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wave helicity amplitudes. We then formulate the solution of these partial-wave dispersion
relations in terms of Omnes functions, with special attention paid to the role of subtraction
constants as critical for the application to hadronic light-by-light scattering. In particular,
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quired unless subtractions are introduced. In the doubly-virtual case, the analytic struc-
ture of the vector-resonance partial waves then gives rise to anomalous thresholds, even for
space-like virtualities. We develop a strategy to account for these effects in the numerical
solution, illustrated in terms of the D-waves in v*y* — 7, which allows us to predict
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1 Introduction

Apart from the two-photon decay of the neutral pion, the reaction vy — 7w constitutes
the simplest process that gives access to the electromagnetic properties of the pion, most
notably its dipole polarizabilities [1]. Experimentally, most information on the scatter-
ing process comes from ete™ colliders via the reaction ete™ — ete 7wr [2-7], while the
kinematics relevant for the extraction of the polarizabilities is more directly probed in the
Primakoff process, where an incident pion scatters of the Coulomb field of a heavy nucleus
and produces a final-state photon-pion pair [8-10]. The measurement of the polarizabili-
ties, as well as the energy dependence of the vy — 77 cross section, also provides a key test
of chiral perturbation theory (ChPT) [11-14], not only because it is the simplest electro-
magnetic scattering process involving hadrons, but also due to the sensitivity to chiral loop
corrections, see [15, 16] and [17-21] for the one- and two-loop calculation, respectively.



While an extraction of the charged-pion polarizability via radiative pion production off
the nucleon [22] had been interpreted as a potential tension with ChPT [21]—despite the
model-dependence from the extrapolation to the pion pole — the most recent Primakoff
measurement [10] confirmed the chiral prediction. In addition to a future update from
COMPASS [23], further low-energy measurements that would entail additional informa-
tion on the charged-pion polarizabilities are planned at Hall D at Jefferson Lab via the
Primakoff process with an incident photon [24].

To extend the description of vy — w7 beyond the low-energy region, dispersion rela-
tions (DRs) have been widely applied in the literature [25-38], most importantly to include
the strong 77 rescattering in the S-wave. More recently, this method has been extended to
a single off-shell photon [39, 40], as well as the doubly-virtual case [41-43], with numerical
results provided for the S-wave contribution. In this paper, we address, comprehensively,
the general case in which both photons are virtual, as required as input for a dispersive
approach to hadronic light-by-light (HLbL) scattering in the anomalous magnetic moment
of the muon g — 2 [41-48|. In particular, we consider several technical challenges that
appear in the contribution of two-meson intermediate states beyond the S-waves.

First of all, the ChPT amplitudes for the doubly- (or even singly-) virtual case have
only been worked out at one-loop order [45]. Since the one-loop contribution does not
display any angular dependence except for the charged-pion Born terms, this implies that
chiral predictions for D- and higher partial waves are not available. Second, it was shown
in [35] that an adequate description of the D-waves requires the inclusion of vector mesons
in the left-hand cut (LHC) of the 4y — #7m amplitudes, most efficiently in terms of the
LHC of the partial waves. This strategy extends the standard Muskhelishvili-Omnes (MO)
solution [49, 50|, and, as we will show here, its necessity is related to the high-energy
behavior of the vector-meson partial waves and thus potential subtractions in the MO
solution. Third, the derivation of partial-wave DRs for the helicity amplitudes has to be
based on scalar functions that avoid kinematic singularities and zeros [51, 52]. Based on
the corresponding set of amplitudes from [41] we explicitly write down the kernel functions
that couple the various partial waves and perform a basis change that diagonalizes their
MO solution. Finally, we observe that if vector resonances are to be included in the MO
solution in terms of the LHC also in the doubly-virtual case, the analytic structure of these
amplitude complicates the implementation for sufficiently large (space-like) virtualities.
While the occurrence of anomalous thresholds [53] is expected in the time-like regime [41,
44, 54], the analytic structure of the resonance LHCs is sufficiently complicated that even
in the space-like case a deformation of the integration contour becomes unavoidable.

We first recall the definition of helicity amplitudes, partial waves, and Bardeen-Tung-
Tarrach (BTT) invariant functions in section 2, based on which we then derive all relevant
kernel functions that define the full system of Roy-Steiner (RS) equations for the partial-
wave helicity amplitudes. In section 3 we then write down the MO solution of these
equations, and discuss in detail the role of subtraction constants as well as the analytic
structure of the resonance partial waves. Some numerical results will be presented in
section 4, before we conclude in section 5 and comment on the implications of our results
for the application to HLbL scattering.



Figure 1. v*v* — 77w as a sub-process of ete™ — eTe " nr [41].

2 Helicity amplitudes and Roy-Steiner equations

2.1 Helicity amplitudes

We largely follow the conventions of [41], but for completeness repeat the basic definitions.
The process y*vy* — mw is strictly speaking not observable, but derived from processes
with well-defined asymptotic states under certain assumptions. We start from

et (k)e™ (ko) = e (ks)e™ (ka)v*(q1)v"(q2) — e (ks)e™ (ka)m® (p1)7®(p2), (2.1)

shown in figure 1, with isospin labels a and b for the pion states and momenta as indicated.
At O(e*), the amplitude for this process is given by

(T = 0(ky) (—ieva o (ks )a(ke) (~ievs)ukz)

" By (2.2)
¢ g q q
X — (gau - (1 - 5) > - gﬁy - (1 5) 22 ZeQWab(p17p27Q1)
ql Q1 q2 q2
where £ is a gauge parameter for the photon propagators and the tensor
Wiy (p1,p2,q1) = i / d*x e (p1)m” (p2)| T Lk () 7 (0)}0) (2.3)

is defined in pure QCD. The contraction of this tensor with appropriate polarization vectors
is then identified as an amplitude for the off-shell process

Y (g1, A)7* (g2, A2) = 7 (p1) 7" (p2), (2.4)

where A; o denote the helicities of the photons. The connected part is given by

(7 ()7 (p2) 7" (41, M)7* (g2, X))
=~ ()6, (Q2)/d496d4y6‘“‘“'”‘12@<7T“(p1)7fb(192)IT{jé‘m(x)jZm(y)}lw
—e?(2m)" W (p1 + p2 — @1 — @)y (@1)e? (a2)
X / dta e (w0 (p1)7 (p2) | T{ by () 7 (0) }0)

=i2(2m)* W (p1 + p2 — 1 — @) (@1)e)? (a2) W (p1,p2, q1) (2.5)



and the contraction with polarization vectors finally defines the helicity amplitudes accord-
ing to
621(Q1)€32(Q2)W£(p1,p27 q) = ei(/\l_thﬁlf,\z- (2.6)

Next, the kinematic invariants are taken as'

s=(q+q)* = (p +p)
t=(q1—p)* = (g2 — p2)°, (2.7)
u=(q1 —p2)2 = (g2 _p1)27
satisfying
s+t+u=qi+q3+2M; =S, (2.8)

For the helicity amplitudes it is also convenient to choose a frame, we construct the helicity
amplitudes with the momenta and polarization vectors in the s-channel center-of-mass
system. This gives

q1 = (Eq170707 |(ﬂ)7 qo2 = (Eq270707_|ﬂ)7
p1 = (Ep, |p]siné cos ¢, |p] sin @ sin ¢, |p] cos 0), (2.9)
p2 = (Ep, —|p]sin 6 cos ¢, —|p] sin O sin ¢, —|p] cos §),

where

/ s+qi—q3 / s—qi +q3 AM/2(s, 42, ¢3)
E, = 2 42:77 E,, = 2 7?2 = ) = 3
a g1 +4q 2/5 42 g5 +¢q 25 |q] SN
S S S
E,=+/MZ+p :\2[7 |ﬁ1:,/4—M,%:\2[07T(3). (2.10)

and we introduced the notation

ox(s) = 1—4M7% Ma,b,c) = a* + b* + ¢ — 2(ab + be + ca) (2.11)
s - S ) ) ) - Y *

the s-channel scattering angle

t—u t—u
z =cost = = 5 (2.12)
Aqpl  ox(s)A/2(s, 67, 63)
as well as the polarization vectors
1 .
ei((h) = :Fﬁ(oa ]-7 :l:Za 0)7
1
Eo(ql) = z(kﬂa 0,0, EQ1)7
! (2.13)

1 .
fj:(QQ) - :Fﬁ(oa 17 +, 0)7

50((]2) = ;(_’(ﬂ70707EQ2)'
2

"We denote v*v* — 7 as the s-channel process, which is the canonical choice in the context of HLbL.

Note that in the literature on RS equations [36, 55-58] usually the elastic channel, here pion Compton
scattering, is considered the s-channel.



For the particular choice of & = \/(E the longitudinal states are normalized to 1, but,
since the off-shell photons are not physical states, the choice of §; cannot affect physical
observables, a useful check on the calculation. For convenience, we also define helicity
amplitudes that stay finite in the limit qf —0

Hyx, = Hilﬁizfl)\l)\w Ky =1, Ky = - (2.14)
and introduce the labeling
B —H,., Hy—H, , Hy—Hyo+Hy, Hi=Hyo—Hy,, Hs=Hy (2.15)
Finally, the helicity amplitudes are expanded into partial waves according to [59]

Hyn, = ) (20 + Ddio(2)hpin(5), (2.16)
J

where m = |A\; — Ag|.

2.2 Tensor decomposition and dispersion relations

DRs should not be derived for the helicity amplitudes directly due to their complicated an-
alytic structure, but instead for scalar functions that are free of kinematic singularities and
zeros. Such a basis has been derived in [41] following the general recipe established in [51].
In contrast to the singly-virtual case, however, the doubly-virtual process is sufficiently
complicated that an additional limitation first observed in nucleon Compton scattering [52]
occurs, i.e. that to cover all kinematic limits a sixth Lorentz structure needs to be pro-
vided, in addition to the five expected in correspondence to the five independent helicity
amplitudes. Fortunately, the number of required scalar functions can be reduced by using
crossing symmetry in the pion system, again in analogy to nucleon Compton scattering [60],
finally leading to the scalar functions A; as defined in [41]. Explicitly, we have

5
Wi =Y Tj, A, (2.17)
=1
with

" = q1- 29" — b dy,

T = @ég™ + a1 - 02d"d — Bl — B,

T — (¢ ) (T2 ), (2.18)
1 1
T = - adiey — 5 (t =)™ + 5t =) (¢} — dsa5)
4 1 1
T = qlazahas + 5(t — u) (a1dhes — a3aas) — (¢ —w)al'as,



where ¢3 = po — p1 and

N 1 1
T = q1- ¢ — Gdb a5 — = (t —uw)dig"™ + 5t —waal,

) 2 2 (2.19)
" = q1 - @b ds — Gadidl + 5= u)gag" — 5t —u)dhds.

In terms of these functions, the helicity amplitudes read as follows

o= = 50— — A1 — @Az + (s — M)l + ) Ag
# im0 (6-d-d)+ (D @) ) 4
+ Satad(s — M1 - )45,

Hio = = 3o - M2 - )5 - - s + 22345 ).

_ 1 /2
Hyg= 4\/?(8 —AM2)z/1 — 22 ()\12(8)A3 —(s+qf —3) A1 —qi(s —qi + Q%)As)),

_ 1 /2
Hoy = 4\/;(5 —AM2)z/1 — 22 <A12(8)A3 —(s—ai+ @)A1 — a3(s+qf — q%)As)),

_ 1 1
Hopp= — A1 — 5(5 —qi —q3)As — 5(5 — AM?2)A12(s)2* As

(s — AM2)2Ag + le(s CAM2) (2 — (& — B)?) 224, (2.20)

where \12(s) = A(s, ¢%, ¢3). In this paper, we will make repeated reference to the expressions
that follow from the pion-pole terms as well as the tree-level exchange of vector mesons,
with partial waves Nj;(s) and h};i(s), see appendix A.

The form of the DRs for the coefficient functions A; is defined by a second constraint
on the Mandelstam variables besides the on-shell condition (2.8). As argued in [55], the
optimal choice for a process with crossing properties of y*4* — 77 is given by hyperbolic
DRs (HDRs), for which the dispersive variables are constrained to lie on hyperbolas of
the form

(t—a)u—a)={t —a) (W —a)=b, s+t+u=s+t+u =¢ +q¢ +2M?, (2.21)

which implies the relation

ds’ 1 1 1
=dt — 2.22
s'—s <t’—t+t’—u t’—a> (222)
for the differentials and
t—u t'—
P= 7 = —— 5 (2.23)
or(s)A57(s) or(s) Ay (s')



for the scattering angles, leading to

1 [*° Im A (s 2
Ai(s,t,u) = A7 (s, t,u) + — ds,w
T Jam2 s — s
L= ) 1 1 ) (2.24)
— dt'Tm A; (t' _
e ) = )

with Born terms A7 given in appendix A. In writing (2.24) we have implicitly assumed
that the Born-subtracted amplitudes fulfill unsubtracted HDRs. We stress that this is not
equivalent to assuming unsubtracted HDRs for the full amplitude, since for A; the Born
term itself goes asymptotically to a constant along the hyperbola. Assuming unsubtracted
HDRs for the full amplitude would thus imply cancellations of this constant behavior with
a contribution from heavier intermediate states.

A realistic description of v*v* — wm beyond the S-waves requires further contribu-
tions to the LHC, most importantly the exchange of vector mesons, see appendix A for
the explicit expressions. This Lagrangian-based representation suffers from a polynomial
ambiguity [35]: choosing a different Lagrangian representation alters the real part of the
amplitude, while the residues of the vector-resonance poles are free from such ambiguities.
In the narrow-width limit, in which the imaginary parts of the vector-meson exchange col-
lapse to §-functions, this can be demonstrated by comparing the expression resulting from
the HDRs (2.24) with the starting point (A.6). We find the differences

t— MZ)(u— M3 s —3M2 — M2
AAY,HDR _ C%FVW(Q%)FVW((]%) (( V)( V) v _ 4) ,

2(a — MZ)? a— M
1

S — (2.25)
a— M‘Q/

AAYHPR — _AAVHPR — _ 2 By (62) Fyn(g3)
AR = AAPTPR < 0.

where AAIV’HDR = AZV’HDR — AZV . In the limit a — oo most of these differences disappear

lim AAY’HDR = —40\2/FVW(Q%)FV7T(QS)7

a— 00
(2.26)
lim AAVPPR — 0 ie{2,3,4,5).

a—00

The remaining ambiguity maps onto the polynomial obtained when changing the represen-
tation of the vector mesons from vector to antisymmetric tensor fields [35, 61, 62], and due
to (2.20) only affects the S-waves. In the following, we will indeed define the resonance
LHCs by their a — oo limit, which corresponds to a fixed-s DR, because this is the situa-
tion encountered in a dispersive approach to HLbL scattering where the different topologies
are defined using the Mandelstam representation. Moreover, we will not comment further
on the S-wave case — there, the consideration of subtractions is unavoidable to capture
model-independently the effect of vector resonances in the LHC — but concentrate on how
to extend the dispersive description to D-waves.

The basic idea in the derivation of RS equations is then as follows: expand the imagi-
nary parts of (2.24) into partial waves, express the internal angle 2’ in terms of the external



angle z by means of the hyperbola conditions (2.21), and project the whole system onto
partial waves. In contrast to [36] we will not calculate the kernel functions for the LHC
explicitly, but directly work with a narrow-width approximation for the resonances. The
resulting system of partial-wave DRs then takes the form

xed-s 1 *° 17
hyi(s) = Nya(s) + hye(s) + 3 - / ds' K%, (5,8 \Im hyr 5(s"), (2.27)
J g

with s-channel kernel functions Kf{],(s,s’ ). The calculation of these kernel functions is
straightforward, but reveals ostensible singularities in 1/s as well as factors involving /s
that originate from the definition of the helicity amplitudes. Before turning to the explicit
form of the kernel functions, we therefore first study singularities that may be produced
by the partial-wave expansion.

2.3 Kinematic singularities and partial-wave expansion

Using the recipe of [63], the kinematic singularities in the helicity amplitudes can be sep-
arated according to

Hy = M\ia(s)Hy,
~ 1 1
H =
2T s AM21 =22
1/2
Ha = Alé (s) 1

2,

_ s,
’ Vs —4M2 V1 — 22 ’
) 12 1 )
i, = 12 (5) Hy,
\/s —4M2 /1 — 22
Hs = \i2(s)Hs, (2.28)

and indeed the H; are given by a sum of the A; with coefficient functions that are poly-
nomials in s, ¢, u. However, we are mainly interested in the kinematic singularities of the
partial waves, not the full amplitudes. To derive the corresponding singularities — with
critical points s = 0, s = 4M2, and the zeros of A\j2(s) — let us assume that the scalar
functions A; fulfill an unsubtracted fixed-s DR

) /
&@ﬂ:i/ﬁmfffx (2.29)

By performing the angular integrals in terms of Legendre functions of the second kind, in
analogy to the partial-wave projection in appendix A, this leads to the representation

o 1 / 2 S — q% — q% ! 2 2 /
hpi(s) == [ dt' ———75—|Qu(zv)| — ——5—"ImAi(s,t) — ¢1g3Im Az (s, 1)
m) T o5\ () 2
_ N(e_ 2 2 2 2/ 2
(S 4]\4#)(;1S Q1 q2)ImA4($,t/) + q1q2(s 5 4Mﬂ-)ImA5(8,t/)>



+ (a:?/QJ(xt/) — xt/(SJO)O'zr(S) (Wlm A3(S, t/)

2 N2 (2 2 2 2
N (41 —a3) ; s(q7 +q2)ImA4(s,t') B sq;q%m%(s’t,))]’

/dt, 3—4M2) (J+2)!
:
=

1
h _
QJ 2(zy) 2Q () Qr2(xy) ]

27 — 1)( 2J+1) 27 —1)(2J+3) ' (27 +1)(2J +3)

X

X

2 2
— 4 ——=—22Tm Ay(s,t') — q12q2 Im A5(s,t')},

i

N2 (2 2
q3)” — s(qq +q2)ImA5(s,t’)],

2

ha(s / V2s gﬂ? ; %%(23)) \/th’ [xt’QJ(xt’) - QJfl(JUt’)}

2 2 / S_Q%_qg /
X (¢7 —q3)| —Im Ay(s, ") — ———=Im As5(s,t) |,

2
X |:)\12(S)III1 Asz(s,t') — sIm Ay(s, t') + (g1

2

s — 2 _ 2
hJ75(S) = % /dt/g()im(s) [QJ(xt/) ( —Im Al(s, t/) — %Im AQ(S,t/)>

12

+ (22Q (xp) — xp6.50) 2 (5) < — A12(s)Im As(s, t) + sIm Ay(s, t")

) 2
+ (8 Q1+QQL(S+Q1 q )ImA5(8 t)>:| (230)
where
$— Yp+ 2t
Ty = i (2.31)
Uw(s)/\lz (s)

From these relations we may read off the kinematic singularities as follows: at threshold

the combination

- 1 . .
Qu(s,t) = oo o) BIE s)QJ( #) (2.32)
behaves as
Qalsst) ~ [t~ a2 pa()] (239

while at s = 0, s71/2Q (s, t') is finite. Since, in addition xtr/(aw(s))\}f(s)) ~ s for s = 0,

the 1/s singularities in 02(s) cancel and we find?

[(s — 4M2)Aia(s)] "
)\12(5)(1_5J0)

2The signs and factors in hy3(s) and h,4(s) have been chosen to simplify the form of the final kernel

hyi(s) = hya(s),

functions.



[(s — 4M2)Na(s)] "2 -

hJ,Z(S) = )\12(5) h]}g(s),
5 — 2 1777
hs(s) = —\/g[( 4]\)/\[:2)()52( ) hys(s),
s — 4M? 1772
hya(s) = —(q} — q%)\/g I 4]\){;)();1)2( ) hya(s),
S — 2 S J/2 ~
s (s) = [(s — 4M2)A12(s)] s (s). (2.34)

)\12(3)(1—5J0)

where the functions iLJ’i(S) are regular at the thresholds. S*I/Qﬁjﬂ-(s), 1=1,2,5, are finite
at s = 0 for J > 2. Further zeros are possible for specific contributions, but should be
considered to be of dynamical origin [64]. The functions h 7i(s) have LHCs, encoded in the
Qj(xy), as well as the right-hand cuts from the direct-channel contribution in A;(s,t’). As
a cross check on (2.30), we recover the fixed-s resonance partial waves hm h}/zH PR(5) if
the d-function imaginary parts of the narrow-width resonance amphtudes are inserted.
For the RS system (2.27), the central conclusion of this derivation is that upon the

rescaling
h07,~(3) = iloJ(S), 1= 1, 5,

hoi(s) = (s — 4M2)ha,(s), i=1,2,5,
has(s) = —\/g(s — 4M3)ﬁ273(3),
haa(s) = —(qf — qg)\/g(s — AM2)ha(s), (2.35)

of the S- and D-waves, the h 7i(s) do not have further kinematic singularities provided
that the full amplitudes A;(s,t) satisfy unsubtracted fixed-s DRs. This situation changes
once subtractions are introduced in the fixed-s DR. In this case, both the subtraction
polynomial and the dispersion integral display 1/s singularities, whose residues will cancel
each other if sum rules exist that reinstate the unsubtracted version. In the derivation of RS
equations the amplitudes are expanded into partial waves both at the level of the hyperbolic
dispersion integrals as well as in the integrands. This implies that the full amplitudes are
approximated by a truncated partial-wave series, which spoils the asymptotic behavior in
the crossed channel, so that unsubtracted fixed-s DRs are no longer possible. Therefore,
additional 1/s singularities may appear at any finite order in the partial-wave expansion,
and these are precisely the singularities observed in the RS kernels in (2.27).

2.4 Kernel functions

Motivated by the discussion in the preceding section, we write the RS kernels not for the
hji, but for the hj; according to (2.35), replacing (2.27) by

foya(s) = Nya(s) + Vﬁxed 5(s) + Z Z / ds' KJJ, s, 8 ) Im hyr (). (2.36)

~10 -



The S-wave kernel functions recover the corresponding results from [41]

1 8/ o q2 _ q2
11 n 55 AN 1 2
Koo (s,8") = Kgo(s,8') = o —s M2 (s)
2q2q2 2
K15 s,8') = 127 K5l s,8') = 7
as do the diagonal D-wave kernels. The full list of non-vanishing kernel functions reads
1 S, o q2 o q2
K22 A _ 1 2
22 (873 ) s — s )\12(8/)
/ 1 S/ _ q2 _ q2
4 n_$S _ 1 2
92(5,5") s <s’ s )\12(3’) )
2S/q2q2 2
K24 S,Sl _ 1 27 K42 S,SI — ,
22( ) )\12(3/) 22( ) S)\12(S/)
2 s Aa(s) 1
K32 n_ K33 n_2 M
53 (s, 8") Aa(s)’ 53 (s, 8") s M2(s) 5 — s
K%&ﬂziﬂﬁ+@—@%wﬁ7
S /\12(8/)
/ / 2 2
A12(s) 1 s’ —qgé—q
Kll(g o) = KB5(g ') = > _ 1~ %
22(s,5") 95 (5,8") s Ma(s) \s' —s A (') )
25'q2q2 Ai2(s) 25" A12(s)
K15 AN 142 K51 A
2(8,8") S )\%2(3’)’ 22(8,8") S )\%2(3’)’

A12(s") (8((1f +a3) — (47 — Q§)2> — A12(s) (8'(Qf +43) — (47 — q§)2>
\/65)‘%2(5/) ’

s' Ma(s) 8'(¢f + 63) — (¢ — ¢3)°

s )‘%2(5,) V6 ’

Kl(s. /) = s 2sqi g3 Ma(s) — (' — af — a3)(aF — (J%)Q)\l?(é’)’

§ VAT, (s")

25" Aa(s) — 4shia(s’) s'"? A12(s)
V65T, (s') 7 s A(s)

s"2(qf — ¢3)*M2(s) — (s + i — a3)(s — af + g3)\i2(s)

§ VAL, (s') '

There is no coupling of D- to S-waves, i.e. K;%(s, s') = 0, but the S-waves couple to the

K2122(57 SI) =

K33(s,s') =

K2522(873/) = Kgg(sﬂsl) = -

Wl N

K3(s,s') =

(2.38)

D-waves through the kernels Kéjé(s, s"), which depend linearly on the hyperbola parameter
a. In the basis of the & J.i, these kernel functions are lengthy and therefore not reproduced
here. We will give them in a more convenient basis in section 2.5 and their role in the MO
solution will be studied in detail in section 3.2.

We remark that this pattern seems to persist at higher orders in the partial-wave expan-
sion: we have calculated all the kernel functions for J, J' < 8 and found that K ti]];,,(s, §)=0
for J > J'. The kernels with J = J’ do not depend on the hyperbola parameter a, while
the J < J' kernels are polynomials in a of the order (J' — .J)/2. This behavior was indeed
obtained in [57] and it should be possible to prove the same here with similar methods.
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2.5 Diagonalization of the kernel functions

The DRs for the helicity partial waves that follow from the RS system are integral equations
that relate the helicity partial waves with their imaginary parts. The equations have the
form of an inhomogeneous Omnes problem [49, 50] and we will discuss the solution in
section 3. The MO solution is most easily found by performing another change of basis
that diagonalizes the system of equations for a given angular momentum J and decouples
the system into a set of independent equations in standard MO form. The S- and D-wave
basis changes are given by

o (s) = ——— [0 (5) + == hos(9)],

hos(s) = . _18 [~0,1(8) -l 710,5(8)},

() = 5= S_)l(s ey [ﬁm(s) +2(% ;r °= hou(s) — hg,g(s))] ,

) i (9 55t + 5 )~ st
+ Wi (s_(s_ +3s4) + (54 — S_)>iL2 4(8)],

iL273(S) = (S — S+);(S — S_) 8(5271(8) _ ; 5= iL2,5(S)) + 87_25(;@72(8) — SiL273( ))
7 ﬁ (54054 +35) = (54 = 5-))h2a(s)]

oa(s) = ———[fnals) + S5 shna(s)],

hos(s) = - —13+ [Fasls) = 2= sha(s)] (2.39)

where s4 = (\/ ¢+ \/qg)Q. In the on-shell or singly-virtual case, the poles in the kinematic
prefactors get canceled by the soft-photon zeros at s = s = ¢2 [65]. By writing the basis
change in matrix form

hyi(s) = AY(s)hy;(s), (2.40)
we find that the kernels with J = J’ are diagonalized to Cauchy kernels:
1

s —s’

Ay(8)K (s, 8)AT () = J=0,2, (2.41)

hence the new functions fulfill DRs in standard MO form with inhomogeneities A 7 that
contain the LHCs and the couplings due to the off-diagonal kernels:

. o 1 Imhy,
hyi(s) = Aji(s) + / ds /L()’
T Jans2 s'—s

Agi(s) = Nyg(s) + Ay () + 3 3 = / ds' K%, (5,8 Tmhy j(s)).  (2.42)

J'>J j
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In the new basis, the kernels that couple the S- to the D-waves turn out to be very compact:

. . 5s_ [4M? - - 5
Rij(s.s) =25 Koy = =22 B ] RiGss) = K =

K(y(s,8') = 25, Ky (s,8) = ——

Ki2(s, ') = K3(s,5') = 5 { M St G AMP s — st s+ s’], (2.43)

where a is the hyperbola parameter and the kernel functions not listed explicitly vanish.
As an alternative to (2.42), the resonance LHC can be written in terms of a dispersion

integral over its discontinuity, see section 3.4 for details. This results in a representation

o R e g
hyi(s) = Ayi(s) + / ds’J’/—() + / ds ’M
T J - s — S AM2 s — g
Asils) = Nyl Z Z / ds'K,,(s, s )Imﬁ‘ﬁi?‘ed's(s’)
J'>J j
+ Z Z / ds KyJ/ S S)Ith/ ( ) (244)
J'>J 3

2.6 Asymptotic behavior and sum rules

The DRs (2.42) are a direct consequence of the HDRs (2.24), following upon partial-wave
projection and the basis change (2.39). They can be written without any subtractions
provided that the initial HDRs are unsubtracted. The pure rescattering contributions

< 1 Im h (")

vrjffc(s) = }VLJ’i(S) —Aji(s) =— d !

- T (2.45)

are functions that contain only the right-hand unitarity cut. If we make the additional
assumption that not only AX5°(s) but s h3(s) vanishes for s — oo, then the DR

. 1 oo ' iL (!
shEe(s) = — / g5 TR 1i(5) (2.46)
’ ™ 4M?2 s — S8

holds, which in turn implies the sum rules
1 [ <
— / ds'Tm hy;(s") = 0. (2.47)
T Jam2

These sum rules are essential to justify unsubtracted Omnes representations in section 3,
however they need to be validated. Based on the general consideration of unsubtracted
fixed-s DRs for the scalar functions (2.30), we expect an asymptotic behavior of the D-wave
rescattering contribution of

s 2logs, i =1,4,5
Pese(s) = TS 2.48
2 (5) {3_3 logs, i=2,3, ( )
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which implies two additional sum rules

L/~ ds's' Tm hy ;(s") = 0, i=2,3. (2.49)
T Jam2

For the S-waves, we would expect a behavior =< s~!logs, which in general would require

a subtraction in the Omnes representation, in line with the discussion in section 2.2. Due

to these sum rules, most of the contributions from the off-diagonal kernels in (2.43) in fact

vanish and only the simplified kernels

K(%Ql(sa 5/) = 25*K325(87 3,) = KSQI(S> 8/) = 28+K05§(87 5/)

2 . 2 . 20M?2s, 5
:—KIQS,S,:— 538’512_ o+
\/6 02( ) \/6 02( ) \/688/

need to be taken into account. In particular, the dependence on the hyperbola parameter

(2.50)

drops out, as has to happen to avoid an unphysical dependence on a. In cases where

. 1 [ Imhy(s)
70) = — ds' ———~ 2.51
O =2 [ (251)

vanishes, no couplings of S- to D-waves would survive at all.
As a special case we may consider the LHC resonance partial waves, for which the
sum rules

ds' —21 =0, i=1,2,3,4,5,
S

1 /0 ,Im By fxeds 47y

—00

L0 7V fixed

/ ds'Tm hy; () =0, i=1,2,3,

T J—00

I .
/ ds's' Tm h;’fxed_s(sl) =0, i=2,3, (2.52)

7r—OO

are indeed fulfilled, but the two sum rules
1 0 / i Vifixed-s, 1 .
= ds'Im hy’; (s") #0, i=4,5, (2.53)
T ) oo ’

are violated since the asymptotic behavior of the resonance contribution is worse than what
we assume for the rescattering contribution:

stlogs, J=0,i=1,5,
—2 .

V‘/vﬁ d- s ) J:2’ /L:]-a

R s) = P (2.54)
s3logs, J=2 i=23.

However, the asymptotic behavior in (2.54) still implies that all S- and D-waves fulfill
unsubtracted DRs

) 1 0 Im hV,ﬁxed—s s
hy,iﬁxed-S(S) _ / dS/J’/l—()‘ (2.55)
) T — 00 s — 8
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3 Muskhelishvili-Omnes solution

3.1 MO solution: S-waves
Since the functions defined in (2.39) fulfill Watson’s theorem [66]
Im hj;(s) = sin (SJ(S)E_i(SJ(S);LJ?i(S)Q(S - 4M7%), (3.1)

with 77 phase shifts §(s), the solution to the MO problem can be given immediately in

terms of the Omnes functions

Qy(s) =exp {757 /4:;2 dS’M}. (3.2)

We start the discussion by considering the restricted S-wave system [42, 43]. The MO
solution has the form

foi(s) = Bogls) + P [ qgSptDmmnl) (3.3

provided that (ho;(s) — Ag.i(s))/Q0(s) tends to zero for s — oo. For a phase shift reach-

1 i.e. the sum

ing asymptotically do(s) < m, the Omnes function behaves as Qo(s) < s~
rules (2.47) are employed to write the MO solution without subtractions. Performing the

basis change back to the original helicity amplitudes leads to

Qo(s) /°° ,sin g (s”)

h =A ds' ———-

011 = B0a ) T e ™ (@)
2_ 92 2 2

1 s’ — q1 — 43 / 2q745 /
. [(5' —5 (s Boas) + )\12(5’)A075(S) ’

Qo(s) /°° ,sin do(s')
=A 10N
h075(8) 0,5(8) + T A2 ds |QO(S,)‘

x KS — il ;1;1%(3/_) qg)A%(s') T M;MAOJ(S')]. (3.4)

In [42, 43] this solution was evaluated using the pion Born terms as LHCs and a 77 phase
shift that cuts off the f3(980) and thus the coupling to the K K channel. Phenomenologi-
cally, the pion-pole LHC produces the polarizabilities [42, 43]

(1 — By)™ POl LHC _ (5.4 5.8) x 1074 fm?,

(ar — By)™ ™ Ple LHC — (11,9 ..8.9) x 107* fm?, (3:5)

for the charged pion in perfect agreement with the chiral 2-loop prediction 5.7(1.0) x
10~* fm? [21] as well as the COMPASS measurement 4.0(1.2)stat (1.4)syst X 10~* fm?® [10]. For
the neutral pion the chiral prediction —1.9(2) x 10~* fm? [20] is much smaller, a discrepancy
explained by the fact that the neutral channel is much stronger affected by the contribution
from vector-meson exchange [67]

Iy x BRlw — 799] + T, x BR[p® — 7%]

12. 3.6
I', x BR[p* — n%7] (3:6)
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Therefore, the discrepancy does not necessarily point at a violation of the sum rule (2.47),
but rather the approximation of the LHC by the pion Born term only. However, as argued
in section 2.2, to get the phenomenology of the neutral-pion dipole polarizabilities right
the introduction of subtractions is nevertheless unavoidable, otherwise the vector-meson
LHC remains ambiguous. For the quadrupole polarizabilities the vector-meson contribution
indeed restores agreement with ChPT even for the neutral pion [43].

For the D-waves, polynomial ambiguities in the vector-meson LHCs do not occur, so
that unsubtracted DRs in principle become possible. To this end, a modified MO solution
was derived in [35] in which the vector mesons are not included via the inhomogeneities,
but directly in terms of their partial waves. This corresponds to the MO solution of the
DR (2.44), which in the S-wave case leads to a modification of (3.4) according to

0 /
ho,1(s) = Noa(s) + Qo(s) / ds

T Joeo Q0(8)
(5 i 2]
o0 : 22 2 2
+ QO;S) /4M}; ds’sigjé);;;/) [(8/ 1_ - il )\1(211(3’)%)]\[0’1(8/) + )\21q21(?) N0,5(8')},
iy
x KS, L - ! ;j;) qg)lm hys(s') + /\122(8/)1111 h[‘)fl(s’)}
o0 ‘ / P22
o [ A i ]

(3.7)

where the new integrals extend over the LHC, see section 3.4 for details. Although a
subtracted DR was used for the numerical analysis in [35], it was shown that sum rules that
would establish an unsubtracted version are nearly fulfilled, indicating that an approximate
description should be possible based on an unsubtracted system as well.

3.2 MO solution: D-waves

With the diagonalization of the D-wave system derived in section 2.5, the MO solutions
follow immediately, as the defining DRs are given in decoupled form (2.42) or (2.44). The
solution reads®

hai(s) = Bag(s) 4 2 [* g fas sl (33)

where 09 is the D-wave mr-scattering phase shift and 25 the corresponding Omnes function.
From the functions BZ“ we obtain the original helicity partial waves by inverting the basis

3For brevity, we will only quote the standard MO solutions in the following, with straightforward exten-
sions to vector-resonance LHCs as in (3.7).
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change (2.39):

shaa () = = (s = s1)(s = 5)| o) - 5 0]

+ 4\1/6 [(s+ s Vi (s) + (54 — 3_)%;5(3)] ,
haals) = Lhi(s),
shas(s) = — 25 — 54)(5 — 5 Vo, (s) + hly(5) + (4 + 5 A (),
shaa(s) = 2hj5(s),
- 4 . _
Shaa(s) = (s = 51 )(s = 52) | Sphaa(9) + 2/ (9)

_ \}6 [ﬁ;&(s) + (25 + 54 + s)ﬁ%(s)} : (3.9)

where we have introduced the combinations

his(s) i= (s — s_)ha2(s) + (s — 54 )has(s), his(s):= (s —s5_)haa(s) + (s — 54 )has(s),

hoy(s) := (s = 5-)han(s) = (s = 8+)B273(5)’ R (s) = (s — s )hga(s) = (s — S+)ﬁ2,5(8)'

Sy — S Sy —S—

In the singly-virtual limit one has s, = s_ = ¢%, hence hg(s) = ha3(s), ha.4(s) = has(s),
so that hyy(s) and hj5(s) remain finite. Their MO solution reads

Oa(s) /OO d,sm(52( s')
4

his(s) = Ads(s) +

™ Jaz  [Q2(8)]
Sy — 8 s s—5§ s—s_ \AL(s
X;[(+ )\12)(223( )+<S/—S—:_+8/—S )As??fs)]’
o s

" )/Wd T
s A~ (<
S ()
(s

A12(s) s'—sp s —s_

) / ds,sin da(s")
M2 192 s')|

[ () )
his(s) = Ags(s) + 75 ?) AMQ ds /S|1;1225(2()|)
Gl (o) e

where Aécg and Ajfg) are defined in analogy to (3.10). We also remark that for space-
like virtualities, the zeros st of Aj2(s) need to be analytically continued according to
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—q? £ v/—q3)?. The complete set of MO D-wave solutions is given by (3.8),
together with the basis change (2.39) and its inverse (3.9). In particular, the solution (3.11)
amounts to a rewriting of the S-wave solution (3.4), which can indeed be cast into the
form (3.11) once expressed in terms of

iLO,l(S) = %71’1'_5(5), hos(s) = 2]'1—5(8)’
his(s) = (s — s_)hoa(s) + (s — 51 )hos(s), his(s) := (s — 8)h0,1(552 : is_— S+)ho,5(s).
(3.12)

Finally, we turn to the D-wave contribution to the S-waves. According to (2.43), these
kernels produce an additional term in the S-wave inhomogeneities of the form

Ao,is) = a;)’i, (3.13)
leading to §
ho.i(s) — hoi(s) + az’l Qo(s), (3.14)
with
_1oMz > ds . .
o1 = 3+ f (28 Im hg 1( ) + \/68,Im h272(8/) + Im h2,5(8/)),
\[ T Jam2 S
10M2s_ 1 [ ds'

e (2S+Imh21( )+\/65+1mh2,3(s')+1mh2,4(s’)). (3.15)

For the inversion (3.12) one needs

i+ i+ d1i5(5)
his(s) = his(s) + p Qo(s), (3.16)
with
ali(s) = — 5M2 T d [45 s (25 — sy —s_)Imho ()
15 V6 7 o & + + —S— ;
651 s S — 54 §— S5— mht (s (S+_5—)2(3/_5) m Ao (s
+f + <( /—S+ +$/_S_>I h23( )+ (s/—3+)(8'—s_)1 h23( )>
sels—s) L s (sms) g s o (s —s)Mses —os)
+< P e )I m hjs(s') + )& — o) Im /5 ( )],
2 [es) s
ap5(s) = — 5% 4M2(i [4s+s Im hsy 1(8")

I _ o — —
VB () + (525 4 2 Y )

(s —s4)(s' —s-) s'—sy s —s_
/

| sps_—4ls ImhIS(S,)_(s+(s—s)+s(s—s ))Imh45( )}

(s" —s4)(s" —s2) s’ — sy s —s_

(3.17)

&= (s) vanishes for s; = s_ = 0, so that the onshell process remains unaffected. As argued
in section 2.3, the appearance of the 1/s singularities is an artefact of the partial-wave
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expansion, and accordingly the size of di%(s) should be in line with effects expected from
higher partial waves to allow for a cancellation in the full amplitude. We checked numeri-
cally that this residual coupling between S- and D-waves is indeed small, but this conclusion
remains to be verified after integration over the weight functions in the g — 2 integral.

3.3 Subtractions and the f2(1270) resonance

In [35] it was shown that sum rules for the subtraction constants in the modified Omnes
representation are nearly fulfilled, making an approximate description possible that is based
on an unsubtracted system. Surprisingly, the same observation does not hold for the D-
wave analog of (3.4), where the vector-meson LHC is treated as part of the inhomogeneity.
Here, we want to clarify the reason why the two strategies lead to different results.
The assumption that an unsubtracted MO solution can be used relies in the standard
Omnes representation on an asymptotic behavior
Rstd(s) — A(s 1
W) —As) _ 1 (3.18)
Q(s) s
with A(s) = N(s)+h" (s), whereas in the modified Omnes representation an unsubtracted
DR is justified for
hmod(s) — N(s) 1

%) =~ (3.19)

If the Omnes function behaves as (s) < s~1, the two assumptions are equivalent provided
that the vector-meson LHC vanishes asymptotically at least as h"(s) < s72. According
to (2.54), this is not the case for the S-waves and the two D-waves ﬁ;/’;ixed's, i =4,5. The

difference between the two representations is proportional to the Omnes function:

std s) — mod s) = s \%4 _1 0 sllmhv(sl) l > S,hV(S/)Sin5(S/)
Ps) = A7) = ){h I +vr/4M,gd ()]s

(3.20)

In order for an unsubtracted standard MO solution to work, one would have to assume
a cancellation of the bad high-energy behavior of the vector-meson LHC with the high-
energy behavior of the rescattering contribution in 25'(s), which seems unlikely. Therefore,
the standard MO form is expected to work only when subtractions are introduced. Note
that the somewhat pathological high-energy behavior of the vector-meson LHC is only
present in the real part, while the imaginary part is much better behaved. While the
MO solution in the standard form keeps the bad high-energy behavior of the resonance
LHC, the modified representation only involves the imaginary part of the vector-meson
LHC and imposes a better high-energy behavior on the Born-subtracted partial waves.
According to the general considerations of section 2.6, the asymptotic behavior for the
D-wave rescattering (2.48) should make an unsubtracted dispersion relation possible for
the Born-subtracted part, hence a priori one would expect the modified MO solution to
work even without subtractions.
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Checking the MO solutions numerically, indeed it turns out that the unsubtracted
standard MO form does not reproduce the peak of the narrow f»(1270) D-wave resonance.
The effect on the resonance peak can be understood by noting that the modified MO solu-
tion is equivalent to the standard form with a subtraction, where the subtraction constant
is effectively calculated in terms of the vector-meson LHC. In this case, the resonance peak
is fully described by the subtraction term: let us consider the part without subtraction
constant,

s [ A(s")sind(s)
h(s) =A Q(s)— ds’ 3.21
9 =86 +00)] [ as (3.21)
and let us further consider the simple case in which A(s) = a/s. In this case, the dispersive
integral can be performed analytically by using the spectral representation of the inverse
Omnes function

“lig) =1 — s _f o0 o sind(s’)
Q7 (s) =1—s0(0) W/4M2rd 06 52(5 —5)’ (3.22)

yielding
h(s) = %Q(s)(l — 50(0)). (3.23)

The result is proportional to the Omnes function, as expected, but one finds an additional
polynomial whose coefficients are determined by normalization and derivative of the Omnes
function at s = 0. For a narrow resonance with mass Mg, as the fo(1270) in the D-wave,
one has Q(s) ~ M%/(M3% — s), so that 1 — sQ(0) vanishes at s = M%. The resonance peak
is thus described exclusively by the subtraction term that we dropped in (3.21). Using an
unsubtracted standard MO solution corresponds to fixing the subtraction constant with a
sum rule that cannot be expected to hold and therefore leads to an incorrect description
of the resonance. Such a situation indeed occurs for some of the D-waves, which is why
in the following we develop the formalism to include the vector mesons in the LHC in the
modified MO representation as in (3.7) even in the doubly-virtual case, to be able to put
forward an unsubtracted DR in the description of the f2(1270) resonance in v*y* — 7.
Avoiding the introduction of subtraction constants is advantageous for the generalization
to the singly- or doubly-virtual case, because otherwise their ¢?-dependence would need to
be addressed as well.

3.4 Analytic structure of the resonance partial waves

To include the vector mesons directly in terms of the LHCs of their helicity partial waves,
as in (3.7), we need to analyze the analytic structure of their LHCs in more detail. These
LHCs are produced by the ¢t- and u-channel exchange of a resonance with mass My . For
the cut structure itself the details of the partial-wave projection, i.e. angular momentum
and helicity states, are irrelevant, let us therefore write symbolically

) (3.24)

hv(s) ~—_—
ox(s)A15"(s)
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where Q(z) is a Legendre function of the second kind with a cut in the complex z-plane
between +1 and zy is given in (B.1). Instead of considering the Legendre function, we can
also study the angular integration path in the complex ¢- or u-plane, with endpoints at

bty = up = % (q% + @ +2ME— s+ aﬂ(s)A}f(s)) . (3.25)
In this way, the wrapping of the integration contour around the pole at t,u = M‘Q/ de-
termines possible singularities. Throughout, we will restrict the analysis to space-like
virtualities, g7 < 0, as required for HLbL scattering. For time-like virtualities anomalous
thresholds are certain to appear in any dispersive representation, even in MO solutions in
the standard form (3.4), see [44].

First, possible kinematic square-root singularities at s = 4M2, s = 0, and s =
—(Jiq% + —q%)2 = s4 are in fact absent: in the explicit representation, these sin-
gularities of the Legendre function are balanced by the kinematic prefactor. Equivalently,
in the path-deformation approach, they are lifted by the same factors coming from the
Jacobian when switching from z to ¢ or u as integration variables. The only singularities
are therefore logarithmic branch points at x = +1 or, equivalently {1 = M‘Q/, given by

v MIRMY +qf +g5) — M — (MY — ) (MY — g3) £ MN2(Mp, M7, 6?) N2 (M, M7, ¢3)
Scut - 2M‘2/

(3.26)

The other ends of the branch cuts are located at s = 0 and s = —o0, respectively, as can
be inferred from the replacement M‘Q/ — oo. For q? — 0, the two branch points are at

0
L+
qlflgﬂ Scut = B (M\Q,fM,Qr)Q ’ (327)
M
(M2 —-M2)? . . .
hence only one branch cut from —oo to —-—72 " is present, while the other one disap-
v

pears. By writing the Kéllén function as

)‘(M‘%WMgquZ) = (qZQ - (MV - Mﬂ')z)(qiz - (MV + Mr)Q)u (328)

it follows that the square roots in szflt can only produce an imaginary part for
a? € ((My = Mo, (My + My)?), (3.29)

i.e. for time-like virtualities. Therefore, for space-like virtualities the cut structure seems
to remain simple: one expects just two branch cuts on the negative real axis, one from —oo

to sy, the other from s}, to 0.

cut?’
However, an important subtlety arises that is reminiscent of anomalous thresholds in
triangle diagrams, which appear for sufficiently large time-like virtualities: there, the dis-
continuity itself has singularities that depend on the virtualities and cross the unitarity cut

of the triangle diagram. By entering the physical sheet, they require a deformation of the
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Figure 2. Sketch of the LHC structure of the resonance partial waves.

integration contour and add an “anomalous” discontinuity [41, 44, 54]. Here, the discon-
tinuity itself has the two square-root branch cuts from the kinematic factors in (3.24), i.e.
cuts for s € [0,4M?2] and s € [sy,s_]. For space-like ¢?, the second cut in the discontinuity
lies between the two LHCs of the partial waves, i.e. s1 € [s ., squt], where the points s
and s_,, coincide for

aids = (My — Mp)*. (3.30)

This condition can be fulfilled even for space-like virtualities, so that the corresponding
points deserve special attention.
Let us consider the difference

Acut =S4 — Sc_ut (331)

and add a small imaginary part to the virtualities, qi2 — qi2 + ie. Then, for fixed values of
q% we trace the path of A¢yt as a function of qg. We find that

(M —MZ)?

1. ¢5 > g Ayt has a positive real part and a small positive imaginary part of
order €.

2. ¢ = W‘%;izM’Q’)Z: the imaginary part vanishes and the real part is negative (of or-
der €2). 1

(M —M3)?
2

3. ¢3 < : the real part becomes again positive, the imaginary part is negative.

This implies that the square-root singularity of the discontinuity of the partial waves,
which for ¢f¢3 < (M2 — M2)? lies on the second sheet of the logarithmic LHCs, moves
onto the physical sheet for ¢?¢3 > (MZ — M2)?, see the sketch in figure 2. This requires
a deformation of the left-hand integration contour. In the case ¢ig3 < (M2 — M2)?%, the
left-hand integral consists of two integrals

1 s;ut I hV / 1 0 I hV /
B (s) = L / g () 1 / s () (3.32)

/ /
s S — S s + s — S
- cut
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while for q%qg > (M‘Q/ — M?2)? the dispersion integral picks up an anomalous contribution

Scr V V
hv(s):l/ dsImh / s Danomh” () / d’Imh ). (3.33)

s s'—s

Sc

In the case of the Legendre functions, the normal imaginary part is given by

1 1 T
Im (QJ(xV)> =~ Pjav)0(1 — 2%)). (3.34)
1/2 1/2
on(5)A15°(5) A (A7(s) 2
Since the anomalous singularity is a square-root branch cut, the anomalous discontinuity
is simply

1 1 T
Aanom(gﬂ(g))\}é2(s) QJ('TV)> 2 x Jﬂ(s))\ié2(5) 2PJ(:UV)7 (335)
which again can be verified by considering the path deformation in the complex t-plane.

The representation (3.33) indeed displays the correct integration regions, including
anomalous contributions, but does not yet fully cover the realistic case encountered in
v¥*v* — 7w, in which the singularities are stronger than in the schematic example discussed
above. In the case of higher partial waves, the discontinuity at the anomalous singularity
behaves as (s—s4)~/+1/2 due to Qs (xy ) alone. However, additional kinematic prefactors
appear both in the partial waves and in the kernel functions, so that in the realistic cases
the anomalous singularity actually scales as (s — s )~%/2 for the S-waves, as (s — s4)~ /2
for 712,1 and ﬁi%, and as (s — s+)_9/ 2 for ﬁ;@). Clearly, this is not integrable and the above
representation (3.33) has to be modified further.

To resolve this apparent contradiction, the important observation is that the contour
integral around the anomalous singularity gives a non-vanishing contribution, so that the
full anomalous integral is finite. The total anomalous integral can then be calculated as
follows. We write

, 4
Bunomh™ () _ g~ arls) 5 o (3.36)

where the first term collects the singular pieces of the integrand and A(s,s') vanishes as
a square root for s’ — s;. The coefficients ai(s) can be calculated analytically. The
anomalous integral splits into two pieces

1 hW(s') 1 [ 1< an(s)
el B =— [ ds'A( - . 3.37
2mi /anori S/ - ™ /Sc_ut ° S S 7T kZZO 2]{7 S+ - Scut)(2k71)/2 ( )

The integral around the singularity cancels exactly the singular pieces of the integral along
the real axis, as can be seen by splitting the path into an integral up to sy —e and a circular
integral around the singularity with radius e.

Finally, if the integral over A(s, s") is calculated numerically, one faces the problem of
numerical instabilities close to s, given that A(s,s’) is defined by the difference of two
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divergent expressions. This numerical issue can be handled by replacing A(s, s") close to
s+ by a fit function that has the same square-root-like behavior, i.e.

Vsg — 8 Z bk(s)s’k (3.38)
k=0

with some appropriate power n. The coefficients by (s) are determined by a fit to A(s, s )
in the vicinity of s’ = s, but outside the region where numerical instabilities occur. The
size of this region depends on the values of the virtualities, so that the fit region needs to
be adapted accordingly.

We first verified that with this strategy we can indeed recover the original resonance
partial waves from a representation such as (3.33), even for large space-like virtualities
that exceed the critical point (3.30). The generalization to the unitarized case with Omnes
functions as in (3.7) proceeds along the same lines, given that the Omnes functions do
not alter the singularity structure, see appendix B for more details. In this case, however,
the derivatives of the Omnes function need to be provided as well, which in a numerically
stable way follow from the spectral representation

n! [ ImQ;(s")

an)(s) =— ds'

7 S ™ T (3.39)

or directly by taking derivatives of (3.2). With increasing degree of singularity, numerical
stability of the extrapolation becomes more of an issue, but even for the —9/2 singularities
of 713[3 remains under good control as long as the fit region is chosen prudently. However,
we stress that for all D-waves besides hf& the standard MO representation still applies,
which does not involve integrals over the LHC. We verified that for }VL271 and BQig the above
recipe for the treatment of the anomalous threshold in the modified MO representation
indeed reproduces the same result as the standard MO representation.

4 Numerics

In this section we present some numerical applications of the formalism developed in sec-
tion 3, mainly focused on the contribution of the f2(1270) resonance to the various helic-
ity amplitudes. Experimentally, there is ample information on the on-shell cross section
vy =t~ 7970, derived from ete™ — ete 77 via suitable cuts on the lepton momenta.

4.1 On-shell case

In the on-shell case only the helicity amplitudes H, and Hy_ contribute. Adjusting the
flux factor to an actual ~+ initial state, one has

do _ or(s)a? /7, - _

gy =TT )2(83) (\Hi+\2+|Hi—|2),

do or(s8)a? /) - o

SOy = 70n%) = T (1 ), (1)
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Figure 3. Cross section for yy — 777~ (left) and vy — 7%7° (right), in comparison to the data
from Belle [5, 7], Mark II [3], CELLO [4], and Crystal Ball [2]. The lines indicate the pion Born
terms (blue dashed, all partial waves), including the I = 0 unitarization of S- and D-waves (red
dot-dashed), and the full solution (black solid).

where the particle-basis amplitudes are related to the isospin ones by the rotation given
in (A.2).

To illustrate the behavior of the f2(1270), an isospin-0 D-wave resonance, we neglect
unitarity corrections in the isospin-2 partial waves and combine our results for the D-
waves with the S-waves from [42, 43] (as well as the higher partial waves for the pion
pole without rescattering). The only free parameters are then the photon couplings of the
vector resonances Cyy, which in a narrow-width picture are related to the partial widths
by means of (A.7). We find that the physical couplings do not exactly reproduce the cross
section. This observation corresponds to the fact that the sum rules for the subtraction
constants introduced in [35] are not fulfilled exactly, pointing to a small correction from
higher intermediate states not explicitly included in the calculation.* To ensure agreement
with the measured cross section, we therefore allow the couplings to vary, as a means to
include phenomenologically the effect of higher intermediate states.

Note that the experimental cross sections are not integrated over the full angular range,
with |cos @] < 0.6 and | cosf| < 0.8 for the charged and neutral channels, respectively. The
results in figure 3 follow this convention. The relevant helicity amplitudes in the on-shell
case are

s(s —4M?2) . s —4M?2 .
——— " haa(s), hay(s) = —5his(s). (42)

In the figure, the blue dashed lines indicate the pion Born terms and the red dot-dashed

1.
ho++(s) = 5@5(3), ha, 4+ (s) =

ones their unitarization. The S-waves are treated as in [42, 43], with a phase shift from the
inverse-amplitude method as specified in [68]. This phase shift agrees well with dispersive
7 phase shift analyses [69-71] at low-energies, but removes the f,(980) contribution in

*A similar observation was made in [40], where the authors argued that the difference between the fit
values for the photon couplings and the ones extracted from the radiative widths reflected SU(3) uncertain-
ties. We disagree with that statement: if the deficit were due to SU(3) uncertainties, it should disappear
once the known couplings for the individual states, w, pi, p°, are used instead of a common SU(3) coupling,
but this is not the case.
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a controlled manner, which otherwise would require a coupled-channel treatment of the
7w /KK S-waves. Further, we do not include the S-waves resulting from the vector-meson
exchanges, given that these contributions are not relevant for the f5(1270) and need to be
studied together with the pion polarizabilities to ensure the correct low-energy properties
of the vy — 77 reaction, see [42, 43]. These details can be improved most conveniently
by introducing subtractions in the S-wave dispersion relations, but instead we focus here
on the f5(1270) resonance, as it emerges mainly from the unitarization of the vector-
meson D-waves, see figure 3, using the phase shift from [70]. In the neutral channel, the
unitarization of the Born terms alone actually results in a small resonant contribution,
while in the charged channel it displays the pathological behavior of the standard MO
solution illustrated in (3.23). In both cases the physical couplings need to be reduced by
about 13% to match the physical cross section, reflecting the impact of higher LHCs beyond

the lightest vector mesons w, p*, p° and potentially inelastic effects in the =7 D-wave.?

4.2 Singly- and doubly-virtual case

Given that the f2(1270) resonance in the on-shell process can be largely understood as a
unitarization of the vector mesons in the LHC, the only additional information required for
the virtual processes concerns the Vr transition form factors as introduced in appendix A,
in analogy to the pion vector form factor for the pion-pole terms. For the w, this form
factor is again available from a detailed dispersive analysis [72-74]. In contrast, a rigorous
implementation of the p should proceed in terms of 27 intermediate states, based on a
suitable v* — 37 amplitude [47, 48, 75-78]. Here, we illustrate the numerical solution
by approximating the dependence on the photon virtuality by a vector-meson-dominance
(VMD) suppression M‘% / (M‘% —q?), which in the case of the pion form factor reproduces the
full solution very accurately [42, 43, 79]. For the w transition form factor the deviations
from VMD are more sizable, but a refined analysis should address the p LHC at the
same time.

For the virtual processes the canonical generalization of (4.1) would be

+ot
dQ(fY v — 7taT)
_ ox(s) e
36>\1/2()(2’Hi+’ 2| HS | — 263 | S [* — 26} | HS,* + aia3| o [*).
do 0.0
el (v*v* = n'n?)
_%(2‘}[34 +2|my_|* —2qg|ﬁio!2—2q%}H3+|2+q%q§\H30|2), (4.3)

but we stress that these cross sections are not actual observables, only the eTe™ cross
section is [80, 81], which can be seen from the fact that in the definition of (4.3) we needed
to choose a convention for the flux factor and the counting of the polarization states (due
to the latter this choice is discontinuous in the limit ¢ — 0). For these reasons we present

®The uncertainties for the radiative widths given in [67] are at the level of 3% for w — 7%y and 10% for
p — T.
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Figure 4. Angular-integrated helicity amplitudes (4.4), for singly-virtual virtualities Q? = —¢?.

our results instead directly in terms of the squared moduli of the helicity partial-wave
amplitudes, which are also the most relevant objects for the future application to HLbL
scattering. For convenience, we combine S- and D-waves into

1

;/_1 dcos 6 |Hy, x| = ij(zu Dlhanl®. (4.4)
Moreover, we focus on the I = 0 amplitudes, where the unitarization effects that produce
the f2(1270) occur.

The results are shown in figure 4 for several singly-virtual cases and in figure 5 for
doubly-virtual ones. Already for the on-shell case the Born terms appear suppressed com-
pared to the f2(1270) peak, due to their enhancement in the cross section by the flux
factor 1/s, and that relative size does not change much once the virtualities are increased.
In all cases, the Hy_ helicity amplitude gives the dominant effect, but the other helicity
projections become increasingly important for larger virtualities. In addition, the overall
size of the contribution decreases rapidly, as expected from the form factor suppression of
the vector-meson couplings.

5 Conclusions and outlook

Dispersion relations for processes involving virtual photons require a careful study of the
(helicity) amplitudes to ensure that results are not invalidated by kinematic singularities.
A suitable such decomposition for the v*4* — 7w amplitudes has been derived before as
a precursor to HLbL scattering [41-43], with first numerical solutions provided for the
S-waves of the process. In this paper, we extended the solution to higher partial waves,
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Figure 5. Angular-integrated helicity amplitudes (4.4), for doubly-virtual virtualities Q? = —¢?.

introducing a new basis in which that solution takes a simple form. In particular, we studied
the role of vector mesons in the left-hand cut of the amplitudes, in terms of which the D-
wave resonance f2(1270) can be understood as an effect of the 77 final-state rescattering.

Phenomenologically, the D-waves of v*vy* — 7 are indeed expected to contribute to
HLbL scattering mainly via the f2(1270) resonance. For this application it is therefore

crucial to understand all helicity amplitudes of ~*~*

— 7w including the potential role
of subtraction constants. Here, we settled this issue conclusively, detailing how the high-
energy behavior of a given partial wave is tied to the necessity of subtractions in particular
variants of the Muskhelishvili-Omnes solution, which explains why for the helicity ampli-
tudes most relevant for the fo(1270) the standard variant fails, but a description in terms of
the left-hand singularities of the vector-meson amplitudes still applies. We then developed
a strategy how to cope with the anomalous thresholds that appear in the doubly-virtual
case, even for space-like virtualities, and presented some numerical results for the helicity

amplitudes that illustrate the role of the f2(1270) depending of the photon virtualities.
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Our results will be crucial for a model-independent evaluation of the f»(1270) con-
tribution to HLbL scattering in the anomalous magnetic moment of the muon, which so
far has only been estimated within a Lagrangian-based hadronic model as a narrow reso-
nance [82, 83]. To this end, we demonstrated how all helicity amplitudes can be derived
numerically from the unitarization of pion-pole and vector-meson-exchange contributions,
with parameters determined from the comparison to the measured vy — 77 cross sec-
tion. The same intermediate states in the dispersion relation for HLbL scattering should
thus allow one to capture effects corresponding to the f5(1270) beyond the narrow-width
approximation, and without further assumptions on the form factors corresponding to he-
licity amplitudes that cannot be probed by available data. Even if data for the offshell
process v*y* — mm were available, currently under study at BESIII [84] and potentially
in the future at Belle II [85], the weighting with respect to energies and virtualities in
the g — 2 integral need not resemble the one in the cross section, which makes a detailed
understanding of the various helicity amplitudes all the more important. In this way, the
f2(1270) will be an important test case also for other resonances in the 1-2 GeV region
that are hard to describe explicitly in terms of their decay channels, but still need to be
reliably estimated to confront the Standard-Model prediction for the muon g — 2 at the
level of accuracy anticipated for the E989 Fermilab experiment [86].
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A Pion pole and resonance exchange

The pion-pole contribution to the scalar functions A; reads [41]

1 1
A7 = —FV (@)EY () ( ; ) |

t— M2 u— M2
2 1 1 A1)
AW:_FV 2FV 2 ( .
4 x (a7) w(QZ)S_q%_qg t—Mg—I—u—M,% ’

T __ AT __ AT __
A2_ 3 — 5_07

where Y (¢?) refers to the electromagnetic form factor of the pion. As shown in [41], these
expressions are identical to the result in scalar QED multiplied by F)Y (¢?) to account for
the photon virtualities. Accordingly, we use “Born terms” and “pion pole” interchangeably.
Moreover, the overall sign is determined as for the Compton scattering process, because
this sign does not depend on the conventions chosen for the pion field. For the partial-wave
helicity amplitudes of v*4* — 7w we then choose the sign in such a way that the helicity
amplitudes in particle and isospin bases are related by

He B % HO HO _ % % HE (A 2)
gl _\/g H2 |’ H2 %_\/g ol .

S8l
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for charged (c) and neutral (n) pions and isospin I = 0,2, respectively, which in practice
implies an overall sign in the transition from (A.1) to the helicity amplitudes. In these
conventions the Born-term partial-wave projections become [43]

Nya(s) = F (af)Fy (43)
8

X{ <SQIQQ +M>QJ +250(Q%-Q§)2—8(q%+qg)}
o ()AL (s) ’

A2 )‘12(3)
o) = PR ) S [
{QOJQJ 1(@) = ((J+1) —2*(J = 1)) QJ(m

4250, (s J
Nasts) = B R @) 7 ) Qi)

1” xQJ
42s0.(s) ¢} — ¢3 J
Nya(s) = FY (@) FY () ) -7 _2q2\/ +o{aQ@) - Q@) },

4 _ _
Nia(s) = Y (@) FY (@) =02 =% (@) + 25600 (A3)
Ai2(5) | on ()M (5)
with
2 _ 2
S$—41 — ¢
=g = (A.4)
or(s)A"(s)
and Legendre functions of the second kind
1 [ Ps(2)
=— : A.
QJ(x) 2/1x—zd2 (A.5)

In particular, the isospin matrices in (A.2) ensure that the standard form of Watson’s
theorem [66] holds, i.e. in the elastic regime the phases of the v*y* — 7m helicity partial
waves agree with the corresponding 77 phase shifts.

In the same way, the exchange of a vector meson based on a Lagrangian model [35]
leads to

4t +4M?2 — s —q? — g3 du+4AM?2 —s— ¢ — g3
AY = SO P Lo Mo i)

t— M2 u— M}
1 1
AY =AY = C%Fvﬁ(qf)Fvw(Q§)< + >
t—MZ " u— MZ (A.6)
1 1 1
AV _ *CQF 2 F 2 ,
3 vEvr(a7) VTr(Q2)S_ > +2M‘2/ t—M‘Q/ + u—M‘Q/

AY =0,
where Fy(q?) denotes the Vr transition form factor and Cy is the coupling in the La-

grangian model, related to the decay width V' — 7y by [35]

y (M{ — Mz)*

Lyomy = 501/ 3M€} (A7)
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The helicity partial waves are

h3ﬂ8>=-—6%fvaghfvﬂg@{()jug()QJ@w»ﬁY@>
On(S)A12 (8
_6‘]0 |:2S+ (S — Y +2Mv) )\12_ S(ql +q2):| }7

s s—q —q3)ox(s
h‘jZ() C\%FVW(Q%)FVW(Q%) ( 1/2 : \/T

J
x {200 Qo (ev) - J+1)—va 1) Qulev)},

((
a(s) = CE Pl Fe(ad) (- =20 )

X 2@;{;8) \/JTH$V{$VQJ(1‘V) - QJ_l(:Ziv)},

hY4(s) = CYFur(qt) Fra(g3)(qF — q2)2f0ﬂ()\/J+1 {”7VQJ(rcv)—QJ_1(xv)},

Ay (s)
16 S — 271’71’ + 2M2
h‘f5( )= — C‘Q/Fvﬂ(q%)Fvﬁ(q%){1/2QJ($V)f5V(S) — 40 59 M2 (s) Vv }7
Uw(s))\lz (5) 12
(A.8)
where
Y (8) = M{(s —ai — ¢3)
L (OMF = M2+ g3a3) ((af — @)° — s(af + a3)) — AsaFas (M3 — M)
)\12(3) ’
Vi - s(ME — M2)? + 5(¢3q3 + M2 (s — ¢ — @3)) + M2((¢? — 43)> — s(¢? + ¢3))
5 A12(s) ’
$— Spr +2ME
—
or(5)M47(s)

B Anomalous singularities in the modified MO representation

In this appendix, we explain in more detail how the dispersive integrals over the anomalous
LHC can be computed in a numerically stable way. The appearance of the Omnes function
in the unitarized case leads to additional complications compared to the description in
section 3.4. Instead of (3.37), the anomalous integral is given by

1 RV (s")
I = — ds' —— 7~ . B.1
i L, = (B

One could proceed as in (3.37) and directly subtract the part of the expanded integrand
that diverges for s — s,. However, in this case, the numerical instabilities in the function
A(s,s') become worse, since the cancellation of the two divergent expressions involves
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the Omnes function and its derivatives, both of which are calculated only numerically.
However, these intricate cancellations can be avoided if not the full integrand including
the Omnes function is expanded but only the part involving the resonance LHC, exactly
as in (3.36). We define

4
Z D™ arls) (B.2)
— (s — 54) )(2h+1)/2
so that
- ag(s)
Img(s,s’) = Z P s’ < sy, (B.3)

k=0

which leads to

1 [  A(s,s) 1 1
I =— ds’ ! — ds' —— ", B4
T /s— 5 Q(s) + 21 /anom y Q(s/)g(s,s) (B-4)

cut

=:1s

The first integral is manifestly finite and the cancellation of divergences in A(s, s') is iden-
tical to the case without unitarization, in particular no further instabilities are introduced
by derivatives of the Omnes function. The second integral can be split into a path up to
close to the singularity at s and an integral circling around the singularity:

I, = 1 /:+_€ ds’Q(lsl)Img(s, s') + i /7:7r d¢€i¢Q(S,l<¢))g(S> s'())- (B.5)

™

cut

For ¢ — 0, both integrals contain divergent pieces that cancel in the sum. The result can
be obtained by multiple integration by parts, leading to

4

/ ds' Veot+ T2 S+ Zak bk Z 5, cut) (BG)

(54 — Spuq)@F—D/2°

cut =0

The integral in the first term has to be done numerically but does not introduce any
instabilities as the integrand vanishes as a square root for s — s;. The functions bg(s’)
depend on the first k+ 1 derivatives of the Omnes function at s’. The second term denotes

the lower boundary term of the integration by parts at s_ . The divergent upper boundary

cut*
term at s; — € has canceled against the circular integral in (B.5). The above expression is

numerically stable as long as sy is not too close to s_, i.e. as long as we stay away from

cut?’
the exceptional point q1 q2 = (M‘% — M2)2. In the vicinity of this singular point, one can
(M3 —M2)?

Wy—2a)

2

further expand the coefficients ay(s) around ¢3 ~ to obtain a manifestly finite

expression.
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