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DislocationMmechanicsmbased constitutive relations for material dynamics 
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(Received 25 August 1986; accepted for publication 7 November 1986) 

An improved description of copper- and iron-cylinder impact (Taylor) test results has been 

obtained through the use of dislocation-mechanics-based constitutive relations in the 

Lagrangian material dynamics computer program EPIC-2. The effects of strain hardening, 

strain-rate hardening, and thermal softening based on thermal activation analysis have been 

incorporated into a reasonably accurate constitutive relation for copper. The relation has a 

relatively simple expression and should be applicable to a wide range of fcc materials. The 

effect of grain size is included. A relation for iron is also presented. It also has a simple 

expression and is applicable to other bcc materials but is presently incomplete, since the 

important effect of deformation twinning in bce materials is not included, A possible method of 

accounting for twinning is discussed and will be reported on more fully in future work A main 

point made here is that each material structure type (fcc, bee, hcp) will have its own 

constitutive behavior, dependent on the dislocation characteristics for that particular structure. 

L INTRODUCTION 

A. EPIC-2's constitutive relations 

Johnson and COOk 1
,2 have successfully described cylin

der impact (Taylor) test results for a variety of materials by 

using the Lagrangian material dynamics code EPIC-2. A 

single type of numerical constitutive relationship was em

ployed in the code, giving the von Mises yield stress as fol

lows: 

0) 

where E is the strain rate, and A, B, n, C, and m are material 

constants; T* is the ratio (T-Troom)l( T.ndt-Tmom), and Tis 

the absolute temperature. The material constants were de

termined from limited straining tests done in tension or tor

sion. Strain hardening, strain-rate hardening, and thermal 

softening are taken into account. 

B. Dislocation mechanics and improved constitutive 
relations 

An improvement of the constitutive relations for indi

vidual materials being tested was imagined to lead to a better 

hydrocode3 description of the experimental cylinder impact 

results. For example, OFHC (oxygen-free high conductiv

ity) copper (99.99% Cu) and Armco iron, two ofthe mate

rials tested by Johnson and Cook, are known 1'0 show differ

ent effects of straining on the strain rate and temperature 

dependencies of the flow stress, These dependencies are es

sentially independent of strain for Armco iron while they 

increase strongly with strain for OFHC copper. Further

more, considerable research has been done in recent years to 

develop the dislocation-mechanics basis for describing con

stitutive relations, particularly for metals and alloys, follow

ing from the direct observation of the velocity dependence 

0) Permanent address: Department of Mecha.clical Engineering, University 
of Maryland, College Park, MD 20742. 
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on stress of dislocations in lithium ftuoride. 4 A review may 

be found in the monograph by Kocks, Argon, and Ashby.s 

Application of this body of knowledge to the hydrocode de

scription of cylinder impact tests is important in two re

spects: first, the deformation theory can be assessed under 

test conditions not fully described by simple analytic calcu

lations nor included in other standard testing procedures; 

second, a much better material-dependent constitutive equa

tion description is provided than heretofore generally avail

able in hydrocodes. 

Co High strain rates and large strains 

In regard to the first point (testing the theory), the 

original work of Taylor,6 while providing an insight into the 

dynamics of the cylinder impact, provides only a very limit

ed description of material strength (that is, the concept of 

dynamic yield strength). As researchers beginning with 

Taylor have noted,6---9 while there is a straightforward corre

lation between the final-Iength/original-length ratio and an 

effective dynamic yield stress, it is practically impossible to 

predict the deformed shape of the cylinder using either a 

simple analytic model or a hydrocode model that does not 

take into consideration the real behavior of materials in re

gard to strain, strain rate, and thermal effects. The attempt 

to model a Taylor cylinder impact can provide a real test of a 

material model, since conditions of strain and strain-rate are 

achieved which are outside the range of ordinary testing-in 
particular, strain rates in the range of 104_106 

S--1 and 

strains in the range of 0-2. 

D. Need for Improved constitutive relations 

The material strength descriptions in hydrocodes have 

been generally limited to simple models, for example, elastic 

perfectly plastic, and elastic-plastic with linear work harden

ing. At best the models include work hardening, strain-rate 

dependence, and thermal softening, but the model is only a 

numeric fit to test data. There is no justification for relying 
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on the models outside the limited range of the test data. Of

ten the behavior ofthe models is at variance with the known 

behavior of materials (particularly in regard to the variation 

of strain-rate dependence with temperature). Generally, no 

account is taken of grain size although it is known that this 

will have a dramatic effect on the strength and ductility of 

materials. For example, the cylinder impact data for OFHC 

copper reported by Wilkins and Guinan7 differ by about ten 

percent from that reported by Johnson and Cook l
•
2-the 

disparity is probably attributable to grain size and annealing 

differences. A code model based on Johnson-Cook copper 

would not give correct results for Wilkins-Guinan copper. 

Further, material models in codes generally take no account 

ofthe radically differing behavior offace~centered cubic ma

terials like copper, and body-centered cubic materials like 

iron. 

E. Preview 

We will address the above issues in the following sec

tions. Section II describes the Taylor test, Sec. III the dislo

cation-mechanics based constitutive relations model, and 

Sec. IV the detailed results obtained for copper and iron. As 

will be discussed, the results for copper are an unambiguous 

improvement over previous models-and the constants can 

be adjusted for grain size. The results for iron are more am

biguous but even more interesting. They indicate the necessi

ty for including an additional physical phenomenon which is 

especially important in bec materials-replacement of plas

tic flow by slip with plastic flow by deformation twinning. It 

should be emphasized that the constants for the models were 

obtained from a combination of theoretical considerations 

and test data independent of the cylinder impact tests. Sec. V 

summarizes the work and discusses future directions for 

study. 

II. THE TAYLOR TEST 

A. Deformation of a cylindrical prOjectile 

In the test which bears his name, Taylor6 proposed to 

measure the dynamic yield strength of iron from the defor

mation of cylindrical projectiles fired at a fiat rigid target. If 

we assume that a good approximation to a rigid target can be 

achieved in practice, then the model is particularly easy to 

simulate numerically with a computer code. In addition, 

strains of the order of one or more are achieved together with 

strain rates of the order of 104_106 s -I. The temperature rise 

in the material during impact can be several hundred degrees 

Kelvin. Thus, conditions are achieved in such a test which lie 

outside the range of normal static testing. The ability of a 

code to model a Taylor test should therefore be a good test of 

the constitutive relations to be described in Sec, III. 

B. Longitudinal strain, yield stress, and kinetic energy 

Several significant features which emerge from Taylor's 

original ( 1947) analysis are useful to review, If L 1 is the final 

length of the projectile and Lo is the original length, then the 

ratio L II Lo is a function only of p U 2/2S, the ratio of initial 

kinetic energy density to effective yield stress S (U is the 

initial impact velocity). Also, the duration time f::.t of the 

plastic deformation, expressed in the dimensionless form 

1817 J. AppL Phys .• VoL 61. No.5, 1 March 1987 

Ull.t ILo, is a function only ofpU 2/2S. This implies that the 

average strain rate in the projectile is inversely proportional 

to the initial length. The equations are independent of the 

diameter of the projectile. The L II Lo ratio predicted by Tay

lor is verified in experiments, but the overall shape of the 

deformed projectile is not predicted wen at all. 

C. Mean strain, yield stress, and kinetic energy 

In 1968, Hawkyard, Eaton, and Johnson,9 noting the 

poor correlation of experimental with predicted shapes, took 

another approach. They noted that, typically, 99% of the 

initial kinetic energy of the projectile is converted into plastic 

work. We see this by noting that the residual elastic energy 

density WE is less than S2/2E, where S is an effective yield 

stress andE is Young's modulus. The ratio 2wElpU 2 is less 

than 0.01 for impact velocities greater than 100 mls for cop

per (taking S~300 MPa) and 160 mls for iron (taking 

S - 600 MPa). Since practically aU of the kinetic energy is 

converted to plastic work, the effective yield stress S can be 

very simply related to the mean (cross-sectional) areal 

strain € m by equating the kinetic energy to the plastic work 

of deformation: 

S€m =! pU
2

, 

where 

€m =~f€dV. 
V 

(2) 

In particular, ifr(z) is the radius of the deformed cylinder as 

a function of distancez along the axis from the impacted end, 

then 

2f~',.z In(rlro)dz 
Em = (3) 

S~'r2 dz 

where Yo is the radius of the undeformed cylinder. 

D. Experiments and code calculations 

In 1972, Wilkins and Guinan 7 reported a series of ex

periments for several metals (most notably, aluminum, tan

talum, and steel), which tended to verify that the ratio L ,I La 

is independent of initial length and diameter, and that the 

ratio scales as pU 2/2S where S is approximately constant. 

They also modeled the impacts with a computer code and 

found that they could correlate the L,ILo ratio with a con

stant S for many materials, copper being a notable exception. 

However, the radial deformation could not be predicted un

less work hardening was included in the code model. 

Wilkins and Guinan described an analytic model which 

is a simplification of Taylor's model. This model is described 

in Appendix A. 

For the typical range of experiments, the time duration 

of impact can be estimated from U!.1t ILo~pU2/2S. As de

scribed in Appendix A, this gives a result which is within 

30% of Taylor's result if i <pU 2/2S < 1. 

Erlich and Chartagnac'O have reported measurements 

of the radial deformation in 4340 steel cylinders impacted in 

symmetric end-on-end tests. A hypothetical composite 

stress-strain curve consisting of a linear work-hardening 

portion followed by a perfectly plastic portion was derived to 
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fit the experiment. However, no independent check was 

made to determine whether the derived stress-strain curve 

could predict the results of an experiment under different 

conditions. 

m. CONSTITUTIVE RELATION MODEL 

A. Thermal activation analysis 

The dislocation model basis for determining the plastic 

shear strain-rate r stems from the relationship 

r=m'bNv, (4) 

where m' is a tensor orientation factor, N is the dislocation 

density, b is the Burgers vector, and v is the average disloca

tion velocityY At an upper limiting dislocation velocity, 

near to the elastic shear wave speed, Nv is replaced by the 

alternative product of factors N tu, where fu is the average 

dislocation displacement and N is the rate of increase of the 

dislocation density.12 The overriding effect of dislocation 

generation has been demonstrated for elastic wave attenu

ation in shocked lithium fl.uoride crystals,13 following from 

the pioneering work ofJohnston and Gilman.4 At lower ve

locities, however, v is determined by thermally activated 

overcoming of local obstacles to dislocation motion so that 

v=voexp( -GlkT). (5) 

In Eq. (5), Vo is the reference dislocation velocity, G is the 

shear stress-dependent Gibbs free energy of activation, k is 

Boltzmann's constant, and T is the absolute temperature. 

The activation energy G may be expressed in the form 

(Ttl< 
G = Go - Jo A *h dr:h , (6) 

where Go is the reference Gibbs energy at T = 0, A '" is the 

area of activation, and rth is the thermal component of the 

shear stress. The physical dimensions of A '" may be used to 

characterize the thermal activation process. The mean value 

of A "'b, given by 

Ab = (A *)b = (_1_) f"'h A *h dr:
h 

, (7) 
rth Jo 

may be used for the same purpose. 

The constitutive relationship involving the combined 

thermal activation strain-rate analysis parameters described 

in Eqs. (4 )-(7) maybe expressed in an aIternative form, this 

time in terms of the uniaxial stress (Jth = mTth' and strain 

£=ylm, as l4 

(8) 

where 

B=mGoIAJ; (9) 

and 

f3 = (1/T)1n(A lAo) - (lIT) 

X In[ 1 + (kT IGo)ln(UEo) J . (to) 

Ao is the dislocation activation area at T = 0, m' and mare 

orientation factors, and (:0 = (m'lm )bNvo. Experimental
ly,15 

(11) 
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that is, the first term on the right side of Eq. ( 10) is effective

ly constant. Using the expansion In( 1 + x) -x for the sec

ond term, we see thatf31 = k IG(). 

Equation (11) is consistent with the thermodynamic 

basis for Eq. (5) as may be seen from a comparison of terms 

in Eq. (8) and Eq. (4). The comparison gives 

G= (klp\)1n(T'hO h'h) - k(f301f31)T, (12) 

where 1"thO is the extrapolated value of the thermal compo

nent of shear stress at T = O. The shear stress and tempera

ture dependent terms in Eq. (12) correspond to the enthalpy 

and entropy terms, respectively, contained in the Gibbs free 

energy of activation. Note that G = 0 at T = O. 

B. Behavior of body centered cubic metals 

A stronger dependence of the plastic yield stress on tem

perature and strain rate is known to result for body centered 

cubic (bce) metals as compared with face centered cubic 

(fcc) metals. A very significant difference in behavior 

between the two structure types occurs in the experimental 

dependency on strain of the thermal activation analysis pa

rameter A *. For reasonably pure iron, molybdenum, nio

bium, and related bcc metals, A '" is essentially independent 

of plastic strain. 15 This observation has led to the interpreta

tion that the intrinsic Peierls stress associated with the move

ment of a single dislocation is responsible for the thermal 

activation analysis behavior. 16 Consequently, (Tth can be 

written without regard for the strain from Eqs. (8 )-( I 1) as 

(13) 

c. Behavior of face-centered cubic metals 

For copper, aluminum, and related fcc metals, the ther

mal activation analysis behavior is strongly dependent on 

strain, and this has led to the interpretation that the intersec

tion of dislocations is the controlling mechanism for the 

thermal activation analysis behavior. 17 On this basis, the ac

tivation area A '" is a measure of the separation distance d 

between points of dislocation intersection, according to the 

relationship 

A*=dbI2. (14) 

However d is also related to the dislocation density by the 

relationship 

N~ l/d 2
, (15) 

and, in turn, the multiple slip-crystal flow stress at any value 

of strain is connected in general both to Nand € by the rela
tions 18

•
19 

Uo=U~ (b Id) =O"oe l/2 
• (16) 

Presuming that the approximate Eqs. (4)-(16) may be 

employed to determine Ao at T = 0, then 

Ao=AoE-lIZ, (17) 

and thus, for the fcc metal case, the strain, temperature, and 

strain rate combine to determine a th as 

(Tth = C2E
li2 exp( - c3T + c4 T In E) . (18) 

The separate plastic strain-hardening contribution to 

the fl.ow stress of reasonably pure bcc metals may be evaluat-
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ed from an assumed power law dependence on strain given 

by 

(19) 

where Cs and n are experimental constants as described for 

the first factor in Eq. (1). 

D. Influence of solute and grain size 

For both bcc and fcc metals, an additional component of 

stress, AUG' potentially occurs for the influence of solute and 

the original dislocation density on the yield stress. Also, for 

bcc, fcc, and other structure types, the polycrystal flow stress 

is raised at relatively low temperatures due to the require

ment of slip band-stress concentrations at grain boundaries 

being needed for the transmission of plastic flow between the 

polycrystal grains. 20 This consideration leads to an incre

mental stress i::.u being given by the product of a microstruc

tural stress intensity k and the inverse square root of the 

average grain diameter I: 

au = kl 112 (20) 

The k values for bcc metals showing a definite yield point are 

significantly larger than those for fcc metals. There is some 

strain dependence of k. 

E. The fcc and bec constitutive relations 

The foregoing description of stress components which 

combine to determine the plastic flow stresses of bee or fcc 

metals leads to two separate reasonably explicit expressions 

for their constitutive behavior. In the fcc case, 

u = aUG + C2€1I2 exp( - c3T + c4 T In i:) + kl - 112. (21) 

A main consideration is that the temperature softening and 

strain-rate hardening dependence of u are greater with in

creased strain hardening. For the bcc case, 

u = aUG + C j exp( - c3T + c4 T In €) + CsEn + kl 112 

(22) 

Beyond the uncoupled strain hardening factor from the 

strain-rate hardening and thermal softening dependencies 

for this case, these latter dependencies and the grain size 

dependence as wen are generally larger than those corre

sponding dependencies exhibited by fcc metals. 

F. Constants for the constitutive relations 

The constants for the constitutive relations for copper 

[Eq. (21)] and iron [Eq. (22)] are listed in Table I, based 

mainly on the experimental results of Johnson and Cook. 1,2 

For both metals, tensile data covering a range of strain 0,0-

0.3 were available at temperatures of 300, 500, and 735 K. 

1. Constants for copper 

Consider first the case for copper. A graph of In u. vs T 

at a fixed strain € of 0.3 was employed to estimate, by sub

traction of various stress increments, a combi.ned value for 

aUG + kl - 112 of 65 MPa. Then In (u E - 65 MPa) was plot

ted versus T for the several strains 0.01,0.10, and 0.30. The 

intercepts of lines of constant slope were employed for the 

three flow stress curves at the three increasing strain values 
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TABLE 1. Constants for the dislocation-mechanies-derived constitutive re

lations for OFHC copper (fcc structure) [Eq. (21)]' and Armeo iron (bee 
structure) [Eq. (22)). 

Parameter OFHCcopper Armco iron 

b.u::, (MPa) 46.5 0.0 

c I (MPa) 1033 
Cz (MPa) 890 
c

3
(K- I

) 0.0028 0.00698 
c. (K" I) 0.000 115 0.000 415 
Cs (MPa) 266.0 

n 0.289 
k (MPa mm l

/
2

) 5 22.0 

to determine u. values at T = 0 of 105,265, and 495 MPa, 

respectively. A plot of these CT. values versus t
l/2 gave a 

value for C2 of 890 MPa. At 300 K, torsion data were avail

able for shear strain rates r in the range 0.1-148 s I. Since 

c = InC 1 + rl.,j3) , a graph of 

In(uo,456 - 65 MPa) vs In[r/~3(1 + r/~3)] 
was employed for r = 1 (E = 0.456) to determine a value for 

C4 of 0.000 115 K- 1
. For E = 1.0 s-t, a value of U 0 .456 was 

estimated from the graph and, from that value, a value for C3 

of 0.0028 K - 1 was then computed directly from Eg, (21). A 

value for k of 5.0 N/mm 3
!2 was obtained from the results of 

Hansen and Ralph,21 and a mean value of /1/2 of 3.7 

mm- l
/2 was obtained from Johnson and Cook to give a val

ue of 18.5 MPa for kl lI2. Subtracting this from 65 MPa 

gives 46.5 MPa for f:.u~ .. 

2. Constants for iron 

A similar procedure was followed for iron [Eq. (22)] 

except that account was taken of the separation of strain 

hardening from the combined temperature and strain-rate 

dependencies of the flow stress, On this basis, in examining 

the temperature dependence of the flow stress, values of 

aUG + kl1l2 + csf:" of 138 and 260 MPa were subtracted 

from U o at strains of 0.01 and 0.30, respectively. A value of 

1033 MPa for C 1 was determined at T = 0, From plots of 

In (i::.ua -+- kl - 112 + c sf:" ) 

vs In E, a value of65 MPa was estimated for aUG + kl - 112, 

With 22 N/mm3/2 for k from Armstrong20 and 3.0mm- 1I2 

for /---1/2 from Johnson and Cook,I,2 i::.ua is approximately 

zero. The strain hardening constants were determined to be 

266 MPa for Cs and 0.289 for n. The strain-rate dependence 

was determined from a comprehensive plot of 

In(u/y - kif 1/2) vs In £ for EN2 steel as reported by 

Campbell, Cooper, and Fischhof,22 where u 1v is the lower 

yield stress. Their data indicated that kl is 22.4 N/mm3/2 

and I 1/2 is 6.25 mm -1/2. From the strain rate dependence, 

C4 is determined to be 0.000 415 K 1 and therefore, from Eq. 

( 13), C3 is 0.006 98 K -1. As mentioned earlier, the tempera

ture and strain-rate dependencies of the flow stress for iron 

are significantly greater than those for copper as now may be 

seen from a comparison of the C3 and c'" coefficients in the 

two cases. 

F. J. Zerilli and R. W. Armstrong 1819 
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FIG. l. Isothermal stress-strain curves for OFHC copper. The solid lines 

are plotted from Eq. (21) using the parameters in Table I, while the dashed 

lines are plotted from Eg. (I) using the parameters given in Refs. I and 2 

(A = 90 MPa, B = 292 MPa, n = 0.31, C = 0.025, and m = 1.09). 

TABLE II. Comparison of experimental data of Johnson and Cook with 

stress-strain behavior predicted by Eqs. (I) and (21) for copper and Egs. 

( I) and (22) for iron. Constants for the dislocation-mechanics-based Egs. 

(21) and (22) are from Table I. The experimental data were provided by 

Johnson (see also Johnson and Cook, Ref. 2, Fig. 3). Constants for Eg. (1) 

are from Johnson and Cook, Ref. 2, Table n. For OFHC copper: A = 90 

MPa, B = 292 MPa, n = 0.31, C = 0.025, and m = 1.09. For Armco iron, 

A = 175 MPa, B = 380 MPa, n = 0.32, C = 0.060, and m = 0.55. 

OFHCcopper 

if if, a, 

T E E experiment Eq. (21) Eg. (1) 

(K) (8-') (MPa) (MPa) (MPa) 

294 451 0.01 110 113 184 

294 451 0.10 200 217 268 

294 451 0.30 340 328 335 

493 449 am 110 97 154 

493 449 0.10 190 165 225 

493 449 0.30 280 238 281 

730 464 0.01 90 84 114 

730 464 0.10 140 126 167 

730 464 0.30 200 171 208 

Armco iron 

a a a 
T E E experiment Eq. (22) Eq. (I) 

(K) (s ') (MPa) (MPa) (MPa) 

294 407 0.01 397 411 357 
294 407 0.10 469 478 486 
294 407 0.30 535 529 590 

496 435 0.01 192 248 240 
496 435 0.10 298 315 326 
496 435 0.30 371 366 397 

733 460 om [43 175 177 
733 460 0.10 212 242 241 
733 460 0.30 275 293 293 

1820 J. Appl. Phys., Vol. 61, No.5, 1 March 1987 

(1.8 

8,\i1$-1 _---J 
1 ~ ~:J':------ ~ 

----- ! 
,,,.,....... ~ 

,............ i = 3IlIlK. t = CIl7 5-
1 

"," "'-Iln.K t::=< 435 $.-1. _---
/" 1 =-, ----

,,/' _------~ = ~5 S-I 
_---- 1 ='6Gt\K. , 

_- -13IiK E. = II6Il s-_----,.,.,.. 1 - .,.!_---
/" T = 131iK. t = 4&lI S-I 

"'" 

EQUIVALENT STRAIN 

FIG. 2. Isothermal stress-strain curves for Armco iron. The solid lines are 

plotted from Eg. (22) using the parameters in Table I, while the dashed 

lines are plotted from Eq. (1) IIsing the parameters given in Refs. 1 and 2 

(A = 175 MPa, B = 380 MPa, n = 0.32, C = 0.060, and m = 0.55). 

Go Stressastrain curves 

Computed isothermal stress-strain curves are shown for 

several temperatures and strain rates representative of the 

input tests employed to establish the constitutive relations 

for copper (Fig. 1) and foriron (Fig. 2). Despite the tensile 

strain limitation of € less than 0.30 having been employed by 

Johnson and COOkl,2 to establish the stress-strain behavior, 

the computed curves have been carried to strains of about 

two in anticipation of the range of strains involved in the 

Taylor test results. The trends for copper in Fig. 1 are dear, 

showing, on the basis of the present analysis, appreciable 

strain hardening and an increasing strain-rate hardening, 

and thermal softening dependence of the flow stress with 

increasing strain, as may be confirmed by reference to indi

cations from the original data obtained by Johnson and 

Cook. 1,2 For iron (Fig. 2), the newly described stress-strain 

behavior reflects the separation of the strain hardening and 

combined strain-rate hardening and thermal softening beha

viors, again, as indicated in the stress-strain results reported 

by Johnson and Cook. 1,2 The single constitutive relation, Eq. 

( 1), employed by Johnson and Cook, is seen to give an inter~ 

mediate behavior between that of copper and that of iron, as 

should be expected. Interestingly enough, the stress-strain 

behavior of copper at a strain value of approximately one is 

seen to give an isothermal temperature dependence compar

able to the (strain-independent) isothermal temperature de

pendence of iron. However, as will be seen, the stress-strain 

behavior at these strain (and stress) levels would normally 

be expected to be very nearly adiabatic (for example, in a 

Taylor test), and this produces very significant differences 

between copper and iron (whose behavior becomes essen~ 

Hally adiabatic at very much smaller strains). A comparison 

of the experimental and predicted stress-strain behavior for 

copper and iron is given in Table n. 
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TABLE III. Comparison of cylinder impact simulations with experimental results for OFHC copper, average grain size 0.075 mm, initial length L" = 25.4 

mm, initial radius Ro = 3.8l mm. L, is the final length of the cylinder and R, is the final radius of the impacted end. The numbers in parentheses are the 

percent deviation from the experimental values. 

Impact 

velocity 

(m/s) L,/Lo 

Experimental 

result 

Simulation using 

Eq. (I) 

R,/Ro 

Simulation using 

dislocation

mechanics-based 

Eq. (21) 

130 

146 

190 

0.770 

0.736 

0.638 

1.30 

lAO 

1.78 

O.812( + 5) 

O.77B( +- 6) 

O.682( + 7) 

1.48( +- 13) 

US( -;- 13) 

L92( + 8) 

O.784( +- 2) 

0.750( +- 2) 

0.658(+3) 

1.41( + 8) 

1.49( + 6) 

1.77( - 0) 

IV. RESULTS AND DISCUSSION 

A. Cylinder tests 

Johnson and Cook published data for cylinder impact 

tests of OFHC copper, Armco iron, and 4340 steel, and they 

used these data to evaluate the EPIC-2 code constitutive 

relations. In order to test the constitutive relations described 

in Eqs. (21) and (22), we incorporated those relations in the 

EPIC-2 code and compared the results both to the experi

mental data (kindly provided by Johnson) and also to the 

simulations done by Johnson and Cook. Table III summar

izes the results for OFHC copper and Table IV summarizes 

the results for Armco iron. Table V summarizes the maxi

mum von Mises equivalent strains and the maximum tem

peratures predicted by the EPIC-2 code using Eqs. (21) and 

(22). The maxim urn strain rates achieved are in excess of 105 

S--I. Taking a typical example, the 221 mls iron impact, 

elements in about half the original cylinder length suffered 

strain rates greater than 104 s'- I, and elements in the first 

tenth of the cy Hnder see strain rates greater than 105 s - I. 

Bo Results for copper 

The results for copper shown in Table III indicate a 

significant improvement in the predictions using the disloca

tion-mechanics-based constitutive relations [Eq. (21) 1 as 

compared with EPIC-2's built-in relations [Eq. (1) ]. This is 

illustrated more clearly in Fig. 3, in which the radial strain 

[log(radius/initial radius) 1 is plotted versus axial position 

for the experimental results and for the two code model re

sults for the 190 mls impact. The code model using the dislo

cation-mechanics-based relations shows a distinctly better 

correlation with the experimental results. Figure 4 compares 

the deformed cylinder outlines produced by the code models 

with the experimental results. Contours of von Mises equiva

lent strain are also shown in Fig. 4. The magnitudes of the 

strains range up to about two and are greater at the periphery 

as expected. The results for the other velocities are very simi

lar to those for the 190 mls impact and are not reproduced 

here. 

From Figs. 3 and 4 we may deduce that the Johnson

Cook relations for copper are too soft at large strains and too 

hard at small strains. The dislocation-mechani.cs-based rela

tions are very slightly soft at large strains and a little bit hard 

at small strains, but in general seem to reproduce the materi

al behavior reasonably well. 

C. Results for iron 

The results for iron shown in Table IV do not indicate a 

significant difference in accuracy between the Iohnson

Cook relations [Eq. (1)], and the dislocation-mechanics

based constitutive relations [Eq. (22)]. This is surprising, 

since the dislocation-mechanics-based relations provide a 

better fit to the low-strain rate test data. In general, Eq. (1) 

exhibits more work hardening than is evident in the experi

mental data (for example, see Table II and Ref. 2, op.cit., 

Fig. 3). The models of the three impacts using Eq. (1) uu

derpredict the final length. The models using Eq. (22) go 

from overprooiction at 197 mls to underprediction at 279 

m/s. Examination of Fig. 5, i.n which is plotted radial strain 

versus axial position for the 221 mls impact, indicates that 

both constitutive relations are too soft at large strains, while 

the Johnson-Cook relations are too soft also at small strains 

TABLE IV. Comparison of cylinder impact simulations with experimental results for Armco iron, average grain size 0.120 mm, initial radius Ro = 3.81 mm. 

The initial length Lo for the 197 and 221 m/s tests was 25Amm, and forthe279 m/s test it was 12.6mm. L, is thefinallength of the cylinder and R t is the final 

radius of the impacted end. The numbers in parentheses arc the percent deviation from the experimental values. 

Impact 

velocity 

(m/s) 

197 

221 

279 

1621 

LilLo 

0.802 

0.780 

0.707 

Experimental 

result 

1.59 

1.80 

1.97 
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Simulation using 

Eq. (I) 

L,ILo R,IR" 

O.795( - I) 1.65( +4) 

0.75S{ - 3) LBO( -- 0) 

O.664( - 6) 1.92(-- 3) 

Simulation using 

dislocation

mechanics-based 

Eq. (22) 

L,IL" Rt/Ro 

O.816( + 2) 1.66( -+- 5) 

O.779( - 0) LlH(+O) 

0.691(·- 2) U6( - 6) 
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TABLE V. Maximum von Mises equivalent strains and temperatures pre-

dieted by EPIC-2, using dislocation-mechanics-based constitutive relations 

[Eqs. (21) and (22)]. 

Velocity 

Material (m/s) Emllx Tm .. (K) ec
m 
.. (S-I) 

Cu 130 0.0 140 

Cu 146 1.1 440 
Cu 190 1.8 570 

Fe 197 1.6 610 

Fe 221 2.0 680 4X 10' 

Fe 279 2.0 720 

(leading to underprediction oflength), and the dislocation

mechanics-based relations are a little bit too hard at smaH 

strains. Figure 6, which displays the experimental and com

puted deformed cylinder outlines, illustrates the same fea

tures. 

D. Deformation twinning 

Since the strain rates at the high strain end are between 

104 and 105 s -1 with accompanying stresses of approximate

ly 600-800 MPa, it is surmised that plastic flow by slip is 

bei.ng replaced by flow by deformation twinning. This would 

make the material harder at the large strain end of the cylin

der and would be in the right direction to improve the model 

prediction for iron, perhaps to the same extent as occurred in 

the case of copper (where twinning should be unimportant). 

In fact, an examination of enlargements of photomicro

graphs provided by Johnson shows unambiguous evidence 

of extensive twinning in all three impact samples. These re

sults illustrate the pitfalls of attempting to extrapolate low 

strain-rate test data outside the range of the data. 

E. Support for the twinning hypothesis 

In the original studies by Taylor and colleagues, Car

rington and Gaylor23 reported that for a mild steel cylinder 

0.6 

-a 0.4 
e 
e 
c:J 

:I 0.2 

0.0 

CYLINDER IMPACT 
COPPER, 190 m 8-1 
RADIAL STRAIN 

EXPERIMENT 
DISlOCATiON MECIIANICS 

----- JOHNSON-COOI( 

o 5 111 15 20 
DlSTAillCE FROM IMPACT END Imm) 

FIG. 3. The radial strain vs distance from the impacted end for the 190 mls 

copper-cylinder impact test. The dotted line is the experimental result of 

Johnson and Cook, the dashed line is the EPIC-2 simulation result based on 

Eq. (I), and the solid line is the EPIC-2 simulation result based on disloca

tion-mechanics-derived Eq. (21). 
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CYLINDER IMPACT 
FIG. 4. Deformed cylinder 
outline, mesh, and contours 

of von Mises equivalent 

strain using the dislocation 

dynamics constitutive rela

tions [Eq. (21)], in EPIC-2 

for the 190 mls copper cylin

der impact (solid lines). The 

long-dashed line is the ex

perimental result, and the 

short-dashed line is the re

sults of the computation 

based on Eq. (1). 

COPPER 1911 mS-1 

~ 0.00 

of diameter 8.9 mm and length 12.5 mm impacting at a ve

locity of 155 mis, deformation twinning had occurred. A 

twinning stress of 690 MPa was indicated in the work of 

Campbell, Cooper, and Fischhof2 to be achieved at an ex

trapolated strain rate of 104 s -", 1 at 293 K. Twinning was also 

observed for lower strain rates at lower temperatures. The 

twinning stress is essentially athermal but is generaHy asso

ciated with very significant work hardening of the materi

a124
; consequently, the expectation would be that the onset of 

deformation twinning would cause the material to behave as 

though it were stronger than otherwise predicted, very much 

in line with the experimental results of Johnson and Cook. 

F. Twinning in the elastic precursor? 

An interesting conjecture is that the twinning may occur 

at the elastic wave front and propagate with it by continued 

nucleation so long as the necessary stress level is maintained. 

Rohde25 conduded that the dynamic yield stress of Ferrovac 

E iron in shock wave experiments was controlled by defor

mation twinning. This would produce an effective grain-size 

refinement, and so an effectively strengthened material 

which would then undergo further permanent deformation 

by slip in the follow-on plastic wave. With a reduced amount 

0.6 

--a. 0.4 
IE 
e 
Cl:I 

:3 
0.2 

lUi 

CYLINDER IMPACT 
IRON, 221 m S-! 
RADIAL STRAIN 

EXPERIMENT 
-- DISLOCATION MECHANICS 
----- JOHNSON-COOK 

11 Ii 10 15 211 
DISTANCE FROM IMPACT END bmi 

FIG. 5. The radial strain vs distance from the impacted end for the 221 mls 

iron cylinder impact test. The dotted line is the experimental result of John

son and Cook, the dashed line is the EPIC-2 simulation result based on Eq. 

( I ), and the solid line is the EPIC-2 simulation result based on dislocation

mechanics-derived Eq. (22). 
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CYliNDER IMPACT 
IRON 221 mS-1 

o a.IG 
L>Ul 

-o-OMl 

CUll 

<J tOO 

FIG. 6. Deformed cylinder outline, mesh, and contours of von Mises equiv

alent strain using the dislocation dynamics constitutive relations [Eq. 

(22)] in EPIC·2 for the 221 mls iron cylinder impact (solid lines). The 

long-dashed line is the experimental result, and the short-dashed line is the 

result of the computation based on Eq. (I). 

of twinni.ng to be expected as the essentially elastic wave 

propagates along the cylinder (and hence, a reduced amount 

of effective grain size refinement), the true constitutive rela

tion applicable to the Taylor test result would be raised sig

nificantly at the impact end and less so at larger distances 

from it, very much in agreement wi.th the needed modifica

tion to the computed results shown in Fig. 5. A related type 

of behavior to that proposed here has in fact been proposed 

for shock-loaded copper by Warnes, Karpp, and Follans

bee.26 For their studies of an explosively expanded copper 

ring test, it was argued that the forerunning shock produced 

a severely strain-hardened material which was then subject

ed to the follow-on plastic wave front. 

G. Relating the adiabatic stress~strain curve te the 
deformation of an element 

The foregoing discussion leads to the further considera

tion of the extent to which the input constitutive data and 

consequent relations may be matched with the deformation 

behavior of elements in the code model description. Plastic 

strain rates on the order of 105 s - I are experienced by the 

most deformed elements near the copper- or iron-cylinder 

periphery at the impact surfaces. Figures 7 and 8 show 

stress-strain curves relevant to these elements. Figure 7 com

pares copper behavior in the Johnson-Cook and dislocation

mechanics models. After a strain of about 0.3, the adiabatic 

curve begins to depart significantly from the 300 K isotherm, 

crossing the 600 K isotherm at a strain of about 2, nearly the 

strain reached in the 190 m/s impact. Note that 0.3 is the 

final strain actually achieved in the input testing procedure. 

Concentrating our attention on the dislocation-mechanics

derived curves, we see that the temperature softened stress

strain curve shows an effectively reduced strai.n hardening 

behavior, but still one far from being well represented by an 

elastic-perfectly plastic material response, such as might be 

envisioned for the determination of the dynamic yield stress 

by preceding investigators. Figure 8, however, shows a more 

striking behavior for the influence of thermal softening on 

the behavior of iron. Again, concentrating on the disloca

tion-mechanics-derived curves, we see that the onset ofther-
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l 
e 
~ 0.6 

te 
~U 

~ 

OfHC COPPER 
i = 1!J!i S-1 

a / 
.... I 

0.2 

UIIl·'::.O-L-.-::'O.'::--/i -----'-il:::-'c.8;:--J---:1f:;.2~L---:;11::,6-L--=2.'=-Il---.JL--::J2.4 

EllUIVALENT STRAIN 

FIG. 7. Stress-strain curves for OFHC copper at a strain rate of 105 s -'. The 

solid lines are plotted from the dislocation-mechanics-based constitutive re

lations [Eq. (21) j using the parameters in Table!. The dashed lines are 

plotted from Eq. (1) using the parameters given in Refs. 1 and 2 (A = 90 

MPa, B = 292 MFa, n = 0.31, C = 0.025, and m = 1.09), The300 and 600 

K isotherms are shown, as wen as an adiabat starting at 300 K initial tem

perature. 

mal softening occurs earlier because of the initially high val

ue of the plastic flow stress. The behavior is closer to an 

elastic-perfectly plastic response at low strains and the flow 

stress decreases at larger strains above about 0.2. Looking 

baek now at Fig, 5, we can see that the code model results 

using the dislocation-mechanics-based relations, compared 

to the results using the Johnson-Cook relation, are just what 

we would expect from an examination of the adiabatic stress

strain curves shown in Fig. 8. 

H. Low temperature versus high strain~rate adiabatic 
behavior 

The adiabatic behavior shown in the dislocation-me

ehanks-derived curve in Fig. 8 corresponds very well with 

FrG. 8. Stress-strain curves for Armco iron at a strain rate of 10' s - t. The 

solid lines are plotted from the dislocation-mechanics-based constitutive re

latiolls [Eq. (22}], using the parameters in Table 1. The dashed lines are 

plotted from Eq. (1) using the parameters given in Refs, I and 2 (A = 175 

MPa, B = 380 MFa, n = 0.32, C = 0.060, andm = 0.55). The300and 700 

K isotherms are shown, as well as an adiabat starting at 300 K initial tem

perature. 
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the type of behavior reported as far back as 1943 by Zener 

and Hollomon in their study of the effect of strain rate on the 

plastic flow of steel. 27 In verifying the equivalence of increase 

of strain rate with decrease of temperature, they noted that 

at low temperatures the adiabatic curves had an initial nega

tive slope, Equation (22) has just this behaviorin the limit of 

low temperatures or high strain rates, as would be seen by 

plotting a sequence of adiabatic curves for successively lower 

initial temperatures. In fact, the Zener-Hollomon relation 

for describing the coupled temperature and strain-rate de

pendencies of the flow stress of iron was arrived at with rea

soning similar to the dislocation-mechanics analysis leading 

to Eq. (22). 

v. SUMMARY AND FUTURE WORK 

A.Summary 

In summary, the dislocation-mechanics-derived consti

tutive relations fit the test data for copper with improved 

accuracy, and have led to new insight into the importance of 

deformation twinning for understanding the mechanical 

properties of iron. It is important that failure of the consitu

tive relations for slip in iron to describe the high deforma

tion-rate behavior led to the question of whether twinning 

might have occurred, and this was confirmed by subsequent 

observations. The constitutive relations have a theoretical 

basis, and so provide the possibility of evaluation of param

eters from first principles. They naturally provide for the 

differentiation between fcc (copper) and bcc (iron) defor

mation behavior, and they may be extrapolated with greater 

reliability. At the same time, they may be incorporated into 

hydrocodes with virtually the same ease as numerically fit

ted functions. The reliability of the equations allows a closer 

examination of the correspondence of code calculations to 

experimental results. 

B. Study of fracture 

The successful result of using dislocation-mechanics

derived constitutive relations to model the permanent defor

mation behavior of copper and the promise that inclusion of 

twinning into the constitutive relation will lead to equally 

successful results for iron leads to the possibility of deriving 

successful damage and fracture models. Both damage and 

fracture depend critically on the stress and strain locally, so 

that constitutive relations which describe materials only in 

an average sense are not likely to lead to successful fracture 

modeling. The dislocation-mechanics-based relations offer 

the possibility of accurately predicting the strain, stress, 

strain rate, and temperature at a point with sufficient accura

cy to improve the current status offracture modeling. In the 

final analysis, the dislocation-based description is intimately 

related to the actual physical processes by which permanent 

deformation, damage, and fracture occur. 

c. Refine current relations 

Incorporation of twinning into the constitutive rela

tions, studies of other fcc and bcc materials, studies of other 

structure types (for example, hep metals), the obtaining of 

more accurate constants for copper and iron through a sys~ 
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tematic survey of available experimental data, and perform

ing new experiments are all areas for future work. 

D. Range of applicability of current relations 

The current equations should be expected to apply at the 

very high strain rates and relatively low temperatures (by 

low we mean less than about one half the absolute melting 

temperature) which are described in the present study, For 

extremely high strain rates, the material deformation rate 

must become controlled by the rate of generating disloca

tions [as mentioned previously in the discussion relating to 

Eq. (4)], and thus the constitutive relation will be changed 

in a fundamental way. For the opposite consideration of rel

atively low strain rates and temperatures above one half the 

melting temperature, an analysis must be made of diffusion 

and dynamic recovery processes which come into play. For 

example, one effect of the action of dynamic recovery would 

be to alleviate the internal stress bui.ld ups associated with 

the microstructural stress intensity, and thereby, to influ

ence the importance of the grain-size effect which is incorpo

rated into the present study. As a consequence, the total 

plastic flow, damage, and fracturing behavior should be 

greatly affected. 
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APPENDIX A 

Assuming that all the plastic deformation in the Taylor test 

occurs at the rigid boundary, we can equate the rate of 

change oflength of the cylinder to its velocity. 

dL dt = - U, (AI) 

and equate the deceleration of the cylinder to that produced 

by a force per unit area equal to the yield stress: 

du 
S= -pL-. 

dt 

The solution of this pair of equations gives 

1n(Ll/Lo) = -pU 2/2S, 

(A2) 

(A3) 

where U is the intial velocity. If we denote In(LI/Lo) by €[ 

(longitudinal strain) and use Eg. (2), we can write Eq. 

(A3) as 

E/ + Em = 0 < (A4) 

This is the Taylor result in the limit of small impact velocities 
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(that is, for p U 2/2S < 1 ). In order to fit their data, Wilkins 

and Guinan used a modified form of Eq. (A3): 

1n[(L[ - h)/(L2 - h) 1 = -! pU 2IS, (AS) 

which effectively moves the plastic shock front from the rig

id boundary to a distance h from the rigid boundary. Using 

Wilkins simplified model, the duration of impact can be 

written 

~t _ 2 P I -pU"/2S x'd UA. (U 2
\1/2 . lPtJ'12S 

--_ -- e e x. 
Lo lS I 0 

(A6) 

In the limit that PU 2/lS-.. 0, both Eq. (A6) and Taylor's 

result reduce to 

(A7) 

In order to obtain a rough estimate of the impact time for the 

purpose of doing a numerical simulation, the following ap

proximation to the Taylor result can be used: 

{

2(PU 2/lS) for O<pU 2/2S<! 

UAt = pU 2/2S for i <pU 2/2S < 1 . 
Lo 

1 for 1 <pU 2/2S 

(AS) 

Equation (A8) gives results which are within 30% of the 

Taylor result. The worst case approximation occurs at the 

boundaries of the ranges. Note that for typical experiments, 

0.3 </JU 2/2S <0.7, so that the approximation 

At- (pU 2/2S) (LoIU) 

gives a reasonable estimate of the impact duration. 
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