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DISPERSION RELATION FOR WATER WAVES
WITH NON-CONSTANT VORTICITY

PASCHALIS KARAGEORGIS

ABSTRACT. We derive the dispersion relation for linearized small-amplitude gravity waves
for various choices of non-constant vorticity. To the best of our knowledge, this relation is
only known explicitly in the case of constant vorticity. We provide a wide range of examples
including polynomial, exponential, trigonometric and hyperbolic vorticity functions.

1. INTRODUCTION

Consider the classical water wave problem with a free surface over a flat bottom under
the influence of gravity. Using bifurcation and degree theory, Constantin and Strauss [1]
proved the existence of large-amplitude, two-dimensional, inviscid, periodic traveling waves
with vorticity. A relation that arises in their work, also known as the dispersion relation,
is the necessary and sufficient condition for local bifurcation. It is known explicitly in the
case of constant vorticity [1, 4] but not for any other vorticity functions. Our goal in this
paper is to provide a wide range of examples of non-constant vorticity functions for which
the dispersion relation can be determined explicitly.

Before we go on, however, let us first summarize the existence result of Constantin and
Strauss [1]. We fix ¢ > 0 and we look for periodic, traveling waves with speed ¢. Let (u,v)
denote the velocity field and define the relative stream function ¢ (z,y) by

wz:_% %ZU—C-

The vorticity w = v, — u, satisfies w = —A. Assuming that v < ¢, it can be expressed as
a function of v, say w = 7(¢). The traveling wave problem now takes the form

—AY = (1) in 0 <y <n(x)

IVY|? + 29y = Q ony =n(x) ' '
% = o ony =0

Here, y = n(x) describes the unknown free surface, g > 0 is the acceleration due to gravity
and ) > 0 is a constant, while

n(z)

n(z)
Po = wﬁawdyz/‘[wﬁw—wwy<0
0 0
is the relative mass flux. It is easy to check that py is independent of x.
Next, we transform (1.1) into a problem over a fixed domain. Note that v is constant on
the free surface and also on the flat bottom, being decreasing in y since 1, = u — ¢ < 0 by
assumption. It is thus natural to use the change of variables

qg=xz,  p=—i(x,y).
1
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This allows us to express the traveling wave problem (1.1) in the equivalent form
(1 + y?,)ypp - Qypyqypq + y;quq - _’V(_p)yi n Do <p< 0
L+y2+ 29y —Q)y2 =0 onp=0 . (1.2)
y=20 on p = po
We refer the reader to [1, Section 2| for more details. It is easy to see that there is a curve of

trivial solutions corresponding to parallel shear flows. These are independent of ¢, so they
satisfy an ODE which can be readily solved. Let us now introduce the notation

P
I'(p) = / Y(=s)ds,  Tpin=minT(p) <0 (1.3)
0 [Po,0]

and recall the following elementary fact from [1].

Lemma 1 (Parallel shear flows). For each —2T' 1, < A < @, there is a trivial solution

(1.4)

()_/pds
N = AT 2T (s)

of equation (1.2) which corresponds to a parallel shear flow with velocity field

u(y) =c—A+20(py)),  v(y)=0. (1.5)

Here, p(y) is the inverse of y(p), which is related to the stream function by p(y) = —(y),
while ¢ > 0 1is the speed of propagation. The corresponding water depth is given by

_9-A (1.6)

0 ds
4=y(0)= /po VA 20(s) 29

The linearization of (1.2) around the trivial solution (1.4) is easily found to be

Mypp + yimqq = _37(_p>y£mp

subject to gm = /\3/2mp on p=0and m =0 onp=py. To find periodic solutions of this
linearized problem, one can look for functions of the form m = M(p) cos(kq), where k is an
integer. This approach leads to the eigenvalue problem (1.7) and it is closely related to the
local bifurcation result of Constantin and Strauss [1].

Theorem 1 (Existence of small-amplitude periodic solutions). Let k > 0 be a given wave
number and assume that the vorticity function is sufficiently reqular. Then there is a curve
of small-amplitude 2%-pem'odic solutions of (1.1) bifurcating from the trivial flows of the
previous lemma if and only if the Sturm-Liouville problem

BM" + ;6’]\4’ =M,  M(po) =0,  X2M'(0) = gM(0) (1.7)
has a nontrivial solution M (p) for some A\ > —2T . Here, 5(p) is defined by

B(p) = A+20(p) (1.8)
for each py < p <0, while g > 0 denotes the acceleration due to gravity.

The main difficulty in addressing the solvability of (1.7) is that the solution of this problem
is not generally explicit. A typical exception to this rule is the case of constant vorticity, in
which case (1.7) can be transformed into an ODE with constant coefficients. To the best of

our knowledge, no other exceptions seem to be known.
2
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The main goal of this paper is to provide a wide range of non-constant vorticity functions
for which the eigenvalue problem (1.7) can be solved explicitly. Our approach is inspired by
the case of constant vorticity, however, we are able to treat a much larger class of examples
including polynomial, exponential, trigonometric and hyperbolic vorticity functions.

Our main result is Theorem 2, which is given in Section 2 together with its proof. Here,
we use a rather technical change of variables, yet this is dictated by the case of constant
vorticity that we briefly recall in the beginning of the section. Several applications of our
main result are given in Section 3, where Examples 1 through 8 are discussed.

The dispersion relation provided by Theorem 2 appears in (2.13) and obviously applies
for all examples, so we shall not bother to restate it in each case. We only do so in the cases
of linear vorticity (Example 3) and exponential vorticity (Example 8), as those are cases for
which the dispersion relation (2.13) can be simplified quite a bit.

2. THE MAIN RESULT

In this section, we present our main result regarding explicit solutions of

B)M" (p) + 5 B(0) M (p) = KM (p), 21)

where 3(p) = A+ 2I'(p) is given and k > 0 is the wave number. Our first step is to express
this equation in terms of the physical variables, see also [2; Lemma 2.3]. We note that our
definitions (1.3)-(1.6) imply

P VARG el G = TOeW) =) (22
as well as p(d) = 0 and p(0) = py. Using the change of variables
p(y) = (c—uly)) - M(p(y)), (2.3)

we can thus transform equation (2.1) into the Rayleigh equation
) i(y)e(y)
Gy) — K*p(y) = : 2.4
)~y = L 7Y (24)

where dots denote derivatives with respect to y. We now recall (2.2) and express i(y) in
terms of the vorticity. This allows us to write the Rayleigh equation (2.4) as

@(y) — K o(y) = = (—=p(y))e(y). (2.5)

If the vorticity is linear, then this equation is linear with constant coefficients, so it can
certainly be solved explicitly. Assume the vorticity is constant for simplicity. If we impose
the boundary condition M(py) = 0 as in (1.7), then ¢(0) = 0 by (2.3) and so

¢(y) = csinh(ky)

for some constant ¢;. The corresponding solution of the original problem (2.1) is

_asinh(ky(p)) o [T Kds
Mo =" Ame Vi h<po T(s))’ (26)

where 3(p) = A+ 2I'(p), and every solution of (2.1) with M(py) = 0 has this form.
3
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The computation above shows that the solution of the eigenvalue problem (1.7) can be
determined explicitly, if the vorticity is linear. To extend this observation to more general
vorticity functions, we now look for solutions of (1.7) that have the form

M(p) = g((;))) -sinh H (p) (2.7)

for some functions GG, H. As it turns out, the unknown functions GG, H must be related in a
very simple way. More precisely, (2.7) satisfies the ODE in (1.7) if and only if

[26GG" — B(G')* + BGG' — 2B8"G” + 4BG*(H')* — 4k*G?] sinh H
+ [48G°H" + 43GG'H' + 23'G*H'] cosh H = 0. (2.8)

To ensure that the coefficient of cosh H is zero, we have to ensure that

and this can be trivially integrated to yield the equivalent condition

H'(p)G(p)v/B(p) = a (2.9)
for some a € R. Assuming (2.9) and returning to (2.8), we end up with the ODE
28GG" — B(G")? + B'GG - 2p"G? = 4K*G? — 4a. (2.10)
As an ODE for 3, this can be easily solved by writing the left hand side as

QﬂGG” . ﬁ(G/)Q 4 B/GG/ h 25HG2 — _2G3/2 (G3/2 (g) )

and then integrating twice. This approach already generates a large number of examples,
but one can also replace the hyperbolic sine in (2.7) by a regular sine, in which case (2.9) is
still applicable and the only change in (2.10) is that —4a? becomes 4a*. We shall actually
treat these cases together in our next (and main) result.

Theorem 2. Let py < 0 < k. Suppose 3(p), G(p) are positive and C* on [po, 0] with

a2 (BY\ | 22— 2K°G?
(o (2 - 22 -

for some constant z € R. Define the bifurcation parameter \ and the vorticity v by

V=80, W) =2(-p) = 55 0) (2.12)

and consider the eigenvalue problem (1.7) which corresponds to this vorticity. Then (1.7) is
solvable if and only if the dispersion relation
g _ G'O) ~(0) 1

X327 2G(0) A * A2G(0)F (po) (2.13)
4
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holds, where F(po) is given by

7 tanh fpo W) if 2> 0
fo —ds___ if z=0
F(po) = Po G(s)\/B(s) : (2.14)

1 0 |z| ds .
¢ _VIElds <0
N an f,, N

There are several things that are worth noting about this theorem.

1. Given any function G, equation (2.11) can be easily integrated twice to obtain (3, and
this also determines the vorticity v by means of (2.12). Given any function G, in particular,
one can find a vorticity function v for which the dispersion relation is given by (2.13).

2. In practice, one would like to determine the function G in terms of the vorticity ~
and not the other way around. This is generally a difficult task because it involves solving a
nonlinear instead of a linear ODE. Nonetheless, it is still feasible for a wide range of vorticity
functions, as we show in Examples 1 through 8.

3. The integral (2.14) that appears in the dispersion relation is an elementary integral
only for two of our eight examples; see the case of linear vorticity (Example 3) and that of
exponential vorticity (Example 8).

4. Our assumption that 3 is positive is equivalent to the assumption A > —2I",;, that is
needed for the trivial flows of Lemma 1 to be defined. Our assumption that G is positive
can easily be replaced by the assumption that G has one sign; namely, equation (2.11) is
equivalent to equation (2.18) and G satisfies the latter if and only if —G does.

5. The bifurcation parameter A\ that appears in the dispersion relation (2.13) can also be
expressed in terms of the shear flows of Lemma 1, namely v/A = ¢ — u(d) by (1.5)-(1.6).

6. The dispersion relation (2.13) is the necessary and sufficient condition for the solvability
of the eigenvalue problem (1.7). The actual solution of this problem appears in (2.20) for
the case z > 0, in (2.21) for the case z < 0 and in (2.22) for the case z = 0.

Proof. We temporarily ignore one of the boundary conditions in (1.7) and focus on

3
BM" + 5 M =k M, M (po) = 0. (2.15)
To solve this explicitly, we recall that 3, G are positive and we change variables by

M(p) = | == - ¥(p). (2.16)

Then a short computation shows that (2.15) is equivalent to

438GV 4 2(2B3GG + B'G*HV

+ (2BGG" — B(G')* + BGG' —28"G* — 4K°G*) U = 0 (2.17)
subject to U(py) = 0. Note that our assumption (2.11) can also be written as
2BGG" — B(G")? + B GG —20"G? — 4K*G* + 42 = 0. (2.18)
This allows us to reduce the problem (2.15) to the equivalent problem
20G*V" + (2BGG + B GV — 220 = 0, WU (pg) = 0. (2.19)
5
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Suppose first that z > 0. Then the general solution of the last ODE is given by

— ¢ sin pﬂ Ca COS pﬂ
Y(p) = h(/po G(s) 5(5))+ ’ h</po G(s) 5(5)>

and the boundary condition W(py) = 0 requires that co = 0. In particular, every solution of
the problem (2.15) has the form

= Gp) - ¢ sin pi\/?ds
M@‘/w>1h(mm@@@) (2:20)

for some constant ¢;. We now turn to the original eigenvalue problem (1.7), namely (2.15)
with an additional boundary condition which reads

M'©0) g
M(0) — A3/2
Using logarithmic differentiation, we see that (2.20) satisfies this condition if and only if

g _ Q) B0 1

N7 T 2G(0)  2500) T G0)\/BO)F ()

where F(po) is given by (2.14). Since 3(0) = A and 3'(0) = 2(0), the result follows.
When z < 0, our previous approach applies with minor changes to give

= %w sin pi\/mds
M(p)—\/ﬂ(p) 1 (/pg G@)W) (2.21)

instead of (2.20), while the analogous solution for the case z = 0 is

fow s
M= A5 ), aovie 222)

In either of these cases, the dispersion relation can be obtained exactly as before. |

3. SOME EXAMPLES

In this section, we give several applications of Theorem 2. More precisely, we give several
choices of positive functions 3, G such that (2.11) holds. In each case, the dispersion relation
is given by (2.13) and we shall only bother to restate it for Examples 3 and 8, namely the
ones for which the dispersion relation can be simplified to a large extent.

In our first two examples, we start with a function G and find a vorticity function v for
which our theorem applies. In all other examples, we follow the exact opposite approach
and start with the vorticity function, instead.

Example 1 (Polynomial vorticity). Let G(p) = (1 — ap)™ for some a > 0 and some real
number n other than +2,2/3. Integrating (2.11) twice gives

2co(1 —ap)' ™2 4z(1 —ap)*2"  4k>*(1 — ap)?

Blp) = 2er(1 = ap)” + a(3n —2) ; a?(3n —2)? a*(n?—4)
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The coefficients ¢y, ¢, z can be arbitrary, but we do need 3(p) to be positive on [pg,0]. An
easy way to ensure this is to assume cq, co, z are non-negative and n > 2. The vorticity ~ is
then determined using (2.12). In the special case ¢co = z = 0, one finds that

4K (1 + av))

S 1 n-1__ 7%\ @ 7V

() = —aner (1 )~ = =T

where 1) = —p as usual; the only restrictions in this case are a > 0, ¢; > 0 and n > 2.

Example 2 (Exponential vorticity #1). Let G(p) = ™ for some a # 0 and let z € R be
arbitrary. Then (2.11) can be easily integrated twice to give

4k?  4ze 2

a? 9a2

If we require ¢y, co, z to be non-negative, then (3 is positive and our theorem applies. Once
again, the corresponding vorticity is given by (2.12), namely

B(p) = cre™ + coe P2 4

acy acye™/?  4ze2a¥

(W) = 2eat 4 T 0q

Example 3 (Linear vorticity). Suppose v(¢) = ay + b for some a,b € R. Then
p
B(p) :)\+2/ (b —as)ds = X+ 2bp — ap®
0

so #”(p) = —2a. In particular, (2.11) holds with G(p) = 1 and z = k? — a. The dispersion
relation (2.13) provided by Theorem 2 involves the integral

/0 ds /0 ds
ro G(3)1/B(s) N Po \/WF(S)7
which is equal to the depth d by (1.6). Thus, the dispersion relation (2.13) reduces to
A — bE(d)NY? — gF(d) =0, (3.1)
where F'(d) is given by (2.14), namely

7%““_?21“2—“) if a < k2

F(d) = d if a=#k?
R
Needless to say, one can also solve the quadratic equation (3.1) and write it as
bF(d 1
VA = # + 5\/bQF(d)Q +4gF(d), (3.2)

where the sign is chosen so that vA = ¢ — u(d) is positive. To the best of our knowledge,
this dispersion relation was only known in the case of constant vorticity, in which case it
goes back to [4], see also [1, 3].

Example 4 (Quadratic vorticity). Suppose v(¢)) = at)? for some a # 0 and let
~ 50a%p? 2ap?

— 20a2k?p® + 16ak*p + (25a°\ — 16k°),  B(p) 3

7

G(p) A+
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Then one can verify that (2.18), or equivalently (2.11), holds with
z = k*(1125a*\* — 1056ak°\ + 256k'%) > 0.

We actually came up with this example by looking for solutions of (2.18) for which 3, G are
both polynomials. The same approach applies to any quadratic vorticity whatsoever, but
the corresponding cubic solution G looks much messier in the general case. Note that 3 is
monotonic for this example and that the same is true for G, since

G'(p) = 2a(25a*p* — 20ak*p + 8k*)
and the discriminant of the quadratic is —400a?k*. In particular, positivity of 3, G on the

interval [pg, 0] amounts to positivity of 3, G at the endpoints of the interval.

Example 5 (Cubic vorticity). Suppose v(¢)) = ay)® + by for some a,b € R and let

4

+ 3a(k? + 3b)p® + (2k* + 6bk2 — 9a)),  B(p) = A — % 3

_ 9a2p4

G(p)

Then one can verify that (2.18) holds with
z = 2k*(2k* + 6bk* — 9a))(k* + 20k — GaX — 3b7).

This example was also obtained by looking for polynomial solutions of (2.18), an approach
that no longer works for a more general cubic or even a quartic vorticity. To ensure that our
theorem is applicable on any interval [pg, 0] whatsoever, we impose the conditions

G0)=2k*(k* +3b) —9ar>0; a<0<)X  b<O0. (3.3)
Assuming those, [ is decreasing with 5(0) > 0, so it is positive on [pg, 0], while
G'(p) = 6ap(3ap® + k* + 3b).

If it happens that k% + 3b < 0, then G is also decreasing with G(0) > 0, so we are done. If
it happens that k? + 3b > 0, then G has a unique critical point p, < 0, where

2
— "53;‘35, Glp.) = ~9ar -+ (2 + 30)(K — 1) > 0.

In either case then, GG is positive on the whole negative real axis, as needed. To avoid the
technical condition in (3.3), one may focus on the special case a < 0 < A and b = 0.

Example 6 (Trigonometric vorticity). Suppose v(¢)) = a; cos(by)) + agsin(by) for some
ai,as € R and some b > 0. In this case, one can take

G(p) = B(p) + 4b—]f, Blp) = A+ -4 Sibﬂ(bp) N 2a2(COS(bbp) —1)

and check that (2.18) holds with

k2
== [(4k2 )2 — dagh(4k? + \b?) — 4a§b2].

To ensure that ((p) is positive for all p, we have to impose the condition

2
/\>g(a2+\/a%+a§),

8

z
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while the positivity of G(p) follows trivially from that of 3(p). This example is related to
the previous two in the following sense. When a; = 0, the eigenvalue problem (1.7) can be
solved using the substitution u = cos(bp) that reduces the problem to one with polynomial
coefficients; the solution G(p) was found by looking for polynomial solutions in .

Example 7 (Hyperbolic vorticity). Suppose 7(¢)) = aqcosh(b)) + ag sinh(in)) for some
ai,as € R and some b > 0. In this case, one can take

4k> 2a; sinh(bp)  2as(1 — cosh(bp
Glp)=Bp) =4, By =2+ . ; (bp) | 2as( ; (bp)) (3.4)
and check that (2.18) holds with
LB [(4k2 — A2 — dash(4k? — A?) + 4a2b2} (3.5)
— b4 2 1 . .

Needless to say, one can always obtain this example from the previous one by allowing the
coefficients to be complex. If we assume a; < min{—ay, 0}, then we have

B'(p) = (a1 — a2)e” + (ay + az)e ™ < 0

for all p < 0. This is clear when a; — as < 0, in which case ' is the sum of two non-positive
terms, but it also holds when a; — as > 0, in which case

B(p) < (a1 — az)e™ + (ay + az)e™ = 2a,e7 < 0.

4k>

It easily follows that our theorem applies when a; < min{—ay,0}, b > 0 and A > .

Example 8 (Exponential vorticity #2). Suppose v(¢)) = ae® for some a,b # 0. This is a
special case of the previous example and one can take

4k 2a(e " — 1 E2(4k% — \b? — 2ab)?
- 5(19):A—7( 7 >, = M T . (3.6)

In this case, the dispersion relation (2.13) can be simplified quite a bit. Suppose z > 0 for
the moment. Then (2.20) shows that every solution of (1.7) is a scalar multiple of

i) — @mh( L)

B(p) ro G(5)v/B(s)

hence also a scalar multiple of

_ 6w 7R = AR = 2a)
M) =\ 5) h(/p B2G(s)y/B(5) d)' (3.1)

We now recall our choice (3.6) of G(p) and we make use of the identity

[ Lo VO + 28/
27 /B(p) —2k/b

kKK — 0 — 2ab) (38)
B(p) V?G(p)\/B(p)

9
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that may be viewed as a partial fractions decomposition for the right hand side. Using this
identity and our choice of G(p) in (3.6), one finds that

M1(p):<1+ ﬁ) wﬁm}_%/bﬂp(_ pde)
2 by/B) B(po) + 2k/b o V/B(8)

_<1_ k ) \/ﬂ(Po)+2k/b_eXp< P kds) 3.9
2 0\/Bp)) \ VBpo) — 2K/ w \V/B(s) ) |

Define the coefficients ¢y, ¢o by the formula

c1 = +/B(po) — 2k, co =/ B(po) + 2k/b.

In view of (1.5), these can also be expressed in terms of the velocity field as

c1 = c—u(0) — 2k/b, co = ¢ —u(0) + 2k/b. (3.10)

Now, every solution of (1.7) is a scalar multiple of (3.9), hence also a scalar multiple of
2k P kds
Mp)=ca |1+ — | exp| — | ——
< b\/ﬁ(p)> po V/B(s)
2k P kds
—c|1- - exp . (3.11)
( by ﬁ(p)> < po V/ ﬁ(3)>

We remark that the last formula was obtained under the assumption that z, 3, G are all
positive, yet this formula provides a solution of (1.7) as long as merely [ is positive. Next,
we turn to the boundary condition at p = 0, which reads

N2M'(0) = gM(0). (3.12)
Differentiating (3.11), one finds that

VB(p) Nan

k’Cg
1-—
B(p) <

In view of (3.6) and (1.6), this implies

kcie ke 2k 2a kcoehd 2k 2a
M(0) = — 1 — | - 1——+ —
(0) ey ( + o + b)\) +

2k 2k
M) = cie [ 14+ == —cekd(l——>.
O =a < bV ) ’ bV
Thus, the boundary condition (3.12) holds if and only if

crekd [(g + kD)) (1 + %) - %} = cpet? {(g — k) (1 — %) - %} .

(
B(p)
2% ﬂ’(p)>‘ex ( P kds)
Jow ) ) "\, Vi) )

Mi(p) = — a1 <1+b ﬁ,
b

and also
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Multiplying through by byv/), one thus obtains the dispersion relation
o ((g RN BV 2k) + 2ak\/X) - CQe%d<(g — BN (WA — 2k) — 2a/-c\/X), (3.13)
where d is the depth, v/A = ¢ — u(d) and the coefficients ¢y, ¢, are given by (3.10).
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