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SUMMARY

This paper is concerned with the solution bounds for discrete-time networked control systems via
delay-dependent Lyapunov—Krasovskii methods. Solution bounds are widely used for systems with input
saturation caused by actuator saturation or by the quantizers with saturation. The time-delay approach has
been developed recently for the stabilization of continuous-time networked control systems under the round-
robin protocol and under a weighted try-once-discard protocol, respectively. Actuator saturation has not
been taken into account. In the present paper, for the first time, the time-delay approach is extended to the
stability analysis of the discrete-time networked control systems under both scheduling protocols and actu-
ators saturation. The communication delays are allowed to be larger than the sampling intervals. A novel
Lyapunov-based method is presented for finding the domain of attraction. Polytopic uncertainties in the sys-
tem model can be easily included in our analysis. The efficiency of the time-delay approach is illustrated on
the example of a cart—pendulum system. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Network control systems (NCSs) are spatially distributed systems in which the communication
between sensors, actuators, and controllers occurs through a communication network [1]. In many
such systems, only one node is allowed to use the communication channel at once. In the present
paper, we focus on the stability analysis of discrete-time NCSs with communication constraints
and actuator constraints. The scheduling of sensor information toward the controller is ruled by the
round-robin (RR) protocol and by a weighted try-once-discard (TOD) protocol, respectively. A lin-
ear (probably, uncertain) system with distributed sensors is considered. Three recent approaches for
NCSs are based on discrete-time systems [2, 3], impulsive/hybrid systems [4, 5], and time-delay
systems [6—8].

The time-delay approach has been developed for the stabilization of continuous-time NCSs under
the RR protocol in [9] and under a weighted TOD protocol in [10], respectively. The closed-loop
system is modeled as a switched system with multiple and ordered time-varying delays under RR
protocol or as a hybrid system with time-varying delays in the dynamics and in the reset equations
under TOD protocol. Differently from the existing hybrid and discrete-time approaches on the
stabilization of NCS with scheduling protocols, the time-delay approach allows treating the case
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of large communication delays. Actuator saturation was not taken into account in [10] and [9].
Recently, the stabilization of sampled-data systems under variable samplings and actuator saturation
was studied in [11], where scheduling protocols and delays were not included.

As shown in [12], when one deals with the solution bounds of time-delay systems via Lyapunov—
Krasovskii method, the first time-interval of the delay length needs a special analysis. Solution
bounds are widely used for systems with input saturation caused by actuator saturation or by the
quantizers with saturation. This first time-interval does not influence on the stability and the expo-
nential decay rate analysis. The analysis of the first time-interval of the delay length is important for
nonlinear systems, for example, for finding the domain of attraction.

In the present paper, the time-delay approach is extended to the stability analysis of discrete-
time NCSs with actuator constraints under the RR [9] or under a weighted TOD [10] scheduling.
Following [12], we present a direct Lyapunov approach for finding the domain of attraction under
both scheduling protocols. The conditions are given in terms of LMIs. Polytopic uncertainties in
the system model can be easily included in the analysis. The efficiency of the presented approach is
illustrated by a cart—pendulum system.

Notation: Throughout the paper, the superscript ‘7’ stands for matrix transposition, R” denotes
the n-dimensional Euclidean space with vector norm | - |, R”*™ is the set of all n X m real matrices,
and the notation P >0, for P € R™*” means that P is symmetric and positive definite. The sym-
metric elements of the symmetric matrix will be denoted by *. For any matrix A € R"*" and vector
x € R”, the notations 4; and x; denote, respectively, the 7" line of matrix A and the j*# com-
ponent of vector x. Z*, N, and R* denote the set of non-negative integers, positive integers, and
non-negative real numbers, respectively. Given u = [uy, .. .,ﬁnu]T, 0<wu;, i =1,...,ny, for
any u = [ug,..., unu]T, we denote by sat(u) the vector with coordinates sign(u; )min (|u;|, ;).
MATI denotes the maximum allowable transmission interval.

2. STABILIZATION OF DISCRETE-TIME NCSS WITH ACTUATOR SATURATION
UNDER RR SCHEDULING

2.1. Problem formulation and a switched system model
Consider the system architecture in Figure 1 with plant

x(t+1)=Ax(t) + Bu(t), teZ™t, (1)
where x(¢) € R” is the state vector, u(t) € R is the control input, and A and B are (probably,
uncertain) system matrices with appropriate dimensions. The initial condition is given by x(0) =

Xo. We suppose that the control input is subject to the following amplitude constraints

lu; ()| <it;, O <y, i=1,....n,, teZt. ()

sat(u(t)) Y@

Figure 1. NCSs with actuator saturation under RR scheduling.
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The NCS has several nodes (distributed sensors, a controller node, and an actuator node),
which are connected via networks. For the sake of simplicity, we consider two sensor nodes

yi(t) = Cix(t),i = 1,2 and we denote C = [g;] () = [yl‘”] € R"». The results can be

2@

easily extended to any finite number of sensors. We let s denote the unbounded and monotonously
increasing sequence of sampling instants, that is,

O0=s59<85] <--<Skg<--, keZ", lim sp =00, Sky1—sx < MATI, 3)

k—o00

where {so, s1,52,...} is a subsequence of {0, 1,2,...}. At each sampling instant s, one of the
outputs y'(z) € R" (ny + np = n,) is sampled and transmitted via the network. First, we consider
the RR scheduling protocol for the choice of the active output node: the outputs are transmitted
one after another, that is, y'(t) = Cix(t),t € Z7 is transmitted only at the sampling instant
t = $2pti—1, p € Z1,i = 1,2. After each transmission and reception, the values in yi(t) are
updated with the newly received values, whereas the values of y/ () for j # i remain the same, as
no additional information is received. This leads to the constrained data exchange expressed as

; {y‘(sw =Cix(s). k=2p+i=1 .

Ye = i . p
Vi1 k#2p+i—1,

It is assumed that no packet dropouts and no packet disorders will happen during the data trans-
mission over the network. The transmission of the information over the two networks (between the
sensor and the actuator) is subject to a variable delay g = 1y + 1y € 7", where ny; and 0 are
the network-induced delays from the sensor to the controller and from the controller to the actuator,
respectively. Then 7 = s + nx is the updating time instant of the zero-order hold device.

As in [9] and [13], we allow the delays to be non-small (larger than the sampling intervals)
provided that the old sample cannot get to the destination (to the controller or to the actuator) after
the current one. Assume that the network-induced delay n; and the time span between the updating
and the current sampling instants are bounded

err—l—tk+me <, 0<nm <mi <num. ke Z™, 4)
where tys, N, and nps are known non-negative integers. Then,

(tk41 = 1) — Sk = k1 — Sk + N1 — L S MATT + 1y — 1 =y,
(tes1 — 1) = Sk—1 = Skt — Sk—1 + N1 — 1 S2MATT + 1y — 1 =20y — g + 1 2 Ty,

k41—t ST — N + 1.
)
In [9], a time-delay approach was developed for the stability and L,-gain analysis of continuous-
time NCSs with RR scheduling. Actuator saturation was not taken into account. In this section, we
consider the stability analysis of discrete-time NCSs with actuator saturation under RR scheduling
protocol. Because of the control bounds defined in (2), the effective control signal to be applied to
the system (1) is given by

u(t) = sat (K'y} + K*y3), t € [tk tg1 — 1], t €N, k €N,

where K = [K! K?], K! € R™>"1 K2 ¢ R™>*"2 guch that A + BKC is Schur.
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We define the polyhedron
. o 1
L(K’ u) = {x eR" :|[(K'CY)ix| < i i = 1,...,nu}, j=12.

If the control is such that x(t) € £(K',u) N £ (K2, i), then |(K'C");x + (K?>C?);x| < u;.
Following [9], the closed-loop system with RR scheduling is modeled as a switched system

x(t+1) = Ax(t) + Arx(tk—1 — Nk—1) + Aax(tx — M), 1 € [t lg41 — 1],
X(t + 1) = AX(I) + A1X(tk+1 — T]k+1) + A2X(fk — r]k), t e [lk+1,lk+2 — 1],

(6)

wherek =2p—1, pe N, 4; = BKIC!, i =1,2.
Fort € [ty, tx+1 — 1], we can represent t — nx =t — 11(t), tk—1 — Nk—1 =t — 12(t), where
1) =1 -t + Mk <2(t) =1 —lg—1 + Ng—1,
T(?) € Mm i), () € [Nm.  Tml, 1€ [tk tip1 — 1]
Therefore, (6) for t € [t,tx+1 — 1] can be considered as a system with two time-varying interval

delays, where 71 (¢) < 12(¢). Similarly, for ¢t € [txt1, tx+2—1], (6) is a system with two time-varying
delays, one of which is less than another.

2.2. Solution bounds

Applying the following discrete-time Lyapunov—Krasovskii functional (LKF) to system (6) with
time-varying delay from the maximum delay interval [7,,, Tas]

Ver(t) = xT (1) Px(t) + Z:t_nmxt—s—le(s)sox(s)

-1 t—1 o t=m—1 _,
—H]mzj —nmzs=t+j'v ' lnT(s)Ron(s)+Zs:,_— AT (9)S1x (s)

— Im

Fn =) ST T 6 Rin), 00 = x4 1)~ x0),
P>0 S§;>0 R >0, i=0,1 0<A<l1, =0,
where following [12], we define (for simplicity)
x(t) =x9, t<0. 3
We find then conditions that guarantee
Ver(t +1) = AVrr(t) <0, t=t1,61 +1,..., )
which will imply
Var(t) S A0 Vee(ty), t =t1,t1 + 1, ...

In order to derive a bound on Vgg(#1) in terms of x¢ in a simple way, on the controller side,
we need to wait for all (both) latest transmitted measurements y;(sg), ¥2(s1) and then send them
together to the actuator side. Therefore, the first updating time ¢ty = t; corresponds to the updating
time instant when the first data are received by the actuator, which means that u(¢) = 0,¢ € [0,#; —
1]. Then for ¢ € [0,#; — 1], (1) is given by

x(t+1)=Ax(t), t=0,1,....t -1, teZ*. (10)
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Denote by x (¢, x¢), the state trajectory of (6), (10) with the initial condition xo € R”. The domain
of attraction of the closed-loop system (6), (10) is the set

A= {xo eR"”: lim x(¢,x0) = O}.
=00

Given K!, K? and positive integers 0 < 7,, < ny < Tp, our objective is to get an estimate
Xpg C A (as large as we can get) on the domain of attraction, for which exponential stability of the
closed-loop system is ensured, where

Xg = {xo € R" : xJ Pxo < 7'}, an

and where 8 > 0 is a scalar, P > 0 is an n X n matrix.
By extending the direct Lyapunov approach suggested in [12] for time-delay system to the
switched system given by (6), (10), we obtain

Lemma 1
Consider LKF Vigg() given by (7) and denote Vo(t) = xT (t)Px(¢). Under (8), let there exist
0 < A < 1and i > 1 such that the following inequalities

Vot + 1) — ulp(t) <0, =0,1,...,11 — 1, (12a)
Var(t +1) = AVar(t) — (0 — DVo(t) <0, t =0,1,...,¢ — 1. (12b)

hold along (10). Then the solutions of (6), (10) at time #; satisfy
Var(t1) < x§ [A"" Bre + (W™ +! = 1) P] xo. (13)
where

Err = P + mSo + A" (T — m) Si. (14)

Proof
From (12a), Vo(r) < u'Vy(0) for t = 0,1,...,7;. Under the constant initial condition (8) and
Vrr(t) of (7), we have fort = 0

-1 e —Mm—1_ _
Ver(0) = xg Pxo+ 3 AT (9)Sox(e) + ) " AT g Sixo.

Hence, Vgr(0) < xgERRxo. Noting that n,, < t; < a7 + 1, (12b) yields (13) because

Var(t1) < A" Veg(0) 4+ (1" — 1)xg Pxo < x§ [A"1 Egg + (1" — 1) P] xo.

Lemma 1 implies the following result:

Theorem 1

Givenscalars0 <A < 1,8 > 0,u > 1,0 > 0, positive integers 0 < 1, < npy < Ty, and K K?,
let there exist scalars n x n matrices P > 0, Sy > 0, Ry > 0(0 = 0,1), Gi,Gé, Gg i=12)
such that 9, So + A" (Tpr — 0m)S1 < 0P and the following matrix inequalities are feasible:

R, Gi Gi
Qi=| % R G, |=0, (15)
¥ xRy
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)

DOI: 10.1002/rnc



K. LIU AND E. FRIDMAN

—uP ATP
<0, (16)

* —-P

Ppgg (K'CHT .
1 —2 205‘]217"'7’11{7 (17)
* 3Bu;

FIPFy+ % + FLHFy — A" FLRyF1, —A™ FTQ; F <0, (18)
FIPFy+ S+ FLHFy —A"™FLRoFi1, —AMFTQF <0, i =1,2, (19)

where
Fo=[A0A3_; A; 0], Foy =[A—T10A5_; 4;0], i =1,2,
Fio=[I —1000], Fp=[A0000], Foy =[A—10000],

07~1 0 0
F=[001 -10 |[,
00 0 I —I 20)

T = diag {So — AP, —A""(So — §1),0,0, =A™ Sy},
T = diag {So — AP + (1 — p) P, —A"(So — §1),0,0, =A™ Sy} ,
ke = AT (1 +0) + ™ —1,
H =y Ro + (Tsr — 1lm)* Ri.
Then, for all initial conditions x¢ belonging to Xg, the closed-loop system (6), (10) is exponentially

stable.

Proof
Suppose that x (1) € £ (K', ) N £ (K?,u). Following [9], we take advantage of the ordered delays
and use convex analysis of [14]. We show that (16) and (15), (19) guarantee, respectively, (12a) and
(12b) for t =0,...,t; — 1; (15) and (18) guarantee (9) fort =1;,¢; + 1,....

Noting that (9), (13), and 1, So + A" (Tay — nm) S1 < 0P, we arrive at

xT(t)Px (1) < Vig(t) < A1 Vig(ty)
< xg A" Egg 4+ (™ +! = 1) Plxg
< xg [M"(P +0P) 4+ (u™ ' — 1)P]xo
= pRRngxo, t=t,t1+1,....

Soforall x(¢) : xT (t) Px(t) < prrB~! =>xT(t)(K’C) (KiC! )jx(t) % , if

Tk CHT(K CHx @) < ﬂpRRxT(t)Px(t)uj, j=1,... 0y, 0i=12.

The latter inequality is guaranteed if 7 ,B,oRR — (KiC! )T(K’C )j = 0, and, thus, by Schur
complements if (17) is feasible. Hence, the trajectorles of system (6), (10) converge to the origin
exponentially, provided that xo € Ag. O
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)
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3. DISCRETE-TIME NCSS WITH ACTUATOR SATURATION UNDER A
WEIGHTED TOD PROTOCOL

3.1. Problem formulation and a hybrid time-delay model

In [10], a weighted TOD protocol was analyzed for the stabilization of continuous-time NCSs in the
framework of time-delay approach. Actuator saturation was not taken into account. In this section,
we consider discrete-time NCSs with actuator saturation under the weighted TOD protocol.
Consider (1) with two sensor nodes y?(t) = C'x(t),i = 1,2 under the saturated control input
(2). Consider a sequence of sampling instants (3). At each sampling instant s, one of the outputs

yi(t) e RY(ny+n,=n y) is sampled and transmitted via network. Denote by y (sg) = [f;iiz :] €
R™> the output information submitted to the scheduling protocol. At each sampling instant s, one
of ' (sx) values is updated with the recent output y* (sz).

It is assumed that no packet dropouts and no packet disorders will happen during the data trans-
mission over the network. The transmission of the information over the two networks (between the
sensor and the actuator) is subject to a variable delay 7. Then t; = sx + 1y is the updating time
instant. As in the previous section, we allow the delays to be non-small (larger than the sampling
intervals) provided that the old sample cannot get to the destination (to the controller or to the actu-
ator) after the current one. Assume that the network-induced delay n; and the time span between
the updating and the current sampling instants satisfy (4).

The choice of the active output node is ruled by a weighted TOD protocol. Following [10],
consider the error between the system output y(sx) and the last available information y(sg_1)

e(r) = col{e1(t). e2(1)} = Y(sk—1) = y(sw). 1 € [t tre1 — 1],

teZt keZt, $(s_1) 20, e(t) e R,

Let Q; > 0,i = 1,2 be some weighting matrices (they will be found from matrix inequali-
ties in Lemma 2). The node that has the largest error, }@ ;ei(?) 2 ,i = 1,2 is granted access to
the network.

Let

.k . Al [ 2
i = mm{argigm}‘@i (yl(sk—l)_yl(sk))‘ } 21
be the index of the active output node at the sampling instant si. This can be rewritten as

2
Jt €tk tigr — 1], 1 €Z7. (22)

VO] = |VOierip

Because of the control bounds defined in (2), the effective control signal to be applied to system (1)
is given by

u(t) = sar [ K%y (o = i) + K' 5 (e = ey | 1 € [t e = 1, 1 € 2.

If the control is such that x(r) € £ (K, @) N L(K?, 1), then |(K'C");x + (K>C?);x(t)| < ;.
The closed-loop system can be presented as

x(t+1)=Ax(t) + A1 x(te — nr) + Bie,'(t)h-#i;g, o3
e(t+1)=e(t), t €ty tig1—2], t €Z™,

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)
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with the delayed reset system for ¢ = #541 — 1
X (k1) = Ax (k1 — 1) + Arx (te — ni) + Biei (1) 44
ei(tiv1) = C'[x(tk — i) — X(te1 — M), § = i, (24)
ei(tk1) = €i (i) + C'lx (e — mic) — X (kg1 — M) § i

where A = BKC, B; = BK', K = [K! K?], i = 1,2. The initial condition for (22)—(24) has
the form of e(ty) = —Cx(t9 — o) = —Cxo and

x(t+1)=Ax(@), t=0,1,...,t0—1, t € Z*. (25)

Definition 1
Hybrid systems (22)—(24) are said to be partially exponentially stable with respect to x if there exist
constants b > 0,0 < k < 1 such that the following holds

(O < b0 [|xol? + le(wo)P], 1 =10

for the solutions of the hybrid system initialized with (25) and e(ty) € R">.

Given K!, K2 and positive integers 0 < 1, < ny < Tpy, our objective is to obtain an estimate
Xpg C A (as large as we can get) on the domain of attraction, for which exponential stability of the
closed-loop systems (22)—(24) with respect to variable of interest x is ensured, where &g is given
by (11). In [15], the notion of partial stability was also used.

3.2. Partial exponential stability of the hybrid delayed system without actuator saturation
Consider the LKF of the form
kv1—0 T
Ve(t) = Vrop(t) + TM——anei (1) Qiei (1) iy
Vrop(t) = V(1) + Vo ().

t—1
Vo) =(ta—nm) Y A '9T(9)0n(s).

S=lk—Nk
t—1 t—nm—1
Vioy=x"@Px0)+ Y 277X (@)Sox(s)+ Y ATTxT(9)S1x(s)
S=t—Nm S=t—tp (26)
—1 t—1

Fm Y Y AT (s)Ron(s)

J=—nm s=t+j

—nm—1 t—1

+m—mm) Y, Y, AT () Rin(s),

j=—tpms=t+]j

P>0.8>0R >00>00;>00<A<1,i=017j=12,
t€ltgtkpr1 =1t €Z keZ™,

where we define x(¢) = xo, t < 0.
Our objective is to guarantee that

Vot +1) = AVo(t) <O, t € [ty txy1 — 1], t €ZT (27

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)
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holds along (22)—(24). The inequality (27) implies the following bound
Viop(t) < Ve(t) < AV, (tg). t = 1o, t € Z7,

e8)
Vetto < Vrootto) + i, { [V 0res ||

for the solution of (22)—(24) with the initial condition (25) and e(¢y) € R">. Here, we took into
account that for the case of two sensor nodes

G, = i [[V@ ]

From (28), it follows that systems (22)—(24) is exponentially stable with respect to x.
The novel term Vp (¢) of LKF is inserted to cope with the delays in the reset conditions

Vo (tk+1) = AVo(tk1 — 1)

tk4+1—1 tk41—2
= (T — m) Yo Tl — Y AT (5)Onis)
S=lp 41— Nk+1 S=l—Nk

tkt1—Nk4+1—1
< (i = 10" (kg1 = DON(tgr = D) = (ir = n)A™ > 1T (s)On(s)

S=Ix—Nk

< (tm = 10" (k1 — DONtegr — 1) — A™ ‘\/_[x(tk-i-l — NMk+1) — X (tx — ﬂk)]
(29)

where we applied Cauchy—Schwartz inequality (see e.g., [16]). The term % i () Qiei (1)

is inspired by the similar construction of LKF for the sampled-data systems [6].
We have

Ve(fk+1t) - /\tV (k1 — 1) = V(tgg1) — AV (txg1 — 1)
+oit e lT(lk+1)Qz€z(lk+1))l¢l —m i (fk)Qzez(fk)|,¢,

(et — )T (rk+1—1)Qn(rk+1—1)—W}f [x(rkﬂ—nk+1>—x(zk—nk)]|2(.3 )

Note that under TOD protocol for i ,:‘ =i ,’:,
& (tk-i-l)Qtel(tk-H))Hé . S *(fk+1)Ql*€z (fk+1).

whereas for i} g Al % » the latter relation holds with the equality. Hence,

T2 — lk+1

™™ — m + 1 € (lk+1)Q,e, ([k+1)|l7élk+l < €l~T*(lk+1)Qiei;(k(tk+1)
m

=1/ Qiz Gy [x (U1 — Miet1) — x(tx — ol
Assume that
A™MQ > CiTQ;Ct i =1,2. (31)
Then for ¢ = t;4; — 1, we obtain

Vot + 1) = AVo(t) < V(t + 1) — W(t) + (tar — nm)n" (1) Qn(2)
—m i W) Qiei(tr) i -

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)
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Furthermore, because of

A 1 1—-2
_ — _ + < -
TM_nm+1 TM_nm+1 fM_nm+1 fM_nm+1

+1_A'9

fort = tx41 — 1, we arrive at

Vet + 1) = AVe(t) S V(t + 1) = AV (&) + (s — )07 () O1(2)

(32)
[t — (= W) el @) Qrei 1) e 2 W (0.
Fort € [ty, ty+1 — 2], we have

Vet +1) = AVe(t) < V(t + 1) = AV (&) + (tar — )07 () On(2)

7 i lk41—t T .
+ [rM—an - ArM—nerl] e; (k) Qie (tk)Ii#i,i‘ :

Because

S e S S5 b S 1 (1 —p) k<] +1-4,

M —Nm+1 Tw—m+1 —  tp—nm+l1 t—nm+1 T Tayr—nm+1

we conclude that (32) is valid also for ¢ € [tg, tx+1 — 2]. Therefore, (27) holds if
W) <0, tetk, tprr —1]. (33)

Note that i # i} fori = 1,2 is the same as i = 3 —i;". By using the standard arguments for the
delay-dependent analysis [14], we derive the following conditions for (33) (and, thus for (28)):

Lemma 2

Given scalar 0 < A < 1, positive integers 0 <
matrices P > 0,0 > 0,5, >0,R; > 0(j =
that (31) and

Nm < nm < tm,and K, K2, if there exist n x n
0,1), S12,n; x n; matrices Q; > 0(i = 1,2) such

. [RiS
sz:{ 1 12}20, (34)
* R1
EFPEy+ 34 ELWEyy =A™ FER Fi1p =A™ FTQF <0, (35)

are feasible, where

Fo=[A0A;0B;3], Foy =[A—104,0B;].
A 0l -1 00
P = ,
00 I —-10
5 — di _ _ATm (G atm (36)
Y = diag{So — AP, —A""(So — 51),0, =A™ Sy, ¢},

1
% =—|:m—(1—l)} O3,

W =npRo+ (tsr — nm)>R1 + (tar — 1) Q. i = 1,2,
Then solutions of the hybrid systems (22)—(24) satisfy the bound (28) and are exponentially stable

with respect to x. Moreover, if the aforementioned inequalities are feasible with A = 1, then the
bound (28) holds with A = 1 — ¢, where & > 0 is small enough.
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Remark 1
The inequality V, (1) < A"V, (ty).t = to,t € Z in (28) guarantees that

lkv1 =k T .
M — T + lei (tx) Qiei (tk)|i7éi,:‘

is bounded, and it does not guarantee that e(#;) is bounded. That is why (28) implies only partial
stability with respect to x.

3.3. Partial exponential stability of the hybrid delayed system with actuator saturation

Our objective is to derive the bound on Vypp(ty) in terms of xg. By using arguments similar to
Lemma 1, we arrive at the following.

Lemma 3
Consider LKF V7op(t) given by (26) and denote Vy(t) = xT (1) Px(¢). Under (8), let there exist
0 < A < 1and pu > 1 such that

Vo(l+1)—MVO(t)$0,l=0,1,...,lo—1, (37a)
Viop(t + 1) — AVpop(t) — (u —1)Vp(2) <0, ¢t =0,1,...,2— 1, (37b)

hold along (25). Then we have
Viop(to) < xg [A"" Eqop + (1™ — 1) P] xo, (38)

where

Erop = P + nmSo + A" (tp — ) S1. (39)

Proof
From (37a), Vo(t) < u'Vp(0) fort = 0,1,...,%. Under the constant initial condition (8) and
Vrop(t) of (26), we have fort = 0

—1
Vrop(0) = x§ Pxo + Z

S=—MNm

e —Mm—1 _ _
A8 lngOXO + Zs:_er $ IXgSIXO.
Thus, V7op(0) < xg EropXo. Noting that 1, < to = no < nuy, the inequality (37b) implies

Vion(to) < A Viop(0) + (u' — Dxl Pxo < xT [A©870p + (1 — 1) P] xo

(40)
< xg A" Brop + (W™ — 1) P] x,.

O
Lemmas 2 and 3 imply the following result:

Theorem 2

Given scalars 0 < A < 1,8 > 0, > 1,0 > 0,0 > 0, positive integers 0 < 1, < Ny < T,
and K', K2, if there exist n x n matrices P > 0,0 > 0,5, > 0, R; > 0(l = 0,1), S12,n; x n;
matrices Q; > 0(i = 1, 2) such that (16), (31), (34), (35), and

MmSo + A" (tss — Nm)S1 < oP, (41)
A™Q <GP, 42)
Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)
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T
TOD (ch ) > .
|: . 4,5MJ =0, j=1,...,ny, 43)
5T p & 5T 17 B m =T = w BFTA P
Fy PFo+ X+ FgyWFo1 — A" F,RoF1o —A™ F"QF <0, (44)

are feasible, where notations W and  are given by (36) and (34), respectively, and where

Fo=[A000], Foy =[A—1000], Fia =[1 —100],

- 07 -1 0
F = ,
|:00 1 —I:| (45)

¥ = diag{So — AP + (1 — ) P, —A" (Sy — §1),0, —A™™ S},
prop = A" (1 +0)+ W™ —1)+4,i =1,2.

Then, for all initial conditions x¢ belonging to X, the closed-loop systems (22)—(24) are exponen-
tially stable with respect to x. Moreover, if the aforementioned inequalities hold with A = 1, then
they are feasible for A = 1 — ¢, where ¢ > 0 is small enough.

Proof
Suppose that x (1) € £ (K', i) N L (K?,1). As shown in Lemma 2, (31), (34), and (35) lead to (28)
fort = tg,t9 + 1, . ... Following the proof of Theorem 1, fort = 0, 1,...,¢ — 1, (16) and (44) with
(34) guarantee (37a) and (37b), respectively.

Next, noting that (31) and (42), we have

xICTQ;Clxg < A™MxI Qxo < 5xI Pxo. (46)

which implies that |./Qie,~ (to)|2 = |—./Q,-Ci 2 < 0Xx) TPxo, i =1,2.
Therefore, taking into (28), (38), (41), and (46), we obtain

xT (@) Px(t) < Viop(t) < A0V, (ty)
< A7 {Vrop(to) + min;=; » {eiT(lo)Qiei (to)}}
< x§ (A" Eqop + (W™ —1)P + 3 P xo
<xd [A"(1+6) + (1™ — 1) + 6] Pxo

=,OT0DX({PX(), t =ty g+ 1,....

So for all x(t) : xT (1) Px(1) < propB™" = xT (1) (K'CHT(K'CH)jx(1) < i3, if
o o 1
xTO(K' CHT(K CHx (1) < ZﬂpT(}DxT(z)Px(t)ﬁﬁ, j=1,...ny i=12.

The latter inequality is guaranteed if %ﬂp;olDPﬁi — (K"C")f(KiC")j > 0, and, thus, by Schur
complements if (43) is feasible. Hence, solutions of the hybrid systems (22)—(24) initialized
with (25) and e(¢9) € R”™ converge to the origin exponentially with respect to x, provided
that xo € Ajg. O

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control (2014)
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Remark 2

Note that for the stability analysis of discrete-time systems with time-varying delay in the state, a
switched system transformation approach can be used in addition to Lyapunov—Krasovskii method.
See more details in [17].

Remark 3
Note that

xg Pxo < Amax(P)|x0|*> < B71, (47)

where A, (P) denotes the largest eigenvalue of P. Hence, the following initial region
|x0|> < B7'/Amax(P) is inside of Xpg. In order to maximize the initial ball, we can add
the condition

P—yl <0, (48)

to Theorems 1 and 2, where y > 0 is minimized.

4. EXAMPLE: DISCRETE-TIME CART-PENDULUM

Consider the following linearized model of the inverted pendulum on a cart [9]:

(1) 01 0 07[x@) 0

)| |00 =gE 0 || x() ° N

6oy |~ oo o 1|6 o |H®-1ER (49)
9(t) 00 % 0 e(t) ;4_:1

with M = 3.9249 Kg, m = 0.2047 Kg, I = 0.2302 m, g = 9.81 N/Kg, a = 25.3 N/V, and
# = 50. In the model, x and 0 represent cart position coordinate and pendulum angle from vertical,
respectively. Such a model is discretized with a sampling time Ty = 0.001s

X+ 1) 10001 0 0 (1) 0
Ax(t + 1) 0 1 —0.0005 0 Ax(t) 0.0064

= 1), teZt (50
0t + 1) 0 0 100 000l || 6y |T| o [r@-1€Z7 GO
AOG + 1) 0 0 00448 1 AB(1) ~0.0280

with # = 50. The pendulum can be stabilized by a state feedback u(t) = K [x Ax 6 A6 ]T with
the gain K = [Kl Kz]

K'=[5.8255883], K>=][24.9415.140], (51)

which leads to the closed-loop system eigenvalues {0.8997,0.9980 + 0.0020i,0.9980 —
0.0020i, 0.9980}. Suppose the variables 0, Af and x, Ax are not accessible simultaneously. We
consider measurements y’(t) = C'x(t),t € Z*, where

1 _[1o00] ., _foo010
C‘[moo]c_[oom] (52)
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Table I. Largest ball of admissible initial conditions for different w.

I 1.02 1.2 1.5 2 3

|xo|(Theorem 1, RR)  0.4964 0.3557 0.2304 0.1297 0.1339
|xo|(Theorem 2,TOD) 0.3342 0.3069 0.2674 0.2168 0.1541

RR, round-robin; TOD, try-once-discard.

Choose A =1, B=1,0 =1.0x102and n,, = 1, Ny = 2, Ty = 3. Applying Theorem 2 with
nw = 1.02,0 = 1.1 and Remark 3, the closed-loop systems (22)—(24) are exponentially stable with
respect to x starting from the initial ball |xo| < 0.3342 by the presented TOD protocol. Applying
Theorem 1 with © = 1.02 and Remark 3, the closed-loop systems (6), (10) are asymptotically
stable and the largest ball of admissible initial conditions is |x¢| < 0.4964.

Then for different p, by Theorems 1, 2 with A = 1 and Remark 3, we give the corresponding
largest ball of admissible initial conditions (see Table I).

5. CONCLUSIONS

In this paper, a time-delay approach was developed for the stability analysis of discrete-time NCSs in
the presence of actuator saturation under the RR or under a weighted TOD scheduling. A Lyapunov-
based method was presented for finding the domain of attraction under both scheduling protocols.
The conditions are given in terms of LMIs. Polytopic uncertainties in the system model can be easily
included in the analysis. Numerical example illustrates the efficiency of our method.
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