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DISCRETE PAINLEVE EQUATIONS
FOR RECURRENCE COEFFICIENTS
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ABSTRACT. We consider two semiclassical extensions of the Laguerre weight
and their associated sets of orthogonal polynomials. These polynomials satisfy
a three-term recurrence relation. We show that the coefficients appearing in
this relation satisfy discrete Painlevé equations.

1. INTRODUCTION

Discrete Painlevé equations (dP) are second-order, nonlinear difference equations
which have a continuous Painlevé equation as a continuous limit. They pass an
integrability test called singularity confinement [9]. This integrability detector is the
discrete analogue of the Painlevé property for differential equations. The discrete
Painlevé equations share many features of their continuous counterparts: some can
be fitted into degeneration cascades; for others Lax pairs have been established,
hierarchies have been computed, and special solutions can be found, as well as
Miura and Bécklund transformations. At least one interesting difference between
discrete and continuous Painlevé is the following: there are a lot more dP’s than the
six continuous ones (and as we name the dP’s after their continuous limit, there are
various nonequivalent dPy’s, etc.). There is a ‘standard list’ (|7]) consisting of the
earliest derived discrete Painlevé equations. A more elaborate list was compiled by
Peter Clarkson and can be found in [I4]. For a comprehensive overview of discrete
Painlevé equations, see [§].

Orthonormal polynomials on the real line obey a three-term recurrence relation
of the form

xpn(x) = an+1pn+1(x) + bnpn(x) + anpnfl(x)
(with p_y = 0). The recurrence coefficients of classical orthogonal polynomials
can be obtained explicitly. For semiclassical weights, i.e., weights w satisfying a
Pearson equation D(cw) = 7w, where o and 7 are polynomials with dego > 2 or
deg 7 # 1, the recurrence coeflicients obey nonlinear recurrence relations, which in
many cases can be identified as discrete Painlevé equations ([, [5], [11], [12], [14]).
Our aim is to find the nonlinear recurrence relations explicitly for other semiclassical
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1318 LIES BOELEN AND WALTER VAN ASSCHE

weights and to identify them as discrete Painlevé equations. In this way we hope to
establish a connection between semiclassical orthogonal polynomials and discrete
Painlevé equations. The fact that one deals with discrete Painlevé equations for
the recurrence coefficients indicates that no simple formula will be available for the
recurrence coefficients (except for some special cases that can be identified). On the
other hand, the integrability of the Painlevé equations implies that the complexity
of the recurrence coefficients does not grow exponentially [I]. Painlevé equations
are on the borderline between linearisability and nonintegrability [8].

In this paper we make the connection between orthogonal polynomials which are
semiclassical extensions of the Laguerre polynomials and some discrete Painlevé
equations. We prove the following results:

Theorem 1.1. Consider the orthonormal polynomials with respect to the weight
a —z+tx

w(z) = x% , x>0,

with o > —1 and t € R. The recurrence coefficients in the three-term recurrence

relation
P () = an1Pn11(2) + bppn(T) + anpn—_1(x)
satisfy
. Ynt2zn
ITnTn-1 = ~—— 5>
Yn — 4

(1.1)

. o1t 1
Yn Yn+1 = T, \/E T, )
where z, =n+ /2, y, = 2a2 —n —a/2 and x,, = V/2/(t — 2by,).

The equations in (L) bear similarities with an asymmetric Painlevé equation
dPry in the list of Clarkson [14],

a(vy, + 2z, — b)
Upln-1 = — 5 5
Up =7
(1.2)
Cc Zn41/2 +d
Up +Vpp1 = — +—"——
U, Uy — 1

with 2z, = ayn + 81. In fact, we can obtain (1)) from (2) by putting u, = x, /€,

Up = €Yn, 2n = €an+eB, a = 1/e, v = ea /2, c = 1/e + t/\/2, d = —1/e and letting

e — 0. It was identified as a Miura transform of an asymmetric dPy in [I3], a result

we will reestablish from the point of view of orthogonal polynomials in Section 231
The case t = 0 gives a somewhat simpler equation:

Corollary 1.2. If we consider the orthonormal polynomials with weight
w(z) = % x>0,
then the recurrence coefficients satisfy

(yn — a®/4)?
(Yn + 2n)?

where z, = n+a/2 and y, = 2a2 —n — /2. The recurrence coefficients b, can be
obtained from

(13) (yn + ynJrl)(yn + ynfl) =

)

2b721 = —Yn — Yn+1-
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DISCRETE PAINLEVE EQUATIONS 1319

Equation (I3) is an instance of dPry which was found in [6]. Theorem [[I] and
Corollary will both be proven in Section 2. In Section 3 we prove

Theorem 1.3. Consider the monic orthogonal polynomials with respect to the

weight
xa
wr)=———>—, x > 0,
(=) (—2%¢%)
with a > 0 and 0 < g < 1. The recurrence coefficients in the three-term recurrence
relation
2P, () = Ppy1(z) + an Py (x) + BnPr_1(x)

satisfy

—2n—a _ /2 2 _ a2 2

q Tn —4q Tn — 4

(1.4) (XnZpt1 — D) (xptn_1 —1) = ( ) ( ) ,

(xn _ qfnfa/2)2

where x, = ¢ "~*%(1 — ¢***t*~13,). We have o} = zox1 + 1. The remaining
recurrence coefficients o, for n > 1 can be obtained from

aixiq%ﬂra =1+ 2pTp41+ (@nTp-1—1)(1 - qn+a/2$n)2 + 22y, (2, — qa/Q - qia/2)'

Equation ([IZ4) is an instance of the g-Painlevé V equation in the list of Clarkson
[14]; see also [8, p. 269].

2. dPryv FOR A SEMICLASSICAL LAGUERRE WEIGHT

We consider w(z) = 2%~ % on R* with @ > —1 and ¢ € R. Denote the
orthonormal polynomials with respect to this wei }. The orthonormali

th 1 poly ials with respect to thi ight by {p,}. The orth lity
condition is

oo
/ D ()P (2)w(x) dT = .-

We will use the following nootation for the coefficients of p,,:
() = Yz + S 4

where 7, > 0. The three-term recurrence relation then takes the form

ﬂfpn(fﬂ) = an+1pn+1($) + bnpn(x) + anpn—l(x)
with -
ap = / TPn () pr—1(x)w(x) dz,
0

= Oo$2.’£w$ X.
bnf/o P2 (2)w(x) d

It follows that all b,, are positive. Comparing leading coefficients on both sides of
this identity expresses a., as the ratio of the leading coefficients of the polynomials:
Y1

Tn
for n > 0 and ag = 0. Hence all a,, are positive for n > 1.

In Sections 2.1] and we prove Theorem [[LI] and Corollary We look at
the relation between the recurrence coefficients of the orthogonal polynomials with
respect to w and those of the Freud weight in Section 23] recovering a result of
[13]. We conclude this section by looking at extensions of w to the real line.

ap =
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1320 LIES BOELEN AND WALTER VAN ASSCHE

2.1. Deriving the Lax pair. We rewrite the three-term recurrence relation in
matrix form

zP=JP
with
Do bp az 0 O
D1 a by a2 O
P =

where J is the three-diagonal Jacobi matrix. The Pearson equation for w is
[zw(z)] = (—22° + tz + a + 1) w(z).
We consider the Fourier expansion of the polynomial zp/,(z) = >_}_, axpn—k with
o0
ar = / 29, (@)por(@)w(a) de.
0

Integration by parts and the Pearson equation give

ap = — /OOO pn ()2l (2)w(x) do + /000 P (2)pn_r(2)(22% — tx — o — Dw(z) da.

These integrals are zero for k > 2 due to orthonormality. For k = 2 we have

= - x)z? o(x)w(x) dx
azfa/o P ()2 pn_2(@)w() dz,

which is equal to 2a,a,_1 by applying the recurrence relation twice on p,_o. Fur-
thermore, by comparing the coefficients of =, we see that ay = n. In matricial
form, we have

0 0 0 0
Ay 1 0 0
zP = LP with L = | 2a2a1 Az 2 g

0 2@30,2 Ag

with
A= [t @paa (@) de
0
Together with the recurrence relation, this leads to the following Lax pair:

«P = JP,
P’ = LP.

In the next section, we derive the compatibility condition for this Lax pair. From
this condition we will be able to recover the recurrence coeflicients as solutions of
dPry.
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DISCRETE PAINLEVE EQUATIONS 1321

2.2. Computations. The compatibility condition of the Lax pair can be found by
calculating z(zP)’ in two ways and is

JL—-LJ=J.
This gives rise to three nontrivial equations:
(2.1) by = api1Ani1 —anAp,
(2.2) An(bp—1 —by) +2a, = Qan(afH_1 —a ),
(2.3) an—14n —anAn_1 = 2a,0,-1(bp — bp_2).
Dividing (23)) by a,a,—1 and taking a telescopic sum we get
21—: = 21—11 +2(by, + by—1 — by — bo).

Observe that
o0
Ay = —70/ p1(2)[—22% + tx + a + 1w(z) dz.
0
As the polynomial occurring in this integral has the Fourier expansion

-2 1 1
2t tr+a+1= Tpg(x) + - (27—2 + t> p1(x) + constant,
2 1 2

we find Ay = a3 (2bg + 2b; — t). Hence

(2.4) Ay =an (20, +2b,—1 — t).
Using this expression in (Z2]) we obtain, after dividing by a,, and taking a telescopic
sum,

2(a2 + b2 +a2,,) — thy = 2n + 2(af + b3 + a?) — tho.
One computes

2(ag + b3 +al) —thy = / (222 — t)pa(z)w(z) d
0

[ee]
= —73/ [rw(z)] dz +a+1=a+1;
0
hence

(2.5) 2(a2 +b2 +a2, ) =th, +2n+a+ 1.
Taking a telescopic sum of (1), we get

n—1
(2.6) anAp = b;.
§=0
Multiplying (22]) by a,, and taking a telescopic sum yields

2apan i —2) a4 = ) ajAi(bi1—b))
7=0 Jj=1
n—1
= Z(aj+1Aj+1 — CLjAj)bj — anAnbn
7=0

n—1
= ) b —anAnby,
j=0
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1322 LIES BOELEN AND WALTER VAN ASSCHE

where we have used (2.I)) in the last line. We get, using (2.3) and (2.0),

n—1 n—1
1 .

20202 1 + anAnb, = (a? + b? + a?H) +a? = 3 Z(tbj +2j+a+1)+ad?

§=0 j=0

t nn+ «

= EanAn + % + CLEL,
or by using (24]),
(2.7) daZa? = n(n+ @)+ 2a; — a2 (2b, — t)(2by, + 2b,_1 — t).
Now consider the case t = 0. We use ([2.5]) to substitute b2 in ([21) and get

(2.8) 4a2byby 1 = (242 —n)(2a2 —n — a).
Squaring this equation and substituting b2 and b2_,, using (ZF) we obtain

(2a2)?(2a2+2a2 | —2n—a—1)(2a2 +2a2_, —2n+a+1) = (2a2—n)*(2a2 — (n+a))>.

Using the substitution y, = 242 — n — /2 gives

2.9 (9 + 1) + ) = L2 T
(yn + Zn)2
where z, = n+ «a/2, thus proving Corollary This is an instance of dP1y, which
was found in [6]. The first initial value, yo = —«/2, follows from the fact that
ap=0. As
o _ M2fio — 113

a1 ;
115
where p, is the k&th moment of the weight w, we find for the second initial condition,
=92 M2 MO;M%
%

Y1 7 — 1 — 5. Using integration by parts one finds
_ 2
HE = m Hk+2,
so we have
a2
Y1 = 5 u_%'

The case t # 0 doesn’t allow a reduction of the system

2a% 4+ 2b% 4+ 242 | = th, + 2n+ a + 1,

4a2a? ;= n(n+ @) + 2a2 — a?(2b, — t)(2b, + 2b,,_1 — )

to a single equation. Using the substitutions y,, = 2a2 —n—a/2 and z,, = V2 ﬁ
gives a system of equations,

_ Ynt2n
InTpn—1 = 3 22
Yn =71

(2.10)
+ — i i i
Yn T Ynt1 = . \/5 T

with z, = n + a/2. The initial conditions are given by ag = 0,bg = p1/po or

V2410

«
0=—%5, To= :
Y 2 tpo — 2p

This proves Theorem [[.11
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DISCRETE PAINLEVE EQUATIONS 1323

2.3. Relation with dPj. The recurrence coefficients of orthogonal polynomials
for the Freud weight

wo(x) = |22 exp(—a* + ta?), r€R,a>—1,

were studied by Freud [5] (see also [I1], [14]). The set {g,} of orthonormal polyno-
mials with respect to w, satisfies the recurrence relation

$Qn(x) = An+1¢]n+1($) + An‘]n—l(x)a
and the recurrence coefficients satisfy
(2.11) AAZ(A2_ + A2+ A2 —t/2) =n+ 20+ 1)A,,

where A,, = 0 when n is even and A,, = 1 when n is odd. This equation is an
instance of the discrete Painlevé equation dPy.
Now consider the semiclassical Laguerre weight from Theorem [I.T]

Vo(r) = % exp(—a? + tz), zeRT a> -1,

and the set {p%} of orthonormal polynomials for this weight. We will denote the
recurrence relation for this weight by

zpy(2) = ag 1P (@) + 0oy (2) + agpy o (2).
As was shown in [3], the polynomials
Gan(2) = P (2?),  @zasr(x) = 2pl T (2?)

are orthonormal with respect to the weight w, and the following relations hold
between the recurrence coefficients of both weights:

& = Agp Aoy atl = Ay, Ay
bn = A2n + A2n+17 bn = A2n+2 + A2n+1'
Adding the equations
4A%n+1 (A%n + A%nJrl + A%nJrZ) =2n + 2a + 2 + 2tA§n+1
gives
4(a)? +4(a%1)? +4(0%)? = 4n + 2o + 2 + 2tb7,
which is exactly the second equation of (ZI0). To obtain the first equation of (Z.I0)
one multiplies the equations
4A%n (A%n + A%n—i—l - t/Z) =2n — 4A%nA%n—1a
4A%n—1 (Agn—l + A%n—Q - t/2) =2n+2a— 4A%nA%n—1
In this way the transformations in ([2I2)) can be considered as a Miura transforma-

tion relating dP; ([ZI0) and the asymmetric dPyy (L)) or ([ZXI0]), as described in
[13].
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1324 LIES BOELEN AND WALTER VAN ASSCHE

2.4. Orthogonality on the real line. So far we have considered the weight
w(z) = ae* e
consider the weight

on the positive real axis RT. On the full real axis we may

w(z) = |x\°‘e‘m2+m, z eR.
Observe that it satisfies the same Pearson equation
[z (x)] = (=222 +tx + o + 1)b(x).
All the computations remain valid, and the conclusion is that the recurrence coef-
ficients for the orthogonal polynomials satisfy the same discrete Painlevé equation
(CI) but with a different initial value for by:
1= zlz|e= e dy

ffooo |$|ae—x2+tx dr

0,0207 boz

The b,, need no longer all be positive. The special case t = 0 gives a symmetric
weight on the real line, and hence b, = 0 for all n > 0. If we use this information
in (II)), then 1/z, = 0 for all n > 0 and (L] reduces to

y?% = 0&2/4,
Yn + Ynt1 = 0.
With the initial value yo = —a/2, we then find that y, = (—1)""'a/2, so that
2a2 = n + al,, where A,, = 0 when n is even and A,, = 1 when n is odd. These
are indeed the recurrence coefficients for the generalized Hermite polynomials, given
in Chihara [3, Ch. V, Eq. (2.46)].
Even more is true. We may consider the weights

2

( crrle~® tiT, x>0,

wlxr) = 2
co(—z)¥e T T 1 <0,

with c¢1,co > 0. They still satisfy the same Pearson equation, and all the calculus
done before remains valid. Hence the recurrence coefficients for the orthogonal
polynomials with weight @ also satisfy () but with initial conditions

1 fOOO xa+1e—zz+tz do + Co fi)oo x|x‘ae—m2+tm dx

apg = 0 bo =
) o1 [ moe T dy 4 oy ff’oo |z|oe—a?+t dy

The case co = 0 gives the weight w on the positive real line; the case ¢; = ¢
gives the weight w on the full real line. If we define 8 = ¢1/co, then this gives a
one-parameter family of solutions of (II]) with ap = 0 and

- ﬁfooo xa+16712+t1 dx + fi)oof‘xla6712+tw dx

B f()oo e~z ttr do + fi)oo ‘xlae—xQ-‘rt;c dx

bo = bo(B)

where 5 € (0,00). Observe that by(8) is an increasing function of 5. The limiting
cases B = 0 and 8 = oo correspond to orthogonal polynomials on R~ and RT
respectively. Hence for by(0) < by < bg(oo) the solution of ([II) corresponds to
recurrence coefficients of orthogonal polynomials, and hence this solution has no
singularities.

This concludes our findings in the field of orthogonal polynomials on the real
line. In the next section we will look at g-orthogonal polynomials.
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3. qPy FOR A ¢-SEMICLASSICAL LAGUERRE WEIGHT

In this section we investigate the weight function

(3.1) w(zx) =

xOé

(=2 ¢%) oo
on RT and the recurrence coefficients associated to the set of the monic polynomials

orthogonal with respect to this weight. Here, 0 < ¢ < 1, @ > 0 and (z; ¢) is the

g-Pochhammer symbol

(2:0)00 = [J (1 = 24M).
k=0
The weight w is a semiclassical variation of a g-analogue of the Laguerre weight

xa

(—.’IJ; q)oo
studied by Chen and Ismail in [2]. They use the theory of ¢-ladder operators to

retrieve explicit expressions for the recurrence coefficients av,, 8, of the recurrence
relation

w(x) = , r € R,

2P, (z) = Ppi1(2) + anPp(z) + BnPr_1(x)

for the monic orthogonal polynomials P,, associated with this weight (P_; = 0). In
the next subsection we will take a closer look at the g-ladder operators before ap-
plying this to the weight (8] to find ¢Pv as the equation describing the recurrence
coefficients of a g-modification of the Laguerre weight in Section

3.1. ¢-Ladder operators. The theory of ladder operators as introduced in [2]
considers monic polynomials orthogonal with respect to the weight w on the positive
real axis. Denoting the polynomials by {P,}, the orthogonality condition is

/000 P, (2)Pp(x)w(z) dz = (0m -

The potential u is defined as

_ Dgw(z)
U(Qf) - qw(x) )
where D, is the g-difference operator
fl@) = flaz) .
T 1§ 0,
D =] wi-q 7
1'(0) if x =
The main result involves two entities,
_ 1 [% ufgz) —u(y)
A = = [ HEp )P /et dy
1 [T u(gr) —u(y)
Be) = = [ S p )P /() dy

which appear in the lowering relation [2, Theorem 1.1]

DyP,(z) = BnAnPr_1(z) — B, P,(x).
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1326 LIES BOELEN AND WALTER VAN ASSCHE

Furthermore, these quantities A,, and B,, satisfy two difference relations,
(3.2) By1(2) + Bu() = (z — an) An(z) + 2(q — 1) Y Aj(x) — ulga),
§=0

(3.3) 14 (z—an)Buyi(z) — (g — apn)Bp(z) = Bur1Ansi(x) — BnAn_1(x).
These equations will enable us to find expressions for the recurrence coefficients

Qp, B as solutions of ¢Py .

3.2. Computations. Given the weight
xCE

T 9. 9\ E RJ’_)
5w’

w(x) =

we have the Pearson equation

<ZII) __—a+t2 w(a:)
wl|—|]=4q 5 5
q g+ x

This leads to the following expression for the potential:
_q (l-—gqg* q°x
o) = 1 (S ),

u(gr) —u(y) _ 1 (q“ -1, aa-ay) )
gz —y 1-q\ wy (@2 + 1) +¢%) /)
Before being able to give expressions for A,,, B,, we introduce the following notation
for the coefficients of P, :
Po(z) = 2™ + pr(n)z" t + pa(n)a™ 2 4,

where the boundary conditions p;(0), p2(1),p2(0),... are all zero. This enables us
to write the first terms of the Fourier series of both P, (¢z) and zP,(qx):

so that

Pu(qz) = q"Pu(x)+(1—q)¢" 'pi(n)Pu1(x)
+ ¢" (1= q)lp2(n)(1 + q) — qp1(n)pr(n — )] Py_a(a) + -+ -,
2Py(qr) = q"Popi(z) +¢" ' [p1(n) — qpi(n + 1)] Py ()

+¢" *[pa(n) — ¢’pa(n+1) — gp1(n)?
+ ¢pr(n)pr(n + V)] Py_a(z) 4 -+ .

Note that we can express the recurrence coefficients in terms of the coefficients of
the polynomials as

a, = pi(n) —pi(n+1),

Bn = pa(n) —pa(n+1) = pi(n)* + pr(n)pi(n +1).
We then get

—a oo
M) = 25 [ nrw/e ™

1 ¢g¢ 1
Chl—ql+a?

/ " (g — 29)Pa(y) Paly/g) -2

v+
Denoting

1gl-1
R, = —1

= w(y)
-t | rwrwoLa
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DISCRETE PAINLEVE EQUATIONS 1327

R, 1 q¢2 1

An(o) =4 L [P o)) Patu bt/ a) dy

Using the substitution v = y/q this gives

R 1 1 1 0

A - g - [ (1—a)P.(q)P

n(T) . + Cn1*q1+x2/o (1 = 2v) P, (qu) Py (v)w(v) dv
R, q° 1 ot oz

z l—gl4a? 71_q1+x2[?71(n)*qp1(n+1)}.

Introducing D,, = p1(n) — gp1(n + 1) we finally arrive at

R, q" 1 ¢ D, =«
Ap(z) = — — .
() z 1—gl+a? 1—q 1+22
Note that
Y @D = —q"pi(n+1).
7=0
For B,, we get
) = =L [T Pt d
n(T - n\Y)In-1\Y/q)——ay
Cn—l 17(] z Jo Yy
1 ¢~ 1 /°° w(y)
+ —xy)Pn(y) P, —
Gl qira ), (¢ — 2y) Pu(y) 1(y/q)qQ+y2
Denoting

1 ¢g¢—-1
Ty = —_
" Cn—l 1- q

and using manipulations similar to those in the calculation of A,,, we get

| P ay
0 Yy

n

-1
o, ¢ 'pi(n)
Bulo) = o+

n—2

q x
1—q1+ 22

[p2(n) — ¢*p2(n+ 1) — gp1(n)? + ¢*p1(n)p1(n + 1)).
Introducing

Cn =q""% (p2(n) = @’p2(n + 1) — qp1(n)* + ¢’pr(n)p1(n + 1))

we arrive at

n

—1
o ¢ 'p1(n) 1 T
B, = — — -
() x+ 1+ 22 1—qgl+22

Inserting these expressions for A, and B, in 32) and B3] and multiplying by
x(1 + 22) gives two polynomial identities. Comparing coefficients of powers of
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1328 LIES BOELEN AND WALTER VAN ASSCHE

gives, for (3.2)), the following identities:

1—qg ¢
(34) Tl +7Tn = —an Ry — 1—q,
35w ) = R a0 YR,
§=0
(3.6)
Cot1 Oy q" ¢! 1-gttt 1
n n — - = - an P nDn - - ;
Tnt1 + 7T 1—¢ 1-g « +1_q+a 1—g¢ 1—gq 1—g¢
n—1 n
q n
(3.7) Oan—mDn—(l—q)ZRj—q pi(n+1).
j=0
We can simplify ([3.0) by subtracting ([3.4]), which gives
(3.8) — n+1_Cn:qn+anqn—an_1+qn+1_q—a,
From ([B.3) we get the identities
(3.9) —QnTpt1 + anTn = Bnp1Bnt1 — BuRn-1,
1 qn+1 qn—l
(310) 1 + Tn41 — O‘nqnpl (n + ]-) —(qTrn + anqn_ P1 (n) = ﬁnJrll—_q - ﬂnma
(3.11)
Cn—i—l Cn qn qn72
" 1 n —q" — Qn = " Fn 7Dn niDn— )
¢"pi(n+1)+ o 1—¢ q"p1(n) R g BHl—q +1+51_q 1
1
(3.12) 147101 ——Chy1—qran + LC’n =0,
l—gq I—gq

where we have already simplified (3I1)) by using (3.9). We will now express D,, in
terms of R,. First we rewrite [B.7) as

n—1 n—1
q n
quRn_Tan_(l_q)ZRJ —q"pi(n+1).
3=0
We can now substitute ) R; by using ([B.7) for n — 1. This results in the equation
- qn—l qn—Z N 1
O—QRn_Rnfl_l—_an"_l_anfl_q pl(n+1)+q pl(n)7

which has integrating factor ¢"~'. After taking a telescopic sum we have
0=(1-q)¢"Ry — (1 = q)Ro + ¢*"pi(n+1) — ¢ 'pi(n) + ¢ 'p1(0).

However, all terms with Rg,p1(0) and p;(1) cancel each other when we consider
B for n = 0. After dividing by ¢™ we are left with the identity

(3.13) (1= @R = ¢" ' (p1(n) — qp1(n +1)) = ¢" 7' Dy.
Next, we write C), in terms of r,. We use (811 to obtain

a a
"+ —"—Cpp1 — ——Cpn = Bpp1Rns1 — BuRu1
1—gq 1—g¢q
together with ([30]) to obtain, after dividing by v,
1 1
Tn+1l —Th = 7qn + 7Cn+1 — 7011
I—¢q l—q

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DISCRETE PAINLEVE EQUATIONS 1329

Taking a telescopic sum and using ro = Cy = 0, we find that
1—-q@rpn=Cy,—1+4q"
We now use (B4 to substitute a, Ry, in (BI0):

qn+1 qn—l
qrot1 —Tn+q = Bn+1ﬁ - ﬁnl—ﬂ]
This expression has integrating factor ¢. Taking a telescopic sum, we get
qn—l o 1— qn
3.14 — = amn .
( ) Bn 1—g Tn +4q 1—¢

We have now been able to write 3,,C, and D, in terms of r, and R,. The same
can be done for a,. Combining ([B3) and (B7) results in

q
1—¢

n

(3.15) q"ilpl(n) =R, —a,

We would like to get rid of the p;(n) in this equation. For that purpose, we rewrite

BA) using BI4) and BI3)) to find that

(1= q)g " = Briaq"(p1(n) — qpi(n+2)) = Bug" *(p1(n—1) — gp1(n+1)).

This equation has an integrating factor ¢!, and after taking a telescopic sum we
get

¢ “(L=qg)pi(n) = Bug" Hapi(n+1) —pi(n — 1))
(3.16) = Bud" N (—qan — "1 = q)Ru).

Combining (3.15]) and (316) we get
an(q" =" Bn) = (1 = @)Rn + (1 = @) Ru1q”™ "y,

which expresses «,, as a function of R,, and r,,.

If we look at ([B9), we see that the right hand side has an integrating factor R,,.
When multiplying [3.9]) with this integrating factor, the expression «, R,, appears
on its left hand side, and we use ([3.4) to substitute it in terms of r,,, which gives

[e3

1—q

/Bn+1Rn+1Rn - /BanRn—l = Ti+1 - Ti + 17_(1(7"714-1 - Tn)-
Taking a telescopic sum gives
1—qg @
(3.17) BnRnRp—1=1n|7rn+ )
—q

It is this equation we will use, together with [34]), to recover qPvy. First, we rewrite
([B-) using the expression found for a,:

1—qg“
l—gq
Using (3.I7) in this equation gives an expression for R2:

qn (TnJrl + Tn + ) (q2n+a_16n - 1) = (1 - Q)Ri + (1 - q>q2n+aﬁanRn71~

n 1- qia n+oa—
(1- Q)quz = q <Tn+1 +rn + > (q2 + lﬂn -1)

n+a l—¢*
- (1= )", <7’n+Tq>-
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We insert this in the squared (B.I7),

1—qg ¢ 2
BRR =1 <7~n n 7> |
l—q
and replace all 3, using (BI4)). This gives a difference equation for r,:

—x

(1= 0Prir + L) = 0 (L= (L= ")

1—g @
X{<rn+1 +rn+ 1_qq >((1q n+a qn)

e (e )

1_q—a n+o—
X{<7"n1+7“n+17_q)((1—Q)q+ Yoo —q" )

1—qg
— (1= n+a—1 e - -1 .
(1-q)q Tn—1 (7“ 1+ 1—g¢ ) }

We now use the substitution z,, = q’a/2 — qa/2(1 —qQ)ry = q*”*a/2 — q”+0¢/2*15n
and obtain

2

2 2
q72n7a (xn _ qfa/Q) (l'n _ qa/Q)
(xn _ qfnfa/2)2
which is ¢Py. Expressed in terms of the kth moments pj of the weight w, the

initial values are

(3.18) (Zntnp1 — D)(@nzp_q — 1) =

)

—l-a/2 _ a/2u2ﬂ0 _Ml
,Uo

zo=q % x1=¢

This concludes the proof of Theorem

4. CONCLUSIONS AND OUTLOOK

In this paper we have established the connection between various semiclassical
variations on the Laguerre weight and discrete Painlevé equations for the recurrence
coefficients of the corresponding orthogonal polynomials.

In the case of semiclassical Laguerre orthogonal polynomials (on the positive
half-line) we found a connection to the system (2] which reduces to dPyy in a
special case. We recovered an earlier result about the quadratic relation between
dPry and dPj from the orthogonal polynomial point of view.

The case of the semiclassical g-Laguerre orthogonal polynomials gives a con-
nection with ¢Py. As we know from the coalescence cascades for discrete Painlevé
equations, dPry is a limiting case of ¢Pv, just like the semiclassical Laguerre weight
on the positive half-line can be found from the semiclassical ¢-Laguerre weight in
an appropriate limit. The symmetrized weight

‘.’L‘|2a+1
wiw) = (=2 q%) o0’
on the full real line was studied by Ismail and Mansour [I0]. For o = —1/2 they
found a g¢-discrete form of P34 (see [7, Eq. (6.3)]). One would expect ¢Pr1 because
there is a known quadratic Miura transformation between ¢Py and gPpi;. We
believe that this could be studied in more detail.
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