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DISCRETE AND CONFORMING SMOOTH DE RHAM
COMPLEXES IN THREE DIMENSIONS

MICHAEL NEILAN

ABSTRACT. Conforming discrete de Rham complexes consisting of finite ele-
ment spaces with extra smoothness are constructed. In particular, we develop
H?2, H'(curl), H' and L? conforming finite element spaces and show that an
exactness property is satisfied. These results naturally lead to discretizations
for Stokes and Brinkman type problems as well as conforming approximations
to fourth order curl problems. In addition, we reduce the question of stabil-
ity of the three-dimensional Scott-Vogelius finite element to a simply stated
conjecture.

1. INTRODUCTION

The construction of finite element spaces that form a discrete de Rham complex
is now a standard tool in the study of mixed finite element methods [T}21111221].
We recall that the de Rham complex in three dimensions with minimal smoothness
measured in L? is given by

rad curl div
(1L1) R HY(Q) 5 H(curl;Q) o H(div;Q) — L2(Q) — 0,

where H (curl; Q) (resp., H(div ;)) is the space of square-integrable vector-valued
functions whose curls (resp., divergence) are in L?(Q) (resp., L*(€2)). The precise
definition of the notation used throughout the paper is given in the subsequent
section. The statement that (L)) is a complex simply means that the composition
of two consecutive maps is zero. If the domain €2 is contractible and Lipschitz
then the complex (L)) is exact, that is, the range of each map is the kernel of the
succeeding map. It is well known that many popular H', H(curl), H(div) and
L? conforming finite element spaces form a discrete sub-complex of (1) [IL2,21].
Similar to the continuous setting, an exactness property of the sub-complex is
satisfied.

In this paper, we develop and study discrete de Rham sub-complexes with ad-
ditional smoothness. In particular, we derive conforming finite element spaces that
mirror the complex [7126]

rad curl div
(12) R——HX(Q) — H'(curl;Q) s H'(Q) —» LX(Q) — 0.

This sequence is also exact (cf. Lemma [24] below). Our goal is to construct con-
forming finite element spaces ¥, C H2(Q), X), C H'(curl;Q), V,, € HY(Q) and
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Qn C L*(Q) with respect to a simplicial triangulation such that

C grad curl div
(1.3) R — ¥ — Y, — V, — Qn — O
is an exact sub-complex of (2]).

The construction of such finite element spaces naturally leads to discretizations
for velocity-pressure formulations of Stokes and Brinkman-type problems [19,20,28],
where V}, and @, are taken to be the finite element spaces for the velocity and pres-
sure, respectively. The exactness property ensures that the divergence operator is
surjective from Vj, to Q. Along with a stability estimate, this result shows that
the inf-sup/LBB condition is satisfied, and therefore the finite element pair V}, x Qj,
forms a stable pair [3l[6]. In addition, the diagram (3] implies divV}, C @y and
therefore the resulting discretization produces exactly divergence-free velocity ap-
proximations. As far as we are aware, this is the first stable and conforming finite
element pair consisting of polynomial basis functions that yield divergence-free ve-
locities on general shape-regular triangulations in three dimensions (see [30,31133]
for partial results on specific uniform triangulations, and the recent paper [I7] where
rational functions are used to obtain exactly divergence-free approximations). We
remark that conforming finite spaces of the complex (LI with extra smoothness
have been constructed in [26] leading to non-conforming approximations of the
spaces appearing in ([L2). Their construction leads to non-conforming approxima-
tions for Stokes and Brinkman-type problems. Divergence-free velocity approxima-
tions have also been proposed by [9l[10] and [I3] using discontinuous Galerkin and
isogeometric methods, respectively.

The spaces Y can be utilized to compute conforming finite element approxi-
mations of magnetohydrodynamic equations with fourth-order terms [251[34]. Non-
conforming finite element spaces of H'(curl;{2) have been proposed in [26}33],
and a Ciarlet-type mixed finite element for fourth order curl problems was stud-
ied in [25]. Our construction appears to be the first appearance of H!(curl;)-
conforming finite elements on tetrahedral meshes in the literature.

This work is motivated by the recent results in [I5], where Falk and the author
constructed analogous two-dimensional finite element spaces based on the complex

C curl div
(1.4) R — H*Q) — H'(Q) — L2(Q) — o

Here, the generalized Argyris space of degree k + 1 (k > 4) is taken to be the
H?(Q)-conforming finite element space appearing in the sequence (L4]). This con-
struction naturally leads to conforming and divergence-free Stokes elements with
extra smoothness at vertices of the triangulation. In particular, the velocity and
pressure elements constructed in [15] are C! and C°, respectively, at vertices of the
triangulation.

Similarly, we use the three-dimensional analogue of the Argyris element intro-
duced by Zenisek and Zhang [29,[32] as our H?(2)-conforming element. This space
consists of globally C! piecewise polynomials of degree k + 2 (with k > 7) that
are C* at vertices and C? at edges of the triangulation (cf. Section [B)). The corre-
sponding spaces Yp, V; and Qj, consist of piecewise polynomials of degree k + 1,
k and k — 1 (k > 6), respectively. In addition to the global regularity properties
Y, C Hl(curl;Q), V;, C H(Q) and Q) C L?(f2), the spaces also have enhanced
regularity at sub-simplexes of the triangulation. For example, functions in V}, are
C? at vertices and C! at edges of the triangulation (but only C° globally). Due
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DISCRETE SMOOTH DE RHAM COMPLEXES IN 3D 2061

to their relative high polynomial degree and complexity, the practical importance
of these elements may be limited. Nonetheless, we believe that the framework and
theory may shed new light into developing simpler methods (cf. Section [7]).

The rest of the paper is organized as follows. In Section [2] we set the notation
and state some preliminary results. In Section [3 we precisely state the definition
of the finite element spaces. We then show that the discrete complex (L3)) is exact
in Section M by a direct construction of Fortin operators. In Section B we derive
the approximation properties of the finite element spaces. In Section [0l we discuss
the construction of the analogous spaces with homogeneous boundary conditions
and its relation with the three-dimensional Scott-Vogelius element. Finally, we
summarize our results and discuss possible extensions in Section [7l

2. PRELIMINARIES

2.1. Notation. Throughout the paper we assume that the domain € is contractible
with Lipschitz boundary 9. For a set D C R%, we denote by H™ (D) the Hilbert
space consisting of square integrable functions whose distributional derivatives up
to order m are also square integrable. In the case m = 0, we set L?(D) = H°(D).
The space H{*(D) consists of all functions in H™ (D) whose traces vanish up to
order m — 1, and the space of functions in H™ (D) which have zero mean is denoted
by H ™ (D). The corresponding vector-valued spaces are given by H™ (D), L?(D),
and HJ' (D). We also define (with d = 3)

H(curl; D) ={v € L*(D) : curlv € L*(D)},
Hj(curl; D) = {v € H(curl;D): v x nplspp =0},
H'(curl; D) = {v e H'(D): curlve H'(D)},
H{(curl; D) = {v € H'(curl; D) N H{(D) : vxnplap =0},
H(div;D) = {v € L*(D) : divv € L*(D)},
Hy(div; D) = {v € H(div;D): v-nplop = 0}.

Here, np is the outward unit normal of the boundary dD. When the context
is clear we shall simply write n. The space of polynomials of degree less than
or equal to k on D is given by Px(D), and the analogous vector-valued space is

Let T3, be a shape-regular triangulation of the domain Q2 [48] with hy = diam(7T)
for all T' € Tj, and h = maxrcg, hr. We denote by J}, the set of faces in T3, and
by B the set of boundary faces; that is, those faces satisfying F C 9. The set of
edges in the triangulation T, is denoted by €, and the set of vertices is denoted by
V5. We define hp = diam(F') and h, = diam(e) for all F € Fj, and e € €. For a
given tetrahedron T € Ty, let F5(T), En(T) and Vi (T) be, respectively, the set of
four faces, six edges, and four vertices of T. We also set w(T") !
to denote the “patch” of the element T'.

Given T € T, we denote by {Ar}pes, (1) the four barycentric coordinates of
T labeled such that Ap|p = 0 for all F' € F,(T). The quartic volume bubble
function on the simplex T is defined as by := [] FeF(T) Ar, and the cubic face
bubble function associated to the face F' is defined as bp := HGG% (TV\{F} bg. It

- ZT'eiTha—TnW;e@ T
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is then straight-forward to verify the identity
(2.1) gradbr|r = (grad A\p)bp = —|grad Ap|npbr.

Finally, the letter C' will denote a generic positive, h-independent constant that
may take on different values at different occurrences in the paper.

2.2. Preliminary Results. With the notation set, we now state some preliminary
results that will be used extensively in the analysis below. First, we state some
standard trace inequalities and inverse estimates on a simplex.

Lemma 2.1. Let T € Ty, be a given simplex in the triangulation.
e For any w € HY(T), there holds

(2.2) Z ||U’H%2(F) < C(h;l‘lw”i?(T) + hT”wH%{l(T))'
FES‘h(T)
e Ifwe H?(T), there holds
(2.3) Z ||wH%2(e) < C(h%QHU’HQLz(T) + ”w'ﬁ{l(T) + h%‘Hw”?{Q(T))'
eGEh,(T)

Proof. The first trace inequality ([2:2)) can be found in [4[8]. To obtain the second
inequality, we observe that

Yo Wl <C Y Y (hEtolzemy + hellll )

ec&p(T) e€&p(T) FeTp(T)
eCOF
<C 3 (hz'llolZece + bl )
FeTF,(T)
Combining this last estimate with (22]), we obtain [23). O

Lemma 2.2 ([AR]). For any w € Pr(T) and integers m,n with m > n, there holds
(2.4) lwllgm )y < Chg™ " |wll (7)),

where the constant C' > 0 depends on the shape regularity of T, m, n, and k, but is
independent of hr.

Lemma 2.3 ([24]). For an integer k, let Py, denote the Lagrange finite element
space consisting of globally continuous piecewise polynomials of degree < k. Then
there exists an interpolation operator I, : HY(Q) — Py such that if w € H™(Q)
with 1 <m < k+1,

(25) Hw — Ihw”Hs(T) < Oh?_s‘lw”Hm(w(T)) 0<s<m, VI €Tp.
Lemma 2.4. The complex (L2) is exact.

Proof. We first recall that (L) is an exact complex. Suppose z € H!(curl;Q) C
H(curl; ) satisfies curl z = 0. Then by ([LI]) there exists p € H'(Q) with z =
gradp. Since z € H!(Q), we have gradp € H'(Q) and therefore p € H?*(Q).
Now if v € H'(Q) satisfies dive = 0, then by [16, Corollary 3.3] there exists
w € H?(Q) C H'(curl;Q) with v = curlw. Finally, for any ¢ € L*(Q) there
exists r € H'(Q) such that divr = ¢ [16]. It then follows that (L2)) is exact. [0
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Next, we state an analogous result incorporating homogeneous boundary condi-
tions. The proof can be found in [16,26].

Lemma 2.5. If D is convez, then the complex

grad curl div
(2.6) 0 — H3(D) — Hj(curl;D) — H}(D) — L*(D) — 0

15 exact.

3. THE FINITE ELEMENT SPACES

In this section, we define the finite element spaces ¥, C H2(Q2), X, C H!(curl ; Q),
Vi, C H'(Q) and Q) C L?(Q2) appearing in the sub-complex (I.3). Following Cia-
rlet’s convention [§], the definition of a finite space consists of three components:

the triangulation T}, the local space of shape-functions, and the set of degrees of
freedom (often abbreviated DOFs).

H2-conforming finite element spaces. We take X, to be the H2-conforming
finite element space first proposed by A. Zenisek [29] and later generalized by
S. Zhang [32]. This space consists of globally C! piecewise polynomials of degree
k4 2 with k& > 7 that are C* at the vertices and C? at edges of the triangulation.
A unisolvent set of degrees of freedom of this space is given locally by (cf. [32])

(3.1a)  D%z(a) Va € Vy(T), V|a|<4, (140 DOFs),

(3.1b) /za Vo € Py_g(e), Vee &u(T), (6(k—T7)DOFs),

€

(3.1¢) /822 o Vo ePiq(e), Vee&n(T), (12(k—6)DOFs),
e €+

2
(3.1d) /ﬁa Vo € Pugle), Vee &n(T), (18(k—5) DOFs),
e €+ €+

(3.1¢) / 20 Yo € Puq(F), YFeFn(T), (2(k—5)(k—6) DOFs),

F
(3.1f) 8?1—10 Vo € Pr_s(F), VFeFn(T), (2(k—3)(k—4) DOFs),
F

(3.1g) /Tza Yo € Pro(T), (é(k—3)(k—4)(k:—5) DOFs).

Here, n., are two unit orthogonal normal vectors that are orthogonal to the edge
e. In the case k = 7, the set of DOFs listed in (3.11) is omitted.

H'-conforming (velocity) finite element spaces. The H!-conforming finite
element space, denoted by Vj,, consists of vector-valued, globally continuous piece-
wise polynomials of degree k > 6 that are C? on the vertices and C' on the edges
of the triangulation. A unisolvent set of degrees of freedom of this space is given
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FIGURE 1. H'(Q) finite element (left) and L?*(Q) finite element
(right) degrees of freedom with k = 6.

by (cf. Figure [I])
(3.2a) D%v(a) V]a| <2, VaeV,(T), (120 DOFs),

(3.2b) /v Kk Vk €Pr_gle), Vee&y(T), (18(k—5) DOFs),

ov

e N,

(3.2¢) o Vo ePr_s(e), Vee&y(T), (36(k—4) DOFs),

(3.2d) /F v Vap € Ppg(F), YFeFu(T), (6(k—4)(k—5) DOFs),

(3.2¢) /Tv o Y ePr_u(T), (%(k —1)(k — 2)(k — 3) DOFs).

It is simple to see that these degrees of freedom uniquely determine a function
in V}, on each tetrehedron T € T}. We sketch the main argument.

First note that there are (k + 3)(k + 2)(k + 1) degrees of freedom given in
B2), which is exactly the dimension of Py (T"). Therefore to show unisolvency, it
suffices to show that if v € Py (T) vanishes at the degrees of freedom (B.2]), then
v is identically zero. In this case, it is clear that v and Dwv vanish on all edges.
Therefore, we may write v|p = bipp for some pr € Py_g(T) for all F € Fy(T).
It then follows from the fourth set of DOFs, that v|gr = 0 (this also shows the
conforming property Vi, C H'(f2)). Therefore v = brp for some p € Py_4(T).
By the last set of DOFs, we deduce v = 0. Thus, the DOFs listed in (3.2)) form a
unisolvent set.

Remark 3.1. The degrees of freedom [B.2]) with k& = 5 still form a unisolvent set for
the space P5(T). However, we require the degrees of freedom (3.2d)) in the proof of
Lemma [£.5] below; hence, the restriction k& > 6.

L?-conforming (pressure) finite element spaces. Next, we set @, to be the
space of piecewise polynomials of degree k& — 1 that are C' on the vertices and C°
on the edges of the triangulation. It is easy to see that such functions are uniquely
determined by the following values:

(3.32) D%(a) V]| <1, Ya € Vi (T), /q§ VE € Pr_s(e), Ve € & (T),

(3.3b) / q¢ V(¢ € Pr_1(T) such that (|, =0, Ve € E(T).
T
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H'(curl;)-conforming finite element spaces. Finally, we consider the con-
struction of the H*(curl;2)-conforming finite element space Y, in the sequence
([T3). We can infer properties of Y}, from those of the already constructed spaces.
For example, since we wish the inclusion grad >, C Y}, to hold, we expect Y}, to
consist of functions that are O3 at vertices and C* at edges of the triangulation.
Moreover, if curl X, C Vj, then the curls of functions in Y, will be C!' on edges
of the triangulation.

The number of degrees of freedom for each vertex, edge and face can also be
deduced by ([L3) and a counting argument. The degrees of freedom of ¥}, given in
(310 show that the (global) dimension of X, is 35V + (6k — 34)E + (k% — 9k +21)F +
&(k—3)(k—4)(k —5)T, where V, E, F and T denote, respectively, the number of
vertices, edges, faces and tetrahedra in the triangulation. Likewise the degrees of
freedom F2) and @B3) give us dim V, = 30V + (9% — 39)E + 3 (k — 4)(k — 5)F +
$(k—1)(k—2)(k—3)T, and dim Q, = 4V + (k — 4)E+ ($4° + $k* — 21k +8)T. In
order for the sequence (3] to be exact, the global dimension of Y;, must equal:

dim Y, =dimV, +dim¥;, —dim @y — 1

5 45 1 11
= 61V + (14k = 69)E + (Sk* — -k + 51)F + (5% — o-k* + 19k — 21)T — 1.

Using the relation V4+F — T — E =1 (cf. [I8, Theorem 16.14]), we find
) 1
dim Y}, = 60V + (14k — 68)E + §(l<: —4)(k-5)F+ §(k —2)(k—=5)(k—4)T.

Furthermore, we see that the dimension of the local space, denoted by Y (7'), will
be

dim Y (T) = 60(4) + (14k — 68)(6) + g(k C (k- 5)(4) + %(1@ — ) (k- 5)(k — 4)
- %(k + ) (k4 3)(k + 2) = dim Py 1 (T).

We now precisely state the H'(curl;2)-conforming finite element space Y.
This space consists of vector-valued piecewise polynomials of degree k + 1 (k > 6)
that are C® at vertices of the triangulation, C' at edges in the triangulation and
whose curls are C! at edges in the triangulation. The first set of degrees of freedom
which determine a function z € Y, is given locally by

(34a) D%z(a) V|a| <3, VYaeVy(T), (240 DOFs),

(3.4b) /z co Vo ePy_7(e), Veec&n(T), (18(k—6) DOFs),

(&

0z

e O,

(3.4¢) p Y ePr_gle), Vee&(T), (36(k—>5) DOFs),
(3.4d) /F(z ‘np)p Vo€ Pr_s(F), VFeTF(T), (2(k—3)(k—4)DOFs),

(3.4e) /F(z Xxng)-p Vp€ Dy_¢(F),
VF e F,(T), (4(k —4)(k —6) DOFs),
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(3.4f) /F(curlz xnp)- - Y € Pr_g(F),
VF € F,(T), (4(k—4)(k—5) DOFs),

(4g) [ 2-¢ Ve Ds(D). (k= 2)(k—4)(k~5) DOFs)

where D, (T) = Pp—1(T) + Pp,—1(T) is the (local) Nedelec space [22]. In the
case k = 6, the degrees of freedom (3.4D) and ([B:4€) are omitted.

The description of the remaining DOFs require additional notation. Let ¢. be
a unit vector, tangent to the edge e, and let n., be unit vectors chosen such that
{te,n..} is an orthonormal basis of R3. We assume, without loss of generality,
that the unitary matrix B, := (te ne, ne_) € R3*3 satisfies det(B,.) = 1. The
additional degrees of freedom are then given by

(3.4h) /W Kk Ve E€Pis(e), Vee&n(T), (18(k— 4) DOFs),
e €+
J(curl z)
on._ i
Ve € &4(T), (12(k — 4) DOFs).

Notice that the number of degrees of freedom listed in ([B4]) is exactly the dimen-
sion of Pj11(T). The standard unisolvency proof then proceeds by showing that
if z vanishes at the values listed in (3.4]), then z = 0. We break up this argument
into several steps. First, we establish the following result.

(3.4i) /(ngg —n._n’ ) Vo € Pr_s(e),

Lemma 3.2. Suppose z € Py 1(T) vanishes at the degrees of freedom ([B.4al)—
(B4d),340L)-@BA4l). Then z, Dz and D(curl z) vanish on all edges of T

Proof. The assertion z|. = 0 and Dz|. = 0 trivially follows from (BZa)-([B.4d). We
also see from (B.4L)—B4) that d(curl z)/0n., =0, t. - d(curlz)/On._ = 0 and

n., -d(curlz)/On._ =0 on all edges. Furthermore, by Lemma [A.2 we have
~O(curl z) . I(curlz) n . d(curl z) _
= One ¢ ot, “ One,
Therefore, D(curl z)|. = 0. O

Lemma 3.3. Suppose z € Py 1(T) vanishes at the degrees of freedom ([B.4al)—
41, 34n) B4l restricted to a single face F C OT. Then z = curlz = 0 on
F.

Remark 3.4. This result establishes the conforming property Y, C H'(curl;Q).

Proof. By Lemma B2 z, Dz and D(curlz) all vanish on dF. It then follows
from (B:4d) that z - n|p = 0. Furthermore, we may write curl z|p = b%p for some
p € Pi_g(F). Therefore by (B.41), curl z x n|r = 0.

Next, Stokes Theorem gives

(3.5) / (zF - curlpg — (curlpzp)q) = / z-tqg=0.
F aF
Consequently, by ([B.4e) we have

(3.6) /F(curlpzp)q =0 Vg € Pr_s(F).
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With the correct orientation, we have curlpzp = (curlz) -np = b%p -mp. Since
p € Py_s(F), we deduce from ([B.6) that p-np = 0 and therefore (curl z) -np = 0.
Hence, curl z vanishes on 97'. Moreover, curlpzrp = 0 implies zr = grad ¢ for
some ¢ € P io(F). Since z and Dz vanish on F, we may assume that ¢ vanishes
up to second order on JF. Consequently, ¢ = b%.r for some r € Pj_7(F). We then
have

O:/ zp~q=—/ b3rdivpq Vg € Dy_¢(F).
F F

Since the image of Dy_g(F) under the divergence operator is Pr_7(F) [22], we
deduce that » = 0 and therefore zr = 0. Since z - n vanishes on F, z|p = 0. O

Theorem 3.5. The degrees of freedom [BA]) are unisolvent on Yp,.

Proof. Suppose z € Pj1(T) vanishes at the values listed in (B4). It suffices to
show z = 0.
By Lemma 3.3 we have z € H}(curl;T) and

(3.7) /Tz p=0  VpeD,_5(T).

Denote by T the reference tetrahedron with vertices (0,0,0), (1,0,0), (0,1,0) and
(0,0,1). Let Fp : T — T with Fp(&) = A& +b (A € R¥*3 b € R®) be an
affine transformation, mapping the reference tetrahedron onto 7. For given z €
Prr1(T) N HY(curl;T), define the transformation z(x) = A~T2(2) with * =
Fr(z). We then have curlz = A(CTI—FI 2)/det(A), where curl denotes the curl
operator with respect to the &-variables; see [21I] for details. Consequently, 2 €
P (T) N Hl (curl; T) and by @B,

(3.8) /(CTI;] 2)-p= /T(curl z)-p= /Tz (curlp) =0 Vp € Pr_s(T),

T
where p € Pj._5(T) satisfies p(&) = p(x) with & = Fp(&). Next, since curl 2 x A
and 2 both vanish on 8T,/£hen curl £ vanishes on the bour}dary of T as well.
Therefore we may write curl 2 = b;q for some ¢ € Pp_4(T). Restricting the
identity
0 = div (b;g) = bpdiv g + grad by - §

to an arbitrary face F c 0T, we deduce g/rszT gl = 0. By (ZI), g/rszT =
bpg/rﬁ)\p on F', and grad Az is parallel to the normal n ;. Since the face bubble

b is strictly positive on F we have ¢ -f = 0 on 1. Therefore we may write
g; = i‘jl&j for some ) € Py_5(T). Setting p = ¢ in (B38) we deduce that ¢ = 0,
and therefore curl z = 0.

Since z is curl-free, we may write z = grad p for some p € Py12(T) N HZ(T).
By B2 and integrating by parts we obtain

O:/z~p:—/p(divp):0 Vp € Dy_5(T).
T T
Since the divergence operator is surjective from Dy_5(T') to Pr_e(T) [22], there

holds [, pr = 0 for all r € Pr_g(T). Since p € Ppi2(T)NHF(T), this implies p = 0,
and therefore z = 0. (]
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4. THE DISCRETE DE RHAM COMPLEX

In light of the definitions of the finite element spaces, the inclusions grad ¥;, C
Yy, curl Y, C V;, and divVy, C @ hold. Therefore the sequence ([L3) is a
complex. This section is devoted to showing that the complex is exact. In addition,
we derive some useful stability properties.

4.1. A local smooth de Rham complex. We first focus our attention to a local
de Rham complex consisting of polynomial spaces. For an element T' € T} and
positive integer k, define the spaces Yg12.0(T) = Prro(T) N HZ(Q), Lii1,0(T) :=
Pri1(T) N Hi(curl;T), Vi :=Pr(T) N H(T) and

(4.1) Qr—1,0(T) :={q € Pp1(T) : qle =0, / q=0}.
T
In this section, we consider the local sequence given by

grad curl div
(4.2) 0—>Ek+270(T) — Tk-l—l,O(T) — W@(T) — Qk—l,O(T) — 0.

It is clear from the definitions of the spaces that ([@2]) is a complex. In fact we show
that the complex ([2) is exact.

Using the definitions of the spaces Xyy1,0(T) and X190 o(T), it is easy to see that
if z € Yj41,0(T) satisfies curl z = 0, then z = grad w for some w € y42,0(T).
Thus, to prove that [@2) is exact we must show that (i) if v € V}, o(T) is solenoidal,
then v = curl z for some z € Y41 0(T) and (ii) the divergence operator div :
Vi,o(T) = Qr—1,(T) is surjective. We address the first issue in the next lemma.

Lemma 4.1. Suppose v € Vi, o(T) satisfies divv = 0. Then there exists a function
z € Yiy1,0(T) such that v = curl z.

Proof. By Lemma there exists w € H{(curl;T) satisfying curlw = v. Let
z € Pr11(T) be the unique function that vanishes at the the degrees of freedom

(BZa)—(340), (B4h)-B4) and satisfies
/Z'P:/W'P Vp € Dy_5(T).
T T

By Lemma 3.3 there holds z € Yj11,0(7). Moreover, integration by parts gives us

(4.3) /curlz-p:/z-curlp:/w-curlp:/curlw-p:/v-p
T T T T T

for all p € Py_5(T).

Since curl z vanishes on 97T, there exists g € Pp_4(T) such that curl z = bpq.
By Theorem [3.5] the function q satisfies ¢ - n = 0 on 0T. By similar arguments,
there holds v = brp with p € Py_4(T) and p - n|sgr = 0. Making a change of
variables to the reference tetrahedron, we have §; = ﬁjzﬁj and p; = £;¢; for some
W, € Pr_s(T). By 3) we have ¥ = ¢, and therefore curl z = v. O

Theorem 4.2. The complex [2) is exact.

Proof. In light of the previous discussion, it suffices to show div : Vi o(T) —
Qr—1,0(T) is surjective to complete the proof. This is achieved by a simple counting
argument. We assume that k£ > 4, as the result is trivial in the case k£ < 3.
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First we note that

dim (curl Xj41,0(7)) = dim Y411,0(T) — dim (grad Xj42,0(T))
=dim Yj41,0(T) — dim Pr_¢(T).
Therefore by Lemma [T] we have
dim (div Vi ) = dim V; o — dim (curl Y,41,0)
=dimPy_4(T) + dim Py_6(T) — dim Xp 11 0(7T).

By Lemma B3 and Theorem B.5] we have dim Y ;41,0(7) < dim Dy_5(T). There-
fore,

dim (div Vk,O) Z dim :Pk74(T) + dim (Pkfg(T) —dim Dk,5(T)

(
1 1 1

5(/4; —Dk-2)(k-3)+ E(k —3)(k—4)(k—5) — §(k —2)(k—4)(k—5)

1 1 17

= k34 Sk — —k4T.

6 + 2 3 +

Next, it is easy to see that 6k — 7 linearly independent constraints are imposed in
the space Qr—1,0(T). Thus,

1 1 17
dim Qp—1,0(T) = dim Py_1(T) — 6k + 7 = 61& + §k2 - gk +17.

Therefore, dim (div V;0) > dim Qx—1,0(T). But since div Vi C Qr—1,0(T), we
must have div Vi o0 = Qx—1,0(T), i.e., div : Vi o(T) = Qr—1,0(T) is surjective. O

Remark 4.3. For the two-dimensional version of Theorem 2], see [23, Proposition
3.1] and [27, Lemma 2.5].

Remark 4.4. Combining Theorem 2] with a simple scaling argument, we conclude
that for any ¢ € Qr_1,0(T), there exists v € V;o(T) such that dive = ¢ and
vl ey < Cllgllpzery-

4.2. The global smooth discrete de Rham complex. We now turn our at-
tention to the (global) discrete complex given in ([3]). Again, it is clear that if
k > 7 and z € Y, satisfies curl z = 0, then there exists w € 3, unique up to
a constant, such that z = gradw. The next lemma shows that the divergence
operator div : V;, — @), is surjective.

Lemma 4.5. For every q € Qy, there exists v € Vi, with divv = q and ||[v| g1 (o) <
Cllallr2)-

Proof. Given q € Qp, let w € H'(Q) satisfy divw = ¢ and [|w]|g1(0) < Clqll2(0)
[16]. We also let Inw € Py, denote the Scott-Zhang interpolant of w, where Py =
[Px]? is the vector-valued Lagrange finite element space of degree k (cf. Lemma 2.3)).
We then prescribe v; = (v1,1, 1,2, ’1}173)t € V}, by the following criterion:

0) vil) = Do), 208 (0) = 2Dg(a)
@ =06 £9)

for all multi-indices |a| < 1 and for all vertices a € Vp;
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(i) /v1 K= /Ihw -k for all kK € P_g(e) and edges e € &p,.

€
We note that % on each edge is uniquely determined by conditions (i)—(ii);

(ii) v ‘Mo 0= 1 / (q— vy -te)a,

e OMe, 2 Ot.
8’01 n 1 / ( (9’01 " )
. e_o' - — —_— . e 0"
on,_ 2 J.\17 B¢,
8’01 n 8’01 n 8’01 ¢ 0
. e O = — - e, O = cteo = ,
e One, on. + e ONe,

for all 0 € Pr_5(e) and edges e € &p;

(lV/mU’ /w’l,b

for all ¢ € Py_¢(F') and faces F' € Fy;

(v) / v - P = / Iyw - ¢, for all ¢ € Py_4(T) and simplexes T € T,.
T T

Clearly we have D(divv)(a) = D%g(a) at all of the vertices and for all multi-
indices |a| < 1. Furthermore, by (ii) and Appendix [A]

/divvla:/(%~ne++%-nh+%~te>az/qa
e e et e_ e e

for all 0 € Pr_5(e). We then find dive; = ¢ on all edges of the triangulation.
Moreover, we have

/(divvl):/ v N = w~n:/divw:/q
T T aT T T

It then follows that (¢ — divvy)|r € Qr—1,0(T), VI € Tp. By Theorem and
Remark 4] there exists vy r € Py (T) N H{(T) such that divvs 7|7 = ¢ —divos|r
and [[vo, [z (ry < C(llallzzery + lvillari(r)). Define vo € Hg(Q) by vlr = var|r
for all T € Ty,. Since vo, 7 € Pr(T) N HE(T), we have D% 1(a) = 0 for all vertices
of T and for all multi-indices with |«| < 2. Moreover, Dvy 7| = 0 on all edges of T'.
It then follows that vy € V. Setting v = v; + v2 € V;, we have dive = divo; +
divwy = g and [[v|| g1 () < [lvillmi @) + lv2lla @ < C(lgllzz@) + lvilla @)

To complete the proof we show the estimate [|[v1| 1) < Clqllz2(q) by a scaling
argument. Since Inw|r € P (T) for each simplex T € T}, and since the degrees of
freedom (B2) form a unisolvent set over V4, we have by (i)—(v) with z := v; — Iw,

(4.4)

Il ~ Y. {hrlz@) + kD20 + hD*2(a)*}
a€Vy (T)

2 2
+ Z {‘ sup /z~/~e 5 sup 8—Z-o"}
ecen(T) KEPL_g(e) Je o€Pr_5(e) Je ani
“"HLZ’(e)Zl HU“L2(€):1
2 2
+ Z h}l‘ sup /z-'r‘ —&—h;Q’ sup /z-ga‘
FeF, (T) rePr—6(F) JF PEP_4(T) JT
“THLZ(F):I H‘P“LZ(T):l
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0z 2
- 3 {h3T\Dz(a)|2—|—h5T|D2z(a)|2}—|— S on| swp 5 -o"
a€V,(T) ceen(T) | TE€Pr-s(e) Je OMley
”GHLZ’(e)Zl
2
+ Z hpt sup /('w—Ihw)m‘.
FeF(T) r€Py_¢(F)JF

HTHL2(G):1
By Lemmas and [ZT] we have
(4.5) Z h;l‘ sup /(w —Lw)-r
F

Feg:h(T) Te?k—G(F)
||7‘HL2(E):1

‘ 2

< Chyt|lw — Lyw| 72 ory < C(hp’llw — Iywl|7z(p) + [w — Thwl|3 1)
< Cllwl| 3 -
By (i), scaling, and Lemma 2.3 we obtain
(4.6)
> {rhDz(@)? + 13Dz (a)
a€V(T)
<c > {rDDw(@)? + k3D Lw(a) + Kla(a)? + h3|Va(a) |
a€Vy,(T)
< C(”Ihw”%{l(T) + ||CI||%2(T)) < C(”w”%ﬂ(w(T)) + ||CZ||%2(T))'
Next, by (i)—(ii) and integration by parts, we deduce that
ov 8Ihw
b= | 2R T
. Ot . Ot
for all 0 € Py_5(e). Therefore by (iii), LemmasZTland 23] and an inverse estimate,
0z 2
@n Y K| sw o < X BDnwlg + lala)

ceen(T)  TEPr-s(e) Je One, eeen(T)
HUHL2(3):1

< C(Iw3ry + lall7z2(ry) < C(llwliinwery + lallzzery)-
Applying the estimates ([@3)-@T) to @4, we obtain [v; — Iywl| gy <
C(llwll 1. (wery) + llal L2 ¢ry) - It then follows from the triangle inequality and Lemma

23 that [|v1 g1y < C(|wll g1 wery) + lallr2(¢r)). Summing over T € T), and re-
calling [|w|| g1 () < Cllqllz2(n), we obtain ||vi||g1) < Cllq|r2(q), and therefore

-too

vl me) < Cllallrz)- O
Corollary 4.6. The inf-sup (LBB) condition

(divv)g
(4.8) Joldivv)g > Cllgllz2) Vg € Qn

vevi{oy [Vllmi(e)
holds for a constant C > 0 independent of h.

Corollary 4.7. The image of Vi, under the divergence operator is Qp; that is,
div Vh = Qh.

Proof. Since divw is C! at vertices and C° across edges for v € Vj,, we have
divVy, € @Qp. On the other hand, Lemma gives us the reverse relation @ C
div V},. The result now follows. O
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Theorem 4.8. The complex (L3) is exact provided k > 7.

Proof. We show that if v € V}, satisfies divw = 0 then v = curl z for some z € T},
Combining this result with Corollary .7 proves the theorem.
By 4) and Theorem we can construct z; € Y such that z; vanishes at

the degrees of freedom (B.4D), (B4d), and (3:4g) and
(i) z1(a) = 0 and D*curl z1(a) = D*v(a) for all multi-indices |a| < 2, and
vertices a € Vy;

(ii) D%curl z; = D*v on all edges e € &, and multi-indices |a| < 1;

(iii) /(curlz1 X np)- - = /('v x np) -1 for all ¢ € Py_g(F) and faces
FFE F. r

Since the value of z; on all edges is uniquely determined by conditions (i)—(iii), we
may further use the degrees of freedom (B.4€)) to impose the condition

(iv) / (z1 xnp)-curlpg = / (z -t)q+/ (v-mp)qfor all ¢ € Pr_¢(F) and
F oF F
Fed,.
Since D%curl z; = D®v on OF, condition (iii) implies curlz; X np = v X ng

on all faces F' € F),. By the identity (3.0) and (iv), we have /(CUI'IFZLF)(] =
F

(v-np)q for all ¢ € Py_(F) and F € Fy,. Since curlpz; p = (curlz;) - n and

DFa(curlzl —v)|p € Pi(F) vanishes on OF (Ja| < 1), we have (curlz;) - n=v-n
on each F' € JF,.

Therefore (v — curl z1)|7 € V3 o(T) for all T € 7. By Lemma [L] there exists
zor € Ypt1,0(T) such that curl zor = (v — curlz1)|r. Let 22 be defined by
zo|lr = zor VT € Tp. Note that zo r and curl zo p vanish up to first order on
the edges of T. Write zo 1 = brp for some p € Py_5(T). Restricting the identity
curl z; 7 = grad by x p+brcurl p to the boundary T and using the identity ([2.1]),
we have p x n|ar = 0. Therefore p vanishes at the vertices of T', and hence z5 1
vanishes up to third order at the vertices. It then follows that zo € Y. Setting
z:= 21 + 2z, we have z € Y} and curl z = v. O

Remark 4.9. The H2-conforming finite element space X, is only defined for k > 7,
thus leading to the same restriction in Theorem L8 However, the finite element
spaces Y, V,, and @}, are well defined with k£ = 6, and the exactness property of
these spaces are preserved in this case.

5. APPROXIMATION PROPERTIES OF THE FINITE ELEMENT SPACES

Since the degrees of freedom (B2)) involve high-order derivatives, the associated
canonical projections are not well defined on H'(Q2). Similarly, the degrees of free-
dom BI), B4), and B.3) are not well defined on H?(Q), H'(curl; ) and L?
respectively. Here, we construct an interpolation operator using an averaging tech-
nique which is well defined on the appropriate spaces. For brevity we only construct
an interpolation operator onto V;, bounded in H'. Interpolation operators for the
other spaces can be constructed by similar arguments.

To define an interpolation operator on the finite element space V;,, we first
derive an auxiliary enriching operator [5]. Let w(a) (resp., w(e)) denote the set of
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tetrahedrons which have a (resp., €) as a vertex (resp., edge). We then define the
average of a piecewise continuous function w on vertices and edges as

1 1
Wa = > wr(a),  we= A > wrle

' Tew(a) ' Tew(e)
where wp := w|r and |T,| and |T,| denote, respectively, the number of tetrahedrons
in w(a) and w(e).
Let P; denote the globally continuous vector-valued Lagrange finite element
space of degree k. We then define E}, : P, — V}, by the following set of conditions:

(5.1a) D*Epw(a) W), Via| <2, Ya € Vp,
(5.1b) /Ehw K= /w K VK € Pr_¢(e), Ve € &y,
O(Epw) ow
5.1 ——t .o = . Vo € Pr_s5(e), Ve € &,
( C) e 8nei 7 / (8nei)e 7 7 ¥ 5(6) ¢ g
(5.1d) / Eh’lU"l,b:/w-l/J Wpeﬂ’k_g(F), VF € Fp,
F F
(5.1e) / Ehw-cp:/ w-p Vi € Pr_y(T), YT € Tp,.
T T
By scaling and since w is globally continuous, we have
(5.2)
IBhw —wl2amy x> {hST\VEhw(a) — Vwr(a)|® + 3| D*Epw(a) — DQwT(a)|2}
a€V(T)
+ Z h sup O(Bnw — wr) -0"2.
e€ep(T) UG?R s Jo mes

”GHL2(E)*1

Given T, T’ € w(a), there exists a subset {T;}¥ ) C w(a) with Ty =T, Ty =T,
and T; and T;41 share a common face F; := 9T; N 0T;41. It then follows from the
triangle inequality and standard inverse estimates that

(5.3)  |Vwy (a) — Vwr(a)?

N-1 N-1
<C Z |vai+1 (a) — Vuwr, (a)‘Q <C Z ||VwTi+1 -
i=0 1=0
N-1 N-1 )
< Ch? Y [Vwr,, = Vwr [fas) = Che® Y [ IV0] 2,
=0 =0

where the jump of Vw across Fj is defined as [Vw] |r, = Vwr,,,
Combining the estimates (5.1a) and (53) we obtain

- V’LUTi

1
(5.4) \VE,w(a) — Vwr(a)|* = ] Z |Vwr: (a) — Vwr(a)|?
@ T cw(a)
_ 2
< Chy? Z | [Vew] HL?(F)
T T"€ew(a)
T'NT" =F#0
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By similar arguments, we also have

2 2 2 —2 2 2
(5.5) ID*Ejw(a) — D*wr(a)]* < Chz? Y || [D*w]] || p.
T T"€ew(a)
T'NT" =F#0
Next, for T,T" € w(e), there exists {Tj}jvzo Cw(e) with Ty =T, Tpy =T', and
T; and T)41 share a common face F; := 075 N 0T41. Using similar arguments as
those found above, we find

(5.6)
0 ; — - M—1
7(‘”;” wT)] <C D |V(wry,, —wr)llLe@) < Chz' > | [Vl [
e4 e ,_ o

By (B1B) and (5.6), we obtain

O(Epw — 2
(5.7) ‘ sup /wa\
occP_5(e) anei
HUHL2(E)=1

< H@(Ehw —wry)/On., Hiz(e) < heHﬁ(Ehw —wy)/0n., Him(e)

< hp' Z [ [Vw] H2L2(F)'

T, T" cw(e)
T'NT""=F#0)

Applying the estimates (5.4), (B.5), and (5.7) to (£.2) and noting | ¢, () w(e) C

Uath(T) w(a), we obtain

| Enw — wl|72p)

<c > > (el + B3I D] e )-
a€Vp(T) T, T" €w(a)
T'NT" =F#0)

Next, given v € H™(Q) (1 < m < k+1), let I,v be the Scott-Zhang interpolant
defined in Lemma 23] By (Z3)), [2:2)) and scaling, we have

(5.8)

S (W@ 2oy 1| (D@0 [agry) < CH 01
FCoT

Finally, we define IT, : H*(Q)) — V;, by II;, = E,I,. Then by the triangle
inequality we have (s =0, 1),

H’U — Hhv”HS(T) = H’U — EhIhU”HS(T)

<|lw - Ih'UHHS(T) + Ch;sHIhv — EhIh'UHLQ(T)

<l = Il gsry + ChTS< Z Z (h%H [V(Inv)] Hiz(p)

a€VR(T) T, T" €w(a)
T AT =F#0

1/2
] )
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Combining this identity with (5.8) and Lemma 23] we obtain the main result of
this section.

Lemma 5.1. There exists an operator II;, : H'(Q) — Vj, such that for any v €
H™(Q) with 1 <m < k+1, there holds (0 < s <1)

[v = ol s 7y < Chp (o] gm (w2

6. IMPOSING HOMOGENEOUS BOUNDARY CONDITIONS AND THE RELATION WITH
THE SCOTT-VOGELIUS ELEMENT

Constructing the analogous exact finite element spaces with homogeneous bound-
ary conditions is a non-trivial issue. For example, we cannot simply take V}, ¢ :=
Vi, N HY(Q) and Qpo = Qp N L2(Q) to be the last two spaces in the discrete
version of ([[.2). To see this, note that D®v(a) = 0 for all multi-indices || < 2 and
all corner vertices of the domain ). Therefore, divv = 0 and its gradient vanish
at these points. Since functions in Q5,0 do not necessarily vanish at the corners,
the divergence operator div : V}, o0 — @0 cannot be surjective and therefore the
inf-sup condition (Z8) is lost. Similar problems occur on the boundary 92 where
two non-coplanar faces intersect.

A similar situation arises in the construction of the two-dimensional Stokes ele-
ments proposed in [I5]. Here, following a smooth de Rham complex, we use Hermite
finite elements to construct stable Stokes elements with pointwise mass conserva-
tion. To overcome the difficulty at the corners of the domain, we relax the C*
continuity condition of the Hermite elements at these points. A mesh condition is
also assumed, namely, that no triangle in the mesh has more than one boundary
edge (equivalently, no corner vertices in the mesh are singular). The stability ar-
gument of the Scott-Vogelius element [23] Pj/P¢ | (k > 4) is then used locally
at these points to show stability of the finite element pair (see [I5, Lemma 3.3
for details). Here, ﬂ’ic_l is the space of piecewise polynomials with no continuity
constraints and with degree not exceeding k — 1, and we recall Py is the space of
globally continuous polynomials with degree < k.

It is likely that a similar argument can used in the three-dimensional setting, but
unfortunately the stability analysis of the three-dimensional Scott-Vogelius pair
P/ Tgc_l has been an open problem for nearly 30 years (for partial results see
[30,33]). Here, we reduce the stability of the finite element pair Py /P4 | to the
following conjecture.

Conjecture 6.1. Under certain geometric restrictions of the triangulation, for
every q € P |, there exits v € Py, such that Ddivv(a) = D%(a) at all vertices
a € Vi, and for all multi-indices |a| < 1. Moreover, ||v||g1 (o) < Cllgllz2(q)-

Remark 6.2. A two-dimensional version of Conjecture [6.1] was shown to be true in
[23,27] provided the triangulation does not contain any singular vertices.

To precisely state our result, we require a definition.

Definition 6.3. An edge e is called singularif the faces in the triangulation meeting
at the edge fall on exactly two planes.

Remark 6.4. The definition of a singular edge is a natural higher dimensional gen-
eralization of the definition of a singular vertex defined in [23].
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Proposition 6.5. Suppose that Conjecture holds and the triangulation does
not contain any singular edges. Then given any q € ngc_l with k > 6, there exists
v € Py, such that dive = q and ||v|| g1y < Cllqllz2(q). Consequently, the inf-sup
condition

(divw)g
ap IV e Vae B,
ver\ {0} 1Vl

holds for a constant C > 0 independent of h.
To prove Proposition we first require a technical result.

Lemma 6.6. Suppose that the triangulation does not contain any singular edges.
Then given q € ka 1, there exists v € Py, such that div v equals g at (k—4) distinct
points on each edge and ||[v| g1 (o) < Cllq|lz2(). Moreover, D*divv(z) = 0 at all
vertices and for all multi-indices |a| < 1.

Proof. The proof follows the argument given in [27, Lemma 2.6].

First we observe that the degrees of freedom ([B:2) can be used to construct finite
element spaces that are continuous but not C* across edges of the triangulation.
This is achieved by replacing the derivative DOFs ([B.2d) by tangential DOFs in a
local fashion.

Let Tt and T~ be two tetraheda with a common face F = 0T+ N 9T, and
let & be an edge of F. The construction of v with the desired properties will be
associated with the edge . For an edge e of 9T+ N IT~, we denote by F* the
two faces such that e = OF NOF,, FX # F, Ff C OT* and F, C T . Let t.
denote a unit vector parallel to the edge e, and let s denote unit tangent vectors
of the faces FX with s¥ -t. = 0. We also set 7, to be a unit tangent of F with
Te - te = 0.

Similarly, for an edge e of 9T UJT~\ F, we denote by FY and F? the two faces
such that e = 9F " N 9F?. Note that either F(l) F® 7+ or F(l) FP cr-.
Let t. denote a unit vector parallel to the edge e, and let se () denote the unit
tangents of the faces Fé 9 (1 =1,2) with s(z) t. =0.

We then construct v to be a piecewise polynomial of degree k that is continuous
on TT UT~ such that

(i) D*v(a) =0 for all || <2 and a € V,(TT)UVL(T™);
(i) [Lv-k=0forall k€ Py_g(e) and e € E4(TT)UER(T™);
(iii) [pv-r=0forallr e Pp_g(F)and F € F(TT)UFyp(T7);
(iv) 61}/836 vanishes at (k — 4) distinct points on each edge of T U 9T\ F
(i=1,2);
(v) Ovt /st vanishes at (k — 4) distinct points on each edge of F, where
vt = vlps;
(vi) Ov/OT. vanishes at (k — 4) distinct points on each edge e C F with e # é;
(vii) [;sv-@=0forall @ € Pp_y(TH).
It remains to specify dv/071e at (k — 4) distinct points on the edge € to uniquely

define v. We note at this point that Vo*|. = 0 for all edges e # € and v|p(7+ur-) =
0.
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For three linearly independent vectors a, 8, and «, we have the identity (cf.

Lemma [AT])
ov

0.1 divo = (Bx ) 52+ (v xa)- 5o+ (ax ) 5) o (Bx ),

+ 0
Since —0and 22 =0 on edge €, we have by (6.I) with a = s¢,, 8 = te,
83§+ 31;5
and v = 75,

. v
le'U+|é = (Sé+ X té) . 87_6/(35+ . (té X Té)).

Similarly, since Ov
085

|é =0, we have

divo™ |z = (se_ X tg) - (;9’0 /(Sé_ (te x Te))
Te

It is easy to see that the vectors (se, x tz) and (sz_ x t¢) are linearly independent
except in the case sz, = —se_. Since we can specify dv/07e at (k — 4) distinct
points on the edge €, we can prescribe two sets of values divw at (k — 4) points on
edge &: one set on T and one set on 7.

We can then apply this result to an internal edge e. Let {T}}}, denote the
set of simplices that have e as an edge and labeled such that T; and T;; share a
common face. Since e does not lie on two pairs of co-planar faces, we can assume
that the simplices are labeled such that T} and Tn do not have faces that have
e as an edge and are parallel to each other. We also let {a;}*=;! denote (k — 4)
distinct points on e. Then by the procedure just described, we may prescribe
divv|p, (a;) = divo|p,(a;) = cgl) (1 <i < k—4) for some constants cl(-l). Similarly,
we can prescribe divv|r, (a;) and div vr,(a;) in the same manner. Continuing this
procedure for all simplices, and since the edge e does not lie on two pairs of co-planar
faces, we have div vz, (a;) = cl(-kl) + cl(]) forl<j< Nand1l<i<k—4. Thus,
we may choose the constants CEJ) such that divv|r, (a;) = ¢|r, (a;) and dive = 0 on
all the other edges. A similar construction can be achieved for edges that touch or
lie on the boundary. By summing over all edges and using scaling arguments, we
obtain the desired result. O

Proof of Proposition 6.5 Let v € Py, satisfy D*divvi(a) = D%g(a) at all vertices
of the triangulation. Applying Lemma with ¢ replaced by (¢ — divwy), there
exists vy € Py such that D*divwvs(a) = 0 at all vertices and |a| < 1, and divvs =
(¢ — divwy) at (k — 4) distinet points on each edge. Defining © := v; + vy we see
that D*divo(a) = D%q(a) for all || < 1 and divo = ¢ at (k —4) distinct points of
each edge. Therefore divv = ¢ on all edges of the triangulation. Moreover, Lemma
and Conjecture 6.1] give us ||9]|g1(0) < Cllqll2(q)-

Next, let w € H'(Q) satisfy divw = ¢ and lwllgr ) < Cllgllz2). Since
Vi, € Pi, we can construct vy € Pj such that vz vanishes at the degrees of
freedom (B.Za)-[B.2d), B.26) and [ vs-r = [, (w—) 7 for all 7 € Pj_g(F) and
F € F;,. Then vz and its gradient vanish on all of the edges in the triangulation.
Furthermore, Green’s formula gives us [, div (04wvs) = [, ¢ for all T € Tj,. It then
follows that (¢ — div (o + v3))|r € Qo(T) (cf. @I)), and therefore by Theorem [£.2]
and Remark [ A there exists v4,r € P (T) such that div vy r|r = (¢g—div (0+v3))|r.
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Defining v = vy + v2 + v3 + v4 with vs4|r = va 7|7, We have divv = ¢g. Moreover,
by scaling we have v g1(0) < Cllq| L2 O

7. CONCLUSIONS

In this paper, we have constructed conforming finite element spaces in three
dimensions with high regularity. By making use of the degrees of freedom and by
using an exact local de Rham complex, we have showed that the global discrete
complex (L3)) is exact and desirable stability estimates are satisfied.

We end this paper by discussing possible extensions. First, a natural idea is
to construct the sequence (L3) starting with a different H?-conforming finite ele-
ment space. For example, one could take ¥; to be the quintic composite element
documented in [I8]. This element is most likely related to the P3/P4¢ Stokes pair
on barycenter refined triangulations studied in [30]. However, the corresponding
H'(curl; Q) conforming element in the sequence ([L3]) appears to be missing in the
literature.

Alternatively, we may look for other smooth de Rham complexes which may lead
to simpler finite element spaces. Following the ideas in [I5], one may consider the
complex with additional regularity

grad curl div
R — H*(Q) — H'(curl;Q) — H'(div;Q) — H'(Q) — 0,

where H!(div ;) consists of functions v € H'(Q) such that dive € H*(Q). Sur-
prisingly, the two-dimensional H!(div ;) Stokes elements in [I5] have less degrees
of freedom than the corresponding H' elements. We expect a similar result in the

three-dimensional setting. We may also consider the de Rham complex considered
n [I3L[14]

grad curl div
R — HYQ) — @) — HY(Q2) — L} — 0,
where ®(Q) := {v € L*(Q), curlv € H'(Q)}. Since this sequence involves
larger spaces, the corresponding finite elements may have smaller degree and less
complexity.
APPENDIX A. SOME CALCULUS IDENTITIES

Lemma A.1. For any any linearly z'ndependent vectors a, 3,y € R3, there holds

(A1) gradu= ((Bx 950 + (v x a)gs + @ x B0 /e (8% 7).

Oa 85
Consequently,
. ov ov Jv
dive = ((8x7) 5o+ (rx @) ot (ax B)- 5o) /(e (8% 7))
. v ov v
Proof. Write gradv = a— + b% + c— for some unknown constants a, b and

c. We may then write
gradv = (aa' +bB' + cy')gradv = aa' +b8" +cy' = I345.

Multiplying the last expression by (a x 8), we obtain ¢(v - (a x 8)) = a x 3.
Therefore ¢ = a x B/(v - (o x B)). Similarly, b = a x v/(8 - (& x v)), and
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a=03x~v/(a-(Bx~)). The identity (AJ]) then follows from the identity A - (B x
C)=B-(CxA)=C -(AxB). O

Lemma A.2. For any orthonormal vectors o, 3, € R3, there holds

J(curlv) L8 O(curlv) J(curlv)

oo os oy

Proof. Since the vectors are orthonormal, we have 3 X v = +«. Therefore by the
vector triple product formula, we find v x @ = +8 and a x 8 = +v. By Lemma
[A1l with v replaced by curl v, we have

~O(curlwv) J(curlwv) oy d(curlw)
* T a a8 LA

_ ((ﬁ ) 8(c(191;1’v) Fyxa): 3(c(191;1v)

+ax ) 290 o (5 x )

=divcurlv = 0. O

+8-
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