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Discrete Hardy spaces

Paula Cerejeiras’, Uwe Kahler!, Min Ku'f, Frank Sommen?

LCIDMA, Department of Mathematics, University of Aveiro, Portugal
2Clifford Research group, Department of Mathematical Analysis, Ghent University, Belgium

Abstract

We study the boundary behavior of discrete monogenic functions, i.e. null-solutions of a discrete
Dirac operator, in the upper and lower half space. Calculating the Fourier symbol of the boundary
operator we construct the corresponding discrete Hilbert transforms, the projection operators arising
from them, and discuss the notion of discrete Hardy spaces. Hereby, we focus on the 3D-case with
the generalization to the n-dimensional case being straightforward. Keywords: Discrete Cauchy

transform, Discrete monogenic functions, Clifford algebra
MSC(2000): primary: 44A15; secondary: 42A38, 42C40

1 Introduction

Hardy spaces are an important tool in harmonic analysis. Originally developed for problems
in Complex Analysis they were extended in almost any conceivable way ( [13, 8, 14]). This is
due to one principal fact: elements of a Hardy space can be identified with boundary values of
analytic functions.

Particularly interesting for us here is the work of Li, McIntosh and Qian [14] which is quite
detailed explained in [16]. Here the authors extend the concept of Hardy spaces via Fourier
multipliers to the case of the Dirac operators in higher dimensions.

During the last ten years there is also a increased interest in obtaining discrete counterparts
for continuous structures. Mainly driven by applications in physics one of these discrete coun-
terparts is a discrete Dirac operator as a discrete equivalent to the continuous Dirac operator.
In different contexts and by different methods such an operator was constructed in [18, 9, 12, 7],
among others. Depending on their construction these discrete Dirac operators have different
properties, even factorize different second order difference operators. As one would expect from
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the continuous case where the classic Dirac operator factorizes the Laplacian there is one par-
ticular operator which is more interesting from the practical point of view. In the case of a
higher dimensional grid, i.e. Z™, it would be the star Laplacian. But here a major problem
arises. Any factorization of the star Laplacian requires both forward and backward difference
operators which in its turn requires a splitting of the usual Euclidean basis [11, 9, ?].

Nevertheless, first steps in the direction of a function theory for this kind of Dirac opera-
tor have been made with a general Cauchy formula, Fischer decomposition, and polynomials
solutions (see [10, 1, 4]. But here resides another problem: the fundamental solution of the
Dirac operator, the so-called discrete Cauchy kernel, is known only via a Fourier integral which
severely limits its applicability from the analytic point of view. For instance, in [5, ?, 10, 6] the
authors use the discrete fundamental solution to construct discrete boundary integral operators
for a discrete version of the boundary element method similar to Ryabenkij [17]. Since the
discrete fundamental solution is only known as a numerical approximation the results could be
given only in the form that when the discrete integral equation over the boundary is solvable
then the corresponding discrete potentials provide a solution to the corresponding difference
equation. No direct characterization of the boundary values could be given. But that is what
we are interested in: characterizations of null-solutions of the discrete Dirac operator based on
its discrete boundary values, similar to the continuous case. This problem is not only affected
by the expression of the fundamental solution, but also by the construction of the Dirac op-
erator which involves forward and backward differences and also by the discrete boundary. In
difference to the continuous case a discrete boundary contains three layers, two for the inner
boundary and two for the outer boundary. This means that, for instance, a discrete Cauchy
integral formula for the inner domain will require function values from both layers of inner
boundary. A detailed exposition of this effect will be given in Section 3.

To obtain characterizations of the boundary values of discrete monogenic functions and the
corresponding Hardy spaces we need to study the equation over the boundary. While in the
discrete case there is no trace operator, i.e. a limit process to the boundary, the problem of
having to use two layers for the boundary and the lack of an explicit closed expression of the
Cauchy kernel makes such a study quite difficult. Nevertheless, we will show that it is possible
to get the symbol of the boundary operator in Fourier domain. For an easier understanding
we will restrict ourselves to the case of d = 3 but the formulae and results are valid in any
dimension.

The paper is organized as follows. In Section 2 we will recall some basic facts about discrete
Dirac operators, the underlying algebraic structure, and its fundamental solution which will be
needed in the sequel. In Section 3, we discuss discrete Bore-Pompeiu and Cauchy formulae and
introduce the Cauchy transform. In this section which is essentially expository in its nature
we also present the framework for discussing discrete boundary values. In Section 4 we finally
discuss the question of characterization of discrete boundary values by studying the symbol of
the operator which comes from the corresponding boundary equation. This allows us to get
conditions for a function to be a boundary value of a discrete monogenic function in the upper
and lower half plane. We will present these condition both in terms of the components and the
function itself. Afterwards we get the corresponding Hilbert transforms (in the sense that they
mimic the traditional Hilbert transform as an operator which squares to the identity). This
allows us to get the projection operators (classically known as Plemelj or Hardy projections),
Hardy spaces, and a decomposition theorem for functions on the boundary.



In the last section we will show that we have indeed convergence for our formulae, i.e. when
the lattice constant goes to zero we will recover the classic formulae from the continuous case.

2 Preliminaries and notations

Let us start with some basic facts of discrete function theory. Since we restrict ourselves to
the case d = 3 (without loss of generality) we consider the grid Z* with orthonormal basis ey,
k=1,...,3. The standard forward and backward differences 82” are given by

Oy f(mh) = ™' (f(mh+ e;h) — f(mh)), 8,7 f(mh) = k™ (f(mh) — f(mh — e;h))
where h > 0 denotes the lattice constant.
As stated in the introduction we want to use a discrete Dirac operator which factorizes the
3 o
Star-Laplacian A, = > 9;79,7. To get such an operator we follow the idea of [1, 7] by
j=1
splitting each basis element ey (k = 1,2, 3) into two basis elements eg and e, (k =1,2, 3), ie.,
e = eg +e, (k =1,2, 3) corresponding to the forward and backward directions. Let us remark

that there is some freedom in choosing such a basis, special choices can be found in [11, 6, 2].
Here we choose the one satisfying the following relations:

ejep tege; = 0,

e;re; + ezej = 0, (2.1)
N S ,

eje, tegel = —djk,

where §,1 is the Kronecker delta. These basis elements generate a free algebra which is isomor-
phic to the Clifford algebra Cs.

Furthermore, we consider functions defined on a subset G of Z3 taking values in C3. Prop-
erties like {,-summability (1 < p < oo) and so on, are defined for a Cs-valued function by
being ascribed to each component. The corresponding spaces are denoted, respectively, by
lp(G,(Cg)7 (1 < p < +0o0) and so on.

The discrete Dirac operator is given by
3 . .
D~ =) efo +e;0,7.

j=1

This operator factorizes the star-Laplacian Ay, i.e.,
2 m S
(D) =~ with &, = 3" 97077,
j=1

We will also need its adjoint operator, which is given by

3

—+ +9—J — ot

D, —E ej[?h +ej3h.
i=1

For more details we refer the reader to the literature, e.g. [10, 11, 1, 7, 4].



2.1 Some remarks on the fundamental solution

In this section we present a fundamental solution to the discrete Dirac operator and some basic
facts which are required in the sequel.

Definition 2.1 A function E,:Jr defined on Z3 is called a discrete fundamental solution ofD,:Jr
if it satisfies

D}ZJ“E;“L(mh) =y (mh),th € @G,
where 0y, denotes the discrete Dirac function given by

(B if mh=0,
5”(mh)_{ 0 if mh#0.

There are several ways of constructing a fundamental solution. Here we will use the discrete
Fourier transform on [, (Z*,C3) (1 < p < +00)

- T w3
Fiu(©) = Y & ummh® g€ |5 7]
mezZ3

3 3 3
where < z,{ >= Y x;{; for arbitrary z = ez, =Y e €R3x;,& € R(j = 1,2,3).
) ) :

J J Jj=1
Its inverse is given by F L' — R, F where R, denotes the restriction to the lattice hZ3 and F

the (continuous) Fourier transform

1

Fflz)= @ /R eTISTE> £(£)dE, Vo € R3.

3
Let us remark that we have F(D; Tu)(¢) = (Z ej{_Dj + ejffj)}'hu(f) with ¢ =
j=1

Fh(1—eT8) and Fi(Apu)(€) = 15 i sin? (%) Fru(€). Therefore, we can introduce the
following denotations =
3
&= efelit+eied,
j=1

and
4 & &ih
2 2S5
d -~ h2 Jzzlsm ( 2 )

for the discrete Fourier symbol of D,:J“ and A, respectively.

These observations allow us to obtain our fundamental solution as
3 1 Q
Eyt = RyF <d2> = = 2R F(&8) + e BuF (€8 (2.2)
j=1

. _ 3 3
Moreover, }llig%)% = % with £ = 21 ejéjand [£]* = Y €2,¢ € R(j =1,2,3).
i= i=1



Lemma 2.2 For our fundamental solution E~T we have
(i) D, Y E; T (mh) = 8y, Ymh € 7, (2.3)
(it) By T €1,(Z°,C3) (1 < p < 400).

Proof: Statement (i) is obvious. (i7) follows directly from [11] where it was shown that for each
component we have

D
P Mh M
[~ /hm/h) 4 (lz[ +h)® (x| +h)
where M > 0 is independent on = € hZ3. O

For the convergence of the discrete fundamental solution to the continuous one we have the
following fundamental lemma.

Lemma 2.3 Let E be the fundamental solution to the (continuous) Dirac operator in R3. For
arbitrary m € Z3 with m # 0, we have

(B3 (mh) — B(mh)| < Cih/|mh]*,
where Cy; > 0 is a constant independent on h.

Proof: Since the fundamental solution to Dirac operator in the the continuous case can be
expressed via the Fourier transform as £ = F ( I §‘2) we have

B 1 & 1 —i& .
E + - E S— 1<w,€>d _ s z<w,£>d
7 @) - B@)] = ’(%) /ge[ D E~ G o R 5’

Lo e / Ui e ’
i<nE> e 4 L8 e e
‘/EE [—=7/h,7/R]3 ) ( ‘£|2) EER3\[—7/h,7/R]3 (ZW)B |£|2

Now, noting that 5_ = le ijj + ej_gfj,ej = e;-' +e; (j =1, 2,3)7 for each component we
can make the following estimate (using the Taylor expansions of cos h¢;,sin h¢; and d? < [€]?,

c.f. also reference [11])

’/ (fﬂ + &) 71<$,€>d£+/ ifjei<w,§>d£‘
¢e[—n/hyr/h]3 €]2 ¢eR3\[—r/h,m/h)s €7

1 —cos h§] —i<z, &> / gj sin h§] —i<z,§>
= F—pfp € ST TdE+ = — /3
'LE[—W/h,ﬂ'/hP d?h ¢e[—rn/h,m/h]? (\§|2 d?h )

. 5,] —i<x,E> ‘
+Z/ > _o 1<z, df
ee{ro\[=n/hm/me} €7

1 —coshéj ;i ,es ' ‘/ sinhé; £\ _icpes
< - PN iy, dé— + _ S i<, d£
’-/56[—7r/h,7r/h]3 d?h 56[—h/7r,h/7r]3< d?h |§|2)

_/ &
€3\ [ /h,m/h)s €1

h
—’<I’§>d§‘ < 02W7x £0,
x

5



with C5 > 0 being a constant independent on h. Hence we get

_ Cih
E;, T(z) - E(z)| < Iﬁx 0.

Therefore, it follows that

® Vm e Z3,m #0,

B (mh) = B(mh)| < Cin/[mh

where C7 > 0 is a constant independent on h. O

Remark 2.4 In the same way we can also obtain fundamental solutions to other discrete op-

3
erators such as D,J{*, where we get E,Jlrf = RpF (3—;) = d—12 > e;rRh]:(ffj) + e;R;J—'(ff’j)
j=1

3 .
with & = 6;_5_1,_)3- + €j_§£)j and ffj = Fh'(1 — eF"%) . The convergence is similar to
=1

J
Lemma 2.5.

2.2 Discrete Stokes formula for Z* and Z3

We also need the discrete Stokes formula with respect to our Dirac operator for functions defined
on Z3 and Zi, respectively. To this end we denote by n = (n,n3) € Z* a point ofon the grid
with n = (n1,n2) € Z2. For the upper half space Zi we have ng > 0. Furthermore, in cases
where h is fixed (except in the last section) we abbreviate f(n) := f(hn),n € Z3. In the case
where changes affect only the j!"-coordinate we write f(n;) := f(hni,...,hnj, ..., hnz) where
it can be done without arising confusion.

Theorem 2.5 Consider our operators D;'~ and D; . Let f,g € l,, (Z3, (Cg) with 1 < p < 400
then we have

=Y lgm)D, ] f(n)h® =D g(n) [Di f(n)] 1P (2.5)

nezs nez’



Proof: Using the definition of D,J{* and D,;+ we get

3
=Y (gD fmn® == > N[0T g(ny)e; + 0 I g(ny)ef] fng)h®

n€ezs (n,n3)€Z3 j=1

3
== > > A{lglns+ 1) =gl e; +lolng) = glns = Def} fny)h?

= > Z [g(ny)e; f(ng) —g(ng)e; f(ng —1) +g(ny)ef f(n; +1) — g(n)ef f(ny)] h?

3
= > > gy [e; 07 f(ny) + ot f(n)] = Y g(n) [Df f(n)] B,

(n,n3)€Z3 j=1 nezs

d

For the special case where g(n) = E; T(n —m) is a translate of the fundamental solution
to operator D, ¥ with m € Z? fixed we get the following corollary.

Corollary 2.6 Let f €1, (Z3,(C3) with 1 < p < 400 then for arbitrary m € Z3 we have

flm)=— Z E, Y (n—m) [D)f~ f(n)] k% (2.6)

nez’

Furthermore, as a simple consequence of the above corollary we get the following discrete
unique continuation principle.

Corollary 2.7 If f €, (Z3, (Cg) (1 <p< —|—oo) is left monogenic with respect to operator D,‘f—,
i.e., D;_f =0,Ym € Z3, then

f(m) =0,m e 7> (2.7)

Let us now consider the case of the upper half space (n,n3) € Z? x Z, . Here, we get the
following theorem.

Theorem 2.8 For f,g €1, (Z*> x Z4,C3) (1 < p < +00) we have

- Y. gDt rmn? = Y. 9 [Dffm)] K
(n,n3)EL2 X7y (n,n3)EL2 X7y
+ ) [9(n,0)e5 f(n, 1) + g(n, Des f(n,0)] h*. (2.8)
nez?

7



Proof: Starting again from the definition of our operators D,:+ and D,J{* we obtain

- Y 9Dyt f(m)n®

(n,n3)€Z2 XLy

> Z [0 g(nj)e; +0 7 g(ny)el ] f(ng)h?

(n,n3)€Z2XZ4 j=1

- Z [0%g(ns)es + 0 g(ns)eq ] f(ns)h?

(n,n3)€Z? ><Z+

= > Zgny 707 f(ng) + ef 0 f(ng)] 1

(n,n3)€Z? j=1

— Z { Z 9(n3 +1) — g(n3)) e3 f(n3) + (g(n3) — g(ns — 1)) €3 f(n3)] h3}

nez? (nz=>1

= Y D gy)[e; 07 f(ng) +ef ot f(ny)] 1P

(mna) €22 x Ly j=1

-y { > [9(na + e f(ns) — g(na)es f(ns) + g(na)ei f(ns) — g(ns — Veg f(na)] } h?.

nez? nz>1

For the last term of the above equality, we get

- Z (n3 + )eg f(n3) — g(na)es f(ns) + g(na)es f(ns) — g(ns — eg f(ns)]

== gng)es flns — 1)+ Y g(na)es f(ns) — Y g(ns)ed f(ns) + > glns)ed f(ns +1)
ng =2 n3=1 n3z=1 n3 20
=Y g(ns)es [f(ns) = flns — D)+ > g(na)ed [f(ns + 1) — f(na)] + g(0)ed £(1) + g(1)es £(0)
= > 9(ns) [e307°f(ng) + eF 072 f(na)] + g(0)ed f(1) + g(L)e; f(0).
nz>1

Such that one has

- > gDyl fmp = > gn) [Dffm)] K?
(n,n3)€Z2 XLy (n,n3)€Z2 XLy
+ Y [9(n.0)ef £(n, 1) + g(n, 1)ez f(n,0)] h%. (2.9)
nez?



In the same way we get for the lower half space (n,n3) € Z? x Z_ the following theorem.

2
- Y gD Rt = > Y g(ny) [e; 077 f(ng) + ef 07 f(ny)] b

(n,n3)€L2XZ— (n,n3)€Z2XZ_ j=1

=Y ¢ > [g(ns + ez f(ns) — g(na)es f(ns) + g(na)es f(ns) + g(ns — Veg f(na)] p h°

nez? | n3<—1

= > Z 9(n;) [e; 077 f(ny) + e 0 f(ny)] h*

(n,n3)€Z2XZ_

D= gna)es flns—1)+ Y glna)es f(ns) — Y g(na)es f(ns)+ Y g(na)es f(ns+1) p h®

nez? n3<0 nz<—1 nz<—1 nz<—2
2
= > D gy [0 f(ny) +ef ot f(n)] R+ D D g(na) [e3 070 f(ng) + e 07 f(na)] B
(n,n3)€Z2XZ_ j=1 neZ2 ng<—1
- Z (n,0)e; f(n,—1) + g(n, —1)es f(n,0)] r®.
nez?

Theorem 2.9 For f,g € l, (ZQ X Z,,(Cg) (1 <p< —|—oo) we have

— Y gDt fmpt = Y. g(n) [Dff(n)] B

(n,n3)€ZL2XZ_ (n,ng)EZ2XZ_
- Z (n,0)es f(n,—1) + g(n, —1)eq f(n,0)] p®. (2.10)
nez?

3 Borel-Pompeiu and Cauchy formula in the case of Zi

As usual by combining the Stokes formula of the previous section with translates of the fun-
damental solution we will obtain the Borel-Pompeiu and Cauchy formulae on the upper and
lower half lattices of Z3. This will be used to define discrete Cauchy transforms on the upper
and lower half lattices of Z3.

Let us start with the Borel-Pompeiu formula.

Theorem 3.1 Let Eh_+ be the discrete fundamental solution to operator D,:+, and function
f€l,(Z*x Z4,Cs),1 < p < +oo, then we have

3 [E,f(@ —m,—ms)ed f(n,1) + E; (n— m, 1 —mgs)e; f(n, 0)} h?
nez?

_ — 03 f =\, Z2 Z ’
+ Y Et-m) [DE ()] Rt = { —f(m), Zfz - EZZ§§ i 72 x Z..

(n,n3)€Z2 XLy

(3.11)

Proof: For arbitrary m = (m,ms3) € Z3, substituting g = Eg"'( — m) in our discrete Stokes

9



formula for the upper half space we obtain the discrete Borel-Pompeiu formula as follows

— Z [E,;Jr(n — m)D;Jr]f(n)h?’ = Z E; T (n—m) [D,Jlr*f(n)] h3

(n,n3)€Z2 XLy (n,n3)€Z2 XLy
+ 3 [Bit - m—mo)ed f(n 1) + Byt (n— m, 1 — mo)es f(n, 0)| 2, (3.12)
nez?

which leads to

S [Eit = m—mg)ef fn,1) + By (n—m, 1 = mg)e; f(n,0)|h°

nez?

+ Z E; *(n—m) [Dif~ f(n)] h3 =

(n,n3)EL? XLy

0, if m = (m,m3) ¢ Z> x Z,
—f(m), if m=(m,m3) € Z> x Z,.

Remark 3.2 In fact there are several ways to construct a Borel-Pompeiu formula. The simplest
and at the same time the one which requires the most work is by direct calculation. Another
approach which uses the characteristic function appears in [1]. The final form of the Borel-
Pompeiu formula depends also on the definition of the interior and the boundary of the domain.

Now, as a special case we obtain a discrete Cauchy formula.

Theorem 3.3 Let f € lp(Z2 X Z+,(C3), 1 < p < +o00, be a discrete left monogenic function
with respect to operator D;f_, then it holds the upper discrete Cauchy formula

> By (n—m, —ma)ed f(n,1) + B, (n—m, 1 —ma)es f(n,0)] h®

nez?
| —f(m), ifms>0. ’
In the same way the lower discrete Cauchy formula can also be given by
> [E,;*(@ —m,—1—ma)es f(n,0) + E;, T (n—m, —ms)es f(n, —1>} h?
nez?
= ’ ’ 14
{ f(m), ifms <0. (3:.14)

These Cauchy formulae allow us to introduce the following discrete Cauchy transforms.

Definition 3.4 For a discrete l,-function f, 1 < p < 400, defined on the boundary lay-
ers (n,0),(n,1) with n € Z2%, we define the upper Cauchy transform for m = (m,ms3) =
(m1,ma,m3) € Z3 x Zy as

CTflm) == > [By (- m,—ms)es f(n,1) + E; T (n—m, 1 — mg)eg f(n,0)] h%, (3.15)

nez?

10



and for a discrete ly-function f, 1 < p < 0o, defined on the boundary layers (n, —1), (n,0) with
n € Z2, we define the lower Cauchy transform at m = (m, ms3) = (m1, ma, m3) € Z> x Z_ by

C[flm) = Y~ [Ey (- m, —1 —my)eq f(n,0) + B, " (n — m, —ma)es f(n, ~1)] h°.
nez?

(3.16)

From our discrete Cauchy formulae (3.13) and (3.14) we can see the dependence of these
transforms on three different layers (two for each).

By applying Holder’s inequality and the properties of the fundamental solution to operator
D;Jr we get the following theorem.

Theorem 3.5 Consider the upper and lower Cauchy transforms as given by (3.15) and (3.16),
respectively. Then we have

(i) € 1p(Z3,C3), CT[f] € [, (22, C3) (1 < p < +00), (3.17)
(44) DJr C+[f]( ) =0,Ym = (m,m3) € Z*> with mz > 1, (3.18)
(i4i) D~ C~[f](m) = 0,Ym = (m, m3) € Z* with m3 < —1. (3.19)

Proof: We only prove (i4) since the proof of (i4i) is similar. By denoting D;}~ the Dirac operator
D+~ acting on m we have for mz > 1

DiCH[flm) = = [DETE T (n—m, —ms)ed f(n,1)
+D}T By (n—m, 1 —mg)es f(n,0)] A
= Y [DohE (- mo—ms)ed f(n,1)
+D_}E, F(n—m, 1 —mg)es f(n,0)] h* = 0.

O

For establishing a global discrete Cauchy formula we have to solve several problems. First
of all, we introduce the following function space

S(Z?’):{f:Z3%C3|f:f++f*} (3.20)

where functions fT, f~ satisfy
fT(m)=01if m3 <0, and D}~ f*(m)=0if mg > 0and D}~ f*(m,-1)=0, (3.21)
and

f~(m)=0if mg >0, and D/ f~(m) =0if m3 <0 and D}/ f~(m, 1) = 0. (3.22)

This implies that

f+(m)7 mg > 0,
f(m): f+( 70)+f ( 0), msz=0,
f_(m)7 m3<07



while D,Jlr* f(lm) = 0 whenever ms # 0. We would like to point out that no conditions of f
on the 0O-layer will be imposed. Furthermore, at the moment we also do not discuss if this
decomposition exists for all [,-functions or if it is unique.

This idea of the decomposition results in the following theorem.

Theorem 3.6 Let function f € I, (Z37(C3)71 < p < 400, be a global discrete function, which
can be decomposed into f = f+ 4+ f~ where

fH(m)=0if mz <0, and D}~ f"(m) =0 if mg > 0 or m3 = —1,
and
f~(m)=0if mg >0, and Dy~ f~(m) =0 if m3 <0 or mz = 1.

Then function f is left discrete monogenic with respect to operator D,‘f_ form € Z3 withms # 0
and its discrete Cauchy transform is given by

Clfl(m) = C*T[f*)(m) + C7[f7](m), m € Z°. (3.23)

Proof: Applying the upper and lower Cauchy formulas (3.13) and (3.14), for arbitrary m € Z3
such that mgz # —1,0,41, we have

flm) = (CT+COfT + f7)(m) = CT[fT](m) + C7[f7](m) = C[f](m).

Therefore, the main problem lies in defining C[-] in the layers (m, —1), (m, 0), (m, 1), m € Z2.
Here, for arbitrary m € Z2 we have

w

0= D, f+(m,—1) Z( Foti fH(m —1)+ej’8’jf+(m,—1)>

j=1
= —ef 0 (m,~1) — 5070 fF (m, —1) = e (/7 (m,0) ~ 0) + 5 (0~ 0)
= —e3 [T (m,0),
which implies fT(m,0) = e [A;(m) + e3 B1(m)], with Ay, B; being discrete functions taking

values in the subalgebra Cy of C3, spanned by {el € ,eg, e

Moreover, we get

C_[f+](m7 1) = Z {E}:—i_(ﬂ —m, —2)e;f+(ﬁ, 0) + E}?—‘r(ﬂ —m, _1)65f+(ﬂ7 _1):| h3

nez?

=3 E,f(n—m,~2)ej [*(n,0)h°

nez?

=3 Byt (- m, —2)ed e [Au(m) + e5 By (m)]h® = 0.
nez?

Likewise, for function f~ we obtain
OZD}T_fi(mv]-) 765 (0 O)feg(fi(mvo)fo):765.}07(@70);@6223

which implies f~(m,0) = e3 [A2(m) + e B2(m)], with Az, By being discrete functions taking

values in the subalgebra Cy of C3, spanned by {61 e1,eq, ey

12



Hence C*[f~](m, 1) = 0 for arbitrary m € Z>.
Therefore, for arbitrary m € Z2, we obtain

Clflm 1) = (CF + CT)[FF 4+ 5] (m1) = CF [ 1) + [ 1)
+CTf7)(m, 1) + CT[f7](m, 1) = CT [ ](m, 1) + C7 [ 7] (m, 1). (3.24)
Finally, by similar reasoning, we get
C_[f+](mv 0) = C+[f_](m7 0)=0= C_[f+](mv -1) = C+[f_}(m7 —1),m € z2.

So that (3.24) also holds for the layers (m,0) and (m, —1) with m € Z2. O

Remark 3.7 This construction of the Cauchy transform can obviously be extended to an arbi-
trary decomposition of function f into upper and lower monogenics that exempt regularity on a
finite number of layers surrounding the 0-layer.

In conclusion, for arbitrary function f € §(Z*), we have the discrete Cauchy transform as
follows

Ct[fT)(m), ifmg=>1,

Moreover, for the case of ms = 0,m € Z2, we get the discrete Cauchy transform as
0 = O[fl(m,0) = C*[f*](m,0) + O~ [f~](m,0)
= =Y B - m 06 £ ) + B (- m Ve £ (,0)
nez?
+Ey (0= m,—1)ed £ (0,0) + By F(n—m, 0)e; f~(n, ~1)]A%. (3.26)

From Theorem 3.3 we obtain a discrete equivalent of the boundary behaviour of monogenic
functions. From formula (3.13) we have for the boundary values (at the layer mz = 1 of a
function which is discrete monogenic in the upper half plane

=Y By (- m, —1)ed f(n,1) + E;, T (n — m, 0)eg f(n,0)] b = f(m, 1),
nez?

while from formula (3.14) for the boundary values (m3 = —1) of a function which is discrete
monogenic in the lower half plane we get

Z [Ei1_+(ﬁ —m, O)e;f(ﬂv O) + E}:—i_(@ —m, 1)€5f(ﬂa _1)} h3 = f(m7 _1)a
nez?

Additionally, we have for the values in the 0O-layer in case of a function which is monogenic in
the (complete) upper half space

> By T (n—m,0)ef f(n,1) + B, F(n—m, 1)ez f(n,0)] h* =0 (3.27)
nez?
and
3 [E,f(@ —m, —1)ed f(n,0) + By T (n — m, 0)e; f(n, —1)} h® = 0. (3.28)
nez?

for a function which is monogenic in the (complete) lower half space.

13



4 Reconstruction on the boundary layers

From the last formulae in the previous section we can observe that the boundary condition
involves function values not only in the O-layer, but also in the layers above and below. Now,
this raises the question how far conditions (3.27) and (3.27) can be solved in the two upper,
respectively two lower layers of the boundary? This will give us also the discrete equivalent of
the Plemelj projections and the Hardy spaces.

For studying the above equation we need the corresponding Fourier symbols.

Lemma 4.1 The Fourier symbols of the fundamental solution on the layers —1,0,1 are given

by
FnE~H(E,0) £ e ) (- hd (4.29)
9 = 7 —€ P 9 .
S d \/4+ Vit i2d \2 2Vat el

£ 2+ d*h? 3hd + h3d® h2d2 1
FRE (1) = = = 4+ =] (4.30
BTG d (2 Vit ToviimeE 2 T2)t

( 4+h2ol2 >

[ 242 hd 3hd + h3d®  h2d* 1
FEHE ) = S| — S S| (43))

d 4+ h2d® 2 4+ h2d 2 2

- | —F——2 |-
’ (2 i+l 2)

Proof: From Section 2, we know that the Fourler symbol of the fundamental solution £~ (n)

for arbitrary n € Z? is given by & with £ = Z e; €0, + e; €D, Therefore, the Fourier symbol
j=1
of E=T(n,n3) for arbitrary n € Z2,n3 fixed is given by

_ i<z 1 —i<x —
FrE~t(n,x3) = Z el <> 5 3/ e < 5>§ > dé
€72 (2m) [—7/h,x/h)3
_ Z i<z,n>_ / e—i<x,£> 5 + 5 5
€72 27T) [=7/h,7/R]3 dQ hz Sln2 fsh
s e~ & 711353
1 / com_es 1 /h 0 £,
_ ei<en—¢> 1 + desde,
(Qﬂ. 2 (/o /]2 m§2 or d2 2 sin §3h d2+ %SmQ &3h &3 f
) 2 o &h - 2 ~
where * = % > sin® 5 and £ = Z e €l + ey €l €, = ef €05+ e5 €75, We are interested
_1 - —
in the Fourier symbol for 3 = —1, 0 1 To this end we need the following integrals

s
h 2

_z dVA+ R

=

1 dey — 2 d? " tan h§3
Pt Asn? 8T P 4+h2d2arcan\/W
4+h2d2
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i 2h1lsin? h2“" h [* 1 d
2, 4 -2Ehd§3:7 1- 1 .2 Eah dfs =m— - 37
—5 &+ gz sin” 5 2J5\ L4 gsin S Va+h2d
/:; h=" cosh £ sty — /: h—1(1 — 2sin’ ’gﬁ)d@ _ /2 h—l dcs
-z & + & sin® 532h _x d? + 7% sin® 55h _= d®+ + & sin® &2t
/Z 2k~ sin? h§3 £ = 2m n hdm
_x d® 4 Lsin? &P hd/4 + h2d® V4 + h2d®
and
/Z h~!cos 2hé&3 des — 1 /2 cos 4t 2d
_%d + h2 4 sin? 53" 5T &h _x 1+d2;‘;l2sin2th
2 / 1—8005 tsin? tdt—2/2 ﬁ+2—2—%cesztsin2tdt
= a2n? = 1+ d2h2 sin?t B x 1+ gz sin”t
_y /;’ iz 2 dt—2/g Sin2t+0052t+d24h2 Cosztsinztdt
_=x 1+d2h2 sin? ¢ _x 1+ﬁsin2t
% 1 : sin?(t) LR
=2 (d2h2 ) 714_ pr tdt—2/”71+ Fap tdt_2/wCOS tdt
&h? -5 11T 7R -3
5 ( ) mhd h3¢3 T h2d?
= - T—T
d*h? Jited VaA+rd® 2
1 h3d? 7r h%d®
=2 —=—+2dh - —7 = .
<dh+ T >\/4+h2d2 2 "
Now, for z3 = 0 we get
1 . 1 [ 3 ¢
FnE~"(n, / ei<zn=&> — / - =2 désd
(1,0) = (2m)? [—w/h,ﬂ'/h]2x§2 2m J 2 \ &® + /& sin? &t 42 A sin® &l Sadé

1 / <z,m—&>
= — e T 2
(2m)2 i hor n)2 gz;

§ :62<:r,77 £>

TE€Z?

/ S ei<ene
[/ /2

_ 1 /
(27)% J (= w2

!
- (m?

This results in

FnE~T(£,0) =

1 (% £ +1_ih£3_71_ —ih€;
27/ ( 51 - 3&h T =) —c (Qgshe ) dgsdg
% d”+ 52 2 2 )

g h(d* +

h2 sin

i g_ _ 1 — coshé&s
——— + (e; —e¢ désd
27T/ <d2 %sinzg‘%h (ca 3)h(d2 h2 sin %)) badt
1 n E 2h~1gin? iés
———— + (ed —e5 2>d d¢.
2m —;{(d2+}fzsin2§32h (e 3)d2 + 7 sin 7 gn | adt



Now, for the case x3 = 1 we have

1 : [ £ 9
FnE~t(n, / ez<§,g—§>7 e—zfgh =>— + >3 dé=d
h ( ) (27T) [—7/h,m/h]? ZZ 21 -z d2 + % sin? % d2 + % sin? % & §
_ 1 / pi<zn—£> 1 /ﬁ o—ikah £ i eg (1 —ehes) —eg (1 — e ths) dsdg
(2m)* S shan iz g )z d* + g sin” &4 h(d® + 7z sin® &47)
.3 —iésh’¢ i — i
— 1 / e’<frﬂ7 £> 1 /h e + 6;(1 — ") - cs(1—c hEg)e*iéshd&sdf
(27)2 S b/ 2 -z &+ % sin? % h(d* + 7 4 sin® @) =
_ 1 / Z ei<§~ﬂ—§>i /Z £ cos&zh N ef (e7i6sh — 1) — eg( —ibsh _ o—2i€sh) desde
(2’/T)2 [—7/h,7/h]? wez? 2 z Cl2 —+ % sin2 % h(d2 nZ Sln2 é‘;h) -

_ 1 / Z ei<£7ﬁ—§>i /W §_cos&sh et h=1 cos hés B h~
2m)? Jimjhm/ni? g 2m J = \ &® + /4 sin? &t &+ Lsin?8h g2 % in? &h

_ h=1cos hés h=! cos 2hé3
—€3 <d2 2 &3h - d2 4 :2 &3h df?’dé

h2 sin” =}
Here we get

Capgtedm N (2 . hdw
4+h2d2 VA + h2d? >\ hdv/4 + n2d V4 + h2d?

]:hE_+(§ = [

-2

T —

2w hdm 2w
7|l | +ef | ——= -7+ = —

) ’ <hd\/4 + 12 VAT hd/A+ h2d?
£ [ 2+ _ 3}@ +hr3d® R 1 N hd 1
=T \oTrmr 2% s+ ts)+ed | —/—m=-5 -
d 44 h2d* 2 4+ h2d 2 2 2\/4+ h2d* 2

Finally, for the case x3 = —1 we obtain

— + 2dh
an T TeE

( 1 h3d3 ) h2¢2
hd

: ' LF ¢ 3
FE-T ,—1) = 7/ ei<zn—§> ~ piksh S_ N & e
h (§ ) (27r)2 [~ /h,x/h]? QJZ 2 = d2+ %sin2 £3h dg I %SmQ% &) §

€22 h "2
i<z,n—E> 1 i€sh §, 6;(1 evh@) es 1- e—zh{s) désd
2 67**% . d2+i.2@+ h(d2+i2@ 535
[=m/h, 7"/h] —h a %) Sin 3 a 72 sin 5 )
icam—es> L [F ereng eq (ethts — 62“‘5‘”’) — 5 (e'h%s — 1)
©cn s % d2 2 f h h d2 2 §3h d€3d§
[=7/h,7/h]? meZ2 hz sin” >3 (d”+ h2 sin )
Z i<en—E> * /2 §_cos&sh tet h~1 cos hés h~'cos 2hés
ers® == > e _
[/ /HI? feze 27 Pt Asin? 8 0\ P Asin? 8 24 A sin® Gl
_ h™" cos h&s ht
—€ - d&sd€.
3 <d2+4251n2§3h Lt b sin? & £3dE



Hence, we get

]:E—+(§_1)_i I3 L—hw—&—ﬂ
ST e VOV s NCEETY

hdm

bef [— 2y
* \ hdv/4 + n2d® VA + 22
1 h3d® o h2d>
—2 (= 42dn+ 22 e
<<dh+ S >\/4+h2d2 2 " W))

_ 2w n hdm 2
e S S _
> \ hdv/4 + h2d? VA+ R hdy/4+ h2d

:§<2+d2]12_hd>+e3+<_3hd+h3d3+h2d2+1>_e(hd_1>.
d \2v/a+n2d® 2 owarned 2 2] P \ovarnd® 2
O
Now, conditions (3.27) and (3.27) can be written on the Fourier side as

FuE~ (& —1)ed FnfH(&1) + FaE~H(&,0)e5 Fuf(6,0) = =Fnf (€ 1).  (4.32)
as well as

FrE~H (& Veg Frf~ (&, —1) + FaE~(£,0)ed Fuf™(£,0) = Fuf (£, —1).  (4.33)
while for the zero layer we have

fhE7+(§7 1)61’?-7:'}%}6+ (ﬁa 0) + fhE7+(§a 0)6§fhf+(§7 1) = 07
]:hE_+(§7 _1)6;}'}1,](_ (éa O) + ]:hE_+(§7 O)e??]:hf_(év _1) = 0) (434)

respectively.

Therefore, using the above lemma the terms (4.32) and (4.33) can be written in Fourier
domain as

€ ([ 2+d’h*  hd _ hd 1
(7 i) (attm3) )imrre

§_ 1 1 hd
=—FnfT(1) - <d\/m +e3 (2 - 24—i—h2d2>> es Fnf1(£,0), (4.35)

as well as

E [ 2+dh2  hd hd 1
- - =" = +€+ - = = e_fhf_(g,_l)
(d 2/A+ B2 2 “\evatnrd® 2))° >

& 1 hd
=Fnf (§-1) — <d\/m —e3 (2 - 24+h%l2>> e3 Fnf~(£,0). (4.36)
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while for the zero layer we get

E [ 2+dh2  hd hd 1
- - =" = +€+ - = = 6_]: f+(§70)
( d (2\/4+h2d2 2 ) " oAt 2)) MR

€ 1 (1 hd
- <dm — (2 - “Md» GRSED, (30

& ( 2+  hd hd 1\ .
e e — e - - = e _/T.'Lf* 5,0
(d <2 e 2) O \aarme 2))97 G0

& 1 1 hd U
= — <d4+h2d2 +e§ (2_24—|—h2dQ>>63]:hf (§a—1), (4'38)

Now, to get conditions for our boundary values we have to study the solvability of equations
(4.35) and (4.36). For this we introduce the following abreviations:

and

£ € 1 hd 1

At d’h? hd\ o _ & oo d

d \2v4+nd® 2)° d ayn2d® /it 2
We would like to point our that C is a scalar operator while A and B are vector-valued operators.
Since e act like projectors ((eF)? = 0!) we can decompose our functions into

FHE) =Fpft (1) = F +ef Byl +es B+ efes Y,

FE(E,0) = Fnf(6,0) = F° + ef Fy " + e5 Fy0 + e e5 F}°,
1

F(&-1)=Fpf (&, -1 =F ' +efFy ' +esFy ' +efes Fyot
where Ff’o, F{’O, F;L’l, Fj_1 (j = 1,2,3,4) belong to the subalgebra of C3 spanned by {ef, ey, ed, 62_}.
Using this decomposition we can write the condition on layer ms =1 as

( (A + B — 63_0) 6;_ + 1) (F1+1 + B;F;’l + 63_F3+’1 + e{,feg_F:’l)

== (B—efC) ey (FF +ef 0+ e B0+ ef e 0, (4.39)
or in terms of our components
FP—(A+B)FH! = ~CF,
(C+1)Ft = BF;°,
(C+1)F;! — B(F - F°),
CR™ +(A+B)F + B = O (RO - F°) + BE.
First of all, given the values of our function on layer m3 = 0 we can obtain the values on layer
mg =1 by
FHto= (C+ 1) BE®,
o= —~(C+1)"(C(C+1)— (A+B)B)F,°,
FH! = (1+0)'B (F1+,0 . FI’O) : (4.40)
FPY o= a+o)t (BF;’O +(C(C+1) - (A+ B)B) (Fj"’ - FI’O» .
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hd

1 . . _ d 1 _ . .
Hereby, we remark that (C' 4+ 1)~ exists, since (C' + 1) = (2\/4+}172d2 + 2) 0 is equivalent

to 4 + h2d® = h2d>.

But, more important by eliminating F; 0 and Ffr ’0, F4Jr 0 we get the following conditions

{ (C(C+1) = (A+B)B)F"' + BF ' =0, (4.41)

B(F"' —FFY+(C(C+1) - (A+B)B)F;' =o0.
This leads to the following characterization for a function being a boundary value of a dis-

crete monogenic function. For the proof we only remark that C(C + 1) — (A + B)B =
1 hd

(1),

Theorem 4.2 Let f € 1,(Z?,C3) given by f = f1 + ed fo +e5 f3 +e5e3 f1, fi € Co. Then f
is the boundary value of a discrete monogenic function in the discrete upper half plane if and
only if its 2D-Fourier transform F = Fy, f, with

F(©) = Fu(©) + 5 Fa(©) + e Fa(©) + e e F1(9), g [-. 7",

satisfies the system -
— 242 I3
PV B 2Ry =0,

(4.42)
MR p 4 S (R - Fy) = 0,
In this case the values on the layer m3 = 0 are given by
I3 2
=2 <’;d+ 1+<%) >F17
(4.43)

I3 2
Ff*onod(’me/lJr(hj) )Fg.

and the discrete monogenic function itself by applying the discrete upper Cauchy transform.

The condition in the above theorem is given in terms of the component functions. But we
would like to have it in terms of the function itself. To obtain such a condition we remark that
we have

es F=e5(Fy—Fy)—(1+ e;‘eg)Fg,
esed F'=—(1+efes)Fy —e; F3.
& hd—/Arh2d?
d

Now, by abreviating G = = ——'5—— in condition (4.42) in the above theorem we obtain

Fy = -G 'F, and F3 = —G~! (F; — F}). Hence, we have
ezedF=—-G ey (F1—F)+G '(1+efe;)Fo=-G e F=e;G'F.

Hence, we get
e; (ed F— G 'F) =0.

In the same way from eng = e}fFl + eg'egFg and e;'egF = 63'63_ (Fy — Fy) — eé”Fg together
with condition (4.42) we get

e:{egF = fGe;egFg - Ge;fFl = fGeg'F = e:{GF.
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Here, we arrive at
ex (e F —GF) =0.

Now, taking into account that (eje; + ez ei)F = —F we can sum up both terms and get

—67%—2 F+et i 4+h2d2
*d hd— A+ R2d > d 2
£ 2 — Vit R
- 2= eg—2F+e§—hd +h*d F
d \ " hd—/4+h3d 2

This allows us to get the desired characterization in terms of the function instead in terms of

—-F = e5G 'F+efGF

its components.

Corollary 4.3 Let f € 1,,(Z?,C3) be a boundary value of a discrete monogenic function in the
upper half space. Then its 2D-Fourier transform F' = Fy f, satisfies the equation

(e \/4 T h2d2
3

d

F=F.
\/4+h2d2>

Based on the above corollary we can introduce the operator

L[ \/4 + h2d2
H+f ]: 63 5
d 4+ h2d
which satisfies H2 f = f.
In fact,
o (. \/4+h2d2 E( hd-VirRd
" d - \/4 hd—/A+h2d) d - 2 \/4 + h2d”
_ 4+h2d2 4+h2d2
e \/4+h2d2 2 \/4+h2d2
= (e3e; +63€3)f——f
Now, let us take a look at the case of the lower half plane. For the layer mz = —1 we can
write (4.36) in terms of our abreviations:
1+0)Fy - -BR",
Fr '+ (A+B)Fy, ! = ~CF; "’
Byt A+ B) (Fr - R - —CRF", (4.44)
c (Fl_’_l - F4_’_1) —(A+B)F, - Fp7Y = CF7° - BF; .
Here, we have
Fpoho= —~(C+1)7HC(C+1) ~(A+B)B) F
Fymho= —(C+1)"'BF°,
Rl o= —~(C+1)7H(C(C+1) ~ (A+ B)B) 5 °, (4.45)
o= -1 ( (C(C+1)— (A+ B)B) F{’O—BF:;’O)
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as well as the condition

— -1 _ It
{ —BF '+ (C(C+1)—(A+B)B)F, 0, (4.46)

(C(C+1)—(A+B)B) (Fffl _ Fj"l) CBE -0

In the same way as in the case of the discrete upper half space we arrive at the following
theorem.

Theorem 4.4 Let f € 1,(Z?,C3) given by f = f1 + ed fo + €5 f3 +e5 ez f1, fi € Co. Then f
is the boundary value of a discrete monogenic function in the discrete lower half plane if and
only if its 2D-Fourier transform F = Fy f, with

+ - +.,= T T2
F©) = RO +ef RO + e B T efes B©). €€ |~1.7]

satisfies the system -
_ 242 £
MV Ry - S =0,

] (4.47)
MV (py ) — Sy =0,
The values on the layer m3 = 0 can be obtained via
-0 £ [ ha hd\ 2
hr== <2+ 1+ (%) >F2’
(4.48)

Py = *% <hzd 1t (;12(1)2> (F1 — Fy)

and the discrete monogenic function itself by applying the discrete lower Cauchy transform.
Similar to the case of the discrete upper half plane we would like to have a characterization
in terms of the function itself. Let us start again with
es F=e; (F1 —Fy) — (1+eje;)Fs,

esed F=—(1+efes)Fy —e; Fs.

_ hd—+/4+h2d?

Now, by abreviating G = 5 we can use condition (4.47) of the above theorem to
obtain F} = GF, and F3 = G (Fy — Fy). This leads to

‘&‘\ME

ezeqa F=Gey (Fy — Fy) — G(1+efe; ) Fy = Gez F = —e; GF.

Here, we get
e; (e F +GF) = 0.

In the same way we start from ed F' = ed I} + efe; Fy and efe; F = efe; (F1 — Fy) — ed Fy
and by combining it with condition (4.42) we obtain

eg'e??F = G71€;_63_F3 + Gile;Fl = Gileg'F = —ek;fG*lF.

Hence, we have
ef (GT'F+e5F) =0.
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Like in the case of the discrete upper half sphere we can again deduce
~F = ejedF+efe; F=—e;GF —efG'F
Shd-Vizwd, & 2
d 2 °d hd— i+ h2d®
E ([ _hd-Vitwd 2
fj <e3 5 F—e; hd—W) F.

= —e

@

This results in the following corollary.

Corollary 4.5 Let f € [,,(Z?,C3) be a boundary value of a discrete monogenic function in the
lower half space. Then its 2D-Fourier transform F' = Fy, f, satisfies the equation

€_<+ 2 hd—\/4+h2d2>F:F
. .

- e3 +e3
d hd — /4 + h2d?
Here, we can again point out that the above equation induces the following operator

3 ViR
H f=-F "' = [ef 2 +eghd 4-h'd Fnf
d hd — /4 + h2d® 2

which satisfies H? f = f.

In fact,
3
d

w2y o= == (e 2 B e et Ty gt 2 _hd— a8 ;

B “hd— A+ 2l 2 d \ " hd—Varn2d® ° 2

I (ot 2 o hd—VA-nd (o 2 _ VA Rd
Phd—Vated 2 “hd—at s 2

(esef +edes) f=—Ff

Furthermore, we would like to point out that conditions (4.43) and condition (4.47) are
linear which motivates the following definition.

Definition 4.6 We define the upper discrete Hardy space h;‘ as the space of discrete func-
tions f € 1,(Z*,Cs) which the discrete 2D-Fourier transform fulfil system (4.43) and the lower
discrete Hardy space h;,“ as the space of discrete functions f € 1,(Z*,Cs) which the discrete
2D-Fourier transform fulfil system (4.47).

First of all it is obvious from the construction that the upper and lower discrete Hardy
spaces are indeed spaces. The principal question at this point is: Does the decomposition of
the continuous L,-space into Hardy spaces still hold true in the discrete case?

We start by studying the intersection of the two spaces, i.e. h; M h, . This means we are
interested in what functions f have their discrete 2D-Fourier transform F' = Fp, f fulfil (4.41)
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and (4.46), i.e.

(C(C+1)— (A+ B)B) F, + BF, = 0,
B(Fy — Fy) + (C(C+1)— (A+ B)B) F3 =0,
—BF1 +(C(C+1)—(A+ B)B) F», =0,
(C(C+1)—(A+ B)B) (F, — F)) — BF3; = 0.

From the first and third equation we get
(B2 4+ (C(C+1)—(A+B)B)>)F, =0
Here, B2 + (C(C + 1) — (A + B)B)? # 0 since h%d*> = (hd — 2)v/4 + h2d® does not have any
positive roots. This implies F» = F} = 0. Now, from the second and fourth equation we obtain
(B2 + (C(C+1)— (A+B)B)*)F3 =0
which again implies that F5 = Fy = 0.

Due to the properties of Hy and H_ we can introduce the projectors Py = %(I—F Hy)
and P_ = % (I + H_). From the above investigations it is clear that f € h,y is equivalent to
Pyf=fand f€h, means P_f = [.

The question is now, what is P f + P_ f? Here we have:

Fn [Prf+ P_f]

[5_ ( Lhd— A+ R
€3 5 +e

1 2
+5 = Fnf
2| d 3hd—\/4+h2d2>]

1€ 2 hd — /A — h2d°
+oFuf -5 |5 | e ey — — || Fuf
2 2| d hd — \/4 + h2d* 2

2
5_ 2 _hd—\/4+h2d (6+—€_).7:f
hd — /At 128 2 B

Therefore, we get
h 1~
Pf+Pf=f+3F " € Fuf].

The last equation can be rewritten as
2

h _ _
P+f+P_f:f+§Z[e;ah’weka,j’ﬂ f.
k=1

5 Convergence results

Finally, we are interested how far our discrete results correspond to the results in the continuous
case. That means we need to study what happens if our lattice constant h goes to zero. Let us
denote by Cr the continuous Cauchy transform

Crf(n) = [ Bla=n(-e @)l y=(m) € R >0
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3
with E(z) being the fundamental solution to the Dirac operator D = 3 e; 52 (c.f. [10]). Then
g=1
we can state the following theorem.

Theorem 5.1 If f € LP(R27C3) ﬂCO‘(G,(Cg), 0<a<1,1<p<+o0, then we get
Crsy) - C* £y < o2, (5.49)

for any point y € Zy and C > 0 being a constant independent on h.

Proof: Let us first remark that for functions f € L, (RQ,(C;;)QC“ (G,(Cg), 0<a<l,l1<p<oo,
we have ||f(-h)|p+2/a < C| f|lz,. This is an easy adaptation of Lemma 3.1 in [6]. We will
consider a fixed point y such that there exist for a given h an mj, with y = mph and y3 > 1.
Now, let W(z) be a square with center z and edge length h. Furthermore, let 1/¢+ 1/p =1
and 1/s+1/(p+2/a) = 1 Then we have

Crfw) - 1))

/R B (=9, —us) (—e3) F(, 00T, + > [E,j+ (nh —y,—ys) e f(nh, 1h)

nez?

By (nh — b~ ys) 5 f(uh,0)] 02

o — B
<1z ( J o Bl = =) 65 .00
+ [E,# (nh —y, —ysh) e3 f(nh,1h) + E; * (nh —y, h — y3) e5 f(nh, 0)} ) h?
< > (‘E;Jr (nh —y,—ys) — E (nh —y, —ys) e3 f(nh, 1h)(h2

nez?

B+ (ah =y b~ ys) — B (wh — g, h — ys) e flah, 0)[?

B W (nh) N
+|E (ﬂh - Y, h — 3/3) egjf(ﬂh,O)hQ - / E ((E - Y, _yS) e;f(xvo)drz )
W (nh)

<\Eh+ (nh —y,—ys) — E (nh —y. —ys) Mf(nh, 1h) |?

VAN

S
|

g

B (wh = gk = ys) — B (b~ g b~ y) ||f(h, 0) |2,

+|E (@h -, —yg) egf(ﬂh, 1h)h2 - / E (x -, —yg) egrf(x, 0)dl’,.
N W (nh) N
+|E (@h —y,h— y3) ez f(nh,0)h* — / E (x -, —ygh) e; f(x,0)dly )
W(nh)
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with ¢; = 23/2. Now, Holder’s inequality and Lemma 2.3 provides

S Bt (ah =y, —ys) — B (uh — g, —ys) || Fah, 10)] 2

nez?

1/s
<[ > |E t(h -y, —ys) — Bh —y,—ys)| 2 | [ fllprzsa

nez?

< CLR 25| fllpsoa

as well as
S| Bt (b= yih = ys) — B (wh— y.h = ys) || £ (h, 0)[ 2
nez?
1/s
<X ‘E;f (nh —y,h —ys) = B (nh—y,h = ys) ‘(h?’ £l ps2/a
nez?
< Ch 2 fllpsasa
The term

E (nh —y, —ys) e3 f(nh, 1h)h? — / E(z—y,—ys) e3 f(w,0)dl,
W(n)

can be estimated by
W (n) a

+ / [E (nh —y,—ys) — E (z —y, —ys)]es f(z,0)dl,
W(n)

We can estimate the first term using Holders inequality:

‘/W( )E (nh —y, —y3) e3 [f(nh, 1h) = f(z,0)]dl,

1/q
q
< </ E(ﬂh—y,—y?,)‘ dFm> (/
W (n) W(n)

v 1/p
f(h, 1h) = f(z,0)| d@)

For the second term we can use the Taylor expansion for the kernel:

‘/ [E (nh—y,—ys) — E (z — y, —ys) }e?{f(:r, 0)dl'y
W(n)

2
<
“ /W(n) Z

k=1

h2+2/p 1/
e P — / £(x,0/dT,
k= vy, —y3) B \ Jwm 17z
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It follows the result. O

Since we have the convergence of our discrete Cauchy transform to the continuous Cauchy
transform the question remains how far (4.35) and (4.36) correspond to the classic continuous
case when h — 0.

When h — 0 on both sides of the terms (4.35) and (4.36), we get
(3 -3¢0 a0+ (37— 35 ) b Friem = (5.50)
(;‘lgf i ;eg) et FH(£,0) + (; ‘; ! >e3 Fre0) = —FHe0),  (551)

as well as

1 *’Lﬁ ~ 1 725 1 S
(2 14 )e?f (€0)+ (2 €] T3 ;)r) e3 f7(£,0) =0, (5.52)
1 *Zé 1 o~ 725 1 B - L

<2|£|—263+) es f7(60) + (2 q -3¢ >e3+f (£,0) = f(£0),  (5.53)

herby ]?i (£,0) denote the limits of Fi’il(é) = fhfi(é, +1), that is to say, Fi’o(@ = }'hfi(é, 0),
when h — 0, respectively. Therefore, we obtain

— 1
(e )P0 = Y (et +ered) e
_ R ) )
2 £|€ <€3 + €3 )f+(£ 0) = _f+(§7 O) - 5(6;_63_ + 63_G§_>f+(§7 O), (554)
as well as
=€, Na " R
5@(63 +63)f (£,0) = 5 (63 e; +e;g eg)f (£,0),
_ 2 1
5 |§Z|§ (63 +e3 )f_(§7 0)=f(£0)+ 5 5 (egre?) +e;ed )f (£,0). (5.55)
Now, if we look at our splitting of the Euclidean basis e3 = e5 + e;{ with egeg + ege; =1,
equations (5.54) and (5.55), respectively, can be rewritten as
|££(_e3)f+(5>0) = fr(£,0), (5.56)
725 A
e &0 =F o, (5.57)

which corresponds exactly to the Plemelj formulae on the half space in the continuous case [16].
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