (x) > m+/t. Moreover, since
v,z € B((1 —r)y/|y|, r), we have also

ki, z,y) o (1 N 81 (2) 81 (y)> S (1 N 81 (x) 81 (y)>
kt,z,y) ~ t ~ t '

Using these estimates and Lemma 1 (note that |[A — (x + y)/2| = m+/t/16) we obtain the
desired lower bounds for x and y in the larger ball. O

To make the last step of the proof we consider two points x, y € B(0, 1) and two balls
B(x/(3|x]),2/3) and B(y/(3]yl), 2/3). It is geometrically clear that the midpoint (x +y)/2
as well as 0 belong to both of them. In view of Proposition 2, we can additionally assume
that one of the variables is close to the boundary, i.e. 8; (y) < /7. Now we consider two
cases. The first one relates to the situation when the midpoint is close to the origin, i.e.
(x +y)/2 € B(0, 1/6). Then

B((x +y)/2,1/6) C B(0,1/3) C B(x/(|x),2/3) N B(y/GlyD.2/3)

The Chapman-Kolmogorov once again implies that

k1, x,y) = f ki, x, Dkt (1, 2. y)dz
B((x+y)/2,1/6)
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We can use Proposition 4 to write kj(t,x,z) =2 (1 A & (x)/Dk(t, x,z) and

ki(t,z,y) 2 (L A8y (y) /Dk(t, z, y), since 81 (z) > 2/3 > m+/t, where m is the constant
from Proposition 4 and ¢ is small enough. Thus we obtain

ki1, x,y) > (1 A m) (1 A A (y)>/ k(t, x, Dk(t, 2, y)dz
t t B((x+y)/2.1/6)
> (1 A ! t(x)> (1 A ! t(y)> k(2t, x,y)

where we used Lemma 1. Note that if y is close to the boundary and (x + y)/2 is close to the
origin, then |x — y| is bounded away from 0, which implies 2 (¢, x, y) = (1 A1 (x) /H)(1 A
81 (y) /). It ends the proof in this case.

In the remaining case, i.e. when |(x + y)/2| > 1/6 we set t; = 1/(18m)2 A to and
consider ¢t < t1. Here m and t( are the constant from Proposition 4. We also define A to be
a point on the line between (x + y)/2 and 0 such that |A — (x + y)/2| = 2m+/t. Then we
have B(A, m+/t) C B(x/(3|x|),2/3) N B(y/(3ly|), 2/3) and for every z € B(A, m/t) we
get 81 (2) > 81 ((x + y)/2) 4+ m+/t. Thus we write for the last time that

ki (2t,x,y) > / ki(t,x, 2)k1(t, z, y)dz
B(A,m~/1)

> / <1 A M) (1 A M) k(t, x, k(1. 2, y)dz
B(A,m~/1) t t

If we use the estimates 81 (z) = 81 (x +y)/2) = |x — y|2 (by Eq. 2.2) and Lemma 1, we
arrive at

e o
k2, x, y) > (1 A W) (1 A M) k(2t, x, y).

On the other hand, if §; (x) < /7 we can write
31 (x) 81 (2) 81 (v) 61 (2) 31 (x) &1 (y) _ 81 (x) 81 (y)
(£ 280) (B0 s, ba2t0)

which gives k(2¢, x, y) > h(2t, x, y)k(2t, x, y). Finally, for 8; (x) > +/f > 8; (y) we have
81 (x) 81 (z) = mt and consequently

(1 N 81 (x)t51 (Z)) (1 A 3 (y),(S] (Z)) > (1 A 81 ()’)t51 (Z)> > (1 A 31 (x)t51 ()’)> ,
since 81 (z) 2 81 ((x + ¥)/2) 2 &1 (x) by Eq. 2.2. This ends the proof.
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