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SUMMARY

The discrete-time version of continuous-time combined model reference adaptive control (CMRAC) is
presented in this paper. A global stability proof of the overall adaptive scheme is given using arguments
similar to those used in discrete-time direct model reference adaptive control (DMRAC) but properly
modified to account for the different structure of CMRAC with respect to DMRAC. © 1997 by John Wiley
& Sons, Ltd.

Int. J. Adapt. Control Signal Process., 11, 501-517 (1997)
No. of Figures: 4 No. of Tables: 0 No. of References: 21

Key words: discrete-time adaptive control; adaptive systems; model reference adaptive control; direct and
indirect adaptive control; combined adaptive control

1. INTRODUCTION

The main objective in model reference adaptive control is to reduce the error between the plant
output and the model reference output by adjusting the controller parameters. This can be
accomplished either using plant parameter estimates, i.e. by an indirect technique, or using the
tracking error to directly adjust the controller parameters, i.e. by a direct technique. However, it is
possible to improve the transient behaviour in terms of speed, accuracy and robustness if both
techniques are used together. The difficulty in this case arises from the fact that information
acquired from the two methods has to be suitably combined to guarantee global stability of the
resulting method. This problem has already been resolved by Duarte and Narendra®-? for the
continuous-time case under ideal conditions (constant parameters, absence of external perturba-
tions and unmodelled dynamics).

In CMRAC the plant parameter estimates and controller parameters are continuously ad-
justed through difference (differential) equations. This avoids algebraic problems arising from the
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502 M. A. DUARTE AND R. F. PONCE

certainty equivalence principle (Bezout or Diophantine equation) which require the inversion of
matrices containing parameter estimates.

Furthermore, at any instant of time the controller and identifier parameters are assumed to be
constant, so that a closed-loop transfer function (involving both plant and controller) can be
determined. Deviations of these coefficients from the desired coefficients given by the model
reference transfer function are used to define the closed-loop estimation errors. These errors
provide the connection between the direct and indirect methods and are additionally used in the
adaptive laws.

Some of the previous ideas have also been used in other contexts. In this sense it is important to
mention the works by Kreisselmeier,*>* where the adaptive control of an unknown continuous-
time plant is discussed and the synthesis of a feedback matrix is realized asymptotically. The proof
of convergence of such a system depends upon the persistent excitation of an external command
signal. In an other context, Kreisselmeier and Smith® state an interesting method of adaptive
regulation for nth-order plants based on the so-called ‘identification mismatch error’. Recently,
the idea of a dynamical certainty equivalence principle has been discussed by Morse® and
Ortega.”

The global stability of continuous-time CMRAC has been completely studied.!*? Owing to the
importance of discrete-time algorithms in digital control a study of the discrete-time version of
continuous-time CMRAC is attempted in this paper. Several conditions for global stability of the
overall scheme are derived under ideal conditions. Some remarks on the robustness of discrete-
time CMRAC are made towards the end.

In order to prove global stability of the overall discrete-time scheme proposed here, some
modifications with respect to continuous-time CMRAC and discrete-time DMRAC have to be
introduced in the design process. For example, an auxiliary signal denoted by G(-) has to be
introduced in the design of the identifier.

To update the controller and identifier parameters, it is necessary to compute at every instant
of time the maximum eigenvalue of a matrix involving some of the controller parameters. Because
of the structure of such a matrix, the computation turns out to be very easy.

Discrete-time versions of adaptive control schemes are more suitable for implementation in
practice than are the corresponding continuous-time algorithms. However, it is not always true
that discretized versions of continuous-time algorithms work properly using a small sampling
period and approximating time derivatives by differences. Therefore the analysis of the discrete-
time version of CMRAC is done in this paper using some of the ideas contained in continuous-
time CMRAC but also introducing new concepts to provide the scheme with global stability
properties under ideal conditions.

As in the continuous-time case, the persistent excitation conditions needed to provide para-
meter convergence of discrete-time CMRAC are no more restrictive than those obtained for
discrete-time DMRAC. This means that in spite of the increasing number of difference equations
in the overall adaptive scheme, the persistent excitation of CMRAC is similar to that derived for
DMRAC.

2. DISCRETE-TIME COMBINED MRAC

Let us consider an nth-order, discrete-time, linear and time-invariant plant defined as

Y, (2) Z,(2) "+ - + bz + by
W) -2l =K 22K 1
(%) U(z) "R, (z) P24 o 4az+a )
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where K, is the high-frequency gain, Z,(z) and R,(z) are monic, coprime polynomials of degree
m and n > m respectively and b;, j=0,1,...,m—1, and a;,i=0,1, ... ,n — 1, are real but
unknown constants. We denote the vectors a=[dag,d, ...,a0,—1] €R" and b=
[bo, by, ..., bp—1]1" € R™ It will be assumed that |K,| < h, with h known to the designer. Y (k)
and U (k) are the plant input and output respectively.

Let Wu(z) be the model reference transfer function given by

Yu(®) . Zuz) . 24 e 4 DRz by
Wul(z) & =K =K 2
u(2) R(z) MRu(z) M4 iz al @
where b7, j=0,1,...,m — 1, a",i=0,1, ... ,n — 1, and Ky are real known constants, Zy(z) is

a monic, Hurwitz polynomial of degree m and Ry(z) is a monic, Hurwitz polynomial of degree
n > m. Yy(k) and R(k) are the model reference input and output respectively.

For this study it has been found that the most suitable parametrization of the plant is of the
form?

Yy(k) = E—;(U(k) + BV (k) + o' V5 (k) 3)

where K, € Rand «, f € R" are the new plant parameters. For notation purposes the vectors « and
B are defined as o = [0, %y, ..., 0, 1] €R" and B = [Bo, B1s ---»Bu_1]"€R" U(k)e R and
Vi(k), V,(k) e R" are filtered versions of the signals U(k) € R and V(k), V,(k) € R" defined as

Vi(k) = Wu(2)1,V 1 (k), Va(k) = Wu(2)1,V 1 (k), U(k) = Wu(2)U (k) (4)
The signals V4 (k), V,(k) e R" are filtered versions of the plant input and output defined as
Vik +1)= AV (k) + [U(k), Valk + 1) = AV, (k) + 1Y (k) (5)

where the pair (4, ) is any controllable pair with 4 € R"*" an asymptotically stable matrix.® In
order to make the relationship between the parameters a e R", b e R™ and «, e R" simple
enough, (4, ) is chosen in the controllable canonical form®

—io —/11 : : : —in71 1

where I,_; denotes the identity matrix of order n — 1. With this choice the relationship between
the parameters a, b, « and f is given by the polynomial identity'®

Ry (2)(B(z) + A(2)) + KnZ,(2) dlz) = Z,(2) Ru(2)A4(2)
where
Biz)=2"+ Po-vz" "+ - + Biz+ fo
wz)=z2"+ o1 2" P+ - oz + 0

AZ)=2"+Jy 12" Y+ o+ Az +
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Here A(z) = det(zI — A) is the characteristic polynomial of the matrix A. The polynomial A(z)
can always be factorized as A(z) = A;(z) Zu(z), with A,(z) an arbitrary monic, Hurwitz poly-
nomial of degree n — m.

The control objective is to find a controller such that the plant output Y (k) follows the model
reference output Yy (k) when k— co for any bounded reference R(k).

The control law used to achieve the above objective has the same form as in DMRAC, i.e.

U(k) = Ko(k)R(k) + 01(k) V1 (k) + 03(k)V 5 (k) (7)

where Ky(k)e R and 60,(k), 0,(k)e R" are the adjustable controller parameters which will be
updated in a fashion defined later (see (20)).

It can be shown that with this control law the real plant parameters K, € R and «, f € R" and
the ideal control parameters K§ € R and 0%, 0% € R" (control parameters such that the transfer
function of the plant together with the controller exactly matches the model reference transfer
function) are related through the equations!®

0f + B =0, K, 0% + Kyo =0, K —K,=0 (3a)

where K, = Ky/K,. We define the closed-loop estimation errors'-? as those obtained from (8a) by
replacing the real values by their respective estimates, so that the following relations are obtained:

&0, (k) = 01(k) + B(k), é0,(k) = K, (k)05 (k) + Ky (k), ex, (k) = Ko(k) — K. (k) (8b)

where & (k), &5,(k) € R" and e, (k) € R.
From (3) the plant output can be expressed as

Yall) = > (O + B0V, 80) + 5708 P8+ 2 (R ()
R (P W, () 92)

where Ng € R is an arbitrary constant greater than one. Based on this plant representation, an
identifier of the following form is proposed:

5 K, (k) - N _ K, (k) - Ky -1
7300 =200 + BT V200 + 370700 — P P T80 0) % P T
1 T = 5 &0, (K)\" -
—W()z(k)ﬁez(k)[U(k)+<ﬁ(k)—Nk> Vl(k):| (9b)

where Kp(k) e R and &(k), f(k) € R" are the estimates of K, e R and o, ff € R" respectively. These
estimates will be delivered by the identifier. Ny (k) € R is such that

Ny (k) = 3(K& + h + Au(k)) (9¢)
with
(k) = [0,(k)||? (94d)

From (8a) and (8b) it is possible to represent the closed-loop estimation errors in terms of the
parameter errors (controller and identifier parameter errors), so that

&g, (k) = o, (k) + ny(k), &y, (k) = K, o, (k) + Kuna(k) + 0,(k)ng, (k),
EKo(k) = ¢Ko(k) - ﬂK,(k) (10)
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where the plant parameter errors n (k), 7k (k) € R and n,(k), n4(k) € R" are defined by

Nk, (k) = Ky(k) — K, Na(k) = 8(k) — o
np(k) = k) — B, Nk (k) = K. (k) — K, (11)
and the controller parameter errors ¢, (k) € R and ¢y, (k), ¢, (k) € R" are defined by
b, (k) = 01 (k) — 0y, $o, (k) = 05 (k) — 0, b, (k) = Ko(k) — Ko (12)
If we define
Uo(k) 2 U (k) + V1(k) (ﬁ(k) - %T(kk)> (13)

then from (9a) and (9b) the identification error ¢;(k) = ?p(k) — Y, (k) can be written as

1 _ _
ei(k) = ——nx (k) Uo(k) +%iﬁf(k)V (k) + 1z (k) V5 (k) — Vi (k)z, (k)

KM M MLV
B e — 1wy, (0 T h) (14)
Vo 2R T N g 2
Defining the vectors
o) = (R, VI, VIR €R? L (k) = Wyy(D)aps s o(k) € R¥1
0(k) = (Ko(k), 07(k), 03(0)T € R*"F1, 0% = (K&, 047, 05T) e R?"*1

d(k) = 0(k) — 0 = (¢, (K), P, (K), o, (k)" € R*" ™
we can define the auxiliary errors e, (k) and e3(k) as
k)20 (k)L™ (2) — L™ (2)07 (k) oo (k)

_ R(k)’SKO Vg(k)ﬁoz(k) i V1(k)801(k)
Ny Sgn(Kp)NL(k) Ny

[I>

es(k) (15a)

where L7 !(z) is a minimum phase, strictly proper, rational function. It is possible to
find® that the tracking error e (k) = Y (k) — Yy(k) and augmented error e,(k) are

e.(k) = E—;WM(Z)((ﬁT(k)w(k))

ealk) = eck) + W@ LK, e5(0) — 00 bk es(k) (15b)
where
(k) = K1 () —I’f—;, (k) = (R(9, V1 (k), Va(k)) € R+
G0 =) + e, k) = (@(K), es(k)) € R2+2 (16)

From (15b) and using the above definitions, the augmented error finally becomes

ea(k) = Wu(z)L(2) <§—;(¢>T(k)v3(k) +e3(k) — O (k)d(k)eq (k) + (k)e'z(k)> + (k) (17a)

© 1997 by John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process., 11, 501-517 (1997)
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Figure 1. Discrete-time CMRAC scheme

The signal 6(k) £ (K,/Ky Wu(z) [07(k)(@(k) — w(k))] is geometrically decaying. Another way of
writing the augmented error is given by

ek + 1) = Ayne(k) + bynv(k), e,(k) = hyye(k) + dv(k)

v(k) = E—;(W(k)@(k) +e3(k) + Y (k)es (k) — & (k) d(k)e, (k) (17b)

where d + hign(zI — Apy)” 1bay 18 a strictly positive real (SPR) transfer function and the matrix
Apn and vectors byy and hyy are defined in (27b). It is important to mention here that equation
(17b) is a state representation of the adaptive system as shown later.® The meaning of each
variable is explained in Part III of the Proof of Theorem 1. The CMRAC proposed here is shown
in Figure 1.

To complete the design procedure, it is necessary to define the way in which the controller and
identifier parameters are to be adjusted. In order to guarantee global stability of the overall
adaptive scheme, the identifier adaptive laws are chosen as

L alVa® k) ek G0V ) e (R)
M) = =y K ) = —ysen(Ky) e S
(k _0 k gk 0 k oK k
Me0= =N g e = (18)

where N, > 1 and N;(k) is a normalization factor defined as

Ni(k) =1+ Vi) V3(k) + Vi)V 1(k) + Ud(k) (19a)
Ny (k) is defined in (9c) and 7y is a real positive constant such that
2Ky
<— 19b
0<7 1+h+ Ky (190)
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For the sake of simplicity we choose Wy(z)L~!(z) = 1. Then the controller adaptive laws are
chosen as

A, (K) = — sgn(K,) («/ ea(k)V 5(k) soz(k)>

Ky  TM(K)
B eV (k)
Mg ) = — ysenicy 2Lt
Adr (k) = — psgn(Ky) 2BRE ey a0y - e e 20)

Ky Ny’
2.1. Proof of stability

A stability proof of the adaptive system shown in Figure 1 is given along the same lines as in
discrete-time DMRAC? and dynamic IMRAC.1° In order to prove that the closed-loop estima-
tion errors and the controller and identifier parameter estimation errors are bounded, a lemma is
first established. Subsequently, a theorem is stated so that it is proved that all the remaining
signals are also bounded and the tracking error (as well as the identification and closed-loop
estimation errors) tends asymptotically to zero.

For notation purposes we define the vectors p, n(k), p(k) € R?**2 and ¢'(k), @' (k) € R?>" and the
function v(k) in the following fashion:

pk) = [AT(k), BT (k), K, (k), K (k)TT, p=1[o" p" Ky K, 1"
n=pk) — p—[m(k) nh(k), nx (K), nx (k) I" 1)
¢'(k) = [qs@ (k), da.(k)1T, o' (k) = [VIk), V3 ()]

v(k) = (d)T( )& (k) + e3(k)) + Y(k)es (k) — a (k) (K)e, (k) — €5 (K)e, (k)

Lemma 1

Let us consider the adaptive system defined in Figure 1, where the identification error ¢;(k) € R
and the augmented error e,(k) € R are given by (14) and (17a) respectively and the closed-loop
estimation errors ex (k): 27 — % and & (k), €92 (k): Z — R" are defined by (8b). Let us assume
that the adaptive laws for the control parameters 0(k) e 2>"*? and K (k) € # are given by (20)
and that the identifier parameter adaptive laws for p(k) e #>"*? are given by (18). If y satisfies
condition (19b) and Ny (k) satisfies inequality (9c), then there exist real positive constants, M,
My, My, M, M, M, , Mag, May, May, Mo, M2, M2, M2, M2, M g2, My and M, such that
the followmg 1nequalities are satisfied: oo

) 19091 < M. ) VW< M, i) n®) <M,
(@) 0 6)] < M, . O Il <M, ) o] <N,
(i) AG < My, (vil) (AWK < My () 1AR(D] < M,
) © Z(k) o
W X WM < Mo ) X TGISM (i) S a0 < M
i) ¥ UOC <M v TR0 SM () T IAGRI < May

(i) Y AYRP < My, (xvil) Y [Ag(R)|? < My
k=0 k=0

© 1997 by John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process., 11, 501-517 (1997)
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Proof of Lemma 1

Let us consider the system S defined by equations (17b), (18) and (20). Let us choose the
Lyapunov function candidate

V (k) = | Ky |(6hg, () o, (k) + i, (k) o, (k) + i, (K)) + | Kyl (75 (k) (k) + ni (K))
+ 11, (k) (k) + i, (k) + Y2 (k) + 29€ (k) Pe(k) (22a)
where P = PT > 0 is a positive definite matrix characterized in Reference 11.

Computing the temporal difference AV (k) = V(k + 1) — V (k) along any trajectory of system S,
we get

e?(k 2

AV < — C = Calleal? = Cad ) — G S — 2o — oy

— 2va€T (k)M e(k) — ye2(k)(CseZ (k) + Cs (k) (k)) <0 (22b)
where C{—Cg are positive real constants defined as
wiow) emnlw)
C, =) 2——1+h+K C,=2—(1——], C3=—|(1——
1 /< ( |hl M)) 2 N, N, 3 N, N,
K3 + [h] + /m(k) |h]

4 N (k) > 5 7 6 = /KM (22¢)

o and p are positive real constants, M is a positive definite matrix and ¢ is a vector defined in the
Kalman-Yacubovich lemma for discrete time.!! We will prove inequality (22b) later.

Since V (k) is a Lyapunov function for system S, then e(k), 0,(k), 0,(k), Ky(k), K;(k) and the
estimates &(k), [?(k), Kp(k) and IZr(k) are bounded. Therefore assertions (i)—(iii) of Lemma 1 are
demonstrated. From definitions (10) and using (i)—(iii), inequalities (iv)—(vi) are verified. Using
relationships (18) and (20) together Wlth inequalities (iv)—(vi) and using the definition of e, (k) from
(17a) and the fact that |e; (k)|/\/ |(N;(k)) is bounded, it is shown that propositions (vii)—(ix) are
satisfied.

Adding AV (k) given in (22b) for k =0, ..., oo and considering that V(oo) — V(0) is finite,
propositions (x)—(xiv) are proved. From (18) and (20) and since assertions (x)—(xiv) are true, it is
shown that inequalities (xv)—(xvii) are verified.

In order to show that (22b) is true, the following reasoning is used.

(a) Compute AV (k) from (22a).

(b) Replace the adaptive laws given by (18) and (20) and use the expressions for the closed loop
estimation errors, identification error and augmented error given by (8b), (14) and (17a)
respectively.

(c) Use the Kalman—Yacubovich lemma given in Reference 11 in the above step.

(d) Replace v(k) from (21).

(e) Use the definition of the factor N;(k) given by (19a), i.e.

ViRV (k) < Ni(k), V3(k)V 2 (k) < Ni(k), Ud(k) < Ni(k)

Int. J. Adapt. Control Signal Process., 11, 501-517 (1997) © 1997 by John Wiley & Sons, Ltd.
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to find that
ye2 (k) 891(k) (k) 1
AV < <z——(1+|1< |+KM>>—2|K| ( y>
sK\,(k) 1Y e, (k)eo, () L
~a (1) S (2~ e+ )

&0, (k)05 (k) 03 (k) ey, (k)
Ni(k)

— 29(e"(k)q — pv(k))> — 2yo€" (k)M €(k)

—seit| @ - e + (2- /52 o' won | 3

(f) Considering that |K,| <h and in order to keep AV(k) <O, then y must satisfy the
relationship (19b). Thus the constant C; is positive.

(g) Choosing N, > 1, the constants C, and C; are positive.

(h) The matrix 0,(k)03(k) can be bounded using its maximum eigenvalue Ay/(k), i.c.

102(k)02(R) || < (k) (24)

It is important to note that the above condition can be written as

(k) = trace(0,(k)03(k)) = |02 (k) |1 = ZH

If we choose Ny (k) such that

Ni(k) = 5(Ky + h + 2w(k)) (25)

then the constant C, is positive. From (19b) it can be seen that the constants Cs and Cg are
positive. Thus inequality (22b) has been demonstrated.

From (22b) we can conclude that e} (k)/N;(k), e"(k)Me(k), ez, (k), &5 (k)eq, (k), &b, (k)eq,(k)/ Ny (k)
and (e,(k)d(k))"(ea(k)(k)) belong to #? or the signals ei(k)/\/ (Ni(k)), €(k), ex,(k), &, (k),
eoz(k)/\/(NL(k)) and e, (k)@ (k) belong to #!; therefore

. e;(k) &g, (k)
klljfolc{ N0’ , €(k), ek, (k), &, (k), N, (K)’ e,(k )w(k)} (26a)

It can be shown from (25) that Ny (k) e £ *, since 0,(k) € £“. From this fact and using (26a), we
get €, (k) e £*. Therefore all closed-loop estimation errors tend to zero as k tends to infinity, i.e.

lim (e, (k), &0, (k). ex, (k) } = 0 (26b)
k— o0

We still have to prove that the rest of the signals of the adaptive system remain bounded. This
will be done through the following theorem.

Theorem 1

Let us consider the system S described in Lemma 1. Then there exist finite positive real
constants, M,, M, , M, , M, M,, M,, M, and M, such that the following inequalities are

© 1997 by John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process., 11, 501-517 (1997)
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verified:

) [Pp() <M, , i) Vi) <My, (i) Vy(k) | <My, (i) [yl < M,,
V) luk)| < M, (vi) |ei(k)| < M., (vii) |e,(k)| < M., (viii) |e.(k)| < M.,
and also

(ix) lim (e;(k), ea(k), e2(k), ec(k)} =0

Proof of Theorem 1

The overall adaptive system whose stability is to be analysed can be represented by a complex
vector and non-linear difference equation. For convenience, as in discrete-time DMRAC,? the
analysis will be separated into three parts as shown in Figure 2.

Part I—Plant feedback loop. The plant plus controller can be represented by the set of
equations!?

X(k + 1) = (Aagy + ban@T(K) C)X (k) + barn(KE)R(K), wk)=CX(k  (27a)
where
X (k) = (xp(k), Vi(k), V3(k)" € 2"
A, b0FT b 03T b, KT
Auv=|0 A+IF" 1057 e, buy=|1 | hyy =10 | e 2% (27b)
W0 A 0 0

X, (k) e #" is the state of the plant, U(k), Y (k) € # are the plant input and output respectively
and V {(k) and V ,(k) are defined in (5).

The matrix C € #*3" is defined as

0 .. 0

- - -
c=|. | I,
|
|

0

where I, is the identity matrix of size 2n x 2n. R(k) is the reference input, assumed to be uniformly
bounded.

Since (27a) is a linear difference equation with bounded time-varying coefficients and since ¢ (k),
R(k)e ¥, then || X (k)| can grow at most geometrically.

Part I1I—Prefilter. The second part of the system shown in Figure 2 consists of a diagonal
matrix transfer function relating @(k) and w(k) as follows:

(k) = Wu(2) 1,11 0(k) (28)

Int. J. Adapt. Control Signal Process., 11, 501-517 (1997) © 1997 by John Wiley & Sons, Ltd.
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512 M. A. DUARTE AND R. F. PONCE

where W(z) is the model reference transfer function, but in general we only need a minimum
phase asymptotically stable transfer function of relative degree n — m. Here we have to consider
the part corresponding to the generation of e5(k) and e;(k), since in our analysis K, is unknown
and in general (k) is different from zero.

Part 11I—Error model. The last part corresponds to an error model equation whose main
properties are described in References 8, 12 and 13. It consists of a strictly positive real transfer
function Wy(z)L~'(z) with an input term (K,/Ky)(¢T (k) (k) + e3(k)) + y(k)es (k) and a feed-
back term ®"(k)d(k)e,(k) as shown in Figure 2. Thus the complete adaptive system can be
represented by a vector difference equation of the form (17b).

The state error e(k) € 23" is defined as e(k) = X (k) — X*(k), where X*(k) € 23" is the ideal state
vector obtained from (27a) when ¢ (k) = 0.

To prove that all the adaptive system signals remain bounded, we use reasoning by contradic-
tion. From now on we assume that w(k) and X (k) grow in an unbounded fashion.

(1) Model error (Part II11). The error model described by (27a) together with the adaptive laws
(20) is of type III and is analysed in detail in References 8, 12 and 13. The input @ (k) can be either
bounded or unbounded, but in any case the properties mentioned in References 8, 12 and 13 are
satisfied, in particular

¢ (kak) = o[ |ak)]] (29a)
Ay (k), Ap(k) >0 when k— o0 (29b)
(i) Prefilter (Part II). From equation (28) we have
W), (k) = (k)

where the transfer function Wy(z) is of minimum phase and asymptotically stable. Applying the
discrete-time version of Corollary 2 of Reference 14, (28), (29a) and (29b), we have

o' (k)o(k) = o[ oK) ] (30)
(ii1) Plant feedback loop (Part I). The feedback loop of Figure 2 is described by the difference
equation (27a), where R(k) is uniformly bounded and A,y is an asymptotically stable matrix.
Since we are assuming that w(k) is not bounded, from (27a) we can conclude that!?
X (k) < pil@" (K)o (K)ls + p2, p1,p2>0 (1)
From (30) we have that ¢T(k)w(k) = o[ | w(k)||s], and considering (31), we have that
X(k)=ol[ICX(K) ] < oLl X(K)l]

which contradicts the hypothesis that X (k) is not bounded. Thus we conclude that X (k), w(k),
w(k) and @(k) are bounded. From this result it is easy to show that all the other signals of the
adaptive system are also bounded. Therefore assertions (i)—(viii) of Theorem 1 are true and the
adaptive system is globally stable. The auxiliary error €5 (k) defined in (16) can be expressed in the
following manner:

(k) =[¢" (Ko (k) — Wu(2)(@ (k) o(k))] — &' (k)d(k)e.(k)

_ (R(k)ex, (k) N V3 (k)eq, (k) N Vi(k)eq, (k)
N Sgn(Kp)NL(k) Ny,

(32)
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Considering (29a), (30) and the fact that @w(k) and w(k) are bounded, we conclude from (32) that
¢ (k)i (k) and ¢ (k)w (k) tend to zero asymptotically. Moreover, it was shown in (26b) that the
closed-loop estimation errors as well as e,(k) go to zero when k tends to infinity (property (ii) of
error model III given in References 8, 12 and 13). Therefore, from (32), ¢5(k) - 0 when k — 0.

From (15b) with ¢ (k) - 0 and e, (k) — 0 we have

e.(k) = g—; Wu(2)(¢" (k)w(k))

and since ¢T(k)w(k) — 0, then e.(k) -0 when k — co. From equation (15a) we conclude that
e3(k) > oo when k —o0. Since ez(k) and ¢5(k) > 0 when k — oo, from (16) we obtain that e,(k)
converges to zero.

In order to prove that ¢;(k) » 0, when k — o0, we replace the definitions of the closed-loop
estimation errors given by (10) in the output of the identifier given by (9b) to get

NI <1 U/ SRS U W SN U RN < T W
e, (MR(K) + RO + == <1 —E)aol(kwl(k) + KM(l NL(k)>aO2<k)V2(k>

(0 (RO 0D (k) + BT (k) — & ()N, !
KuNy(k)

Expressed in a condensed form, the above equation reads

Yo (k)2 eT(k) P(k) W n(2) o (k) + W (2) R (k) (33)
where
K, (k)
Ky 0 0
P(k) = 0 Klg(k) (1 — Ni> I, 0
05(k) Ko (k) 0,(k) s g\ 1 K% 0,(k) 03 (k)
T KuNu) KuNo(®) <91(") A0 - Nk> K_M<1 _E>I" AT

Using equation (33) and since all components of the vector g(k) >0 as k »>oo (property (ii) of
error model IIT given in References 8, 12 and 13), then ?p(k)—> Ywm(k). Since e.(k) = 0, ie.
Y, (k) = Yy(k), then ?p(k) — Y, (k); that is to say, e;(k) - 0 when k —co. Thus proposition (ix) of
Theorem 1 is true and the theorem is completely proved.

3. COMPUTER SIMULATIONS

In this section a set of simulations of a second-order plant is presented to verify the theoretical
properties of the discrete-time CMRAC scheme.

An unstable second-order plant was simulated to test the CMRAC scheme under ideal
conditions. The difference equation describing the plant is

Yotk +2) —01Y,(k+1)— 156 Y (k) = 09(U(k + 1) — 0-3U (k)
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2.8 45
2.6 1 4.0
24 4\v,
35
2.2 1
2.0 {\V" 3.0
18 {]"y, 25 v,
1-2' 2.0
i Iy
19 1.5 p
1.0 1.0
0 1 2 3 4 5 0 1 2 3 4 5
TIME TIME

Figure 3. Combined MRAC for second-order plant and constant reference R(k) = 2

5.0
5.0
4.0 <
. 40 |Y
3.04° Y,
Y, 3.0
2.0 2.0
1.0 | 1.0 1
0.0 0.0
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
TIME TIME

Figure 4. Combined MRAC for second-order plant and sinusoidal reference R(k) = 2 + 2sin(k)

where Y,(0) =1 and Y,(1) = 1. The model reference was chosen as
Yuk +2) — 07 Yy(k + 1) + 0-12 Yy (k) = 0-8(R(k + 1) — 0-5 R(k))

where Yy (0) = 1:1 and Yy(1) = 1-1. The simulation results are shown in Figures 3 and 4 for
different types of reference. The following numerical values for the parameters and initial
conditions were chosen in all simulation: N, =250, y =03, 0,,(0)= — 04, 0,,(0) = 06,
021(0) = =05, 0,,(0)=—06, Ko(0)=06, 8,(00=08 &0 =12 p;,(00=02,
B12(0) = —02, 60;,(1)=— O'f, 012(1) =06, 0,,(1)= —05, 055(1) = — 06, Ko(l) =06,
811(1) =08, &1,(1) = 1-2 and S;1(1) =0-2.

From the above simulations it can be seen that theoretical results are verified. In particular, in
all simulations, e.(k) - 0 as k > oo without persistent excitation.

An interesting point is that parametric convergence (controller and identifier) is achieved if
only parameter controller convergence is obtained. In fact, let us assume that the persistent
excitation is such that the controller parameter errors are driven to zero. Then, since the
closed-loop estimation errors given by (10) tend to zero, it can be concluded that the plant
parameter errors are also driven to zero. This means that from the persistent excitation viewpoint
the DMRAC and CMRAC schemes are equivalent.
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The CMRAC scheme can also perform well under external perturbations by modifying the

controller as well as the identifier adaptive laws to include four standard modifications. The
general form of the adaptive laws is now

e;(k) Vs, (k) &, (k)

a0 = =272 e 2 g

Anyth) = = s S gy
Ang = 0000 B R ik,

Mty =29 k) 34

k

ea (k) V5 (k) 4 o(k)

Ay, (k) = —sgn(K,) <V > — 0:(k)1(02)

K N
k)yV,(k 0, (k
A 1 = —ysgn(iy) = B g, o0,
kyr(k) eg (k
A ) = —sen(iy) 0 ki)
M) = — 7 esRes(h) — Ky (K 39

3.1. Dead-zone modification 15-17

In this case the modified adaptive laws for the identifier and controller have the form indicated
in (34) and (35) with

J@) =f(B) =/(Ky) =f(K)=0 if|e] > Pe,+ 5
@ =fB) =f(K)=fK)=7=0 if |e] <Pey+?5
and
J02) =f(01) =f(Ko) =f(K1) =0 if |e,|>Peo+0
f02) =f(01) =f(Ko) =f(Ki) =7 =0 if |e,| <Peo+0

Where P, is related to the bound of the external perturbation.

3.2. Knowledge of a bound on true parameters'8

Let the function f(-) be defined as
(1= lltl/tha)® if Tl > Thax
0 otherwise

f(f)={

where 7 is a parameter vector and t¥,, is an upper bound on its norm.
The modified adaptive laws have the form indicated in (34) and (35) with the function f(+) just
defined.
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3.3. a0(k) Modification'®

With this modification the identifier and controller adaptive laws have the form indicated in
(34) and (35) with

@) =fB)=f(K,) =f(K,) =0 f(0,) =f(0,) = f(Ko) = f(K,) = o0

where ¢; > 0, g, > 0.

3.4. |e| 0(k) Modification*°

The adaptive laws for the identifier and controller are those indicated in (34) and (35), modified
in the following fashion:

1@ =f(B) =1(K,) = f(K) = Silei(k) | J(02) = 1(01) = [(Ko) = f(Ky) = dc|ea(K)|

where 6; > 0, 6, > 0.

Extensive simulations (not shown here for reasons of space) show that CMRAC also performs
well under external perturbations using all the above adaptive laws.

4. CONCLUSIONS

The discrete-time version of CMRAC has been presented. The method uses the direct and indirect
approaches coupled by the closed-loop estimation errors as well as dynamical adjustments of the
control and identification parameters. Ideal conditions for the global stability of CMRAC were
derived which are different from those obtained for the continuous-time case. The robustness of
discrete-time CMRAC was discussed and it was found that modifications of the adaptive laws can
make the algorithm robust with respect to external perturbation.
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