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A bit of History

Introduced for purely hyperbolic problems (Reed-Hill 70's, Lesaint-Raviart)

Used for second order elliptic (Douglas-Dupont school, mid 70’s) and for
fourth order (Baker).

Abandoned because of the big size of the final system.

Great revival some 10 years ago (mainly by Cockburn-Shu) also for
applications to problems where the elliptic part is present but it is not
dominant.

(example: strongly advection-dominated equations, very thin
Reissner-Mindlin plates)
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Model Problem

Q C RY (d = 2,3) bounded convex (polygonal or polyhedral)

Au=—div(kVu)=f inQ
u=0 onl =00

o=—kVu

Kk lo +Vu=0 in Q
dive=f inQ

u= onl
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Averages & Jumps
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Averages & Jumps

4]
+
{v} = u; [vl=vinT +v n~ Vec & =internal edges
Th T + o
{r} = T; [] = T™tnT 4+ 70 Vece Ep = internal edges
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Averages & Jumps

4 e o) ~ g
+
{v} = u; [vl=vinT +v n~ Vec & =internal edges
{r} = %; [7] = T™nT 4+ 70 Vece &, = internal edges

On boundary edges [v] = vn; {r} =71
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Averages & Jumps

1

vt + v b+ o_ -
{v}= f; [vl=v'nT +v n~ Vec & =internal edges
+ —
{r} = %; [f]=7TnT +77n" Ve c & = internal edges

On boundary edges [v] = vn; (r} =7

Crucial Formula

> [ vrenr=3 [+ X [

Keg,, ecé&y, ecgp V€
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Original Derivation of DG Methods

In the beginning DG methods were derived in a simple way (see e.g.
Douglas-Dupont, M.F. Wheeler, D.N. Arnold).

Taking the equation —div(kVu) = f, we multiply it by a piecewise
smooth function v, and integrate by parts:

kVu-Vpv — //-@Vu~nv:/fv.
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Original Derivation of DG Methods

In the beginning DG methods were derived in a simple way (see e.g.
Douglas-Dupont, M.F. Wheeler, D.N. Arnold).

Taking the equation —div(kVu) = f, we multiply it by a piecewise
smooth function v, and integrate by parts:

kVu-Vpv — //-@Vu~nv:/fv.

Rearranging terms with the crucial formula we have

/QHVU-VhV—Z/[V]]-{HVU}— Z/[F&VU]-{V}:/QfV.

ecEy € ecE V€
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Original Derivation of DG Methods

In the beginning DG methods were derived in a simple way (see e.g.
Douglas-Dupont, M.F. Wheeler, D.N. Arnold).

Taking the equation —div(kVu) = f, we multiply it by a piecewise
smooth function v, and integrate by parts:

kVu-Vpv— //-@Vu-nv:/fv.

Rearranging terms with the crucial formula we have

/HVU Vpv — /[v]] {kVu} — /[/ﬁ;VU] {v} = /fv

ecty eetly
Then, since u is smooth, [V u] is zero and we can forget about it:

/Q/-inth—;/eﬂv]]-{/{Vu}:/va.
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The Original Derivation of DG methods

/Q/@Vu-vhv—;/e[v]-{KVU}:/va.

We had
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The Original Derivation of DG methods

/QKVU-V;,V—Z;/J[V]-{nVu}:/va.

Then, always since u is smooth, also [u] = 0, and can add a term "to
restore symmetry”

/QF;VU - Vv — ze:/e[v]] AkVu} — Ze:/e[u]] AKkVpv} = /Q fv.

We had
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The Original Derivation of DG methods
We had

/QKVU-V;,V—Ze:/e[v]]-{KVU}:/va.

Then, always since u is smooth, also [u] = 0, and can add a term "to
restore symmetry”

/Q/iVu - Vv — ze:/e[v]] AkVu} — Ze:/e[u]] AKkVpv} = /Q fv.

Then we realize that the method is unstable! However, since [u] = 0, we
can add a stabilizing term

/QnVu-th—/gh[v]-{mVu}—/gh[u]-{/fvhv}—i-;%/e[u]-[v] :/va.
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The Original Derivation of DG methods
We had

/inVu-th—ze:/e[v]]-{KVU}:/va.

Then, always since u is smooth, also [u] = 0, and can add a term "to
restore symmetry”

/Qwu.v,,v—ze:/e[v]]-{mvu}—;/e[u]]-{nvhv}zfﬂfv.

Then we realize that the method is unstable! However, since [u] = 0, we
can add a stabilizing term

/QmVu-th—/gh[v]-{mVu}—/ghl[u]-{/{th}—i-z;’Z’/e[u]-[v] :/va.

= Thisis "IP" (Interior Penalty).
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DG Methods as Weighted Residuals
(Brezzi-Cockburn-M.-Siili, CMAME 2006)

If you allow, a priori, your solution to be discontinuous, then the equations

to be required are:

o Au—f =0 in each element

e [u]=0 on each edge

o [o] =0 on each internal edge
(remember that o = —kVu).
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Starting Point

We define H*(.7,) == {v € L2(Q) : vix € H*(K) VK € 4}

We take three operators By, By, B> from H?(.7,) to L2(.7,), [L2(&En)]¢
and L2(&;)) respectively.

Then we consider the following variational formulation

find u € H*(.,) such that, Vv € H*(.7},) :

(Au—f, Bo(v))n+ < [u], Bi(v) >h + < [o], Bav) >4=0,
where

(u, v)ph = Z/uvdx <u,v>h:Z uvds
K

KeT, ee&y é

and < u, v >?7 runs only on internal edges
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Conditions on the Operators B;

(Au—f, Bo(V))nt < [ul, Bi(v) >4 + < [o], Bao(v) >)=0 Vv
The above equation gives back the original three equations on u (that is
Au=f,[u] =0, and [o] = 0) if (and, essentially, only if)

e VK € J, and Vi € C§°(K) there is a v € H2(Z},) such that

Bov=¢in K, Bopv=0in 94\ K, Biv=0, Bov=0
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Conditions on the Operators B;

(Au—f, Bo(v))n+ < [u], Bi(v) >» + < [o], B2(v) >9=0 Vv
The above equation gives back the original three equations on u (that is
Au=f,[u] =0, and [o] = 0) if (and, essentially, only if)

e VK € J, and Vi € C§°(K) there is a v € H2(Z},) such that

Bov=¢in K, Bopv=0in 94\ K, Biv=0, Bov=0

e Ve € &, and V4p € C§°(e) there is a v € H?(.Z}) such that

Biv=1tone, Biv=0oné&,\e Bov=0
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Conditions on the Operators B;

(Au—f, Bo(v))n+ < [u], Bi(v) >» + < [o], B2(v) >9=0 Vv
The above equation gives back the original three equations on u (that is
Au=f,[u] =0, and [o] = 0) if (and, essentially, only if)

e VK € J, and Vi € C§°(K) there is a v € H2(Z},) such that

Bov=¢in K, Bopv=0in 94\ K, Biv=0, Bov=0

e Ve € &, and V4p € C§°(e) there is a v € H?(.Z}) such that

Biv=1tone, Biv=0oné&,\e Bov=0

e Ve € £ and Yy € C§°(e) there is a v € H?(.Z}) such that

Bov=xone, Byw=0oné& \e
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Choosing By and Using the Crucial Formula

e Choosing Byv= v and using the crucial formula, we can write:

(Au, Bo(v))n = Z /K—div(nVu)vdx

KeTy
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Choosing By and Using the Crucial Formula

e Choosing Byv= v and using the crucial formula, we can write:

(Au, Bo(v))n = Z /K—div(mVu)vdx

KeTy

= Z{/ KZVU'VVdX—F/ o -nk vds}
K oK

Ke,
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Choosing By and Using the Crucial Formula

e Choosing Byv= v and using the crucial formula, we can write:

(Au, Bo(v))n = Z /K—div(mVu)vdx

KeZ,
:K;%{/KRVU-Vvdx+/6KU'nK vds}
:K%/Kwu-v\/dx+ze:/e[v]]~{o}ds+%:/e/{v}[<f]]ds
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Choosing By and Using the Crucial Formula

e Choosing Byv= v and using the crucial formula, we can write:

(Au, Bo(v))n = Z /K—div(mVu)vdx

KeZ,
:K;%{/KRVU-Vvdx+/6KU'nK vds}
:K%/Kwu-v\/dx+ze:/e[v]]~{o}ds+%:/e/{v}[<f]]ds

= (kVu, VV)pt < {o}, [Vl >» + < [o].{v} >}
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The New Bilinear Form

(Au—f, Bo(v))n+ < [ul, Bi(v) >h + < [o], B2(v) >9=10 Vv
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The New Bilinear Form

(Au—f, Bo(v))n+ < [ul, Bi(v) >h + < [o], B2(v) >9=10 Vv
We had

(Au, Bo(v))n (kVu, VV)pt < {o},[v] >n + < [o],{v} >?

_ (5Vu, Vv)p— < {kVu}, [v] >» + < [o], {v} >0
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The New Bilinear Form

(Au—f, By (v))p+ < [u], Bi(v) >n + <[], B2(v) >0=0 Vv
We had

(Au, Bo(v))n (kVu, VV)pt < {o},[v] >n + < [o],{v} >?

; (kVu, Vv)p— < {kVu},[v] >p + < [o], {v} >9
e Choosing By(v)=—{v} gives

(Au—f, Bo(v))nt+ < [ul, Bi(v) >4 + < [o], Ba(v) >},
= (kVu, Vv)p— < {kVu}, [v] >n = (f,v)p+ < [u], Bi(v) >,=0

and we have just to choose B
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Choices for By: Symmetrizing and Stabilizing

Our equations are

(kVu, Vv), — < {&Vu},[v] >+ < [u], Bi(v) >p= (f,v)n

You are not allowed to take By = 0. You can take, for instance

o Bi(v)je = —{kVs v}—{—('—;[v]]) (stabilized) IP
or
o Bi(V)je = +{nV5 v}—|—<|2| |[v]|) (stabilized) BO (NIPG)
or

e Bi(v)e = <

e vl Wheeler-Sun (11P)
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Other Possibilities

On the other hand, the choice of B, can also be revisited. For instance
taking

Bave = ~{v} = el[Vav] and Ba(v)yei= <A - ()

(Douglas-Dupont, Hansbo et als, etc.) your final bilinear form will be
(RV u,V v)h— <AV u},[v] >n — < {cVnv}, [u] >n
/[u] [Vlds+ 3 7|e|/[[w d] - [Vh v]ds

eeS eely

where the red part is needed for consistency, and the others to symmetrize
(if you choose to have it) and to stabilize
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Error Estimates
Vi :={v e L3(Q) : vk € P(K) VK € T} C H*(Ih)
The final bilinear form a(u, v) should satisfy:
1) a(u — Uup, Vh) =0 Vv, eV, 2) amvhmz < a(vh, Vh) Yv, € V,

3) a(w,v) < ClwlllIvll Yw,veH () 4) flu—wll < Ch Julirs

where

Il = 19mvE + 3ol I+ > el vz
e K
and up (discrete solution), and u; (interpolant of u) are in V. Then:

aflup — uf)? < a(up — up, up — up) = a(u — vy, up — uy)
k
< Cllu =l lup = will < Ch¥lup — uf].
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Advection-Diffusion-Reaction Problems

Let f € [2(Q), g € H¥2(T"). Consider the problem

div(=eVu+Bu)+~vu =1f inQ,
u =g onl=0Q,

Introducing the flux o(u) = —eVu+ Bu we can write

dive(u)+~vu =f inQ,
u =g onl=090Q,

For simplicity of exposition we shall assume €, 3, - constants:
e >0, v > 0. Unique solution u € H?(Q).

F=rtur-, I~ = inflow (8-n<0), "= outflow (3-n>0)
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The Residuals

If we allow the solution to be a-priori discontinuous, we have to enforce
the following equations:

Ro(u) :==dive(u) +yu—f =0 ineach K € .,
Ri(u) == [ul =0 oneachecé&,
Ry(u) := [o(u)] =0 oneachecé&p,
RP(u) = u—g =0 oneacheel

Hence we need four operators By, By, B, BlD such that:

(Ro(u), Bo(v))n + < Ru(u), Bi(v) >} + < Ra(u), Ba(v) >}
+ < RP(u),BP(v) >r=0 Vv e H*(%)

Cortona, September 18-22, 2006
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Choices of the operators
Taking Bgv = v we have:

(@ivo(u)+yu—rf.v) + <[4l Bi(v) 5 + < [o(u)]. Ba(v) >3
+<u—g,BP(v)>r=0 Yv € H*( %)

Cortona, September 18-22, 2006 I]‘ig /
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Choices of the operators
Taking Byv = v we have:

(dive(u) +vyu—f,v)y + <[u], Bi(v) >? + < [o(u)], B2(v) >0
+<u—g,BP(v)>r=0 Yv € H*( %)

Integrating by parts and using the crucial formula:

/Qdivha(u)v:—/ﬂa(u)-vhv—i— S / o(u) - nv

= —(o(v), VV)pt < [o(u)], {v} >} + < {o(u)}. [V] >n

Cortona, September 18-22, 2006 %{85 /
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Choices of the operators
Taking Byv = v we have:
(divo(u)+yu—Fv)s + < [l Bi(v) >3 + < [o(u)], Balv) >
+<u—g,BP(v)>r=0 Yv € H*( %)

Integrating by parts and using the crucial formula:

/Qdivha(u)v: —/Qa(u)-th—i— Z / o(u) nv
= —(o(u), VV)nt < [o(u)], {v} >} + < {a(u)}, [Vl >4

Substituting in the equation we obtain:

(vu,v) = (o(u), VV)pt < [u], Bi(v) >} + < {o(u)}. [v] >n
+ < [o(u)], B2(v) + {v} >0 + < u, BP(v) >r
= (f,v)+ < g BP(v) >r

Cortona, September 18-22, 2006 18 /
Donatella Marini (Universita di Pavia) DG for advection-diffusion-reaction 38



Guidelines for choosing the operators

Our bilinear form is:

ap(u,v): = (yu,v) = (o(u), Vv)p+ < [u], Bi(v >0 + <{o(v)},[v] >n

+ < [o(u)], Bo(v) + {v} >} + < u, BP(v) >r

We shall need stability (in the finite element space) in a suitable norm:

an(v,v) > al||v||? Vv € V.

(k>1— Vf={vel’Q): vk € PK) YK e T}
VI =lvige +elviEn+ D e ‘HIIV]]HOeJrZ 8-

ec&y ec&y

Cortona, September 18-22, 2006
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Guidelines for choosing the operators. (Towards stability)

an(v,v) = 1IVB g + elvE, /Q (B-Viv)v+ -

/Q(ﬁvhv ——/ﬁvh Z/@ﬂ"z

Keg,

Cortona, September 18-22, 2006 gg /
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Guidelines for choosing the operators. (Towards stability)

ap(v,v) = fy||v|\%7Q + e|v|ih — /Q(IB Vpv)v+- -

/Q(ﬁvhv =——/ﬂvh Z/ﬂ”

KeZ,
= —% <A{B}, I[V2]| >h_§ <81, {V2} >?7
but [B] =0

Cortona, September 18-22, 2006
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Guidelines for choosing the operators. (Towards stability)

ap(v,v) = fy||v|\%7Q + e|v|ih — /Q(IB Vpv)v+- -

|89y - 1/ﬂvh DI

Keg,

=5 <{5} [v*] >h—* <B-n,v?>r
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Guidelines for choosing the operators. (Towards stability)

ap(v,v) = fy||v|\%7Q + s|v|ih — /Q(ﬂ Vpv)v+- -

/Q(ﬁvhv =——/ﬂvh Z/ﬂ“

Keg,

=5 <{5} [v*] >h—* <B-n,v?>r

<{o()}, [VI>r= — <{eVpv}, [vl>n + <{Bv}, [Vl >n

Cortona, September 18-22, 2006 gg /
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Guidelines for choosing the operators. (Towards stability)

an(v, v) :ayuvugﬁﬂyv\ih_/Q(g.v,,v)v+...

|~V ==3 [pvit) == % [ R

Ke,

= < BV <A

<{o(W)}, [VI>r= — <{eVuv}, [Vl>n + <{Bv}, [V]>% + <B - n v>>¢

Cortona, September 18-22, 2006 gg /
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Guidelines for choosing the operators. (Towards stability)

an(v.v) = |v[2q + elvZ, /Q (B-Vi)v +

/Q(ﬂ Vav)v =——/ﬂ Vi) =- 3 [ A

2
KE% oK

=75 < {8}, >h_} <B-n,v?>r
<{o()}, [Vl>r= — <{eVpv} [Vl>h + <{Bv},[v]>24+ <B -n,v?>r

< (VLI >) = < (611215
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Guidelines for choosing the operators. (Towards stability)

an(v.v) = vIvIZa +elvE, /Q (B-Viv)v +

/ —(B- th)v———/,@ V(v :_Z B-nvz

2
KE% oK

:—§<{,3} [v’] >h_%<ﬁ n,v? >r

<{o(v)}, [vl>r=— <{eVpv}, [v]>n + % <{B} V1> <B - n,v3>r
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Guidelines for choosing the operators. (Towards stability)

an(v.v) = 1|V g + eIV, /Q (B-Viv)v+ -

/Q—(ﬁ-th)v=—%/Qg.Vh(V2)=_ > /8K'62'nv2

Keg,

1 1
=—5< {8}. 1’1 >2—§ <B-n v >p

<{o(V)}, [vl>r= — <{eVpv},[v]>h + % <{BL, [V’ ]>% <B -n,v?>p
<[], B2(v) + {v} >h= — < [eVav], Ba(v) + {v} >},

+ < [BV], Ba(v) + {v} >9

Cortona, September 18-22, 2006 gg /
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Guidelines for choosing the operators. (Towards stability)

an(v.v) = AIvIZa +elvE, - /Q (B-Viv)v+ -

/Q_(ﬂ'v"v)":_%/ﬂﬂ'vh(v2):— Z /(9Kﬂénv2
1

KeJ,

=3 <{BLIA -5 <o

oL I >0= — < (€Y} IM>h + 5 <1BL I3 <602
< I Ba(v) + {1} 9= — < [Va], Ba(v) + {v) >4
+ < [Bv], Bo(v) + {v} >}
<[ul,Bi(v) >0 < u,BP(v)>r

Cortona, September 18-22, 2006 gg /
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Guidelines for choosing the operators. (Towards stability)

Bo(v) = —{v} + Q(v),  Bi(v) = %I[v]] + Qi(v)
BP(v) = %v —B-nv+QP(v)on T, BP(v) = %v +QP(v)on T+

with Q1(v), Q(v), @P(v) to be chosen such that

<[v], Qu(v) > + < [Bv], Q2(v) >5= > 18- nll[VI[3.

ec&p

QP (v) not depending on 3.

In other words, we can upwind either with B; or with By

Cortona, September 18-22, 2006 %% /

Donatella Marini (Universita di Pavia) DG for advection-diffusion-reaction



First choice - minimal choice

ce nt
Set Se = —, Q(v)=0, Qi(v)= 7|[,[3v]] QP (v) =0, that is

nt
Bo(v) = —{v}  Bi(v) = Selvl + —-[8v]
BP(v)=S.v—pB-nvonT~, BP(v)=S.vonl*

( Findue H2(9) such that Vv € H2(.9},)
(yuv — o -Vpv) + Se I[U]] I[V]I {eVyuj- I[V]]
/Q K " eezg / ee&,/ s
+ Z (/Bu)upWHV]I +/ - nuv
eetly €
fv+ ) Se v— B - ngv.
| / ; /eg eezr:_/ ng

For the diffusive part this choice corresponds to the [IP scheme.
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Choice by Houston-Schwab-Siili (SINUM 2002)

Set

Q(v) =0, Qi(v)={eVuv}+ n;[[,@v]], RP(v)=eVuv-n
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Choice by Houston-Schwab-Siili (SINUM 2002)

Set

@Q(v) =0, Q(v)={eVuv}+ n;[[,@v]], QP(v)=eVv-n

+
— B(v)=—{v}  Biv) = S +{eVav} + - [8V]
BP(v)=S.v—B-nv+eViv-nonl~,
BP(v) = Sev+eVuv-non
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Choice by Houston-Schwab-Siili (SINUM 2002)

( Find ue€ H*(Z,) suchthat Vv H* (%)
/('yuv —o(u)-Vuv)+ Z 53/[[u] vl + Z (Bu)upw - [V]
Q ec& e ecgp e
=3 [l (Vi) — {eVhu} D+ Y [ B-nuy
ec&, V€ eclr+7¢€
:/va—kz g(Sev+eViv-n—03-nv).
ecr 7€

NIPG for the diffusive part (Wheeler-Riviere-Girault)
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Choice by Hughes-Scovazzi-Bochev-Buffa (CMAME 2006)

Qi(v) =0(eVhv)upw = 0({eV v} + n;[[thv]),

nt
@(v) = 5 [vI. QP(v) = 0eVyv-n
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Choice by Hughes-Scovazzi-Bochev-Buffa (CMAME 2006)

Qu(v) = UV )ups = (=T} + S [T D),

nt
@(v) = 5 Ivl, QP(v) =0eVyv -n

nt
= Ba(v) = ~(V)aw = —{v}+ - [V]
Bi(v) = Se[v] + 0(eVhv)upw
P(v)=Sev—B-nv+0eVyv-non T,
BP(v) = Sev +0eVhv-non T
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Choice by Hughes-Scovazzi-Bochev-Buffa (CMAME 2006)

( Find u € H?(.7;,) such that Vv € H*(.7},)
[ —o@: V) + 3. (1114
Q ecéy €

+ > [ O1ul- (eVav)upw — (€Vat)upw - VD) + Y [ (B)upw - [V]
ecEp " € ecgp " €

—l—Z OQu(eVpv-n) — (eVyu-n)v + Z B - nuv
ecr V¢ ecr+ve

:/ fv—i—Z/g(Sev—i-GEVv-n)— Z gl - nv.

& ecr V¢ ecr— 7€
0 = —1 — symmetric, # =1 — nonsymmetric, 0 = 0 — neutral

Analyzed by Hughes-Buffa-Sangalli (to appear in SINUM)
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Another choice

Let us first introduce a new average. Definition of weighted average on
an internal edge. For o, a? real numbers, with ! +a? =1

{p}a = o' + a’p®
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Another choice

Let us first introduce a new average. Definition of weighted average on
an internal edge. For al, a? real numbers, with a! + a” =1 :

{(P}a = 041@1 + 042302

ol =a? =1/2 — arithmetic average

o' = (sign(B-n') +1)/2 — classical upwind
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Another choice

Let us first introduce a new average. Definition of weighted average on
an internal edge. For al, a? real numbers, with a! +a? =1 :

{pta = alp! +a?¢?
ol =a? =1/2 — arithmetic average
of = (sign(B-n') +1)/2 — classical upwind
Indeed:

tedo = (o} + W)
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Another choice

Let us first introduce a new average. Definition of weighted average on
an internal edge. For a!, a? real numbers, with a! + o =1:

{o}a = o' + a%p?

ol =a?=1/2 — arithmetic average
of = (sign(B - n') +1)/2 — classical upwind
Indeed:
tedo = (o} + g
Ex: If K1 upwind element (3 - n! > 0) then a = (1,0)

{eta = (@) upw = ‘Pl {oh-a = (P)dw = 802
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Another choice

Q(v) =0({o(v)}a —{Bv}),  Q(v)= [[%] VI, QC(v) = —0eV,v-
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Another choice

Q(v) =0({o(v)}a —{Bv}),  Q(v)= [[Z] VI, QC(v) = —0eVv-

Biv = Se[v] + 0({a(v)}a — {Bv}),

Bov = ~{vhoo = (v} + L,

BPVzSev—B-nv—Gthv-non M,

BPv =Sev—0eVuv-nonTt.
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Another choice

.

Find ue H*(.9,) suchthat Vv e H*(Th)
/Q('yuv —o(u)-Vyv) + Z Se/e[[u] vl

ee&y

+ o I+ /0[u]] —{Bv)
ec&y e ecep e

_g/e eVpu-nv+0ueVyv-n) eleJr/eI@ nuv
/fv—i—Z/ (Sev — 0eV v - n) Z/[} ngv

ecl—
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Another choice

Find wue H*(.9,) suchthat Vv e H?(Th)
= ow) - V) + 3. JACRG
+> [Hoela-IVI+ ) /HIU]] ({o(v)}e —{Bv})
ecgp V€ ec&y
— (eVpu-nv+0ueVyv- B - nuv
;/E pU-N eVpv-n) e;/ n
fv + g(Sev — 0eVpv - n) B - ngv
= fy 3 [atser e = 3 [ pens

0 =1 — symmetric, 8 =0 — neutral
For # = —1 — nonsymmetric, but stability in a weaker norm —>
suboptimal order of convergence.
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Error estimates
k>1— Vi ={vel*(Q): vk € P(K) VK e T}
In all the cases the discrete problem reads:

Find up € V¥ such that :
ah(uh, v) = F(V) Vv € V,.lf.

We have consistency (by construction), and stability in the norm:

|\|VH|2—’YHV||OQ+€|V|1/7+Z‘ ‘|||[V]]||Oe+2|ﬁ n[I[vI5.e

ecéy ecéy
The following estimate holds:
hk+1/2 if advection dominates,
Hu—unlll < C{ 4 e .
h if diffusion dominates.
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Introducing a term of SUPG type

It is often desirable to have direct estimates in the norm

2
1Ivll3upe = llIVIIZF+ D C0K|ﬂ|
KeZ,

18- Vv[]?
For this we only have to choose By as
=V -+ Z Co Ko ‘,8‘
Keg,
The same estimates hold
hk+1/2

if advection dominates,

u—u <C
llu = unlllsvpe < {hk if diffusion dominates.
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Approximation to a Smooth Solution

exact solution:  u=sin(2x)sin(2ry) approximate solution with NEW
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Convergence Diagrams: Smooth Solution

epsilon =1 uniform grid epsilon = 0.001 uniform grid

—— MINIMAL —— MINIMAL
—e—suul
HUGHES

——— NEW

\u-u_hV_{DG}
\u-u_hV_{DG}
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Convergence Diagrams: Smooth Solution

epsilon = 1e-06 uniform grid epsilon = 1e-09 uniform grid

—— MINIMAL y —h— MINIMAL //

\u-u_hV_{DG}

Vu-u_h_{DG}
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Convergence Diagrams:Unstructured Meshes

epsilon =1 unstructured grid epsilon = 0.001 unstructured grid
e MINIMAL —efe MINIMAL
—e— SuLI —e— SuLI
HUGHES HUGHES
s NEW —— NEW
g, Sl 1
Bl 1
3 3
7 7
L 107 L |
107" 107
h h
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Convergence Diagrams: Smooth Solution

epsilon = 1e-06 unstructured grid epsilon = 1e-09 unstructured grid
= MINIMAL
—k— MINIMAL -~ —e—suul R
—e—suLl A HUGHES A
HUGHES ,// ——— NEW P
—— NEW //’ 7

\u-u_hV_{DG}
\u-u_hV_{DG}
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Rotating Flow € = 1e — 09

lllllllllllll

/ll%'&\\\\




Internal Layer e = 0.1

Minimal Choice Suli et al.

0o
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Internal Layer e = 0.001

Minimal Choice Suli et al.

Hughes et al. NEW
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Internal Layer € = 1e — 06

Minimal Choice Suli et al.

Hughes et al. NEW
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Internal Layer e = 1e — 09

Minimal Choice Suli et al.

Hughes et al. NEW
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