DISSIPATIVE ORDINARY DIFFERENTIAL
OPERATORS OF EVEN ORDER

BY
A. OLUBUMMO

1. Introduction. We consider the dissipative differential system of the form

Ve = T+ (Syi-)e-1+Ryi-g)k-2+ -
+(EY xxr)xxxt (DYux)xx+(CYa) s+ (By)x+ Ay
for >0 and —~0<a<x<b=oo. Here, y=(*, 92 ..., 7™ is a function of x and ¢
with values in an m-dimensional complex Euclidean space E™ and T, S, R, ...,

E, D, C, B, A are m x m matrix-valued functions of x alone. The inner product in
E™ is defined as usual by

(1.1)

(r,2) = > 7'z with |y = [(n W]
i=1

The aim of this paper is to study the Cauchy problem for the system (1.1).

We shall make the following three assumptions:
(1.2) B=B* C=—-C*, D=—-D* ..., T=-T*,
(1.3) D=B,+ A+ A* =0, a<x<b;
(1.4) T(x) is nonsingular for each x € (a, b); the elements of T, T, T, . . ., Tic—1;
S, 81,8, ..., 8 2;..., Bare absolutely continuous on each compact subinterval
of (a, b). Also the elements of T}, Si._1, . . ., B, and A are square integrable on each
compact subinterval of (a, b).

In order to formulate the problem, we shall introduce some notational con-
ventions. We set F=(I/—D)/2, where I is the identity m x m matrix, and write
Ly(a, b; F) for the space of all vector-valued measurable functions y for which
2 (Fy, y) dx <oco. With an inner product {y, z), in Ly(a, b; F) defined by <y, z),
=fZ (Ey, y) dx and a norm | y|,=[<{y, ¥>1]*'%, Lo(a, b; F) becomes a Hilbert space
which we shall sometimes denote by H,. Ly(a, b; F~1) and Ly(a, b; I) are defined
in a similar way and will also be denoted by H, and H, respectively. With an inner
product <y, z>,, in the product space H,,=H, X H, defined by {y, z>,,=<*, z}>,
+{y?, z%,, Hy, is again a Hilbert space. If y, z are functions on (a, b) to E™, we
shall write (y, z>=[ (y, z) dx.

We now define two transformations L3S and L3, as follows:

(1.5) L3y = Tyt (SYi-1e-1+ - +(Dyza)ax+(Cyn)x+ (By )+ Ay,
. D(LYY) = [y : y* € Hy, y* smooth with compact support in (a, b)];
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Lyt = (Tye+(Syi-e-1+ -+ +(DYi)x+(Cyz)+(Byh)+ 4y',
(1.6) D(L;) = [y*: yte Hy, ¥, ¥i, Yixs - - .» Y3r-1 absolutely continuous,
Tyi)e+ (Syk-De-1+ - - +(By")+ Ay' € Hyl.

The closure of L3S in the graph topology of H, x H, will be denoted by L3,, and the
graph of L33, i.e., the set of all pairs {[y*, L33y*], y € D(L33)} will be denoted by
G(LYY).

Suppose now that y*, z! € D(L},); then integrating by parts successively and
taking (1.2) into account, we obtain

Y Loz + Lyt 2 = Y (T2 + Ty, 20 + -+
+ {34 (Cz2) 2> +(CY3) 5y 20+ Y, (B2Y) o+ A2Y)
+{(ByY)+ Ay, 2

b
&) - f [, Tode s+ TVhees 295+ (7 Tuzbe- o)

+(TeYii-2, 2)xt - - = (V3 Dzzs)s
—(DYix 20)x+ (V' C22)+(Cyx, 21)+(By*, 2%),] dx
+<{Dyt, 2.

Suppose that y* is a solution of (1.1) that is sufficiently smooth and let the

differential operator on the right of (1.1) be denoted by Ly*. Then it follows from
(1.7) that

Yy = YLy + N Lyt = — (U3, 9)*+ @y, PP +<Dy, v,

where

B C D, D+E,, T
Cc* 0 -D -E, 0
D¥ -D* 0 E 00
A=\ D*+E} 00

T

—T* 0
T* 0 0 . -0 00

and y=[y", y%, Vixs - - -» Yok-1]-

We note that the matrix % is nonsingular since it is in triangular form and the
diagonal terms, i.e., T*, —T*, ..., T are all nonsingular.

If in addition to the condition ® £0, we require the solution to satisfy boundary
conditions of the form

(1°8) —(?[)—’,)7)““‘(9[)7,}_’)" = Oa
then the solution ““energy”” will be nonincreasing in time. It is in this type of solution

we are interested and accordingly, we shall impose the condition (1.8). Boundary
conditions of this type will be called dissipative. The Cauchy problem for the
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system (1.1) can now be formulated in terms of semigroups of operators. We
require of the operator
Ly = (Tyi+(Syx-i-1+ - +(Cy)x+(By)+ Ay
with a domain D(L) suitably restricted by dissipative boundary conditions that it
generates a strongly continuous semigroup of bounded operators, say [S(¢); = 0].
The initial value is here assumed in the mean square sense, i.e.,
St}_l.ig? S#)yo = Yo Yo € Ho,

and the differential equation is satisfied in the sense that the strong derivative
dS(®)(dt)yo = LIS(t)yol, Yo€ D(L),t > 0.

Our main object is to find all generators of this type. Furthermore we give in §4, a
complete description of the boundary space associated with the system (1.1). The
first- and second-order cases of this problem have been considered by Phillips [1]
and Brooks [4], respectively, using a Green’s function argument. In [5], Phillips
and the present writer have considered the first- and second-order cases by a
general operator-theoretic approach developed by Phillips in [2] and [3]. That it
has been possible, in the general case treated in the present paper, to obtain all the
information obtained in [1], [4], [5] by using the operator-theoretic approach is an
indication of the power of that method.

The author wishes to express his gratitude to Professor Ralph Phillips for
suggesting this more general investigation, for his inspiration, and for his helpful
criticisms and encouragement in the preparation of this paper, and also to the
referee for his suggestions.

2. Dissipative generators. We start this section by defining 2k functions
g0(x, u), g2(x, u),..., g% (x, u) as follows: Suppose that j(x) is a function
possessing derivatives of all orders and such that j(x) =0, j(x)=0 outside [—1, 1]
and j' Jj(x) dx=1. Let >0 be fixed and let x be a fixed number such thata+s<x<b
—e. We set g{P(x, u) =j,(x —u), where j,(x)=(1/¢)j(x/e).

To define the remaining functions, let

a<a <x<b <b, e < &,
a+2e < a, b—2ey > b’
and write @, =a’ —e&,. We now take

£0(x, u) = f o= 0) =i, (a3 — )] di;

£9(x, u) = f * [82(x, 0) o s (X)jo, (a1 —v)] db,

b
where hg (x) = J g2(x, v) dv;

u
229(x, u) = f [~ D(x, 0)— g o) iy (@1 — )] di,

b
where Ay, . = f g2~ D(x, v) dv.
a

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1967] DISSIPATIVE ORDINARY DIFFERENTIAL OPERATORS 133

LeEMMA 2.1. For each integer r23, h, (x) is bounded for all positive ¢’ <e and
lim h, ((x) exists as ¢ — 0. For each integer r>1, g (x, u) is a smooth function
vanishing together with all its derivatives near a and b, and as ¢ — 0, g{(x, u)
converges boundedly to a bounded measurable function of u.

Proof. The verification that g®(x, u) is a smooth function vanishing together
with all its derivatives near a and b is straightforward and is omitted. We proceed
to prove the remaining two assertions of the lemma. First we note that g{®(x, u)
has the stated properties. In fact, for all positive ¢’ <e and all u,

162(x, u)| < j oo (a3 —u) di.

Also, as e — 0 and for all u<x, g{®(x, u) tends to a continuous function g(x, u)
which decreases from 0 near u=a,; —e¢, and takes the constant value f Jeo (@1 —u) du
in a’ <u<x. For all u>x, g§?(x, u) takes the constant value 0. Hence g§®(x, u) is a
bounded measurable function of u and g®(x, u) has the stated properties. From
this it also follows that lim,_q A (x) = lim,_, [ g@(x, v) do=° lim,_, g@(x, v)
exists. That A3 .. is bounded for all positive ¢’ <& is clear.

Next we consider g®(x, u). Since k3 .(x) is bounded for all positive ¢ <& and
g¥(x, u) is bounded for all positive ¢’ <e and all u and vanishes near a and b,
g3(x, u) is bounded for all ¢’ e and all u. Further,

lim {ge2(x, u) = hs,o(x)je, (1 — 1)}

exists as a bounded measurable function of u and therefore,

lim gi(x, u) = lim f [882(x, ©) — hg,o(x) s, (a1 —v)] dv

- f [69(x, 1) — hoo(x)j, (a1 —v)] dv

exists and is a bounded and measurable function of u. Thus g{(x, u) has the stated
properties. Proceeding in this way, we have the result.
As in [5], we define a bilinear form Q(y, z) on H,, by setting

0(y, 2) = (¥ 2 +)2 2 —<(Dyt, zY,
where y=[y', %], z=[z', z?] in H,, and denote the Q-orthogonal complement
of a set SC H,, by S".
LeEmMMA 2.2. G(L1,)=G(L3Y)'.
Proof. We first note that G(L3,) = G(L3})". In fact, let z=[z!, z2] € G(L},); then
we only need to show that Q(y, z)=0 for every y=[y*, L3%y*] in G(L3?). But this
follows from (1.7) since under the hypothesis, y* vanishes at the end points a and b.

To prove that G(L33)' = G(L3,), we suppose that z € G(L}), i.e., Q(y, z)=0 for all
y € G(L3)). Then if z=[z%, z2), it has to be proved that z%, z%, z1,, ..., z4 _, are

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



134 A. OLUBUMMO [October

absolutely continuous, that z!e Ly(a, b; F) and that z2=L},z" € Ly(a, b; F~1).
We note that if z1, z%,. .., z4._, have all been shown to be absolutely continuous,
then integration by parts gives

0 = Oy, 2) = <y, 22+ <L, 2D —<Dy*, z%)
= (), 22— (Tzi)— (Szpe- )i -1— - —(Bz'),—Az")

for all smooth y! with compact support. It follows that z2=(Tz}),+(Szk-1)k-1
+ -+ +(BzY), + AZ%, and 22 € G(L3,).

To prove that z is absolutely continuous, let ¢ be an arbitrary vector in E™ and
2@¥(x, u) be as defined previously and substitute y*(u)=g*(x, u)$ in

0 = Q(z,y) = <z%, Lyy*) +<22% y*> —<{Dz}, y»),
i.e., in
0 = (2%, Tyh+ kT yhuo 14 D+ Syhc-a+ (k=S yde-a+--->
+ -+ L2 By) — <Azt yy + (23 yh).
We then have
0= —J-: (T2 W), [—jiCc—u) +jio (@ —u) —hg o(x)jeo(@ar —u) + - - -
+ o, o(x)j52E = (a, — u)]$) du

—k [ (@0, U=y =) o ) =)
e g ()@~ 0)]g)
et Jb (22(4) — (A2")(w), g2, u)g) du.
Since this is true for arbitrary ¢ € E™, we have
[} @ii—w du=k [ @205 d

+{integrals of terms involving g¥(x, u), .. ., g2(x, W} + K, = 0,
where K, denotes the sum of terms involving hg (x)j.,(a; —u),
hok,e(X)jeo(@r—u), . . ., o ((X)jZ¥ (a1 —u);  hak-1,6(X)Jc, (@a—uw),...,
hoi-1,6(X)j2E~P(ay—u); .. .5 Je(@a—u) and j; (a,—u).

Writing f,(x)=[% j.(x — u)f(u) du, we have
2 (@) = KT~ h-Ki,

which we write as
(TzY), = k(T2")e—{ h—Ki.

Now it can be shown as in Lemma 1.2.1 of [5] that Tz, T,z%, T,.z%, ..., T)z!;
Sz1, S,z%, ..., Sk_12; ...; Bz, Az' and z? all belong to L,(a’, b'; I). Further,
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since by Lemma 2.1 each g®(x, u) converges boundedly to a bounded measurable
function of u, as e — 0, each of the terms

[ | (T W)g®Cx, ) du, ..., [ " [220) — (A2)(w)] g x, ) dla

will tend to a limit uniformly in [a’+ 2y, b'—2¢,] and a fortiori in the L;-norm.
Thus (77%), — w, say, in L,[a’+2e,, b'—2¢] as e —0. That Tz! is absolutely
continuous now follows exactly as in Lemma 1.2.1 of [5] and from this, it follows
that z! is absolutely continuous.

Next, to prove that z; is absolutely continuous, we write the equation 0= Q(z, y)
in the form

0 = (2Y (Tyhp—1+ (k= DT yse_o+ - +Tp1¥0)x)
+<2Y (Syak—s+ - +Sk-aYi-1)xr+ - - =42, yH+ 22,y
and integrate by parts, obtaining
0= —<z3, Tydp 1+ (k=DTyy5-o+ - - +Te1yio+ - - - +{22, 1.
We now set y(u)=g%~V(x, u)p. Then

0=- f: (Tz)@), [—je(x—w)+jey(@r—u)+ - +hoe o1 (x)j5* ™ ar —u)I$) du
+(k-1) f: (Tuzi)(w), eCx, ) —jeg(@r—w) = - - - + Aoy 1(x) ¥~ ay —u)]$) du

b
bt j (@), g2(x, u)p) d,

whence
= Tz = (k= DTz)+H ot Ka.

Generally, to prove z;} is absolutely continuous, we write the equation 0= Q(z, y)
in the form

0 = (z}, Tyzx >+ [integrals of terms involving Y& _r_1, Yor-r-25 - - -» Y11
We then set y'(u) =g#*~"(x, u)$ and argue as before. This concludes the proof.

COROLLARY. LY <L}, and D(L};)=[y*;y*e D(L},) and (¥Up,2);=0 for all
Zl € D(L%1)9 Where )_)= [yla y.alt’ CREY yék-ll and zZ= [zla Z;, BREE} zék—l]]'

This corollary can be proved in a way analogous to the method used in proving
the corollary to Lemma 1.2.1 of [5].

If S, and S; denote G(L},) and G(L},) respectively, then it is clear that S, is a
null space, S; =S, and that S;<S,. The quotient space H=S,/S, is, in the termi-
-nology of [3], a boundary space. In the usual topology for a quotient space, H is a
Hilbert space and H is isomorphic and isometric to S; N Sz, the inner product in
S; N Sg being the inner product {y, z),; in H;,. Denoting the points of H by
Y, %, ..., we shall express the fact that y € S, belongs to the coset y € H by writing
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By=y. We define a bilinear form Q on H by setting Q(By, fu)= Q(By, Bu); then it
can be shown that Q is a continuous, regular Hermitian bilinear form.
DEFINITION. A transformation T,; on H, to H, is said to engender the operator T
on H, to itself where D(T)=[y'; y' € D(T,;) and Ty, y* € Hy], and Ty'=T,, y'.
Suppose now that L° and L! denote the operators on H, engendered by L3, and L},
respectively. Then we have the following result on applying Theorem 3.3 of [3]:

THEOREM 2.3. There is a one-to-one correspondence between the maximal negative
subspaces [N] of H, taken with respect to Q, and the maximal dissipative operators
[L]) on H, such that L°<L<L3, the correspondence being defined by

D(L) = [y*; Bly*, L'y'] e N,
which is dense in H,.

The following is Theorem 1.1.3 of [2]:

THEOREM 2.4. A necessary and sufficient condition for an operator L to generate a
strongly continuous semigroup of contraction operators on a Hilbert space H to
itself is that L be a maximal dissipative operator with dense domain.

Combining Theorems 2.3 and 2.4 we obtain the desired solution to the Cauchy
problem for the system (1.1).

3. Solutions of the homogeneous equations. Consider the system of ordinary
differential equations

3.1 Ty + (Syr-1i-1+ - +(Cyx)x+(By)x+ Ay — Ay =0,
where A is a complex parameter and x € (g, b).

Let I'(x) be an m x m matrix-valued function of x such that the elements of I" are
measurable functions of x and Lebesgue integrable on compact subintervals of
(a, b). Consider the ordinary first-order system of equations
(32 u(x) = L(x)u(x),
where u(x) is a vector-valued function of x to E™. For a proof of the following
well-known lemma see, for example, Coddington and Levinson [6, p. 97, Problem1].

LEMMA 3.1. Let ¢ be an arbitrary vector in E™ and let c € (a, b). There exists a
unique vector-valued function u of x to E™, which is absolutely continuous on compact
-subintervals of (a, b), satisfies (3.2) for almost all x € (a, b), and is such that u(c)=¢.

Set
0 1 00 --- 0
0 0 I 0 ... 0
r=1. . . . . . . .. ,
0 0 0 oo T
1-‘Zk,l PZk,Z tte F2k,2k

Lox,1 = T"Y(A—A—B,),
Poke = T™H(—B—-C,),
Fyes=T"Y(-C-D,,), etc.
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With T as defined, we now use Lemma 3.1 as in the proof of Theorem 2.1 of [4]
to obtain the following

THEOREM 3.2. Let c € (a, b) and let v, 72, ..., n2* be vectors in E™. Then there
exists a unique vector-valued function y of x to E™ such that y, Y., Yxxs - - -» Yai -1 are
absolutely continuous with square integrable derivatives on compact subintervals of
(a, b), y satisfies (3.1) for almost all x € (a, b) and we have y(c)=n*, y.(c)=7% ...,
Pn-1(c)=7%*.

We shall need the following lemma in the proof of our next theorem.

LemMA 3.3. Let y be a solution of (3.1); then (U, )(x) is an increasing function of
x on (a, b). If c€ (a, b), then y € L¥(c, b; F) if and only if (Uy, ) < +o0.

The proof of this is straightforward and is therefore omitted. The following is the
second main result of this section.

THEOREM 3.4. Let F, [F,] denote the collection of all solutions of equation (3.1)
such that (U, y)° < +oo [(Ay, y)*> —oo] and for each x, let A(x) have q negative and
D positive eigenvalues. Then F, [F,] is a linear subspace of the solution space of
(3.1) of dimension l, 2 km [I, = km)]. If C, [C,] denotes the collection of all solutions of
(3.1) such that (Uy, y)* <0 [(Ay, y)*=0], then C,<F, [C,<F,] and C, [C,] contains
at least one km-dimensional [km-dimensional) subspace.

Proof. An argument similar to that used in proving the corollary to Lemma 2.2
of [4] shows that p=km=q. From Lemma 3.3, F,<L?c, b; F). Further, F, is a
linear subspace of L%(c, b; F) since equation (3.1) is linear. Let {y;, y3, .. ., Voim}
be a basis for the solutions of (3.1); then if y is an arbitrary solution of (3.1), there
exist constants o; such that y=>2m7 «y'. Now (Up, 7)*=>2", «a(UX, 7,)*, and
if we let Y denote the 2km x 2km matrix with its ith column equal to y, then the
matrix of the above form is the nonsingular hermitian matrix ¥*(x)%(x) Y(x) which
again has km negative and km positive eigenvalues. Let

Cx = [y : (Q[}_),.}_;)x = 0]9
then C,, = C,, if x; £ x, and each C, contains at least one km-dimensional subspace.
Further, we have C,=("\xz» Cx-
Now the km-dimensional subspaces are compact (in a suitable topology) and
hence C, contains at least one km-dimensional subspace. The results for the a end
of the interval are proved in a similar way. This concludes the proof.

4. Boundary behavior. Our aim in this section is to obtain more information
about the boundary space H. We first transform the system (1.1) into a new system

4.1 Lzlyl = (TYI%)k‘*'(S)’%-l)k—l"' s +(Cy}c)x+(8yl)x+ 'zyl

so that ® =0. For this purpose we set T'=T, $=S, ..., (=C, B=B, A=(4—-4%)2
—B,/2; then ®=0and A—4=D)2.
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As in §3 of [S], we define an operator ¢ on H,, to itself by
o[y, ¥ = Y, 2 +(A-A)y'];
then ¢ is regular and if we define Q by O(y, z)={J", z2> +<{)?, z'), we have
0oy, 02) = Q(», 2).

Further, setting S, =0S,, Sy=0S,, H=3S,/S, and H=25$,/S,, it is easily verified
that o induces a one-to-one bicontinuous mapping of H onto H taking maximal
negative (maximal positive) subspaces of H into maximal negative (maximal
positive) subspaces of . Moreover, arguing precisely as in §1.3 of [5], we see that
there is a one-to-one correspondence between the boundary space H (and therefore
the boundary space H) and the set of all solutions of the equation

(4.2) (F'Lay—I)F 'L +1)y*=0.
In order to determine the set of solutions of (4.2), we consider the two equations

(F 'Ly —Dy' =0

and
(F L+ Dyt =0,
that is
4.3 (Ty)e +(Syi-Di-1+ - +(CyDx+(By)+ 4y —y'2 = 0
and

4.4  —(Ty)—(Syi-k-1-- —(Cyx)x—(By")x— By + A*y* —y*/2=0.

As in Theorem 3.4, % has km negative and km positive eigenvalues. Since U is a
nonsingular hermitian matrix, it is clear that p+q=2km. Using Theorem 3.4, we
now have

THEOREM 4.1. If F, [F,] denotes the collection of all solutions of (4.3) such that
Uy, )’ < +o [(Uy, )2> —o0], then F, [F,] is a linear subspace of the solution space
of (4.3), of dimension say, l,=km [l,2km]. If C,[C,] denotes the collection of all
solutions of (4.3) such that (Uy, y)* <0 [(Uy, y)*= 0], then C, < F, [C,= F,]and C, [C,]
contains at least one km-dimensional [km-dimensional] subspace.

A similar result holds for the equation (4.4). The set G, [G,] of solutions z* such
that (UZ, 2)*> —oo [(UAZ, 2)* < +0o0] is of dimension say, m,=km [m, = km] and the
set for which (UZ, 2)*=0 [(AZ, 2)* 0] contains a km-dimensional [km-dimensional]
subspace.

Arguing now as in §1.3 of [5], we construct a special basis for the set of all square
integrable solutions of (4.3). Let N, and N, be a fixed km-dimensional and a fixed
km-dimensional subspace contained in C, and C,, respectively. Then it is easy to
see that N, and N, are linearly independent. Thus N, and N, together span the
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2km-dimensional solution space of (4.3). We can therefore choose l,—km y3’s in N,
which together with N, span F,. These /,—km functions will be square integrable
at both ends @ and b. Similarly, we have /, — km functions from N, which are square
integrable at both ends, i.e., which belong to Ly(a, b; F). Moreover, these
(l,—km)+ (I, —km) functions span the space of all solutions which are square
integrable at both ends. Also the space of solutions of (4.4) which are square
integrable at both ends, i.e., which belong to L,(a, b; F) is of dimension (m, — km)
+(m,—km), and again it can be shown as in §1.3 of [5] that the square integrable
solutions of (4.3) and (4.4) comprise all of the solutions of equation

(FLip—D(F L +1)y' = 0.

Finally, we note that if y=[y*, L}, y*] and y! is a solution of (4.3), then O(y, y)>0
and if z=[z*, L},z'] and z! is a solution of (4.4), then Q(z, z) <0.

Since as we have seen, there is a one-to-one correspondence between the boundary
space H and the set of all solutions of the equations (4.2) we have the following:

THEOREM 4.2. Let dy, dy, dp denote the dimensions of the boundary space, the
negative subspace of Q and the positive subspace of Q respectively. Then

dH=Ia+lb+ma+mb—4km, dN = ma+mb""2km,
and
dp = L +1,—2km.
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