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Abstract—The Hilbert transform plays an important role in the theory z | F9 H, F-Q
and practice of signal processing. A generalization of the Hilbert transform,
the fractional Hilbert transform, was recently proposed, and it presents (b)
physical interpretation in the definition. In this paper, we develop the dis-
crete fractional Hilbert transform, and apply the proposed discrete frac-
tional Hilbert transform to the edge detection of digital images. T Fe H, | FQ 7

Index Terms—Fractional Hilbert transform, fractioinal Fourier trans-
form, Hilbert transform. (C)

Fig. 1. Block diagrams for the different implementations of the fractional
I. INTRODUCTION Hilbert transform. (a) Spatial filter. (b) FRFT method. (c) Generalized

definition.
The Hilbert transform is an important tool for signal processing, and

it has been widely used in many areas, such as modulation theory [1],

edge detection [2], [3], and so on. Besides the continuous Hilbert traMéiere¢ = Pr/2. The above definition of fractional Hilbert transform

form, the discrete Hilbert transform can also be used for digital commig-a weighted sum of the original signal and its conventional Hilbert

nication and edge detection of digital images [1]-[3]. A generalizatidfansform, and it is based upon modifying the spatial filter with frac-

of Hilbert transform, the fractional Hilbert transform, was proposed ifional parameter.

[4], and it provides a tool to process signal in the fractional Fourier The other fractional Hilbert transform is based upon the fractional

plane instead of a conventional Fourier plane. Fourier transform (FRFT) [5]. The FRFT operation indicates a rotation
The method for implementing the fractional Hilbert transform in [4pf signal in the time-frequency plane. The transform kernel of FRFT

is using optical instruments. The goal of this paper is to develop tHefined in [5] is

discrete fractional Hilbert transform, which can have similar outputs

as those of the continuous fractional Hilbert transform. Kot u) = [1—j cot a (2 Hu?)/2) cot a—jut csc @
[EANS] 2’/‘[
Il. PRELIMINARY
A. The Continuous Hilbert Transform wherew indicates the rotation angle in the time-frequency plane. While

« = 7 /2, the FRFT will become conventional Fourier transform.
The transfer functioi’, for the other fractional Hilbert transform
based upon the FRFT method is defined as [4]

The conventional Hilbert transform of a continuous signé) is
computed as [1]

iy = [ 20
"= /_ N @) Vo = FOH, FO (5)

The continuous Hilbert transform consists of & radian phase shift

Q . . . . . -
(for positive frequencies only) in the frequency domain [6]. Thus th\g{hgre}' is the fractional Fourier transform V‘_"th fract|onal ordgr
transfer function of Hilbert transform becomes While Q = 1, the FRFT becomes the conventional Fourier transform.

The parametef) defined here is equal @ /2.

j. w>0 The above two definitions of the fractional Hilbert transform can be
: merged into a general one [4]. Thus, its transfer function is defined as
Hi(w)y=4 0, w=0 (2)  follows:
—j, w<O0.
Hpo=F “HpFe. (6)

Fig. 1 shows the block diagrams for implementing the fractional
Hilbert transform. IfP = 1, the second fractional Hilbert transform
In [4], two alternative definitions for the continuous fractionalyhich is based upon FRFT is obtained.

Hilbert transform have been developed. One is based upon the mod-
ification of spatial filter with a fractional parameter, and its transfets. The Discrete Hilbert Transform
function is defined as

B. The Continuous Fractional Hilbert Transform

The transfer function of the discrete Hilbert transform is defined as
. [6], [7]
Hp(v) = cos ¢Ho(v) + sin ¢Hi(v) 3)
7, O<w<nm
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Hilbert transform used in this paper is also based upon its transfer func- %
tion and utilizing the discrete Fourier transform DFT as a tool. Thus DFT Mask »| IDFT
the discrete Hilbert transform can be computed through the following
steps. Fig.2. Block diagram for the implementation of the discrete Hilbert transform.
Step 1:Compute the DFT of signglx[k]}
X[n] = DFT[x[k] ®) wherea = Pr/2.

) o ) Step 3:Compute the DFRFT with parameterQ.
Step 2:X[rn] is multiplied by the maskM ;. The maskM; is

defined as %[k] = DFRFT_[Xqg[n]Mp[n]]. (16)
if Vis even Thenx[¥] is the discrete fractional Hilbert transform xf%].
. . A . The responses in the fractional Fourier domain are defid&dand
Ml :[07 s .)-,---7.7507 —Js Iy --es _]] (9) —Ja f it H H H
o e or positive and negative transform domains, respectively. The
(N/2)—-1 (N/2)—-1 first and central entries in the madkp are both equal toos «, which
if Visodd are defined as the middle responses for positive and negative transform
domains
My =0, g, joovns s =ds =y oees —J] (10) P
SN—— N——— € +e J
(N=1)/2 (N=1)/2 cos @ = ———— A7)

2

Step 3:Compute the inverse DFT to obtagi] Then it can be easily verified that (9) and (10) are just special cases
x[k] = IDFT[X[n]M[n]]. (11) of (14) and (15). So the proposed discrete fractional Hilbert transform
is a generalized version of the conventional discrete Hilbert transform.

Thenx[k] will be the discrete Hilbert transform af%]. Block diagram While P = 0. the mask becomes

for implementing the discrete Hilbert transform is shown in Fig. 2.
Mo=[1,1,1,...,1] (18)
Ill. DEVELOPMENT OF THEDISCRETE FRACTIONAL HILBERT

TRANSFORM . . . .
Thus the output of discrete fractional Hilbert transform will be the same

Similar to the continuous fractional Hilbert transform, a discretgs the input signal. In this case, the discrete fractional Hilbert transform
fractional Fourier transform (DFRFT) will be required in the generwill become an identity transform. WhilE = 2, the mask becomes
alized discrete Hilbert transform. But in the history of DFRFT devel-
opment, the DFRFT has been considered a linear combination of the M, = [-1, -1, -1, ..., —1]. (19)
signal and its spectrum in many documents [8]. Such a definition cannot ’ i
have similar outputs as those of continuous fractional Fourier transform

[9]. We have found that the DFRFT, with discrete Hermite eigenvectojs e output of discrete fractional Hilbert transform becomes the nega-
) ’ tive value of the input signal.

and appropriate eigenvalue assignment rule, can have similar results . - .
. ) e block diagram shown in Fig. 2 can also be modified for the
those of continuous FRFT [10]. Here we will use our DFRFT compu- . . : .
. . . . implementation of the discrete fractional Hilbert transform. The DFT
tation method to develop the discrete fractional Hilbert transform. The . .
kernel of DERET is defined as follows: and IDFT must be changed into DFRFT with paraméfeand — @),
’ respectively. And the mask/p in (14) and (15) must be used for the
F9 = ZC_J"Q("/Q)V,,VZ (12) mask block in Fig. 2.

Example 1: The amplitudes of discrete fractional Hilbert transform
wherev,, is thenth order DFT Hermite eigenvector which is a DFTfor a rectangular window are shown in Figs. 3 and 4. It can be observed
eigenvector with similar shape as thth order Hermite function. The that the discrete fractional Hilbert transform of a rectangular function
method for finding thenth order DFT Hermite eigenvector can beconsists of two peaks which mark the edges in the signal. The empha-
found in [10] and [11]. The method in [10] is not good enough. Tw&izes of p05|t!ve or n.egatlve edges are bgsed upon the paramgters for
more accurate methods can be found in [11]. The discrete fractiofigcrete fractional Hilbert transform. While < P < 1, the posi-

Hilbert transform can be computed through the following steps.  tive edges are emphasized. And the negative edges will be emphasized

Step 1:Compute the DFRFT of signdk[k]} with parameter). vvhenl < P < 2 But in the case 9@ = 0.5, itcan pe observed in .
Fig. 4 that there is no preference either for the negative or for the posi-

Xq[n] = DFRFTg[x[k]] (13) tive derivative.
The results in Example 1 are very similar to those of the continuous

Step 2:X is multiplied by the masifM . The maskMp is
P N P y r " fractional Hilbert transform for the results in [4]. This can help us to

defined as . . ) . :
verify that the proposed discrete fractional Hilbert transform is our de-
if N iseven sired transform.
Mp =|[cos a, Y e, MY, cos a, eIV, eI L, 6_ju].
—_— IV. PROPERTIES OF THEDISCRETEFRACTIONAL HILBERT TRANSFORM
(N/2)—1 (N/2)—1 s . . . .
(14) 1) Periodicity: The period of continuous fractional Hilbert trans-
form has the periods 4 for both parametePsdnd Q). In the
if N is odd discrete fractional Hilbert transform, this property can also be
Mp = . Jo Jo Jo —Ja —Jo —J preserved
p=[cos a, e, e SRR N L | 2) Angle Addition:The continuous fractional Hilbert transform has
(N=1)/2 (N=1)/2 angle addition property for parameter Now we will discuss
(15) the angle addition property in the discrete case. For a discrete
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Fig. 3. The discrete fractional Hilbert transform of a rectangular windbw: 1.
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Fig. 4. The discrete fractional Hilbert transform of a rectangular win@bw: 0.6.
signalx = [z, x1, ..., zi—1], the dc and ac components of Then the following equation will be satisfied:
discrete signak are defined as follows:
-1 HP1+P2J()~<) :HPhl’Hf"zyl(f() (23)
Xpo = > @ (20) . . . .
oy whereH , ; indicates the discrete fractional Hilbert transform
. with parameter” and(@. The proof of (23) will be straightfor-
; ward
xac =y (1) (21)
=0

He 1 Hey1 = (F_lMPlF)(F_lMPzF)
The angle addition property of discrete fractional Hilbert trans-

form can be preserved while the dc and ac components of signal =F "My, Mp,F.
are removed

If the dc and ac components are removed, thép, Mp, =
X — XDC — XAC- (22) Mp, +p,. Equation (23) can be preserved for any value§ of

e
I
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Original image Px= 0.000,Py= 0.500 Px= 0.000,Py= 1.000 Px= 0.000,Py= 1.500

Px= 0.500,Py= 0.000 Px= 0.500,Py=0.500 Px= 0.500,Py= 1.000 Px= 0.500,Py=1.500

Px= 1.000,Py= 0.000 Px= 1.000,Py= 0.500 Px= 1.000,Py= 1.000 Px= 1.000,Py=1.500

Px= 1.500,Py= 0.000 Px= 1.500,Py=0.500 Px= 1.500,Py=1.000 Px= 1.500,Py= 1.500

Fig. 5. Results of Example 2: edge detection of a square by the discrete fractional Hilbert tradfoamd(),, are equal to 1P, and P, are differentin each
plot.

the outputs of DFRFT are with zero values in the first and centrake the square of amplitude as measures. Itis because transform results

entries. of the discrete fractional Hilbert transform are complex numbers.
Example 2: In this example, we will apply the discrete fractional
V. APPLICATIONS OF THEDISCRETE FRACTIONAL HILBERT Hilbert transform for edge detection. The original image is drawn in the
TRANSFORM upper left corner of Fig. 5, and it is a simple square. The other fifteen

images are the detection results. It can be observed that the edges in

The conventional discrete Hilbert transform has been applied to ﬁ'd?bital images can be detected through the choices of parafeterd

the edges of digital images [2], [3]. According to the results shown B, The parameter§, and@, used in this example are both equal to
Example 1, the discrete fractional Hilbert transform can emphasis pgsyhijle P, = 0.5 and P, = 0, only the horizontal positive edges

itive or negative edges for digital signals. In the following example, wg, o emphasized. WheR, = 1.5 and P, = 0, only the horizontal
will apply the discrete fractional Hilbert transform to detect the edg%gative edges are emphasized. These results can be viewed clearly in
for digital images. The principle used for edge detection through tfpgg. 5. The caseP, = 1 andP, = 1, is the conventional discrete

discrete fractional Hilbert transform is based upon the idea in [2]. TR§|hert transform for edge detection, and all directions of edges can be
edges occur in thém, n) point if the following equation is satisfied: \iawed in this case.

From the results shown in Example 2, we know that the positive or
|he,, @, (m, n)|* + |he,, q, (m, n)|> > threshold (24) negative edges can be obtained through the choices of fractional Hilbert
transform parameters. These results cannot be obtained by common

wherehp, o, (m, n) is the output of the discrete fractional Hilbertedge detectors, but the fractional Hilbert tranform method can achieve

transform with parameterB,. and().. in the x-direction for the point
(m, n). hp, q,(m, n) is the output of the discrete fractional Hilbert
transform with parametetB, and(, in the y-direction for the point
(m, n). The choices of threshold values are to control the amounts
of edges in detection. The selections of parametgs £., @, Q) A method for computing the generalized discrete fractional Hilbert
are depended upon the desired directional edges in imajes: 0 is developed in this brief: forward DFRFT, masking DFRFT, and in-
indicates no detection in thedirection;0) < P, < 1 emphasizes the verse DFRFT. Appropriate masks in computing the discrete fractional
positive edges in the-direction. P, = 1 indicates the edge detectionHilbert transform are proposed. The proposed discrete fractional
in the z-direction no matter of positive or negative edgesc P, < 2 Hilbert transform can have similar results as those of continuous
emphases the negative edge inthairection. These cases are also théractional Hilbert transform. Moreover, the properties of continuous
same for theP, parameter in thg-direction. It must be noted that (24) Hilbert transform can also be preserved. And, the proposed discrete

VI. CONCLUSION
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fractional Hilbert transform can be successfully used in edge atmthe design of a uniform filter bank subject to some structural con-

corner detections for digital images. straints. The design process should be capable of handling these con-

straints. For example, methods presented in [3] and [6] are suitable

for the cases where no structural constraints are present. In [4], it was

[1] R. E. Ziemer and W. H. TrantePrinciples of Communications—Sys-shO\.Nn. t.hat filter banks may be designed by model matching, i.g., by
tems, Modulation, and Noise Bo’ston, MA: Houghton Mifflin, 1990. minimizing the’{, norm of an error sy_Stem‘ formed by SUbtraCtl_ng

[2] G. M. Livadas and A. G. Constantinides, “Image edge detection artie output of a pure delay transfer function from the output of the filter
segmentation based on the Hilbert transform,Pinc. IEEE Int. Conf. bank. By such a design method, the analysis filters are designed in ad-
Acoustics, Speech, and Signal Processi#iB8, pp. 1152-1155. vance and infinite-impulse response (IIR) synthesis filters are found so

[3] K. Kohlmann, “Corner detection in natural images based on the 2- o i :
Hilbert transform,"Signal Processingyol. 48, pp. 225-234. 1996. fhat theH . norm of the error system is minimized, then the IIR filters

[4] A. W. Lohmann, D. Mendlovic, and Z. Zalevsky, “Fractional Hilbert&'€ approximated by finite-impulse response (FIR) filters. The filters
transform,”Opt. Lett, vol. 21, pp. 281283, Feb 1996. are found by solving two Riccati equations. Because of the approxima-

[5] L. B. Almeida, “The fractional Fourier transform and time-frequencition, the final filters are suboptimal, furthermore this method can not
representation,JEEE Trans. Signal Processvol. 42, pp. 3084-3091, zccommodate the structural constraints.

REFERENCES

Nov. 1994. . . . . . .
[6] A.V.OppenheimpDiscrete-Time Signal Processirrentice-Hall Inter- 1 this brief, we follow an iterative approach. At each iteration, we

national Inc., 1989. use semidefinite programming and obtain the FIR synthesis filters for a
[71 L. B. JacksonDigital Filters and Signal Processing Norwell, MA:  given set of FIR analysis filters or vise versa. The problem is a convex

Kluwer, 1989. _optimization problem, and since no approximation is involved, at each

[8] B. Santhanam and J. H. McClellan, “The discrete rotational Fouri : PR : ; ; o) i
transform," IEEE Trans. Signal Processvol. 42, pp. 994-998, Apr. Heration the solution is optimal, i.e., the FIR synthesis (analysis) filters

1996. are optimal for the given analysis (synthesis) filters. Here, we consider
[9] H. M. Ozaktas, O. Arikan, M. A. Kutay, and G. Bozdagi, “Digital the?.. norm as the optimality criteria. Thus the designed filter bank is
computation of the fractional Fourier transformZEE Trans. Signal closest to the desired ideal system in the worst case scenario. As we will
Process, vol. 44, pp. 2141-2150, Sept. 1996. _ , see, the constraints will not pose any difficulty in the design process.
[10] fsdrn(i:"%apgtétztt'\,ﬂi/g: gze'h")pfnl]gz%\ffoggcjﬁs Ir;cfgg?ll Fourier trans- The semidefinite programmin_g (SDP) problem i_s the optimiza_ltion
[11] S.C.Pei, M. H. Yeh, and C. C. Tseng, “Discrete fractional Fourier tranf/oblem of a linear function subject to the constraint that a matrix be
form based on orthogonal projectiolEEE Trans. Signal Processing positive definite. In other words, the following problem is a semidefi-
vol. 47, pp. 1335-1348, May 1999. nite programming problem:

minimize ¢z, subjectto G(z) >0

wheree R’ is the variable, and
Design of Nonuniform Multirate Filter Banks by
Semidefinite Programming m
G(z)=Go+ Y =G

Aryan Saadat Mehr and Tongwen Chen i=1

and the given matrice§l, ---, G.» € R"*" are symmetric. Here,

b Al D S o for real symmetric matriced and B, A > B wheneverd — B is

anks by semidefinite programming is discussed. The initial analysis filters . . . P : . L

are designed according to the characteristics of the input. By the design POSitive definite. The inequalit§i () > 0 is called a linear matrix in-
procedure, for the given set of analysis filters, synthesis filters are found equality (LMI). The SDP problems are convex optimization problems
so that the H.. norm of the error system is minimized over all synthesis and can be solved using interior point methods. Thus SDP problems

filters that have a prespecified order. Then, the synthesis filters obtained in 5, polynomial time solvable, if an a priori bound on their solution is
the previous step are fixed and the analysis filters are found similarly. By known [1], [2] ’

iteration, the H .. norm of the error system decreases until it converges to . L . ) )
its final value. This brief is organized as follows. In Section I, we discuss the

model-matching formulation for filter banks. In the third section, this

problem is then converted to an SDP problem. In Section IV, we give
an example for the design of a three channel nonuniform filter bank.
|. INTRODUCTION The example involves periodic blocks in the synthesis filter bank and

. . . . frequency selective filters as the analysis filters. Finally, in Section V,
As mentioned in [5] and [6], it is usually possible to relate a nonun|-

) ! ! g g Nfye make some concluding remarks.
form filter bank to a uniform filter bank with possibly interrelated fil-
ters. Thus, the design of a nonuniform filter bank can be converted

Abstract—n this brief, the design of finite-impulse response (FIR) filter

Index Terms—Filter banks, multirate systems, optimization.

II. FORMULATION

A nonuniform filter bank as shown in Fig. 1 is considered. In this
section, we will discuss how a model matching problem for the design
Manuscript received September 1999; revised June 2000. This work was sdpmultirate filter banks can be obtained.
ported by the Natural Sciences and Engineering Research Council of Canad@ nonuniform filter bank is a periodic system with period

s i e brpar o Elecical and Computer Endy= I 11~ ). wherey, ar he downsampin factors
neering, University of Alberta, Edmonton, AB, T6G 2G7, Canada (e—maﬁtherefore’ if we block the input and output signals, a multi-input

tchen@ee.ualberta.ca). multi-outputq by ¢ LTI system results. In [8], the building blocks of
Publisher Item Identifier S 1057-7130(00)09936-5. this filter bank are studied and in [3], the transfer matrix of a blocked
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