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Abstract

Log-Normal and Weibull distributions are the most popular distributions for modeling skewed
data. In this paper, we consider the ratio of the maximized likelihood in choosing between
the two distributions. The asymptotic distribution of the logarithm of the maximized likeli-
hood ratio has been obtained. It is observed that the asymptotic distribution is independent
of the unknown parameters. The asymptotic distribution has been used to determine the
minimum sample size required to discriminate between two families of distributions for a
user specified probability of correct selection. We perform some numerical experiments to
observe how the asymptotic methods work for different sample sizes. It is observed that the
asymptotic results work quite well even for small samples also. Two real data sets have been

analyzed.
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1 INTRODUCTION:

We address the following problem in this paper. Suppose an experimenter has observed n
data points, say xi,...,x, and he wants to use either two-parameter log-normal model or

two parameter Weibull model, which one is preferable?

It is well known that both the log-normal and Weibull models can be used quite effectively
to analyze skewed data set. Although, these two models may provide similar data fit for
moderate sample sizes, but still it is desirable to select the correct or more nearly correct
model, since the inferences based on the model will often involve tail probabilities, where
the affect of the model assumptions are very critical. Therefore, even if we have small or
moderate samples, it is still very important to make the best possible decision based on

whatever data are available.

The problem of testing whether some given observations follow one of the two probability
distributions is quite old in the statistical literature. See for example the work of Atkinson
(1969, 1970), Bain and Englehardt (1980), Chambers and Cox (1967), Chen (1980), Cox
(1961, 1962), Dyer (1973), Fearn and Nebenzahl (1991), Gupta and Kundu (2003, 2004),
Kundu, Gupta and Manglick (2004), Wiens (1999) and the references therein.

In this paper, we consider the problem of discriminating between Weibull and log-normal
distributions. We use the ratio of the maximized likelihood (RML) in discriminating be-
tween the two distribution functions and using the approach of White (1982a,b), we obtain
the asymptotic distribution of the logarithm of RML. It is observed that the asymptotic
distribution is asymptotically normal and it is independent of the unknown parameters. The
asymptotic distribution can be used to compute the probability of correct selection (PCS)
and it is observed in the simulation study that the asymptotic distribution works quite well

even for small sample sizes. Dumonceaux and Antle (1973) proposed a likelihood ratio test



in discriminating between the log-normal and Weibull distributions. The asymptotic results
can be used to obtain the critical regions of the corresponding testing of hypotheses problem

also.

We also find the minimum sample size required to discriminate between the two distribu-
tion functions for a given PCS. Using the asymptotic distribution of the logarithm of RML,
we obtain the minimum sample size required to discriminate between the two distribution

functions for a given user specified protection level, 7.e. the PCS.

The rest of the paper is organized as follows. We describe the likelihood ratio method in
section 2. Asymptotic distributions of the logarithm of RML statistics under null hypotheses
are obtained in section 3. Sample size determination has been performed in section 4. Some
numerical experiments are performed in section 5 and two real data sets are analyzed in

section 6. Finally we conclude the paper in section 7.

We use the following notation for the rest of the paper. The density function of a log-
normal random variable with scale parameter § > 0 and shape parameter ¢ > 0, will be

denoted by
]_ _ (nz—In 9)2

e 22 ; for x> 0. 1.1
\2TxOo ( )

A log-normal distribution with the shape and scale parameters o and 6 will be denoted by

fLN(LC; g, (9) =

LN (0,6). The density function of a Weibull distribution, with shape parameter 5 > 0 and

scale parameter A\ > 0, will be denoted by
fwe(z; B,\) = ﬁ/\ﬂxﬂ_le_(x’\)ﬁ; for x> 0. (1.2)

A Weibull distribution with the shape and scale parameters # and A respectively, will be

denoted by WE(S, A). We denote ¢(z) = Lin(T'(z)) and ¢'(z) = “L)(z), as the digamma

and polygamma functions respectively.



2 RATIO OF MAXIMIZED LIKELIHOOD

In this section, we assume that we have a sample X7, ..., X, from one of the two distribution
functions. The likelihood functions, assuming that the data follow LN(o,0) or WE((3, \),

are
n

LLN(O', 9) = H fLN(Xz; g, 0)

=1

and
LWE(ﬁv )\) = H fWE(Xi; B, )\)7
i=1

respectively. The logarithm of RML is defined as
(2.1)

Here (6,0) and (3, \) are maximum likelihood estimators (MLEs) of (o, 0) and (3, A) respec-

tively based on the sample Xi,..., X,,. The logarithm of RML can be written as follows;
1 .
T—n [5 I (&5(%))&/2%)} . (2.2)
For log-normal distribution

%i(mxi ~mé)”, (2.3)

1
0 = <H Xi> and 62 =
i=1

and for Weibull distribution B and \ satisfy the following relation

A %
= (=] 2.0
n g
'i:lXi

The following discrimination procedure can be used. Choose the log-normal distribution if
the test statistic T' > 0, otherwise choose the Weibull distribution as the preferred model.
Note that if we transform the data as Y; = In X; and consider the logarithm of RML of the
corresponding transformed distributions, namely normal and extreme-value distributions,

then the value of the test statistic will be same as (2.2). Therefore, using the results of
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Dumonceaux, Antle and Haas (1973), it follows that the distribution of 7" is independent of
(0,0) and (8, A) if the data follow LN (o, 6) and W E([3,\) respectively. The discrimination

procedure is equivalent to the likelihood ratio method.

3 ASYMPTOTIC PROPERTIES OF THE LOGARITHM OF RML

In this section we derive the asymptotic distribution of RML for two different cases. We
use the following notation. Almost sure convergence will be denoted by a.s. For any
Borel measurable function, A(.), Epn(h(U)), and Von(h(U)) will denote the mean and
variance of h(U) under the assumption that U follows LN (o,6). Similarly, we define,
Ewg(h(U)) and Viyg(h(U)) as mean and variance of h(U) under the assumption that U
follows WE(3,X). Moreover, if g(.) and h(.) are two Borel measurable function, we de-
fine covpn (g(U), M(U)) = Ern(9(U)n(U)) — ELn(9(U)) Ern(h(U)) and covws(g(U)h(U)) =
Ewr(g(U)hU)) - Ewr(9(U))Ewg(h(U)), where U follows LN (o, 0) and W E(3, \) respec-

tively.
CASE 1: THE DATA FoLLOw LOG-NORMAL DISTRIBUTION
In this case we have the following main result.

THEOREM 1: Under the assumption that the data follow LN (o, 6), the distribution of T" as

defined in (2.2) is approximately normally distributed with mean Fpx(T") and Vin(T).
To prove theorem 1, we need the following lemma.

LEMMA 1: Suppose the data follow LN (o, @), then as n — oo, we have

(1) 6 >0 as, 0—0 as. where

Ery (In(fin(X;0,0))) = max Bry (In(frn(X;0,0))).



(2) B— B as,\— X a.s., where
Ery (In(fwe(X;5,3))) = max By (In( fiv s (X; 5, 1))

Note that ﬁ and \ may depend on ¢ and 6, but we do not make it explicit for brevity. Let

us denote;

T —n l%} | (3.1)

(3) n2 (T — Epn(T)) is asymptotically equivalent to n=2 (T* — Epy(T%)).

PrOOF OF LEMMA 1: The proof follows using the similar argument of White (1982b;

Theorem 1) and therefore, it is omitted.

PROOF OF THEOREM 1: Using the Central Limit Theorem (CLT), it can be easily seen
that n=2 (I — E;n(T*)) is asymptotically normally distributed. Therefore, the proof im-

mediately follows from part (3) of Lemma 1 and the CLT.
Now we discuss how to obtain 3 and X, Eyn(T) and Vin(T). Let us define;

9(8,)) = Epy (In(fwp(X;8,0) = Epy [In B+ S+ (8 — 1) In X — (AX)”]

ﬂ22

=B+ FInA+ (3 —1)Ind — (M)’ 2. (3.2)

By differentiating g(3, \) with respect to 5 and A and equating them to zero, we obtain

(SIS

G = le and A= (3.3)

e 2.

|~

Now we provide the expression for Frn(T) and Vion(T). Note that lim, . ]EL%(T) and

AMp N and lim,,_ V“;’L(T) =

Vin (T) Epn(T) _

lim,, o exist. Suppose, we denote lim,, .
AV n. It is already observed that the distribution of 7" is independent of o and 6, therefore
to compute Ern(T) and Vpn(T), without loss of generality, we consider ¢ = 6 = 1. For

large n,



ELN(T)

Q

AMpy = Ern [hl fin(X;1,1) — In fwe(X; 5, 5\)]

n
= Ein [_% In(27) — fIn X — %(mX)? ~InB—Fn )+ (XX)B]
1 1 S TR Y
= —5n(2n) — 5 —Inj—Flnd+ Ve
1
= —5n(2m) + 1 = 0.0810614 (3.4)

We also have

Vin(T)

Q

AVLN(U) =Vin (hl fLN(X; L, 1) —In fWE(XS B» 5\))

= V(Fmx+ %(m X - (X))

ot

~ 1 ~973 32 32 o33 132
3+ 5+ NP (27— ) = 33N er” = ¢ — - = 0.2182818. (3.5)

[\]

CASE 2: THE DATA FoLLow WEIBULL DISTRIBUTION

THEOREM 2: Under the assumption that the data follow W E(3, A), the distribution of T’
as defined in (2.2), is asymptotically normally distributed with mean Ey g(7T) and variance

Vive(T).
To prove Theorem 2, we need Lemma 2, similar to Lemma 1.

LEMMA 2: Suppose the data follow W E(3, ), then as n — oo, we have

~

(1) p—pF as., A — A as. where

Ewe (In(fwe(X;8,)))) = H%%X Ewg (ln(fWE(X;B7/_\))) :

(2) 6—6 as, 0—0 as where

Ewg (In(fon(X : 5,0))) = max By (In(frn (X;0,0)))

Note that here also G and 0 may depend on 3, but we do not make it explicit for brevity.
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Let us denote here;

(3.6)

T —n [LLN(éaé)] i lLLN(67§)‘| .

(3)  n 2 [T — Ewg(T)] is asymptotically equivalent to n~2 [T, — Eyw 5(T.)].

PROOF OF LEMMA 2 It also follows from Theorem 1 of White (1982b).
PrROOF OF THEOREM 2: It follows similarly as Theorem 1.

Now we discuss how to obtain &, 8, Ey g(T) and Viyg(T). Let us define;
(In X —1In 0)2]

202

h(c,0) = Ewg(In(fin(X;0,0))) = Ewg [—%ln(%r) —InX —Ino —

= —% In(27) — %1/1(1) +InA—Ino
—Tiz %F”(l) — %77/1(1) InA+ (In)\)?*—2In6 (%@/}(1) —1In /\> + (ln9)2] . (3.7

Therefore, by differentiating h(o,#) with respect to o and 6 and equating them to zero, we

obtain & and @ as

-1 (1
0 = Xe%w(l), and &= wﬁ( ) (3.8)
Now we provide the expression for Ey g(T) and Viyg(T'). Similarly as before, lim,, . EWTEL (1)
Vwe(T) Ewg(T) Vwe(T)

= AMwg and lim,,_, =

and lim,, ., == exist and we denote lim,, =

AViyg. Note that as mentioned before, the distribution of T is independent of 3 and A and

we take them to be 1 for the calculations of AMy g and AV g. Therefore for large n

1 : 5
= =3 In(27) —Iné — 572 % + <¢(1) - lne)ﬂ +1—1(1)
1 3 1
= 55 lnm+ 53— ¢(1) = ~0.0905730. (3.9)

Note that the second equality follows by taking the expectations of the likelihood functions

after putting the values of & and # from (3.8). Moreover,

Vive(T)

n

AViwe(3) = Ve [ln(fLN(XQ 5,0)) = In(fwn(X;1, 1))}

Q
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InX —Inp)>
- VWElIanLu—X]

202

= (1_1229> (r"(1)_(r'<1))2)+4;4 (F(4)(1)—(F”(1))2>+1—%F’(1)

+% (1 - 12—5) (r® (1) ='W () -2 <1 - 1;%)
= (1— ;f((ll))) (r(1) = (r'(1))?) +m (r®() - (1"(1))%)

. w(l) (3) R nl " . _ w<1) . 1/1(1)

o (1 ) ) -2 (- S -2
_ / . ¢(1> ’ 1 (4) . " 2\
= v (1= 55 + s 0 - ) -1

1 _ 770(1) (3) R al "

+o (1 20 (o) - rr)

= 0.2834081. (3.10)

4 DETERMINATION OF SAMPLE SIZE AND TESTING

4.1 MINIMUM SAMPLE SIZE DETERMINATION

In this subsection section we propose a method to determine the minimum sample size needed
to discriminate between the Weibull and log-normal distributions for a given user specified

PCS. It is expected that the user specifies the PCS before hand.

First we consider Case 1, i.e. the data are assumed to follow LN(o,#). Since T is

asymptotically normally distributed with mean En(T') and variance Vi x(T'), therefore, the

PCS is
_ ~p | BT ) _ g (X AMiy
PCS=P[T>0~® ( VLN(T>) iy ( — AVLN> . (4.1)

Here @ is the distribution function of the standard normal distribution. Now to determine



the minimum sample size required to achieve at least p* protection level, we equate;

n X AMLN
O ——m—m—=| =7 4.2
(\/Tl X AVLN) b ( )

and obtain

2
n — M_ (4.3)
(AMpx)?

Here z,+ is the 100p* percentile points of a standard normal distribution. For Case 2, i.e.

when the data follow WE(f3, ), we obtain

Q*AV
n= 2WE (4.4)
(AMwE)
Therefore, to achieve overall p* protection level, we need at least
AV, AWy
n = z2. max{ Ly WE Y = Zp» max{33.2,34.5} = z,-35. (4.5)

P (AMN)? (AMyg)?

4.2 'TESTING OF HYPOTHESES

In this subsection we consider the discrimination problem as a testing of hypothesis prob-
lem as it was considered by Dumonceaux and Antle (1973). Dumonceaux and Antle (1973)

considered the problem as the following two testing of hypotheses problems.

Problem 1:  Hj: Log-Normal ws. H; : Weibull. (4.6)
Problem 2:  Hy: Weibull ws. H; : Log-Normal. (4.7)

Dumonceaux and Antle (1973) provided the exact critical regions and the powers of the
likelihood ratio tests based on Monte Carlo simulations. Our asymptotic results derived in
the previous section can be used for testing the above two hypotheses as follows:

Test 1: For Problem 1: Reject the null hypothesis Hy at the @ % level of significance, if

T < n x 0.0810614 — 2z, x v/n x 0.2182818, and accept otherwise.

Test 2: For Problem 2: Reject the null hypothesis Hy at the o % level of significance, if

T > —n x 0.0905730 + z, X v/n x 0.2834081, and accept otherwise.
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5 NUMERICAL EXPERIMENTS:

In this section we perform some numerical experiments to observe how these asymptotic
results derived in section 3, work for different sample sizes. All computations are performed
at the Indian Institute of Technology Kanpur, using Pentium IV processor. We use the
random deviate generator of Press et al. (1993) and all the programs are written in C'. They
can be obtained from the authors on request without any cost. We compute the PCS based
on simulations and we also compute it based on the asymptotic normality results derived in
section 3. Since the distribution (numerical value) of 7" is independent of the shape and scale
parameters, we consider the shape and scale parameters to be one in all cases. We consider

different sample sizes namely n = 20, 40, 60, 80 and 100.

First we consider the case when the null distribution is Log-Normal and the alternative is
Weibull. In this case we generate a random sample of size n from LN (1,1) and compute T as
defined in (2.2) and check whether 7' is positive or negative. We replicate the process 10,000
times and obtain an estimate of PCS. We also compute the PCS based on the asymptotic
results derived in the Section 3. The results are reported in Table 1. Similarly, we obtain
the results when the null distribution is Weibull and the alternative is Log-Normal, and the

results are reported in Table 2.

It is quite clear from Tables 1 and 2 that as sample size increases the PCS increases as
expected. Even when the sample size is 20, asymptotic results work quite well for both the
cases. We performed normality tests on 10,000 7" values and the null hypothesis can not be
rejected even when the sample size is 20. From the simulation study, it is recommended that

asymptotic results can be used quite effectively even when the sample size is small.

Now we consider the discrimination problem as a testing of hypothesis problem as defined

in the previous section. Let us define the rejection regions as {T'" < 0} and {7 > 0} for
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problems 1 and 2 respectively. Therefore, it is immediate that P[Type I error] = 1 - PCS.
From Tables 1 and 2, it also clear that the P[Type I error| varies between 0.22 and 0.04 as
the sample size varies between 20 and 100 for both problems 1 and 2. Similarly, the power

of the test varies between 0.78 and 0.96 as sample size varies between 20 and 100.

6 DATA ANALYSIS

In this section we analyze two data sets and use our method to discriminate between the
two distribution functions.

DATA SET 1: The first data set is as follows; (Lawless; 1986, page 228). The data given
arose in tests on endurance of deep groove ball bearings. The data are the number of million
revolutions before failure for each of the 23 ball bearings in the life tests and they are: 17.88,
28.92, 33.00, 41.52, 42.12, 45.60, 48.80, 51.84, 51.96, 54.12, 55.56, 67.80, 68.44, 68.64, 68.88,
84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

When we use the Log-Normal model, the MLEs of the different parameters are 0 =
63.4890, 6 = 0.5215 and the corresponding log-likelihood (LL) value is -113.1017. The
Kolmogorv-Smirnov (K-S) distance between the data and the fitted log-normal distribution
function is 0.0901 and the corresponding p value is 0.98. Similarly when we fit the Weibull
model, the MLEs are B = 2.1050, A = 0.0122 and the corresponding LL value is -113.6887.
The non-parametric survival function, fitted Weibull survival function and fitted log-normal

survival function are plotted in Figure 1.

The K-S distance between the data and the fitted Weibull distribution function is 0.1521
and the corresponding p value is 0.63. We also present the observed, expected frequencies for
different groups and the corresponding y? statistics for both the distributions to the fitted

data. The results are presented below:
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TABLE A

Intervals | Observed | LN | WE
0-35 3 2.92 | 3.01
35-55 7 6.04 | 5.31
55-80 5 6.48 | 6.52
80-100 3 3.15 | 3.62
100- 5 4.41 | 4.54

The x? values are 0.579 and 1.045 for Log-Normal and Weibull distributions respectively.
For data set 1, K-S distances, x? values and Figure 1 indicate that both the distributions

provide quite good fit to the data set.

The logarithm of RML ¢.e., T" = 0.5870 > 0. It indicates to choose the Log-Normal
model. From (4.1), it is clear that if the data follow Log-Normal distribution then based on
sample size 23, PCS = 0.80 and if the data follow Weibull then PCS = 0.79. Therefore, in
this case the PCS is at least min{0.79, 0.80} = 0.79. Based on the assumption that the data
follow Log-Normal distribution, the p-value = 0.28. Similarly based on the assumption that
the data follow Weibull distribution, the p-value = 0.15. Comparing the two p values also we
would prefer to choose Log-Normal distribution over Weibull distribution. Therefore, in this
case, the LL values, x? values, K-S distances and our proposed method indicate to choose
the Log-Normal model and the probability of correct selection is at least 79%. If we consider
the two testing of hypotheses problems (4.6) and (4.7), then based on the data we can not

reject the null hypotheses in both cases even with the 15% level of significance.

DATA SET 2: The second data set (Linhart and Zucchini; 1986, page 69) represents the
failure times of the air conditioning system of an airplane: 23, 261 87, 7, 120, 14, 62, 47,

225, 71, 246, 21, 42, 20, 5, 12, 120, 11, 3, 14, 71, 11, 14, 11, 16, 90, 1 16, 52, 95.

~

For Data set 2, when we use the Log-Normal model, we have the following results: 6

= 28.7343, 6 = 1.3192, LL = -151.706, x? = 3.562, K-S = 0.1047 and the corresponding p
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value = 0.88. Similarly, when we use the Weibull model they are B = 0.8554, A= 0.0183,
LL = -152.007, x? = 3.053, K-S = 0.1540 and the corresponding p value = 0.44. The non-
parametric survival function, fitted log-normal survival function and fitted Weibull survival
function are plotted in Figure 2. For data set 2 also K-S distances, x? values and Figure 2

indicate that both the distributions provide quite reasonable fit to the data set.

The observed and the expected frequencies for different groups are presented below.

TABLE B
Intervals | Observed | LN | WE
0-15 11 9.33 | 8.45
15-30 5 6.01 | 5.06
30-60 3 5.91 | 6.33
60-100 6 3.57 | 4.55
100- 5 5.18 | 5.62

The logarithm of RML, T" = 0.3012. In this case also since T' > 0, we choose Log-Normal
distribution as the preferred model. In this case the PCS = min{0.83, 0.83} = 0.83. Based
on the assumption that the data follow Log-Normal distribution, the p-value = 0.20 and
similarly under the assumption that the data follow Weibull distribution, the corresponding
p-value = 0.15. Based on the p values also we prefer to choose the Log-Normal model over
Weibull model for data set 2. In this case also, if we consider the two testing of hypotheses
problem, then based on the data we can not reject the null hypotheses in both cases even

with the 15% level of significance.

7 CONCLUSIONS

In this paper we consider the problem of discriminating the two important families of dis-

tribution functions namely the log-normal and Weibull families. We consider the statistic

14



based on the ratio of maximized likelihoods and obtain the asymptotic distributions of the
test statistics under null hypotheses. It is observed that the asymptotic distributions are
asymptotically normal and they are independent of the parameters of the null distribution.
We compare the probability of correct selection obtained using Monte Carlo simulations
and the proposed asymptotic results, it is observed that the asymptotic results work very
well even when the sample size is as small as 20. The normality tests on RML statistic
suggests that T follows normal distribution, even when the sample size very small. There-
fore the asymptotic results can be used quite effectively to calculate the PCS for a given
data set. We use these asymptotic results to calculate the minimum sample size required
to discriminate the two probability distributions for a given PCS. Our method can be used
for discriminating any two members of the location and scale family. The exact mean and
variance of the corresponding normal distribution needs to be derived in each case. Finally,
we should mention that for a given data set it may happen that none of the two distribution
functions provide good fit. It should be clear from the K — S values and also from the x?

values. Those cases some other family members should be used.
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The probability of correct selection based on Monte Carlo simulations (MC) with 10,000

replications and also based on the asymptotic results (AS) when the null distribution is

Table 1

Log-Normal and the alternative is Weibull.

30

60

90

120

150

MC

AS

0.8401

0.8405

0.9097

0.9206

0.9481

0.9579

0.9708

0.9768
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The probability of correct selection based on Monte Carlo simulations (MC) with 10,000

replications and also based on the asymptotic results (AS) when the null distribution is

Table 2

Weibull and the alternative is Log-Normal.
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