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Two-pion contribution to the absorptive part of nucleon-nucleon scattering amplitudes 
in the unphysical region is calculated using the dispersion relations for pion-nucleon scattering. 
The dispersion relations with this absorptive part are used for analyzing nucleon-nucleon 
scattering data at low energy and at moderate energy, and we find good agreement if we 
choose the coupling constant as 

f2 
4n =O.OS±O.01. 

§ 1. Introduction 

Although the dispersion relations have proved so successful in the problem of 
pion-nucleon phenomena, the corresponding relationship for nucleon-nucleon case 
has not been exploited in detail,1) This is due to the'appearance of large unphys
ical regions which do not correspond to directly observable quantities. However, 
it is possible to calculate this unphysical contribution in terms of the meson theory 
with sufficient accuracy to compare with experimental information. The application 
of this relation to experimental data will be an important test for our understanding 
of local field theories and this is the purpose of this paper. 

The validity of dispersion relations for nucleon-nucleon scattering has not been 
proved with the same rigor as the pion-nucleon case, but for forward scattering 
the relation has been proved in every order in perturbation expansion.2

) We ex
pand the S-matrix in the number of exchanged pions and calculate one· and two
pion exchange terms of its absorptive part. In doing so, use is made of the dispersion 
relations for pion-nucleon scattering. Three- and more-pion exchange terms, after 
one subtraction, turned out to be unimportant for moderate nucleon energies. 

The dispersion relation with this absorptive part in the unphysical region is 
used for analyzing proton-proton scattering below 40 Mev where phase shift analy
sis was carried out.3

) It is also applied to low energy neutron-proton scattering. 
We find good agreement if we choose the coupling constant as 

f2 
-= 0.08± 0.01. 
4n 

In § 2 we calculate the two-pion contribution to the absorptive part in the 
unphysical region. This dispersion relation is applied to proton-proton scattering 
in § 3, and to low energy nucleon-nucleon scattering in § 4. Conclusion and dis-
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Disperswn Relations in Nucleon-Nucleon Scattering 943 

cussions are given III § 5. 

§ 2. Onem and two-pion contribution to the absorptive part 

In this section we calculate the absorptive part of the forward scattering am
plitudes in the unphysical region. Here the momenta of the incoming particles are 
in general complex and the scattering matrices are not defined in the usual sense. 
However, there are various ways of extending into complex variables. For example, 
in Feynman's perturbation expansion the scattering matrices are written as rational 
functions in the momentum variables and they are well defined even for complex 
momenta. 

The S-matrix elements are divided into two parts, i.e. dispersive part D and 
absorptive part A: 

SeE) = (277:)4(}4(~p)i(D(E) +iA(E» E>m, 

= (277:)4(}4(~p)i(D(E) -iA(E» E<m, 
(2·1) 

where E is the laboratory energy of the incoming nucleon and m is the nucleon 
mass. D and A are written in the form 

D(E) =11 (p)11 (q)d(E)u(p)u(q) 

A (E) = 11 (p) 11 (q) a (E) u (p) u (q) 

and d (E) and a (E) satisfy dispersion relations. 1
) In this paper we are interested 

only in low energy phenomena in which relativistic effects are unimportant. We 
often make non-relativistic approximations whenever it is convenient and we do 
not distinguish between d and D or a and A since energy dependence of the Dirac 
spinor u, 11, is small. For the case of forward scattering in definite spin state, D 
and A are both real and 

A (E) = 1 Re S(E) , E<m. 
(277:) 4(}4 (0) 

(2· 2) 

The problem is thus the calculation of the real part of the S-matrix for E < m. 
The corresponding Feynman diagrams are drawn in Fig. 1 and Fig. 2. a, a', 

p or p' stand for spin and isotopic spin state of each particle As is easily seen, 

p, a' q, {if q, /3' p, a' p, a'. q, {3' q, /3' p, a' 

p,a q, /3. p, a q,/3 p,a q, fJ p, a q, f3 
(a) .(b) (a) (b) 

Fig. 1. Fig. 2 
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944 Y. Hara and H. Miyazawa 

Fig. 1 (a) and Fig. 2 (a) give no contribution to the absorptive part in the unphys
ical region1

) in which we are interested (Fig 1 (a) is actually zero), so we concern 
ourselves with exchange type diagrams, i.e. Fig. 1 (b) and Fig. 2 (b) . The 
momentum p is held fixed and q is varied in such a way that 

P",= (m; 0), 

q",= (E; qe), c/=E2-m2. 

The absorptive part for one-pion exchange, Al,n is rather trivial and* 

f2 2~ . ( 1 ) A l7r (E) =--(a'IO"er,.It9) (WI(J"'er~la)(j E-m+-
4n m 2m 

(2·3) 

where f is the renormalized coupling constant. ** 
For the calculation of the two-pion part, A 2n-, it IS convenient to choose the 

center-of-mass system. In this case 

P '= (E' . -Le) 
'" '2' 

q/= (EI; ~e). 
, 2 

The S-matrix is expressed as4
) 

S = _~_l_Jr(j, lIS1Ii,k)(j, -lIS2Ii, -k) d 4k d 4l 
2,.. 2 (2n) 8 J (ko

2 - Wk2) (lo2 -w/) ~ 
(2,4) 

where (j, lISl\i, k) is the scattering amplitude of an i-th pion with momentum k 
into a j-th pion with momentum l by the first nucleon. Similarly, (j, -lIS2Ii, 
- k) describes the scattering by the second nucleon. The momentum transfer is 
given by 

l-k=p'-q'=t, 

t",= (0; -qe). 

A 2,.. has non-vanishing value for if < _4. 1
) In this unphysical region the mo

mentum transfer is purely imaginary and the scattering matrices (IS'I) must be 
defined in some way. Here we proceed as follows. The scattering matrix with 
constant momentum transfer can be expressed in a dispersion formula in the pion 
energy Since we are interested only in the region of fairly small tp,2, it can be 
sufficiently well approximated by the following expression4

) : 

(j, llSli, k)= (2n)4i(j4(l-k-t)[A (ko)r/rlTkul+B(ko) 

(2·5) 

* We take h=c=pion mass=l. 
,,* 2mf=g is the pseudoscalar coupling constant. 
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Dispersion Relations in Nucleon-Nucleon Scattering 945 

00 00 

C(k
o
) = _f2_1_+_1_Jf' dp 40"11 + 40"13+ O"ss+_l_C dp 

ko + E 367r
O 

(Vr' (Vp - ko 47r J ( 1) 

LP-2 
E=--, ,p= -c/> 0 

4m 

Except for the first terms of A and C, (2· 6) is equal to the s1 atic formula. How

ever, the E in the denominator cannot be neglected since A21T (Eq. (2·8» is di
vergent without this term. In this sense A21T does not have a static limit as l/m~O. 
This scattering matrix is defined also for complex momenta. 

The momentum transfer t is time-like in the sense that t",~=to2-f=ij2>O, 
and it is possible to choose a Lorentz frame in which t/ = (Ll, 0). Notice that the 
S-matrix as defined by the Feynman method is invariant under (complex) Lorentz 
transformation. In this reference frame the calculation of the absorptive part is 
straightforward since it is identical with the calculation of total cross section for 
the production of two (physical) pions. ** The momenta of the two pions are 

k 2 k2 k 2 Ll
2 

1 
1 + 2 + s =-- , 

4 

or in the original reference frame, 

k", = (iks; kh k2' 1 ~), 1",= (ik3; kb k2' -i ~ ), 

if e IS chosen as the third axis In this way, if 

8 2,..= (J4 (0) Jf' 2 d:k d
4

; 2 a4 (l-k-t) f(k, l), 
(ko - (V't ) (lo - (Vt ) 

its absorptive part in the unphysical region is given by 

A 2,..= __ 1_\ d 3k a(k2- (~-l))f(iks; kl' k2' i~, iks ; kh k2,-i~), 
167r2 LlJ 4 2 2 

LJ2> 4. (2·7) 

(2·4), (2·5), (2·6) and (2·7) yield 

* In the following, we neglect 0"11 and O"IS' 

** This procedure is not always justified when unphysical threshold appears. 
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946 Y. Hara and H. Miyazawa 

x «0-1
0"2) - (o-le) (u2e» J [ A (ik3) C (ik3) + B (ik3) B (ik3) J 

+2-r/-r/rIrl [ ( ~2 -1- k32r + ~ LP( ~2 -1- k32) «0'10"2) - «(TIe) (u2e» ] 

X A (ik3) B (ik3) 

+ 2 (TIT2)2[ (~-1- k32) 
2 
_~L12 ( L12 -1- k32) «0-10-2) - (uIe) (u2e» J-

2 2 4 . 

X A (ik3) B (ik3) 

+-r/-r/-r/-rl [( ~ -1-k32Y- ~ LP( ~2 -1-k32)«uIu2)-(ule) (u2e»J 

(2 ·8) 

where E=m-LP/2m and spin and isospin operator XIy2 means (a'jXljp) (~'j y2ja) 
This matrix element can be written as a linear combination of (a'jXlja) (p'j y2jp) , 
which we simply write as XY Then 

and 

A1n-(E) = (_~-+_l_(rr) +~(uu)--l-(rr) (uu) -~(ue) (ue) 
4 4 4 4 2 

+-(rr) (ue) (ue) --(5 E-m+--1 ) j2 2n
2 

( 1 ) 
2 ~ m 2m 

A 2,..(E) =A~~+ (rr)A~~+ (uO")A~~+ (rr) (uu)A~~ 

+ (ue) (ue) A~~ + (rr) (ue) (ue) A~~. 

(2·9) 

(2 ·10) 

The final expression for A 2n- is given in the Appendix and numerical results are 
given in Table I. In general, the forward scattering amplitudes D and A can be 
expanded in the following way, 

and 

D(E) =D(l)+ (rr)D(2)+ (UU)D(3)+ (rr) (UU)D(4)+ (ue) (ue)D(5) 

A (E) =A (1) + (rr) A (2) + (uu) A (3) + (rT) (uu) A (4) + (ue) (ue) A (5) 

+ (rr) (ue) (ue)A(6). 

(2 ·11) 

Each coefficient D(i) (E) and A (i) (E) separately satisfies dispersion relationsl
) 

(2·12) 
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Dispersion Relations in Nucleon-Nucleon Scattering 947 

00 

_ P JA (i) (E') I f2 2n Ai 
-- dE +-------

n Tn E'-E 4n m m-~-E 
2m 

m-2lm 

32n R-1 
__ 11-_2 _+~1_ r A(O(E/) dE' 

m2 1-R-1p E-En n J E'-E ' 
-00 

where 

and R is the radius of the deuteron, R-1=VmB, and p(=p(-B, -B» IS the 

effective range for spin triplet state, and En=m-2B+B2/2m, B being the binding 
energy of the deuteron. 

For E>m, A (E) can be related by the so-called optical theorem to the total 
scattering cross section (Ttot (E) as 

A (E) = 2lfCJtot (E) . (2 ·13) 

Table I. 

J* A(2) 
21' 

A(3) 
2",; 

A(5) 
21' 

A(6) 
2'1]; 

2.0 0.00 0.00 0.00 0.00 0.00 0.00 

2.05 -0.18 0.45 -0.10 0.39 0.08 -0.06 

2.1 -0.31 0.55 -0.16 0.43 0.15 -0.12 

2.2 -0.48 0.72 -0.21 049 0.27 -0.24 

2.4 -0.70 0.97 -0.27 0.56 0.43 -0.41 

2.6 -0.89 1.13 -0.32 0.60 0.57 -0.54 

2.8 -1.05 1.25 -0.37 0.61 0.69 -0.64 

3.0 -1.21 1.31 -0.42 0.60 0.80 -0.71 

* E=m-A2j2m 

§ 3. Application to proton-proton scattering 

Probably no subtraction will be necessary for the dispersion relation for two
nucleon scattering. In practical applications, however, it is more convenient to 
make one subtraction to suppress the high energy effect which is less known. In 
this paper we use the dispersion relation of the type 

00 ... 

D(E) -D(m) - E-m p[Jf' + rJ A (E') dE' 
n J (E'-m) (E'-E) 

. 'flt-oo 

(3 ·1) 

to bring III the experimental data. The second integral of (3·1) is the unphysical 
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948 Y. Hara and H. Miyazawa 

contribution, ansmg from the exchange of pions. In the last section we have cal
culated one- and two-pion exchange term, the latter starting from E=E27t =m-· 
(21m) =m-40 Mev to the left. For E<-m, the absorptive part A is related to 
the total nucleon-antinucleon cross section. Between - m and E37t = m - (9 12m) 
= m - 90 Mev, from which three-pion term Aa". starts, the absorptive part is very 
complicated and hard to evaluate. However, since A (E37t) and A (-m) are nearly 
equal, an interpolation by a straight line would give a rough estimate for three
and more-pion contribution. This term turned out to be small for low and 
moderate energies (see Table II). 

In this section, the relation is used for analyzing proton-proton scattering data 
up to 40 Mev. In Eq. (3 ·1) the low energy S-wave scattering gives large con
tribution to both sides. In order to eliminate this, we subtract 

00 

E-m pC Aeff(E') dE' 
n J (E' -m) (E' - E) 

m 

from both sides, where Aeff is the absorptive part calculated from the effective range 
formula. Scattering length and effective range used here are 

la (pp) = -15.6 X 10-13 cm 

lr(pp) =2· 65X 10-13 cm. 
(3· 2) 

Taking unpolarized p-p beam, D= D(I) + D(2) and A = A (1) + A (2). 

IS 
The final formula 

1+ ar q.2 
D(E) = _ 2n (a+ d ) + CTeriE) 2 c 

m Va2-2ar m va2-2ar 
I 

00 q (CT (E') - CT (E') ) 
(E - ) J2EI elf + mp dE' 

77: (E'-E) (E'- m) 
m , 

(3·3) 

m 

+ E-m r A (E') dE' 
7r J (EI-E) (EI- m ) . 

-00 

The right-hand side is compared with D(E), the real part of forward scattering 
amplitude, 

D(E) =~(sin ()s cos ()s+sin ()'J,=o cos ()::,=o+3 sin ()'J,=l cos ()'j,=1 
mqc 

5 . ~J-2 ~J-2 + 5 . ~ ~ ) + SIn up - cos u p - sIn un COS Of) + ... 

A (E) =~(sin 2()s+sin 2()~=o+3 sin 2 ()'J,==1 + 5 sin 2()~=2 
mqc 

(3·4) >;< 

* We neglect the difference between the nuclear bar phase shifts used here and true nuclear 
phase shifts which we do not know. 
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Dispersion Relations in Nucleon-Nucleon Scattering 949 

The total cross section used are those cited in the review article by Hess5
) and the 

values cited in (3·2). Results are given in Table II and plotted in Fig. 3. In 
this energy region, the experimental data show no disagreement with the theory. 
It is hoped that the more data on phase shifts, both for p-p and n-p be obtained 
shortly. 

Table II. 

Ela" 1st line 3rd line 
D 2nd line (Mev) m (2) I-n 

I 2n 
I 

3- or 
more-n 

9.68 0.88 1.09 0.02 -.23 .01 .01 

9.73 0.74 1.08 0.02 -.23 .01 .01 

14.16 0.80 1.04 0.02 -.28 .02 .01 

18.2 1.04 1.02 0.03 -.32 .02 .01 

19.8 0.71 1.02 0.03 -.33 .02 .01 

31.8 0.38 1.04 0.05 -.38 .02 .02 (0.52)* 

39.4 0.83 
I 

1.06 0.12 -.40 .03 .02 

* Result from the phase shift analysis from which the 14° point is dropped. 

D(E) 

f2/4n=0.04 
1.0 

f2/4n=O.O.8 

J2/4n=O.12 

o 
0.5 

o 

L-__ -1 __ --:---::l:::-__ ~:__--_:_::_--- E Mev 

Fig. 3. Real part of the forward p-p scattering amplitude 
Solid lines are theoretical curves (Eq. (3·3» for various choices of 
f2/4rc. Circles are experimental points.3) Dashed line is obtained with 
the effective range approximation. 

Sum 

.90 

.89 

.81 

.76 

.75 

.75 

.83 -
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'950 Y. Hara and H. Miyazawa 

§ 4& Application to nucleonanucleon scattering at low energy* 

In this section, we apply the dispersion relation to low energy nucleon-nucleon 
scattering. As proton-proton scattering has ambiguity due to Coulomb interaction, 
we concern ourselves with neutron-proton scattering in spin triplet, isospin singlet 
state which is experimentally well known. In this case, 

.and 

D=D(1)-3D(2)+D(3)-3D(4) +~D(5)_D(6) 
3 ' 

A=A(1)-3A(2)+A(3)-3A(4)+~A(5)-A(6). 
3 

'The relation to be used is 

00 m 

1· D(E) -D('Jn) 
1m --'---'--------'----"-

E-'?m E-m 
. P j A (E') dE' 1 r A(E')dE' 
hm- +-1 
E-'?m 'TC (E' - E) (E' -m) 'TC" (E' -m)2 

m _00 

+ 32'TCR-1 

(1- R-1p) m 2 (m- E[)2 
, 

00 ~a- (E') dE' m-2!m 

. P r 2E' 1 j A (E') dE' 
=hm-\ +-

E-'?m 1r: " (E'-E) (E'-m) 1r: (E'-m)2 
m -00 

f2 2'TC 1 + 32'TCR-1 

4'TC m ( 1)2 (1-R- 1p)m2 (m-En )2 
E-m+-

2m 

(4·1) 

(4· 2) 

'The last term in the right-hand side comes from deuteron, and the third term 
,comes from one-pion exchange process. The second term comes from two-pion 
-exchange process which we have calculated in § 2, and from three- and more-pion 
exchange processes which we neglect here as its contribution may be small. 

* The problem discussed in this section is the same as the one discussed by S. Matsuyama.6) 

He retained only one-pion exchange neglecting multi-pion processes, while we included also two
pion contribution here. He discussed n-p scattering in spin triplet state, so 

D= D(1) - D(2) + D(3) - D(4) + ~ D(5) - -~ D(6) 
3 3' 

A=A (1) - A (2) + A (3) - A (4) + ~ A (5) - ~ A (6) 
3 3' 

and the relation used was 

OJ La-(E') dE' 
p r 2EI 

D(E) -D(m) = (E-m)~ J (E'-E) (E'-m) 
m 

f2 4rr (E-m) 

4rr 3m (E'- m+ 2~r 
16rrR-l(E-m) 

(4·1)' 

(4·2)1 
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Dispersion Relations in Nucleon~Nucleon Scattering 951 

The second and third terms are functions of the pion-nucleon coupling constant, f2. 

The left-hand side and the first term in th~ right-hand side can be expressed in 
terms of observable quantities, 

and 

A (E) 8n . 2 " 
S-"\\uve c =--- SIn Os, 

mqc 

and 

" 1 1 2 P 3 4+ qc cot °s= --+-2 rsqc - rs qo "', 
as 

where the subscript c means" in the center-of-mass system ", 
The left-hand side of Eq. (4,2) contains only S-wave scattering length as, and 

S-wave effective range r"" 

l ' D(E) -D(m)_4 (' 3 _ 1 2 \ 
1m n as -as r S j ' 
FJ~m E-m ' 2 

The first term in the right-hand side of Eq. (4,2) contains' the contribution from 
all even partial waves, but' we can neglect all contributions except that from low' 
energy S-wave scattering in good approximation, 

00 2as2 + [asrsl- 2asrs+ 41 asrsl rsPs 
lim ~ r A (EI) dE' -: __ 2nas2 ' as 
FJ~m n J (EI- m ) (EI-E) / 2 r"Ps' 

m ~ as -asrs+ [asrsl +4Iasr",l-c-, 
as 

The last term, 

8n 

where 
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952 Y. Hara and H. Miyazawa 

m-2/m 

Sn f2 2n 1 + _1_ r A eEl) dE' 
4n 'l7Z (E_'ln+_1_)2 n)" (EI_ m )2 . 

2m (4·3) 

Inserting the experimental value for as and B known at present, 

as= (5.377 ± 0.023) X 10-13 cm 

B=2.226± 0.004 Mev 

and an assumption, 

P=O.OO± 0.03, 

we see the left-hand side of Eq. (4·3) is 

-17.6±2.2.* 

The right-hand side, the unphysical contribution, IS 

-11.7-2.6= -14.3 for f2/4n=O.07 

-13.4-3.S= -17.2 for f2/4n=O.OS 

-15.1-4.S= -19.9 for f2/4n=0.09. 

The first numbers in the left represent the one-pion exchange contribution, and the 
second numbers represent the two-pion exchange contribution. 

Thus we find as the pion-nucleon coupling constant 

(2/4n=0.OS2± O.OOS. 

§ 5. Conclusion and discussions 

The results of the previous sections confirm the correctness of dispersion 
theoretic approach to the two-nucleon problem. The conventional meson theory 
of nuclear forces is as follows. One calculates nuclear potential perhaps by adia
batic approximation or including recoil corrections by expanding in p/m. Then 
he solves the Schrodinger equation with this potential to see if the theoretical 
phase shifts agree with experiment. This way of approach, however, meets with 
several difficulties. First, it is difficult to define "potential" without the adiabatic 
approximation. Second, the Schrodinger equation is non-relativistic and the rela-

* If P is negative, the coupling constant decreases. 
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Dispersion Relations in Nucleon-Nucleon Scattering 953 

tivistic two-body equation is not well established. Finally, we have to introduce 
cutoff since meson potential is badly singular at the origin. 

In our approach all of these difficulties are removed. It is free from the 
adiabatic approximation and it is possible to formulate the theory in a relativistic 
way although we did it non-relativistically. It is our feeling that no subtraction 
is necessary in two-nucleon dispersion relations so that no more additional constant 
is needed. TaketanF) has developed with success a theory in which he divided 
nuclear forces into inner and outer regions and proposed to deal only with the 
outer region meson theoretically. Taketani's idea is reproduced here by making 
one subtraction thereby eliminating less known high energy effects. _ 

In this paper we have been concerned only with the forward scattering. By in
cluding the momentum transfer as another variable more information can be obtained 
from dispersion relations and it may even be possible to use them for solving the 
two-nucleon problem. 8) 

This type of dispersion relations together with similar ones for n-p scattering 
could be used to determine the accurate value of the pion-nucleon coupling constant 
if the nucleon-nucleon scattering is measured with sufficient accuracy. 

Appendix 

Using the identities, 

and 

Eq. (2·8) becomes 
It. 

A= __ l_ r dks 
16n.J J 

-k 

{( ~ -1-ka2f[3A(iks) C(iks) +6BCiks)B(iks) 

+ 12A (iks) B (iks) + 3A (ika) A (iks) ] 

+ (TIT2) ( ~ -1-klf[2A(iks)A Ciks) -2A(iks) C(iks)] 

+ ~ if ( ~ -1- ks2) «0-10-2) - (uIe) (0-2e» [3A (iks) C (iks) 

- 3A (iks) A (iks) ] 

+ ! .d2( ~ -I-kg!!) «0-10-2) - (o-le) (u2e» (TIT!!) 

X [ - 2A (ika) A (ika) - 4B (iks) B (iks) 

+ 8A (iks) B (iks) -' 2A (iks) C (iks) ]} 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptp/article/23/5/942/1865661 by guest on 16 August 2022



954 Y. Hara and H. Miyaza"wa 

x[ 

= t (E) + 12 (E) (r1r2) + 13 (E) «0"10"2) - (0"1e) (0"2e» 

+ 14 (E) «0"10"2) - (0"1e) (0"2e» (r1T2) 

= 11 (-_1_ ~ ~ (rr) - _1_ (0"0") - ~,( Tr) (0"0"») 
4 4 4 4 

+ 12 --+~-(rr) --(O"O")+-(rr) (0"0") " ' ('" 3 ' 1 3 ' 1 ) 
4, 4, 4' 4 

+ 13 ---- (rr) +- (O"e) (O"e) +- (rr) (O"e) CO"e) , (' 1 1 1, 1· ) 
, ' 22' , 2 2 

. + 14 --+-'- Crr) +- CO"e) 'CO"e) --- (rr) (O"e) CO"e) , '( 3 1 3 1 ) 
2 2 2 2 
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Thus 

where 

Dispersion Relations in Nucleon~JVucleon Scattering 

=A~~ (E) + (TT) A~~ (E) + (crcr) A~~ (E) + ('iT) (cru) A~~ (E) 

+ (cre) (o-e) A~~ (E) + (TT) (ue) (ue) A~~ (E). 

A~~ (E) = __ 1-11 (E) -~I2 (E) - ~I3 (E) -~I4 (E) , 
4 4 2 2 

A~~(E) =-~Il(E) +~I2(E) __ 1_13(E) +_1-14 (E) , 
4 4 2 2 

A~~ (E) = -~Il (E) -~I2 (E) , 
4 4 

A~~ (E) = - ~ II (E) + ~ 12 (E) , 

A~~ (E) = ~ Is (E) + ~ 14 (E) , 

A~~(E) =~I3(E) -~I4(E), 
2 2 

I = __ 3_rf4J4m(2k2+1)tan-l(~nk )-~p 
1 16nL1l: t 2P+l 3 

+4k(2k2+1) + 2k(2k2+1)2 .} 
k2 + (2k2 + 1) 2/4m2 
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Note added in proof: Two new sets of phase shift were reported besides those tabulated in Table 
n. They fit closely to the theoretical curve. 
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