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Precise in-situ control of system parameters is indispensable for all quantum hardware applica-
tions. The capacitance in a circuit, however, is usually a simple consequence of electrostatics, and
thus quite literally cast in stone. We here propose a way to control the charging energy of a given
island by exploiting recently predicted Chern insulator physics in common Cooper-pair transistors,
where the capacitance switches between discrete values given by the Chern number. We identify
conditions for which the discrete control benefits from exponentially reduced noise sensitivity to
implement protected tunable qubits.

Introduction – It is one of the main cruxes of quan-
tum hardware that in-situ tuning of system parameters
invariably comes at the cost of exposing the system to
noise from the corresponding control knobs, such as, for
instance, in flux-tunable Josephson junctions [1–7]. The
appeal of topological phase transitions in quantum sys-
tems [8, 9] is therefore obvious: to store the quantum
information in a protected subspace that is insensitive
to small continuous variations. This idea comes with its
own subset of challenges. Qubits comprised of solid state
materials with topological properties in their band struc-
ture [10–35] are to this day challenging to implement and
to tune. Recently, an alternative idea gained traction: to
explore topological properties not in the bandstructure of
materials, but in the emergent transport degrees of free-
dom in circuits, where they seem to be much more abun-
dant [36–56]. For this type of topological effect, however,
concrete pathways towards a protected qubit have not
yet been explored much.

Instead of directly building a qubit, we here introduce
the concept of utilizing topological transitions in a con-
ventional circuit element to implement a protected con-
trol of a system parameter. Surprisingly, the param-
eter in question turns out to be the capacitance of a
given charge island (see Fig. 1), which was so far not
expected to be tunable. To accomplish this feat we ex-
ploit the recently predicted Chern physics of conventional
Cooper-pair transistors [54]. Flexible tuning of the ca-
pacitance might have a variety of applications, for in-
stance to probe recently proposed quasiperiodic effects
in charge space [57] which have the potential to emulate
a transport versions of twistronics [58–66]. We here ex-
plicitly explore the necessary conditions to harness the
topological protection to build a topologically tunable
transmon.

For a regular, linear capacitor, the charging energy is
simply given by the energy stored in the electric field
built up when separating charges and is inversely pro-
portional to the capacitance. The last years and decades
have however seen remarkable progress in coming up with
more general notions of capacitances. Ferroelectric mate-
rials have been intensively studied [67–72] and shown to
give rise to a highly nonlinear charge-voltage relationship.
Such materials are for instance of interest to create a
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FIG. 1. The principle of a topologically tunable capacitance.
The Chern physics of regular transistors, here represented
by Tellegen’s symbol as a type of nonreciprocal element, im-
plement a charging energy tunable by means of the Chern
number C (a). By shunting several nonreciprocal elements in
parallel (b), tuning between an exponentially increasing num-
ber of possible charging energy values can be achieved.

lever-arm effect in field-effect transistors, by implement-
ing partially negative capacitances [73]. The quantum
capacitance [74] in certain lower dimensional systems has
also been shown to be negative [75, 76]. In superconduct-
ing circuits, quantum phase slip junctions [77–88] can un-
der certain assumptions [89] be regarded as nonlinear ca-
pacitors. Time varying fluxes may give rise to effectively
negative or time-dependent junction capacitances [90].
Very recently, the notion of nonlinear capacitance has
been strongly generalized to include quasiperiodicity in
charge space [57], for which the here proposed effect could
be pivotal, as it would allow to tune the quasiperiodicity
parameter.
We examine two important sources of perturbations.

On the one hand, the transistors may give rise to a re-
maining leakage Josephson effect. We expect however
that the detrimental effect of fluctuations of the criti-
cal current can significantly mitigated when using gate-
controlled junctions [91–96], which can in principle be
pinched off to a regime, where the Josephson effect and
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its fluctuations are exponentially suppressed. On the
other hand, the capacitance control comes with increased
offset charge noise sensitivity due to the extra coupled is-
land. This effect should however be less relevant when
used for a transmon [97]. The extra added offset charge
sensitivity is nonetheless of fundamental interest, as it
illustrates the importance of compact variables, an is-
sue which has recently seen a revival within the commu-
nity [98–112].

Transistors and Chern numbers – The here proposed
effect relies on the recently studied [54] topological prop-
erties of regular Cooper-pair transistors. While Ref. [54]
considered a specific example of a transistor with a cen-
tral superconducting charge island coupled by means of
regular SIS Josephson junctions (see Fig. 2a,b), we in-
sist that the effect is highly generic, and emerges for a
wide class of transistor realizations. In Fig. 2c we show
for concreteness one possible alternative, where the tran-
sistor is made out of a quantum dot. The two example
models shown in Fig. 2 can be regarded as the same de-
vice in complementary regimes: in the first, many-body
interactions on the central transistor island are taken into
account, but the level spacing due to orbital effects is ne-
glected. In the second, interactions are absent (assuming
that electrons spend too little time inside the quantum
dot to interact), but the small dot size results in a level
spacing. Both models, including their ground state prop-
erties, are discussed in more detail in the supplementary
material.

For the central principle to work, the following two
ingredients are required. i) A transistor with three con-
tacts: one to ground, and two contacts that we refer to
as node 1 and node 2. Ground and node 1 are electrically
coupled, and exchange Cooper pairs across the transis-
tor. The transistor gate is denoted as node 2, and is only
capacitively coupled. The two only relevant degrees of
freedom outside the transistor are therefore the charge
N2 on the transistor gate, as well as the superconducting
phase ϕ1 on node 1. The physics of the transistor are
therefore characterized by the Hamiltonian

HT(ϕ1, N2) =
∑
m

ϵm |m(ϕ1, N2⟩ ⟨m(ϕ1, N2)| , (1)

ii) The transistor needs to have a tunable asymmetry for
the electric coupling to ground and node 1, and a gapped
spectrum with a nondegenerate ground state. Thanks to
the gap, the physics of the transistor at low energies can
be captured entirely by the ground state (m = 0) energy
ϵ = ϵ0(ϕ1, N2) and the corresponding Berry curvature
B = −2Im [⟨∂ϕ1

0|∂N2
0⟩].

As shown in Ref. [54], the Chern number C =∫∫
BZ

dϕ1dN2B/2π depends on the transistor asymme-
try. It assumes the values 0 or 1, depending on whether
Cooper-pair tunneling is more likely to occur to ground
(for the explicit examples in Fig. 2, eJ0 > eJ1, respec-
tively Γ0 > Γ1) or to node 1 (eJ0 < eJ1, respectively
Γ0 < Γ1). The Brillouin zone (BZ) goes from 0 to 2π for
ϕ1 and from 0 to 1 for N2 [113]. The Chern number can
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<latexit sha1_base64="OFO/Fjd0fUorTvbp9+V/HVftlig=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQLyURUY9FLx4r2A9sQ9lsNu3SzSbsTsQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8w8PxFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q0nGqKGvSWMSq4xPNBJesiRwF6ySKkcgXrO2PbqZ++5EpzWN5j+OEeREZSB5yStBIDz1kT5hVg9NJv1xxas4M9jJxc1KBHI1++asXxDSNmEQqiNZd10nQy4hCTgWblHqpZgmhIzJgXUMliZj2stnFE/vEKIEdxsqURHum/p7ISKT1OPJNZ0RwqBe9qfif100xvPIyLpMUmaTzRWEqbIzt6ft2wBWjKMaGEKq4udWmQ6IIRRNSyYTgLr68TFpnNfei5t6dV+rXeRxFOIJjqIILl1CHW2hAEyhIeIZXeLO09WK9Wx/z1oKVzxzCH1ifP1VGkLI=</latexit>

(d)

<latexit sha1_base64="mZNiKVClXXIImsDz2PNraa2/sTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNTjoQ3aBbKvsVfwayTIKclCFHrVv66vQ0yxKukElqbTvwUwzH1KBgkk+KnczylLIh7fO2o4om3Ibj2bUTcuqUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZm+TnrCcIZy5AhlRrhbCRtQQxm6gIouhGDx5WXSOK8El5Xg/qJcvcnjKMAxnMAZBHAFVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/PT6O6Q==</latexit>

�1
<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2
<latexit sha1_base64="2H9VEu6spF2u6e4YliDQiIlaFFc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOOsmQ2dlhZjYQlnyEFw+KePV7vPk3TpI9aLSgoajqprsrUoIb6/tfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzf3WBLXhiXy0U4VhTIeSDzij1kmt7oRqNeK9csWv+guQvyTISQVy1Hvlz24/YWmM0jJBjekEvrJhRrXlTOCs1E0NKsrGdIgdRyWN0YTZ4twZOXNKnwwS7UpaslB/TmQ0NmYaR64zpnZkVr25+J/XSe3gJsy4VKlFyZaLBqkgNiHz30mfa2RWTB2hTHN3K2EjqimzLqGSCyFYffkvaV5Ug6tq8HBZqd3mcRThBE7hHAK4hhrcQx0awGAMT/ACr57ynr03733ZWvDymWP4Be/jG31Cj6w=</latexit>'

<latexit sha1_base64="LsbWmHoYUZQ1Ggoq0Ezx2GkczqI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkxE1I1Q7MZlBfuAdiiZNNOGZjJjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7J8WPBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFGVNGolIdXyimeCSNQ03gnVixUjoC9b2x/XMb0+Y0jySj2YaMy8kQ8kDTomxktcLiRlRItL67Bb3yxW36s6BVgnOSQVyNPrlr94goknIpKGCaN3Fbmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89Q2dWGaAgUvZJg+bq742UhFpPQ99OZiH1speJ/3ndxAQ3XsplnBgm6eJQkAhkIpQ1gAZcMWrE1BJCFbdZER0RRaixPZVsCXj5y6ukdVHFV1X8cFmp3eV1FOEETuEcMFxDDe6hAU2g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fbyiR4Q==</latexit>C = 1
<latexit sha1_base64="/PgLMOxDqA0i6PxRd5iNSgIVu74=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRD0GvXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0M/Wbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC0Hp5NuseRW3BnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3hCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pIINwVt8eZk0zireRcW7Oy9Vr7M48uSIHJMy8cglqZJbUiN1wokiz+SVvDnGeXHenY95a87JZg7JHzifP1I6kLA=</latexit>

(b)
<latexit sha1_base64="azQBkyHXyoq9gteVkH/76lJhOlw=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRD0GvXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0M/Wbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC3z00m3WHIr7gx0mXgZKZEMtW7xq9OLeBKCQi6ZMW3PjdFPmUbBJUwKncRAzPiIDaBtqWIhGD+dXTyhJ1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUsGG4C2+vEwaZxXvouLdnZeq11kceXJEjkmZeOSSVMktqZE64USRZ/JK3hzjvDjvzse8NedkM4fkD5zPH1PAkLE=</latexit>

(c)

<latexit sha1_base64="mZNiKVClXXIImsDz2PNraa2/sTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNTjoQ3aBbKvsVfwayTIKclCFHrVv66vQ0yxKukElqbTvwUwzH1KBgkk+KnczylLIh7fO2o4om3Ibj2bUTcuqUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZm+TnrCcIZy5AhlRrhbCRtQQxm6gIouhGDx5WXSOK8El5Xg/qJcvcnjKMAxnMAZBHAFVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/PT6O6Q==</latexit>

�1
<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2
<latexit sha1_base64="2H9VEu6spF2u6e4YliDQiIlaFFc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzAOSJcxOOsmQ2dlhZjYQlnyEFw+KePV7vPk3TpI9aLSgoajqprsrUoIb6/tfXmFtfWNzq7hd2tnd2z8oHx41TZJqhg2WiES3I2pQcIkNy63AttJI40hgKxrfzf3WBLXhiXy0U4VhTIeSDzij1kmt7oRqNeK9csWv+guQvyTISQVy1Hvlz24/YWmM0jJBjekEvrJhRrXlTOCs1E0NKsrGdIgdRyWN0YTZ4twZOXNKnwwS7UpaslB/TmQ0NmYaR64zpnZkVr25+J/XSe3gJsy4VKlFyZaLBqkgNiHz30mfa2RWTB2hTHN3K2EjqimzLqGSCyFYffkvaV5Ug6tq8HBZqd3mcRThBE7hHAK4hhrcQx0awGAMT/ACr57ynr03733ZWvDymWP4Be/jG31Cj6w=</latexit>'

<latexit sha1_base64="/23NyneHv+eAXbAqDh79ImXBo6Q=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh2I3LCvYB7VAyaaYNzSRjkimUod/hxoUibv0Yd/6NmXYW2nogcDjnXu7JCWLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlomitAmkVyqToA15UzQpmGG006sKI4CTtvBuJ757QlVmknxaKYx9SM8FCxkBBsr+b0ImxHBPK3Pbt1+ueJW3TnQKvFyUoEcjX75qzeQJImoMIRjrbueGxs/xcowwums1Es0jTEZ4yHtWipwRLWfzkPP0JlVBiiUyj5h0Fz9vZHiSOtpFNjJLKRe9jLxP6+bmPDGT5mIE0MFWRwKE46MRFkDaMAUJYZPLcFEMZsVkRFWmBjbU8mW4C1/eZW0LqreVdV7uKzU7vI6inACp3AOHlxDDe6hAU0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fbaSR4A==</latexit>C = 0

<latexit sha1_base64="8ejaLqxWOXn9h9HYNBQ2eYKtuKI=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRD0GvXiMYB6YLGF20kmGzM4uM71iWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0M/Wbj6CNiNQ9jmPwQzZQoi84Qys9dBCeMC2z00m3WHIr7gx0mXgZKZEMtW7xq9OLeBKCQi6ZMW3PjdFPmUbBJUwKncRAzPiIDaBtqWIhGD+dXTyhJ1bp0X6kbSmkM/X3RMpCY8ZhYDtDhkOz6E3F/7x2gv0rPxUqThAUny/qJ5JiRKfv057QwFGOLWFcC3sr5UOmGUcbUsGG4C2+vEwaZxXvouLdnZeq11kceXJEjkmZeOSSVMktqZE64USRZ/JK3hzjvDjvzse8NedkM4fkD5zPH1C0kK8=</latexit>

(a)

<latexit sha1_base64="mZNiKVClXXIImsDz2PNraa2/sTA=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhNnJbDJmdmaZ6RVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqRQWff/bW1ldW9/YLGwVt3d29/ZLB4cNqzPDeJ1pqU0ropZLoXgdBUreSg2nSSR5MxreTv3mEzdWaPWAo5SHCe0rEQtG0UmNTjoQ3aBbKvsVfwayTIKclCFHrVv66vQ0yxKukElqbTvwUwzH1KBgkk+KnczylLIh7fO2o4om3Ibj2bUTcuqUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZm+TnrCcIZy5AhlRrhbCRtQQxm6gIouhGDx5WXSOK8El5Xg/qJcvcnjKMAxnMAZBHAFVbiDGtSBwSM8wyu8edp78d69j3nripfPHMEfeJ8/PT6O6Q==</latexit>

�1
<latexit sha1_base64="1gYQW3K2A4ar/X9PDDLss7busXQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12v2iuV3Yo7A1kmXk7KkKPeK311+zFLI5SGCap1x3MT42dUGc4ETordVGNC2YgOsGOppBFqP5udOiGnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHpFG0I3uLLy6RZrXgXFe/+vFy7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx/PIY19</latexit>

N2

<latexit sha1_base64="62Em7QG0qPMMrziIHM4Gia1awXU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoQY8V7Ae0oUy2m3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObqZ+64kqzWL5YMYJDQQOJIsYQWOldvcWhcCe3ytXvKo3g7tM/JxUIEe9V/7q9mOSCioN4ah1x/cSE2SoDCOcTkrdVNMEyQgHtGOpREF1kM3unbgnVum7UaxsSePO1N8TGQqtxyK0nQLNUC96U/E/r5Oa6CrImExSQyWZL4pS7prYnT7v9pmixPCxJUgUs7e6ZIgKibERlWwI/uLLy6R5VvUvqv79eaV2ncdRhCM4hlPw4RJqcAd1aAABDs/wCm/Oo/PivDsf89aCk88cwh84nz+A7Y+f</latexit>

�1

<latexit sha1_base64="SkW9usY/WJw8ikLn7Njp6JGKMU8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoQY8V7Ae0oUy2m3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu5eef+gqeNUEdogMY9VO0RNOZO0YZjhtJ0oiiLktBWObqZ+64kqzWL5YMYJDQQOJIsYQWOldvcWhcCe1ytXvKo3g7tM/JxUIEe9V/7q9mOSCioN4ah1x/cSE2SoDCOcTkrdVNMEyQgHtGOpREF1kM3unbgnVum7UaxsSePO1N8TGQqtxyK0nQLNUC96U/E/r5Oa6CrImExSQyWZL4pS7prYnT7v9pmixPCxJUgUs7e6ZIgKibERlWwI/uLLy6R5VvUvqv79eaV2ncdRhCM4hlPw4RJqcAd1aAABDs/wCm/Oo/PivDsf89aCk88cwh84nz9/aY+e</latexit>

�0<latexit sha1_base64="mC9/zYx0uhHD3OjTHXn174N7OqU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZTtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2DppapotigkkvVDolGzgQ2DDMc24lCEoccW+HoZuq3nlBpJsWDGScYxGQgWMQoMVZqYi+78ya9csWrejO4y8TPSQVy1Hvlr25f0jRGYSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lgoSow6y2bUT98QqfTeSypYw7kz9PZGRWOtxHNrOmJihXvSm4n9eJzXRVZAxkaQGBZ0vilLuGulOX3f7TCE1fGwJoYrZW106JIpQYwMq2RD8xZeXSfOs6l9U/fvzSu06j6MIR3AMp+DDJdTgFurQAAqP8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBKl47y</latexit>eJ0

<latexit sha1_base64="HEuWi3IEMi6h4mGu2xUvtJoTXQY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZTtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2DppapotigkkvVDolGzgQ2DDMc24lCEoccW+HoZuq3nlBpJsWDGScYxGQgWMQoMVZqYi+78ye9csWrejO4y8TPSQVy1Hvlr25f0jRGYSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lgoSow6y2bUT98QqfTeSypYw7kz9PZGRWOtxHNrOmJihXvSm4n9eJzXRVZAxkaQGBZ0vilLuGulOX3f7TCE1fGwJoYrZW106JIpQYwMq2RD8xZeXSfOs6l9U/fvzSu06j6MIR3AMp+DDJdTgFurQAAqP8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBMHI7z</latexit>eJ1
<latexit sha1_base64="HEuWi3IEMi6h4mGu2xUvtJoTXQY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZTtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2DppapotigkkvVDolGzgQ2DDMc24lCEoccW+HoZuq3nlBpJsWDGScYxGQgWMQoMVZqYi+78ye9csWrejO4y8TPSQVy1Hvlr25f0jRGYSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lgoSow6y2bUT98QqfTeSypYw7kz9PZGRWOtxHNrOmJihXvSm4n9eJzXRVZAxkaQGBZ0vilLuGulOX3f7TCE1fGwJoYrZW106JIpQYwMq2RD8xZeXSfOs6l9U/fvzSu06j6MIR3AMp+DDJdTgFurQAAqP8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBMHI7z</latexit>eJ1

<latexit sha1_base64="mC9/zYx0uhHD3OjTHXn174N7OqU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoRTxVsB/QhrLZTtq1m92wuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2DppapotigkkvVDolGzgQ2DDMc24lCEoccW+HoZuq3nlBpJsWDGScYxGQgWMQoMVZqYi+78ya9csWrejO4y8TPSQVy1Hvlr25f0jRGYSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lgoSow6y2bUT98QqfTeSypYw7kz9PZGRWOtxHNrOmJihXvSm4n9eJzXRVZAxkaQGBZ0vilLuGulOX3f7TCE1fGwJoYrZW106JIpQYwMq2RD8xZeXSfOs6l9U/fvzSu06j6MIR3AMp+DDJdTgFurQAAqP8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBKl47y</latexit>eJ0

FIG. 2. Possible physical realizations of the transistor, either
by means of a central charge island (a,b) or a quantum dot
with discrete levels (c). The value of the Chern number C
depends on which of the two junctions is dominant (either
described by the Josephson energies eJ0 and eJ1 in a and b,
or by the Cooper pair tunneling rates Γ0 and Γ1 in c). The
integrated circuit realizes the equivalent of a particle moving
on a cylinder, where the Chern number is the equivalent of
the magnetic flux (d). On a cylinder there are two distinct
types of gauge invariant loops (W0 and W1) – an important
detail for the correct description of offset charge noise.

be directly measured by time-dependently driving both
ϕ1 and N2, yielding a quantized dc current response into
contact ϕ1, of the form I1 = 2eCṄ2. In short, the dc part
of the displacement current induced by Ṅ2 flows exclu-
sively through the electric contact with stronger tunnel
coupling – irrespective of how much stronger it is.
Mechanism for capacitance control – Let us now inte-

grate the transistor into a larger circuit, and predict the
emergent behaviour. Both nodes shall be connected to
capacitors (described by the charging energies EC1 and
EC2) and node 2 in addition to an inductor (EL2), see
Fig. 1(a). The resulting Hamiltonian reads

H = HT(ϕ̂1, N̂2) + EC1(N̂1 +Ng1)
2 + EC2N̂

2
2 + EL2 ϕ̂

2
2 ,
(2)

with [ϕ̂j , N̂j′ ] = iδjj′ . We include an additional gate
applied to node 1, giving rise to the induced offset charge
Ng1 (not explicitly shown in the figures). Taking into
account the aforementioned energy gap in the transistor,
the problem can be simplified in two steps. In a first
step, we transform away the (ϕ1, N2)-dependence in the
basis of HT , by the unitary U =

∑
m |m̃⟩⟨m(ϕ1, N2)|,

where the new basis |m̃⟩ is explicitly constant in both ϕ1

and N2. The node operators thus transform as N1 →
N1 − iU∂ϕ1

U† and ϕ2 → ϕ2 + iU∂N2
U†. In a second

step, we project away all but the ground state m = 0.
The Hamiltonian then reduces to

H = EC1

[
N̂1 +Ng1 +A1

(
ϕ̂1, N̂2

)]2
+ EC2

N̂2
2

+EL2

[
ϕ̂2 +A2

(
ϕ̂1, N̂2

)]2
+ ϵ
(
ϕ̂1, N̂2

)
,

(3)

where A1 = −i⟨0|∂ϕ1
|0⟩ and A2 = i⟨0|∂N2

|0⟩ are the
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Berry connections satisfying

B = ∂N2A1 + ∂ϕ1A2 . (4)

Importantly, note that the curl in Eq. (4) is defined with
a + sign instead of the usual − sign, due to the conju-
gate nature of the charge (N2) and phase (ϕ1) variable.
The quantities ϵ, A1, and A2 therefore play a role equiv-
alent to the electromagnetic scalar and vector potentials.
Consequently, the Berry curvature is the equivalent of a
magnetic field acting on a particle moving in (ϕ1, N2)-
space, whose total flux per Brillouin zone is C. We no-
tice that the functioning of the transistor is akin to a
gyrator [114, 115], except that the latter gives rise to a
magnetic field in (ϕ1, ϕ2)-space instead of (ϕ1, N2)-space.
This prompts us to refer to the transistor as a half-dual
nonreciprocal circuit element. This “half-duality” is cap-
tured in Figs. 1 and 2 by denoting the phase node with
a circle, and the charge node with a square.

There is one further noteworthy specialty. Since ϕ1

space is compact (i.e., the charge on node 1 can only
change by integer Cooper-pairs), our system realizes the
equivalent of particle moving on a cylinder, see Fig. 2(d).
The topology of the base manifold has an influence on
the gauge degrees of freedom for the Berry connections:
on a cylinder, there are two types of topologically distinct
loops along which gauge invariant phases can be picked
up. W0 is the regular type of loop which exists also on
a flat extended space, and does not probe the cylinder
topology. The requirement that the phase picked up on
such loops be gauge-invariant is captured by Eq. (4). The
second type of loop, W1, owes its existence to the genus
1 of the cylinder manifold, and provides an additional
constraint on the vector potentials. Namely, the phase
picked up along such loops is likewise gauge-invariant.
Due to Eq. (4), different W1 loops are not independent.
Therefore, we can choose one simple loop along ϕ1, say,

by fixing N2 = 0. The phase ei
∫ 2
0
πdϕ1A1 for N2 = 0 then

needs to be fixed by an extra condition. To determine
it, one has to compute the corresponding Berry phase
picked up, when parallel-transporting the ground state
of the transistor Hamiltonian HT along this path. For
the main results of this work, this particular detail is
irrelevant. But it does matter to correctly estimate the
influence of offset charge noise, as we point out at the
end of this work.

For simplicity, let us first discuss the case when ϵ and B
are independent of ϕ1 and N2 (flat energy bands with flat
curvature). The scalar potential ϵ is then an irrelevant
constant, and the equivalent magnetic field is homoge-
neous on the entire cylinder, given by B = C. In order to
satisfy Eq. (4), we choose the equivalent of the Landau
gauge A1 = CN2 and A2 = 0. For EC2

= 0, the Hamil-
tonian H in Eq. (3) would now provide regular Landau
levels. It is however not physical that the charge on node
2 can be accumulated indefinitely, hence the presence of
a finite EC2

. Including a nonzero EC2
, the Hamiltonian

H is diagonalized as

H =
1

1
EC1

+ 1
EC2

C2︸ ︷︷ ︸
≡EC,eff(C)

(N̂1 +Ng1)
2 + ωLCb̂

†b̂ , (5)

where ωLC = 2
√
EL(C2EC1 + EC2) is the eigenfrequency

of the LC resonator coupled to node 2, whose eigenmodes

are annihilated with the ladder operator b̂ = γN̂1/2 −
iϕ̂2/γ and γ =

√
ωLC/EL.

The above constitutes our central result: the Chern
physics of a generic transistor, if coupled to an addi-
tional charge island and an LC resonator, reduce to an
effective charge island with a charging energy that is dis-
cretely tunable by the Chern number. To increase the
tuning capability, we further note that nothing stops us
from coupling the two nodes with several transistors, see
Fig. 1(b), each with their own Chern number Cj . Given
the above framework, it is now a straightforward exercise
to show that the resulting charging energy becomes

EC,eff({Cj}) =
1

1
EC1

+
(
∑

j Cj)
2

EC2

. (6)

Importantly, the number of values the charging energy
can take grows exponentially with the total number J of
transistors, as ∼ 2J . Instead of connecting all transistors
to the same node 2 with just one LC resonator, one can
potentially increase the flexibility and range of the topo-
logical tuning, by increasing the number of nodes on the
right hand side of Fig. 1(b), that is, to connect each tran-
sistor node j to a separate LC resonator, N2 → N2,j , each
with their own charging energy EC2,j . Of course, while
this increases the tuning range, it adds extra hardware
overhead through the additional LC resonators. The pros
and cons would thus have to be weighed against one an-
other for a concrete experimental realization.
Applications and perturbations – To explore the appli-

cability of the here proposed topological capacitive con-
trol we have to identify the leading perturbations when
going beyond the above idealistic assumptions. For sim-
plicity, we return to the single transistor device as in
Fig. 1a. The main simplifying assumption we made above
is to take both ϵ and B to be flat. We therefore up-
date our calculation by taking into account deviation
from flat bands perturbatively. We do so by assuming
that EL2 is large, such that we may integrate out the
LC resonator degree of freedom. In this regime, it turns
out that only a finite ϕ1-dependence is potentially harm-
ful. To appreciate this fact, consider for instance the
impact of a finite N2-dependence on ϵ: integrating out
the LC resonator, the function ϵ(N2) will be averaged
over N2 with the weight given by the LC ground state
wave function, and thus contribute only a constant offset
– which is obviously inconsequential. We therefore con-
sider ϵ = ϵ0 + δϵ(ϕ1) (where ϵ0 is a discardable constant)
and B = C+δB(ϕ1), with δϵ ≪ ωLC and δB ≪ 1. We now
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find A1 = (C + δB)N2 whereas A2 remains 0. By means
of a Schrieffer-Wolff transformation, mapping onto the
ground state of the LC resonator, we get in leading order
(details shown in the supplementary material)

H ≈ EC,eff (C)
(
N̂1 +Ng1

)2
+ δϵ+

C
2
EC,eff (C)

ωLC

EC2

δB︸ ︷︷ ︸
≡EJ,leak(ϕ1)

,

(7)
where the correction terms due to deviations from the flat
band approximation represent a leakage Josephson effect
(due to their ϕ1-dependence). Since ωLC is assumed to
be large, it has to be evaluated for the specific model
(and parameter regime) at hand, whether the first term
(∼ δϵ) or the second term (∼ δB) dominates.
In order to mitigate potential ramifications from this

perturbation, it is important to identify the main phys-
ical cause of a finite ϕ1-dependence of ϵ and B. For the
two example realizations of the transistor in Fig. 2, it
can be shown (supplementary) that both δϵ and δB scale
with the weaker of the two junction energies, that is
δϵ, δB ∼ eJ0,Γ0 (∼ eJ1,Γ1) for C = 1 (C = 0). Since
these junctions are tunable, they will be susceptible to
external noise on the corresponding control knobs, such
that the leakage Josephson effect is at risk of being noisy,
and may thus thwart our idea of exploiting the topo-
logically protected tuning of the charging energy. For
instance, suppose we want to exploit the discrete capac-
itive control for the implementation of a tunable trans-
mon. We would then couple node 1 with a nontunable
Josephson junction with energy EJ ≫ EC,eff, such that

the qubit frequency is approximated as ∼
√
EC,effEJ .

But crucially, the noisy leakage Josephson effect from
the transistor would have to be added to EJ , such that
our more complicated device would not benefit from any
advantage over a simpler transmon where the Josephson
junction EJ itself is tunable (and thus noisy). But there
is a very promising way out, depending on how the con-
trol of the junction energy is realized.

The most common control of the Josephson junction
energy is via a dc-SQUID [1], which is however known to
only have a sweet spot of quadratically suppressed flux-
noise sensitivity when the Josephson energy is maximal.
For our purposes however, we require a sweet spot in the
regime where the junction is weak. As foreshadowed al-
ready in the introduction, controlling the transparency
of a junction by means of electrical gate modulations
along similar lines as in Refs. [91–96] might hold enor-
mous potential. Namely, the junction can in principle
be pinched off and tuned to zero coupling – up to ex-
ponentially suppressed tunneling processes. While this
is not commonly where these junctions are operated, for
our purposes, the likewise exponentially suppressed noise
sensitivity on the corresponding gate is exactly what we
are are after. Namely, when tuning from C = 0 to C = 1
in the transistor, the weaker junction can be put to the
sweet spot of almost zero tunneling, while the influence
of the stronger junction (which is generally in a noisy

regime) is banned to high energies, where it does not
interfere with the low-energy physics.

After these applied considerations, let us finish on a
more fundamental note, with a word of caution regard-
ing offset charge fluctuations. The above Eqs. (5) and (7)
might invite the wrong impression that the amplitude of
the offset charge noise remains the same independent of
the value of C, i.e., it is simply given by the amplitude of
fluctuations of Ng1. This is however not true, as can be
easily seen when adding offset charges to other parts of
the device. In particular, for C = 1, the islands of node 1
and 2 are effectively joined to a single island, such that
offset charge noise of the combined island is given as the
sum of fluctuations coupling to node 1 and 2. We can
understand this effect in two complementary ways. In-
cluding an additional offset charge to the charging energy

term ∼ EC2 in node 2 in Eq. (3), N̂2 → N̂2 + Ng2, we
see that the resulting offset charge in Eqs. (5) and (7)
must be shifted by Ng1 → Ng1 + CNg2. Alternatively,
by means of a unitary transformation, we may eliminate
Ng2 inside the charging energy term ∼ EC2

, and instead
have it appear inside HT. Now, it would seem that Ng2

has disappeared from the problem – giving rise to a se-
rious inconsistency. Such a conclusion would however
be due to a naive interpretation of gauge invariance, in
particular neglecting the need to fix the path integral of
the vector potential along paths of type W1 (Fig. 2d).
The additional contribution +CNg2 to the offset charge
is hidden in exactly this condition. Correctly fixing the
phase along W1 leads to a shift in the vector potential,
from A1 = CN2 to A1 = C(N2 +Ng2). While this leaves
the Berry curvature invariant, as per Eq. (4), it nonethe-
less changes the resulting energy spectrum in Eqs. (5)
and (7).

We summarize that it is of importance to correctly ap-
ply gauge transformations on a compact manifold (here,
the cylinder), to avoid inconsistent predictions, or miss-
ing important contributions to noise sources which affect,
e.g., the system’s relaxation rates. This caveat serves as a
comment on a currently ongoing debate within the quan-
tum circuit community about the relevance of compact-
ness of circuit degrees of freedom [98–112]. The debate
can be formulated in the framework of gauge degrees of
freedom of quantum systems on compact manifolds as
follows. The above extra condition on the vector po-
tential due to loops of W1 is equivalent to demanding
that the wave function on the cylinder be single-valued
(equivalent to compact ϕ1). Disregarding it is equiva-
lent to demanding that only the modulus square of the
wave function (the probability density of the quantum
system) be single-valued (noncompact ϕ1). Proponents
of the latter point of view would likely argue that one
could just redefine Ng1 + CNg2 as a new N ′

g1, and still
get the formally correct Hamiltonian. However, as the
above argument illustrates for our concrete model, this
approach harbors the danger of unnecessarily blurring
the microscopic origin of charge fluctuations, and may
fail to provide the correct quantitative predictions for
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qubit relaxation (and potentially other) processes.
Conclusions and outlook – By exploiting recently pre-

dicted Chern physics of conventional Cooper-pair transis-
tors, we introduce the concept of a topologically tunable
capacitance for superconducting circuits. We identify op-
timal parameter regimes for the effect to be observed and
to be used for tunable qubits with reduced sensitivity
from external noise. We expect that the here proposed
principle may provide an interesting alternative towards
protected quantum hardware, where the considered topo-

logical effect is not directly used to build a qubit with,
e.g., a protected ground state degeneracy, but instead to
have a precise, discrete control of a given tuning param-
eter.
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U. Hübner, H. G. Meyer, V. Antonov, E. Il’ichev, A. V.
Ustinov, A. Y. Tzalenchuk, and O. V. Astafiev, Nature
Physics 14, 590 (2018).

[87] Z.-Z. Li, T.-F. Li, C.-H. Lam, and J. Q. You, Phys. Rev.
A 99, 012309 (2019).

[88] R. S. Shaikhaidarov, K. H. Kim, J. W. Dunstan, I. V.
Antonov, S. Linzen, M. Ziegler, D. S. Golubev, V. N.
Antonov, E. V. Il’ichev, and O. V. Astafiev, Nature 608,
45 (2022).

[89] C. Koliofoti and R.-P. Riwar, arXiv:2204.13633.
[90] R. P. Riwar and D. P. DiVincenzo, npj Quantum Infor-

mation 8, 36 (2022).
[91] T. W. Larsen, K. D. Petersson, F. Kuemmeth, T. S.

Jespersen, P. Krogstrup, J. Nyg̊ard, and C. M. Marcus,
Phys. Rev. Lett. 115, 127001 (2015).

[92] G. de Lange, B. van Heck, A. Bruno, D. J. van Wo-
erkom, A. Geresdi, S. R. Plissard, E. P. A. M. Bakkers,
A. R. Akhmerov, and L. DiCarlo, Phys. Rev. Lett. 115,
127002 (2015).

[93] M. Kjaergaard, H. J. Suominen, M. P. Nowak, A. R.
Akhmerov, J. Shabani, C. J. Palmstrøm, F. Nichele,
and C. M. Marcus, Phys. Rev. Appl. 7, 034029 (2017).

[94] L. Casparis, M. R. Connolly, M. Kjaergaard, N. J.
Pearson, A. Kringhøj, T. W. Larsen, F. Kuemmeth,
T. Wang, C. Thomas, S. Gronin, G. C. Gardner, M. J.
Manfra, C. M. Marcus, and K. D. Petersson, Nature
Nanotechnology 13, 915 (2018).

[95] J. S. Lee, B. Shojaei, M. Pendharkar, A. P. McFadden,
Y. Kim, H. J. Suominen, M. Kjaergaard, F. Nichele,
H. Zhang, C. M. Marcus, and C. J. Palmstrøm, Nano
Letters 19, 3083 (2019).

https://doi.org/https://doi.org/10.1038/nnano.2016.157
https://doi.org/https://doi.org/10.1103/PhysRevB.95.075417
https://doi.org/https://doi.org/10.1103/PhysRevLett.119.136807
https://doi.org/https://doi.org/10.1103/PhysRevLett.119.136807
https://doi.org/10.1103/PhysRevB.97.174518
https://doi.org/10.1103/PhysRevB.97.174518
https://doi.org/https://doi.org/10.1103/PhysRevB.100.245416
https://doi.org/https://doi.org/10.1103/PhysRevB.99.165414
https://doi.org/https://doi.org/10.1103/PhysRevB.99.165414
https://doi.org/https://doi.org/10.1103/PhysRevB.105.L041405
https://doi.org/https://doi.org/10.1103/PhysRevB.105.L041405
https://doi.org/https://doi.org/10.1103/PhysRevResearch.3.013288
https://doi.org/https://doi.org/10.1103/PhysRevResearch.3.013288
https://doi.org/https://doi.org/10.1103/PhysRevResearch.3.013289
https://doi.org/https://doi.org/10.1103/PhysRevLett.124.197002
https://doi.org/https://doi.org/10.1103/PhysRevB.103.014516
https://doi.org/https://doi.org/10.1103/PRXQuantum.2.010310
https://doi.org/10.22331/q-2021-12-07-601
https://doi.org/10.22331/q-2021-12-07-601
https://doi.org/https://doi.org/10.1103/PhysRevLett.126.187701
https://doi.org/https://doi.org/10.1103/PhysRevLett.126.187701
https://doi.org/https://doi.org/10.1103/PhysRevResearch.4.013038
https://doi.org/https://doi.org/10.1103/PhysRevResearch.4.013038
https://doi.org/10.21468/SciPostPhys.12.1.017
https://doi.org/10.21468/SciPostPhys.12.1.017
https://doi.org/10.1103/PhysRevB.107.035408
https://doi.org/10.1103/PhysRevB.107.035408
https://arxiv.org/abs/2212.12382
https://doi.org/https://doi.org/10.1038/nature12385
https://doi.org/https://doi.org/10.1038/nature12385
https://doi.org/https://doi.org/10.1038/nature26160
https://doi.org/https://doi.org/10.1038/nature26160
https://doi.org/https://doi.org/10.1103/PhysRevA.100.053604
https://doi.org/https://doi.org/10.1103/PhysRevA.100.053604
https://doi.org/https://doi.org/10.1038/s41535-020-00271-9
https://doi.org/https://doi.org/10.1103/PhysRevLett.125.030504
https://doi.org/https://doi.org/10.1103/PhysRevLett.125.030504
https://doi.org/https://doi.org/10.1103/PhysRevB.101.235121
https://doi.org/https://doi.org/10.1103/PhysRevB.103.115110
https://doi.org/https://doi.org/10.1103/PhysRevB.103.115110
https://doi.org/https://doi.org/10.48550/ARXIV.2110.00149
https://doi.org/https://doi.org/10.48550/ARXIV.2110.00149
https://arxiv.org/abs/2110.00149
https://doi.org/10.21468/SciPostPhys.13.2.033
https://doi.org/https://doi.org/10.1038/nmat4195
https://doi.org/https://doi.org/10.1038/nmat4195
https://doi.org/https://doi.org/10.1016/j.ssc.2017.07.020
https://doi.org/https://doi.org/10.1016/j.ssc.2017.07.020
https://doi.org/https://doi.org/10.1063/1.5030072
https://doi.org/https://doi.org/10.1038/s42005-019-0121-0
https://doi.org/https://doi.org/10.1038/s42005-019-0121-0
https://doi.org/https://doi.org/10.1038/s41928-020-00474-9
https://doi.org/https://doi.org/10.1021/nl071804g
https://doi.org/10.1063/1.99649
https://doi.org/10.1038/srep02041
https://doi.org/10.1063/1.4968183
https://doi.org/https://doi.org/10.1103/PhysRevLett.61.2137
https://doi.org/https://doi.org/10.1038/35010060
https://doi.org/https://doi.org/10.1038/35010060
https://doi.org/https://doi.org/10.1103/PhysRevLett.87.217003
https://doi.org/https://doi.org/10.1103/PhysRevLett.92.067007
https://doi.org/https://doi.org/10.1103/PhysRevLett.92.067007
https://doi.org/https://doi.org/10.1088/1367-2630/7/1/219
https://doi.org/https://doi.org/10.1088/1367-2630/7/1/219
https://doi.org/https://doi.org/10.1038/nphys234
https://doi.org/https://doi.org/10.1038/nphys234
https://doi.org/https://doi.org/10.1016/j.physrep.2008.04.009
https://doi.org/https://doi.org/10.1016/j.physrep.2008.04.009
https://doi.org/https://doi.org/10.1038/nature10930
https://doi.org/https://doi.org/10.1103/PhysRevB.94.094505
https://doi.org/https://doi.org/10.1103/PhysRevB.94.094505
https://doi.org/https://doi.org/10.1038/s41567-018-0097-9
https://doi.org/https://doi.org/10.1038/s41567-018-0097-9
https://doi.org/https://doi.org/10.1103/PhysRevA.99.012309
https://doi.org/https://doi.org/10.1103/PhysRevA.99.012309
https://doi.org/10.1038/s41586-022-04947-z
https://doi.org/10.1038/s41586-022-04947-z
https://arxiv.org/abs/2204.13633
https://doi.org/https://doi.org/10.1038/s41534-022-00539-x
https://doi.org/https://doi.org/10.1038/s41534-022-00539-x
https://doi.org/10.1103/PhysRevLett.115.127001
https://doi.org/10.1103/PhysRevLett.115.127002
https://doi.org/10.1103/PhysRevLett.115.127002
https://doi.org/10.1103/PhysRevApplied.7.034029
https://doi.org/10.1038/s41565-018-0207-y
https://doi.org/10.1038/s41565-018-0207-y
https://doi.org/10.1021/acs.nanolett.9b00494
https://doi.org/10.1021/acs.nanolett.9b00494


[96] G. V. Graziano, M. Gupta, M. Pendharkar, J. T. Dong,
C. P. Dempsey, C. Palmstrøm, and V. S. Pribiag, Nature
Communications 13, 5933 (2022).

[97] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I.
Schuster, J. Majer, A. Blais, M. H. Devoret, S. M.
Girvin, and R. J. Schoelkopf, Phys. Rev. A 76, 042319
(2007).

[98] K. K. Likharev and A. B. Zorin, Journal of Low Tem-
perature Physics 59, 347 (1985).

[99] D. Loss and K. Mullen, Phys. Rev. A 43, 2129 (1991).
[100] J. Koch, V. Manucharyan, M. H. Devoret, and L. I.

Glazman, Phys. Rev. Lett. 103, 217004 (2009).
[101] A. Mizel and Y. Yanay, Phys. Rev. B 102, 014512

(2020).
[102] D. Thanh Le, J. H. Cole, and T. M. Stace, Phys. Rev.

Research 2, 013245 (2020).
[103] A. Murani, N. Bourlet, H. le Sueur, F. Portier,

C. Altimiras, D. Esteve, H. Grabert, J. Stockburger,
J. Ankerhold, and P. Joyez, Phys. Rev. X 10, 021003
(2020).

[104] P. J. Hakonen and E. B. Sonin, Phys. Rev. X 11, 018001
(2021).

[105] A. Murani, N. Bourlet, H. le Sueur, F. Portier,
C. Altimiras, D. Esteve, H. Grabert, J. Stockburger,
J. Ankerhold, and P. Joyez, Phys. Rev. X 11, 018002
(2021).

[106] R.-P. Riwar, SciPost Physics 10, 093 (2021).
[107] M. H. Devoret, Journal of Superconductivity and Novel

Magnetism 34, 1633 (2021).
[108] K. Kaur, T. Sépulcre, N. Roch, I. Snyman, S. Florens,

and S. Bera, Phys. Rev. Lett. 127, 237702 (2021).
[109] A. Kenawy, F. Hassler, and R.-P. Riwar, Phys. Rev. B

106, 035430 (2022).
[110] K. Masuki, H. Sudo, M. Oshikawa, and Y. Ashida, Phys.

Rev. Lett. 129, 087001 (2022).
[111] R. Kuzmin, N. Mehta, N. Grabon, R. A. Mencia,

A. Burshtein, M. Goldstein, and V. E. Manucharyan,
arXiv:2304.05806.

[112] O. Kashuba, T. L. Schmidt, F. Hassler, A. Haller, and
R. P. Riwar, arXiv:2305.15906.

[113] This is true if N2 is rescaled such that a change of N2

by ±1 corresponds to an induced offset charge of an
individual Cooper pair on the transistor.

[114] G. Viola and D. P. DiVincenzo, Phys. Rev. X 4, 021019
(2014).

[115] M. Rymarz, S. Bosco, A. Ciani, and D. P. DiVincenzo,
Phys. Rev. X 11, 011032 (2021).

https://doi.org/10.1038/s41467-022-33682-2
https://doi.org/10.1038/s41467-022-33682-2
https://doi.org/https://doi.org/10.1103/PhysRevA.76.042319
https://doi.org/https://doi.org/10.1103/PhysRevA.76.042319
https://doi.org/https://doi.org/10.1007/BF00683782
https://doi.org/https://doi.org/10.1007/BF00683782
https://doi.org/10.1103/PhysRevA.43.2129
https://doi.org/https://doi.org/10.1103/PhysRevLett.103.217004
https://doi.org/https://doi.org/10.1103/PhysRevB.102.014512
https://doi.org/https://doi.org/10.1103/PhysRevB.102.014512
https://doi.org/https://doi.org/10.1103/PhysRevResearch.2.013245
https://doi.org/https://doi.org/10.1103/PhysRevResearch.2.013245
https://doi.org/https://doi.org/10.1103/PhysRevX.10.021003
https://doi.org/https://doi.org/10.1103/PhysRevX.10.021003
https://doi.org/https://doi.org/10.1103/PhysRevX.11.018001
https://doi.org/https://doi.org/10.1103/PhysRevX.11.018001
https://doi.org/https://doi.org/10.1103/PhysRevX.11.018002
https://doi.org/https://doi.org/10.1103/PhysRevX.11.018002
https://doi.org/https://doi.org/10.21468/scipostphys.10.4.093
https://doi.org/10.1007/s10948-020-05784-9
https://doi.org/10.1007/s10948-020-05784-9
https://doi.org/https://doi.org/10.1103/PhysRevLett.127.237702
https://doi.org/10.1103/PhysRevB.106.035430
https://doi.org/10.1103/PhysRevB.106.035430
https://doi.org/10.1103/PhysRevLett.129.087001
https://doi.org/10.1103/PhysRevLett.129.087001
https://arxiv.org/abs/2304.05806
https://arxiv.org/abs/2305.15906
https://doi.org/10.1103/PhysRevX.4.021019
https://doi.org/10.1103/PhysRevX.4.021019
https://doi.org/https://doi.org/10.1103/PhysRevX.11.011032


1

Supplemental Material: Discrete control of capacitance in quantum circuits

I. COMPUTING ENERGY AND BERRY CURVATURE OF CHARGE ISLAND TRANSISTOR

In the main text, we depict two possible models for transistors in Fig. 2. In this section, we derive the energy and
the Berry curvature for the ground state of the first model, shown in Fig. 2a,b. The Hamiltonian is given as

HT = eC(n̂+N2)
2 − eJ0 cos(φ̂)− eJ1 cos(ϕ1 − φ̂) , (S1)

where [φ̂, n̂] = i is the pair of canonically conjugate Cooper pair number and superconducting phase on the central
transistor island. Its charging energy is eC . The gate charge N2 is capacitively coupled to the central island, and it
has been rescaled such that a change of N2 by 1 induces a charge displacement inside the transistor island by one
Cooper pair charge. The two electric contacts are coupled via the Josephson junctions eJ0 and eJ1, to ground and
node 1, respectively.

To proceed, we reformulate the Hamiltonian as

HT = eC(n̂+N2)
2 − eJ(ϕ1) cos [φ̂− δ(ϕ1)] , (S2)

where eJ =
√
e2J0 + e2J1 + 2eJ0eJ1 cos(ϕ1) and tan(δ) = eJ1 sin(ϕ1)/[eJ0 + eJ1 cos(ϕ1)]. In the following, we focus for

simplicity on the case where eC < eJ , such that we may approximate the above cosine simply as a parabolic potential,

HT ≈ eC(n̂+N2)
2 +

eJ(ϕ1)

2
[φ̂− δ(ϕ1)]

2 − eJ(ϕ1) , (S3)

which is readily solved by means of ordinary boson ladder operators,

n̂+N2 =

[
eJ(ϕ1)

2eC

]1/4
â+ â†√

2
(S4)

φ̂− δ(ϕ1) = i

[
2eC

eJ(ϕ1)

]1/4
â− â†√

2
. (S5)

The inverse relationship yields

â =

[
2eC

eJ (ϕ1)

] 1
4 n̂+N2√

2
− i

[
eJ (ϕ1)

2eC

] 1
4 φ̂− δ (ϕ1)√

2
. (S6)

For the Hamiltonian we get

HT ≈
√
2eCeJ(ϕ1)

(
â†â+

1

2

)
− eJ(ϕ1) . (S7)

The ground state energy consequently depends only on ϕ1,

ϵ ≈ −eJ(ϕ1) +
√
eCeJ(ϕ1)/2 . (S8)

The N2-dependence is exponentially suppressed due to eC < eJ . To compute the Berry curvature, it is convenient to
start with

B = −2Im

[∑
m>0

⟨0| ∂ϕ1
H |m⟩ ⟨m| ∂N2

H |0⟩
(ϵ0 − ϵm)

2

]
. (S9)

Plugging in the explicit operator forms for ∂ϕ1
H and ∂N2

H, and assuming eC < eJ , we obtain

B ≈ −4eCeJ∂ϕ1δ Im

[∑
m>0

⟨0| (φ̂− δ) |m⟩ ⟨m| (n̂+N2) |0⟩
(ϵ0 − ϵm)

2

]
(S10)

≈ ∂ϕ1
δ =

e2J1 + eJ0eJ1 cos (ϕ1)

e2J1 + e2J0 + 2eJ0eJ1 cos (ϕ1)
, (S11)
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which is likewise independent of N2. For the Chern number we get C = 0, 1 depending on whether eJ0 > eJ1 or vice
versa, as pointed out in the main text.

A final relevant result appearing in the main text is the leading order contribution to a nonflat ϵ and B in the cases
eJ0 ≫ eJ1 and eJ0 ≪ eJ1. For eJ0 ≫ eJ1, we get up to first order in eJ1

ϵ ≈ −eJ0

(
1−

√
eC
2eJ0

)
− eJ1

(
1−

√
eC
8eJ0

)
cos(ϕ1) (S12)

B ≈ eJ1
eJ0

cos(ϕ1) . (S13)

For eJ0 ≪ eJ1 on the other hand, we get up to first order in eJ0

ϵ ≈ −eJ1

(
1−

√
eC
2eJ1

)
− eJ0

(
1−

√
eC
8eJ1

)
cos(ϕ1) (S14)

B ≈ 1− eJ0
eJ1

cos(ϕ1) . (S15)

Consequently, as stated in the main text, the leading order contribution to a nonflat energy and Berry curvature, the
term ∼ cos(ϕ1), is always scaling linearly with the energy of the weaker junction.

II. COMPUTING ENERGY AND BERRY CURVATURE OF QUANTUM DOT TRANSISTOR

In the main text, we depict a second transistor model with a quantum dot (Fig. 2c). In this section, we derive the
energy and the Berry curvature for its many-body ground state. To describe this transistor realization, we deploy the
Hamiltonian

H ′
T =

∑
qσ

[
π2q2

2meL2
− µ+ EThN2

]
ĉ†qσ ĉqσ

+
∑
q

(
Γ0 + eiϕ1Γ1

2
ĉq↓ĉq↑ + h.c.

)
,

(S16)

where ĉqσ annihilates an electron with mass me on the dot in level q with spin σ, and Γ0,1 describe the proximity
effect between the quantum dot and the superconducting leads. The level spacing corresponds to the one of a 1D
particle in a box of length L. We chose the 1D case simply for convenience, as it allows for a well-defined (convergent)
computation of ground state energy without the need of additional cutoffs. The 2D and 3D cases work in close
analogy and yield qualitatively the same results, but require the additional introduction of a Debye frequency cutoff
for the pairing ∼ Γ0,1 for convergence, as is standard for BCS theory. N2 has yet again been rescaled to correspond

to the change of a Cooper pair charge, which is why the Thouless energy ETh = πvF /L (vF =
√
2µ/me is the Fermi

velocity) appears as a prefactor (this detail will be explained in more detail below).
The Hamiltonian can be cast into the Bogoliubov-de-Gennes form

H ′
T =

∑
q

(
ĉ†qHq ĉq + Eq

)
(S17)

with

ĉ†q =
(
ĉ†q↑, ĉq↓

)
(S18)

and

Hq =

(
π2q2

2meL2L2 − µ+ eV2
Γ0+e−iϕ1Γ1

2
Γ0+eiϕ1Γ1

2 − π2q2

2meL2L2 + µ− eV2

)
, (S19)

as well as

Eq =
π2q2

2meL2L2
− µ+ eV2 (S20)
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which comes from the commutation of ĉ†q↓ĉq↓ → 1− ĉq↓ĉ
†
q↓. Note that in Eq. (S19) we defined the offset due to node

2 in terms of the applied voltage, eV2, in contrast to Eq. (S16) where it is defined in terms of the charge on node 2,
eV2 = EThN2. In this section, we first start the calculation with eV2 and subsequently identify ETh as the relevant
energy scale prefactor in front of N2 based on how we defined N2 in the main text: as the offset charge rescaled such
that a change of N2 by ±1 corresponds to a Cooper pair added to or removed from the quantum dot.
The single particle Hamiltonian Hq has eigenvalues

ϵq± = ±
√[

π2q2

2meL2L2
− µ+ eV2

]2
+

∣∣∣∣Γ0 + Γ1eiϕ1

2

∣∣∣∣2 (S21)

with eigenvectors

(
uq±
vq±

)
=

1√
2



√√√√1±
π2q2

2meL2 −µ+eV2√[
π2q2

2meL2 −µ+eV2

]2
+

∣∣∣∣Γ0+Γ1eiϕ1

2

∣∣∣∣2

±
Γ0+Γ1eiϕ1

2∣∣∣∣Γ0+Γ1eiϕ1

2

∣∣∣∣
√√√√1∓

π2q2

2meL2 −µ+eV2√[
π2q2

2meL2 −µ+eV2

]2
+

∣∣∣∣Γ0+Γ1eiϕ1

2

∣∣∣∣2

 . (S22)

The many-body ground state energy is given as

ϵ =
∑
q

(ϵq− + Eq) . (S23)

Note that while the quantum dot energy spectrum is discrete, we perform the sum for simplicity in the continuum
limit, qπ/L → k. This is a good approximation for ETh < Γ0,1. We get

ϵ =
L

π

∫ ∞

0

dk

−
√[

k2

2me
− µ+ eV2

]2
+

∣∣∣∣Γ0 + Γ1eiϕ1

2

∣∣∣∣2 + k2

2me
− µ+ eV2



=
L

2π

√
2me

∫ ∞

0

dω
1√
ω

−
√√√√√√√√
ω − (µ− eV2)︸ ︷︷ ︸

µ̃


2

+

∣∣∣∣Γ0 + Γ1e
iϕ1

2

∣∣∣∣2︸ ︷︷ ︸
|δ|2

+ ω − (µ− eV2)︸ ︷︷ ︸
µ̃


Since µ̃ ≫ δ, this integral is best solved in three parts, by introducing a cutoff frequency ωco, such that µ̃ ≫ ωco ≫ δ.
We obtain ∫ ∞

0

dω
1√
ω

[
ω − µ̃−

√
(ω − µ̃)

2
+ |δ|2

]
≈
∫ µ̃−ωco

0

dω
1√
ω

[
2 (ω − µ̃)− |δ|2

2 (µ̃− ω)

]

+

∫ µ̃+ωco

µ̃−ωco

dω
1√
µ̃

[
ω − µ̃−

√
(ω − µ̃)

2
+ |δ|2

]

+

∫ ∞

µ̃+ωco

dω
1√
ω

[
− |δ|2
2 (ω − µ̃)

]
.

We thus end up at∫ ∞

0

dω
1√
ω

[
ω − µ̃−

√
(ω − µ̃)

2
+ δ2

]
≈ 4

3

√
µ̃− ωco (−ωco − 2µ̃)− |δ|2

2
√
µ̃
ln

1 +
√

µ̃−ωco

µ̃

1−
√

µ̃−ωco

µ̃

 (S24)

+

−2ωco

√
|δ|2 + ω2

co − δ2 ln

(√
|δ|2+ω2

co+ωco√
|δ|2+ω2

co−ωco

)
2
√

µ̃
(S25)

− |δ|2

2
√

µ̃
ln


√

µ̃+ωco

µ̃ + 1√
µ̃+ωco

µ̃ − 1

 . (S26)
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Up to second order in ωco, we find

∫ ∞

0

dω
1√
ω

[
ω − µ̃−

√
(ω − µ̃)

2
+ |δ|2

]
≈ −

1
3 (4µ̃)

2
+ |δ|2

(
ln
[
3 (4µ̃)2

|δ|2

]
+ 1
)

√
4µ̃

. (S27)

Now, we want to understand how this behaves as a function of V2. To this end, we reinsert µ̃ = µ− eV2 and expand
up to second order in V2. We get for the leading terms

ϵ = −
1
3 (4µ)

2
+ |δ|2

(
ln
[
3 (4µ)2

|δ|2

]
+ 1
)

√
4ELµ

+ 4

√
µ

EL
eV2 −

1√
ELµ

(eV2)
2
, (S28)

where we introduced the energy scale

EL =

(
ℏ 2π

L

)2
2me

. (S29)

There is a negative capacitance effect (the prefactor in front of the V 2
2 term is negative), which however goes to zero

in the thermodynamic limit. The linear term is an irrelevant rescaling of the total charge on node 2. Consequently,
we can discard the V2-dependent terms in Eq. (S28). To reexpress the above expression in terms of more convenient
quantities, we notice that the total number of electrons can be related to µ as

ℏ2
(
π
L

Ntot

2

)2
2me

= µ. (S30)

Consequently, we get

Ntot = 4

√
µ

EL
. (S31)

We continue by defining kF as

kF =
π

L

Ntot

2
(S32)

and consequently, vF is related to it by

vF =
ℏkF
me

=
ℏ
me

π

L

Ntot

2
=
√

2µ/me. (S33)

Consequently, we find √
ELµ = ℏ

π

L
vF = ETh, (S34)

where ETh is the Thouless energy. We now see that for large µ, if we define N2 such that eV2 = EThN2, a change of
the quantum dot charge by a Cooper pair (corresponding to a change of its energy by ETh) is equivalent to change of
N2 by ±1. Thus, N2 is defined consistently for both transistor models.
Let us also here evaluate the leading deviation from a flat ϵ for a strongly asymmetric system, i.e., either Γ0 ≫ Γ1

or Γ0 ≪ Γ1. In the former case, we get (assuming µ ≫ Γ)

ϵ ≈ const.− Γ0

2ETh
ln

(
µ

Γ0

)
Γ1 cos(ϕ1) , (S35)

and for the latter case, we have to swap Γ0 ↔ Γ1. We again observe that the deviation from a flat ϵ scales linearly
with the weaker junction. Note that while µ tends to infinity in the thermodynamic limit, the natural logarithm
ensures that the above expression increases very slowly and remains well-defined.

We proceed to computing the Berry curvature term. For the many-body ground state, it is given as

B = −2
∑
n

Im
[
∂ϕ1u

∗
n−∂N2un− + ∂ϕ1v

∗
n−∂N2

vn−
]
. (S36)
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Let us reformulate this expression. First of all, we again take the continuum limit

B = −2
1√
EL

∫ ∞

0

dω
1√
ω
Im
[
∂ϕ1

u∗
− (ω) ∂N2

u− (ω) + ∂ϕ1
v∗− (ω) ∂N2

v− (ω)
]
, (S37)

with

(
u± (ω)
v± (ω)

)
=

1√
2


√
1± ω−µ̃√

[ω−µ̃]2+|δ|2

± δ
|δ|

√
1∓ ω−µ̃√

[ω−µ̃]2+|δ|2

 , (S38)

using the same notation as above. Now, we use the fact that u is real, and insert the explicit form for v

B = − 1√
EL

∫ ∞

0

dω
1√
ω

√√√√1 +
ω − µ̃√

[ω − µ̃]
2
+ |δ|2

∂N2

√√√√1 +
ω − µ̃√

[ω − µ̃]
2
+ |δ|2

Im

[
δ

|δ|∂ϕ1

δ∗

|δ|

]
. (S39)

This is further simplified as follows,√√√√1 +
ω − µ̃√

[ω − µ̃]
2
+ |δ|2

∂N2

√√√√1 +
ω − µ̃√

[ω − µ̃]
2
+ |δ|2

=− ETh

√√√√1 +
ω − µ̃√

[ω − µ̃]
2
+ |δ|2

∂µ̃

√√√√1 +
ω − µ̃√

[ω − µ̃]
2
+ |δ|2

=ETh
|δ|2

2
(
[ω − µ̃]

2
+ |δ|2

) 3
2

.

Consequently, we can already perform the integral, and get (again under the assumption µ ≫ δ)

B ≈ − ETh√
µ̃EL

Im

[
δ

|δ|∂ϕ1

δ∗

|δ|

]
large µ≈ −Im

[
δ

|δ|∂ϕ1

δ∗

|δ|

]
. (S40)

Finally, we compute

Im

[
δ

|δ|∂ϕ1

δ∗

|δ|

]
= Im

 Γ0+Γ1e
iϕ1

2∣∣∣Γ0+Γ1eiϕ1

2

∣∣∣∂ϕ1

Γ0+Γ1e
−iϕ1

2∣∣∣Γ0+Γ1eiϕ1

2

∣∣∣


= Im

[
Γ0 + Γ1e

iϕ1√
Γ2
0 + Γ2

1 + 2Γ0Γ1 cos (ϕ1)
∂ϕ1

Γ0 + Γ1e
−iϕ1√

Γ2
0 + Γ2

1 + 2Γ0Γ1 cos (ϕ1)

]

= Im

[
−i

Γ2
1 + Γ0Γ1 cos (ϕ1)

Γ2
0 + Γ2

1 + 2Γ0Γ1 cos (ϕ1)

]
= − Γ2

1 + Γ0Γ1 cos (ϕ1)

Γ2
0 + Γ2

1 + 2Γ0Γ1 cos (ϕ1)
.

Consequently, we find

B ≈ Γ2
1 + Γ0Γ1 cos (ϕ1)

Γ2
0 + Γ2

1 + 2Γ0Γ1 cos (ϕ1)
, (S41)

which is in fact the exact same result as Eq. (S11), when replacing eJ0,J1 → Γ0,1. Consequently, the approximation
for Γ0 ≫ Γ1 and Γ0 ≪ Γ1 is the same as in Eqs. (S13) and (S15).
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III. SCHRIEFFER-WOLFF APPROXIMATION FOR WEAKLY NONFLAT ENERGIES AND BERRY
CURVATURES

In the main text, we discuss the impact of a deviation from flat bands, ϵ = ϵ0 + δϵ(ϕ1) and B = C + δB(ϕ1). In
this section, we show how to derive Eq. (7) in the main text by means of a standard Schrieffer-Wolff transformation,
when assuming large EL2

. To this end, we start with Eq. (3), and explicitly plug in the weak modulations δϵ and δB
in what we refer to as the Landau gauge in the main text, A1 = [C + δB(ϕ1)]N2 and A2 = 0,

H = EC1

[
N̂1 +Ng1 + CN̂2 + δB

(
ϕ̂1

)
N̂2

]2
+ EL2

ϕ̂2
2 + EC2

N̂2
2 + δϵ

(
ϕ̂1

)
, (S42)

where we discarded the irrelevant constant ϵ0. We can regroup the above Hamiltonian into three parts, H = H1 +
V +H2, where

H1 = EC1

(
N̂1 +Ng1

)2
+ δϵ

(
ϕ̂1

)
, (S43)

and

H2 =
(
EC1

C2 + EC2

)
N̂2

2 + EL2
ϕ̂2
2 , (S44)

represent the physics of the separate degrees of freedom of node 1 and 2, respectively, whereas

V = 2EC1

(
N̂1 +Ng1

)
CN̂2 + EC1

{
N̂1 +Ng1, δB

(
ϕ̂1

)}
N̂2 + 2EC1

CδB
(
ϕ̂1

)
N̂2

2 +O
[
δB2

]
, (S45)

describes their coupling up to first order in δB (the anticommutator {·, ·} is necessary in the second term, because N1

obviously does not commute with δB).
The eigenmode of H2 = ωLCb̂

†b̂+const. is the LC resonator mode, whose frequency ωLC and ladder operator b̂ have
already been given in the main text. For the Schrieffer-Wolff transformation, we project onto the LC resonator ground

state, |0LC⟩, satisfying b̂|0LC⟩ = 0. Defining the projector as P = |0LC⟩⟨0LC|, the resulting low-energy Hamiltonian is

H ≈ H1 + PV P − PV
1

H2
(1− P )V P , (S46)

(note that PH2P is by definition an irrelevant constant) which yields up to first order in δB

H ≈ EC,eff(C)
[(

N̂1 +Ng1

)2
+ δϵ− C

2

ωLC

EC2

δB − C
2

EC1

EC2

{N̂1 +Ng1, N̂1 +Ng1, δB}}
]

. (S47)

The second and third term are pure Josephson leakage currents, whereas the fourth term is a more exotic mixed term,
containing both charge and phase operators. However, due to EL2

large (and thus ωLC large), it is always inferior to
the third term, and thus nominally a higher order effect. Neglecting it, we arrive at Eq. (7) in the main text.

In the above supplementary sections, we have provided explicit expressions for δϵ and δB for the two concrete
transistor models, see Eqs. (S12-S15) and (S35). Here, both types of corrections yield ordinary sequential Cooper pair
tunneling processes similar to a regular SIS Josephson junction, ∼ cos(ϕ1).
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