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1. Introduction



Disordered systems
e Impurities
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Impurities may induce large effects

e Disordered systems
— Real materials
— Spin glass systems
— Quantum Hall effects

m=) Strongly coupled physics, AAS/CFT correspondence
[ Hartnoll-Herzog, Fujita-YH-Ryu-Takayanag




AdS/CFT correspondence

[ Maldacena |

* The duality
d-dim. CFT at Gravity on (d+1)-dim. Ad:
the boundary zzoh 152 = 1(d:2 1 L (de)?)
O, Tu, Tuw ¢, Aps Guv

— Partition function [Gubser-Klebanov-Polyakov, Witten ]

— 1 (¢)
CFT ¢(OAdS)=¢o
— Correlation function
(0O00) — 0 o—1(¢0)]| —



Coupling regions

* Relation between coupling regions

U(N) N=4 4d SYM lIB string on AdS;
I A %
: — Classica
Strongly assica
coupled SUGRA
1_ 1 o
A g}Q/MN

e Strong coupling physics from AAS/CFT

— Quark gluon plasma
n_t
s Af
— Strongly correlated physics in condensed
matter



Examples of AdS/CMP ()

e AdS superconductor

[ Gubser, Hartnoll-Herzog-Horowitz, Maeda-Okamura, Herzog-Kovtun-
son, ... |

— Scalar fields can condense near the black hole
horizoml AdS space (< no hair theorem).

— In the dual CFT, it can be interpreted as a
condensation of cooper pair
e High T, superconductur

» A second order phase transition, infinite DC conductivity,
energy gap, ...

e Qauntum Hall effects

[ Keski-Cakkuri-Kraus, Davis-Kraus-Shah, Fujita-Li-Ryu-Takayanagi,
Hikida-Li-Takayanagi |

— Chern-Simons theory as an effective theory



Examples of AdS/CMP (Il

e Non-relativistic CF

t— N°t, o — Az

— Schrodinger group

[Son, Balasubramanian-McGreevy, Sakaguchi-Yoshida, Herzog-
Rangamani-Ross, Maldacena-Martelli-Tachikawa, Adams-
Balasubramanian-McGreevy, Nakayama-Ryu-Sakaguchi-
Yoshida, ... ]

« Galilean + Dilatation + Special conformal (z=2)
» Cold atom at criticality (BCS-BEC crossover)

— Lifshitz-like model
[ Kachru-Liu-Mulligan, Horava, Taylor |

L= [ Badt((00)? - 1(T20)2)
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2. The replica method



Disordered systems
* Types of disorder

— Annealed disorder HRRERRY
 Impurities are in thermal equilibrium. T I T l l
— Quenched disorder REEEERE!

e Impurities are fixed.

 An example: Random bond Ising model
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Set up
* Prepare a d-dim. guantum field theory
— Ex. U(N) N=4 4d SYM
Solel = [ dz Lo()

e Perturb the theory by a operatcO(z)
— Ex. a single trace operat(Trlee - ¢]

S = Solgl + [ d'a g(\:c)O(sw

The disorder configuration depends on

 Take an average over the disorder
Plo()] x exp |~ [ dleg(a)?|



The replica method

* Free energy

(Z[JD)" =1 _

In Z[J] = Iim

n—0

—(Z[J]) ln=0=0

e The replica method
— Prepare n copies, take an average, then set

(Zg)" = | Pg(@)1Plg()] I [Dil %

= / 11 [De;] exp {— > Sole:] + %/ddfv( > Oi(ﬂ?))zl
i=1 i=1 i=1



Correlation functions

e The effective action
Serr = 3. Soleil = 5 [ (> 01())?
1=1 1=1

Relevant & dimO(x) < d/2 << Harris criteria

e Correlation functions

(0()0(w))g = <Zi [[ple=50=] ddw9<x>0<x>o<z>o<w>>

g

n—Q0

= lim [ [] [Deile %701 (2)01 (w)
=1

( cf. the supersymmetric method )



3. Fleld theory analysis



Set up

 Original theory without disorder

— d-dim. conformal field theory In the large N
limit

e Our disordered system O(x)

— Dc?g%: H)%theory by @§|ng£et qperator

|2 ~ Harris criteria

Conformal dlmensmn Unitarity

n
(T] ©(zp)y = O(N>"") «—— Higher point functions
_ can be neglected.

— n ( i
de Sint = _f/ddxcbpert, CI>|oert — %(Z Oz’(x))Q
1=1



Double trace deformation

 Perturbation by a double trace operator
— A simpler case for an exercise
Sint = A [ d%a®pert
Gpert = 30%(x). Ppen(@)Ppert(0) ~ f;’Acbpert(m
— Beta function
gAY = B = —(d = 28)A(k) + (A(K))

_ \
mm) \(k) = (d—24)A0 One-loop exact
|k[9=25 4+ Ag in large N limit

UV (k] 2 o0) A—=0
IR (|[k] =0) A== (d—-2A)

5 NN

Non-trivial fixed point



Two point function
e Anomalous dimension

(O(x)O(0))y = <(9(;z;)(9(0) exp [—)\/ddg;cppert(a})] >O

=) o=A

EA(K)

 RG flow equation
21— Padh + d = 230 (OR)O(=k)) = 0

=) (O(k)O(—k)) = Cexp [— ["Fldin|k|'(d - 2v0)|

‘k‘QA—d
14 Aolk|2A—d

Uv: (02 ~ |k|24—d

IR :

(02) ~ k428 ~—— Asd-a



Large N disordered system

* Replica theory
—n CFTs; CFT; ®CFT, ®... CFT,

— Single trace operatoro;(z)

(Oi@)0;(0)) = 8iji o ‘ZA

 Double trace deformation
Sint = —4 /ddx@ 0i(x))3
1 Regularlzatlon with A
Sint = —4 [ d0(32 0,@)? + 3 [ e 3 (0,())?
1=1 1=1

Start with a CFT with deformation A, then introduce the disorder




RG flow

e Beta functions
By = —(d — 22)A(k) + (A(k))?
By = —(d—2A)f(k) — n(f(k))2+2f(k)A(k)

* Flow of couplings

NOES= e d
_ AME) — (d=2A)(fo—Xo/n)

f(k) n |k|d_2A—nfo—|-)\o

n — 0

Uv: A—=0,f—0

IR: A= Xi=(d-2A),f—0 0




Two pint function

. Redeflnltlon of operators

Oo(z) = —=

\/_

ZO(:C) O(:U)—O(x)——ZO(a:)
— 700_A+§A 2f, fyoj—A—I—z)\

 Two point functions

1. In hated basis of replicated theoK®; (k)0 ;(—k))
2. In the original basi{O1(k)O1(=k))
3. Inthe limitof n — 0O

(O(k)O(—k))g =

(G AV
IR :

(O2) ~
(02) ~

et

k
k
k

(14 (fo+ Ao) k|22~ |k[2A—d
(1 + Xolk[2A2—9)2

2A—d A 20 -4
d=24 (N5 > 0) d_ocon-—9d<d
a2t (=0)" ~

Unitrity bound is violatec



4. Holographic replica
method



AdS/CFT dictionary

The map
d-dim. CFT at Gravity on (d+1)-dim. AdS
the boundary z=0 7e2 — ;_Q(dzz + 2 (da)?)

O : a spin-less operator ¢ . a scalar field
Ap =2+ \/m2 + dff ” m : mass of the scalar

2 2
_ d _d° 2 1—d
i2 cA=A_<¢ < mS <y
/ o~ / N
Unitarity bound Harris criteria BF bound Normalisability

Boundary behavior at z~0

— A scalar field satisfying KG eq. and the regularity at
Z=00
$(z,x) ~ 292 (a(z) + 0(2%)) + 22 (B(2) /(24 — d) + O(=7))

e — A —
Source toO () Legendre transform (O2)) = o)




Legendre transform

| Klebanov-Witten ]
 Evaluation of action

— Start from the (d+1) dim. action for the scalar
Slel = % [ T y/g[0" 60 + m2¢°]

— Insert the solution and partially integrate over
2S[a] = —%/ddka(k)G(k)a(—k)

(2A—d)F(d/2—A) [|k]]2A ¢
Gr) = CERRE [
—Lsis] = s[a] - f a5l = [ ad BB

7
B=-3 ((0)a = £(e] *O))




Double trace deformation

[ Witten |

* A simpler case with one CFT
— Deformation by a double trace operator

Sint = 3 [ d'20(2)0(x)
— The deformed action in the gravity side
S16, 71 = [ alk [EEBER 4 36(k)B(—k) + A(—k) I (k)]
l EOM for S g((z)) + AB(k) +J(k) =0
S = =3 [l [0 (5) 7 (-R)]

— Two point function
(O(k)O(=k)) =

—S[J]‘ _ Gk
j—0 _ IHAG(R)

=) reproduces the field theory result

5J2€



Holographic replica method

[ Aharony-Clark-Karch, Kiritsis, Kiritsis-Niarchos

e Set up
—n CFTs witls;; = /d% {—f( fj 0:(2))* + A fj (0i())?
2 1=1 2i=1

o

— n AdS spaces sharing the same boundary
 coupled to each other by boundary conditions for ¢

 The deformed action in the gravity side
sig.71= [ [Z?ﬂ%flﬁ?(‘k) 03 BN Bil—k)
=1 1=1

+ 5 3 Bi(k)Bi(—k) + B1(—k)J1 (k)

=1

EOM for 3 %G_S[J] n — 0
- S[J] — = (O)n - (02)




5. Conclusion



Summary and discussions

e Summary
— Disordered systems and the replica method
* Prepare n QFTs, introduce disorder, then take n->0 limit
— RG flow and the two point function
« Conformal perturbation theory

— Holographic replica method
* Multiple AdS spaces coupled though the boundary

e Open problems
— Quantum disordered system
» Dual geometry is AdS black hole
— Other quantities
* E.g. two point function of currents

— Holographic supersymmetric method
 OSP(N|N) or U(N|N) supergroup structure



6. Appendix



Beta function

e Perturbation from CFT
Sint = fPA 7 [ e (@), ©(2)@(0) ~ 1)
« Shift of cut off length

— UV cut off length | is shifted to |(1 + €)
SW ~ (2 — d) f12A—d / Al ()

_ z+1(14¢)
4 fQZ;A o [ gl [
~ elPATd(oA —d) F + 2Q% F2) [ dlaxd(2)

3 AN ()
W g \L ) YY)

 Beta function

_dmC(ZJ;:/l) =f; = (20 —d)f +2Q%[*




Anomalous dimension

e Perturbation from CFT

S+ = leA_d/ddxCD(a:), & (2)0(0) ~ —o

|$|2A

0(0)

e \Wave function renormalization
— Two point function
Ga(z) = 1*2{0(2)0(0))

— Shift of UV cut off
5Go(z) ~ 2AIP2(0(2)0(0))

4 fAA—d /ZI(HG) d92:(0(2) D (2)0(0))
~ 22 (2A + 2Q% FIO(2)0(0))
— Anomalous dimension

dGo(z
_%dln(Qé/;) =0 =4+ Q%f
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