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Abstract. The evolution of topology and morphology of ionized or neutral hydrogen
during different stages of the Epoch of Reionization (EoR) have the potential to provide us a
great amount of information about the properties of the ionizing sources during this era. We
compare a variety of reionization source models in terms of the geometrical properties of the
ionized regions. We show that the percolation transition in the ionized hydrogen, as studied
by tracing the evolution of the Largest Cluster Statistics (LCS), is a robust statistic that can
distinguish the fundamentally different scenarios — inside-out and outside-in reionization.
Particularly, the global neutral fraction at the onset of percolation is significantly higher for
the inside-out scenario as compared to that for the outside-in reionization. In complementary
to percolation analysis, we explore the shape and morphology of the ionized regions as they
evolve in different reionization models in terms of the Shapefinders (SFs) that are ratios of
the Minkowski functionals (MFs). The shape distribution can readily discern the reionization
scenario with extreme non-uniform recombination in the IGM, such as the clumping model.
In the rest of the reionization models, the largest ionized region abruptly grows only in
terms of its third SF — ‘length’ — during percolation while the first two SFs — ‘thickness’
and ‘breadth’ — almost remain stable. Thus the ionized hydrogen in these scenarios becomes
highly filamentary near percolation and exhibit a ‘characteristic cross-section’ that varies
among the source models. Therefore, the geometrical studies based on SFs, together with
the percolation analysis can shed light on the reionization sources.

Keywords: intergalactic medium — dark ages, reionization, first stars — large-scale structure
of Universe — cosmology: theory.
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1 Introduction

In the history of our Universe, the Epoch of Reionization (EoR) is the period when the neutral
hydrogen (Hi) in the Inter-Galactic Medium (IGM) was gradually ionized by the radiations
from the first sources [see e.g. 1-3]. In recent times, although the EoR has obtained a boost
of attention, still our present understanding of this epoch is very limited due to the scarcity
of observations of this epoch. So far, it has been possible to obtain a limited amount of
insight into this epoch via a number of indirect observations such as the CMBR [4, 5], quasar
absorption spectra of the Lya photons at high redshifts [6—-9] and the luminosity function
and clustering properties of the Lya emitters [10—12]. These observations suggest that the
Hi reionization was an extended process and had most likely ended by redshift z ~ 6. Since
these observations can not trace the Hi distribution at different IGM ionization stages, thus
are unable to resolve a number of fundamental issues such as the topological evolution of



the Hi distribution in the IGM due to ionization, the morphology of the ionized regions at a
particular reionization stage and how the characteristics of different ionizing sources affect
the time evolution of the Hi distribution.

The Hi 21-cm signal, originating when the electron and proton in the ground state of
Hi change their spin states from parallel to anti-parallel, promises to act as a direct probe of
the Hi distribution in the IGM and thus can potentially answer many of these fundamental
issues related to the EoR [1, 3]. This signal can directly probe the Hi distribution in the
IGM at different cosmic times and hence in principle can trace the reionization history. In
order to detect this signal, a number of first generation radio telescopes such as GMRT!
[13], LOFAR? [14], MWA3 [15], PAPER“ [16] and HERA? [17, 18] are operational. The
presence of ~ 4-5 order of magnitude stronger foreground emission [e.g. 19-22] compared
to the expected EoR 21-cm signal and various instrumental effects such as system noise
[23, 24], introduce observational obstacles, thereby the interferometric detection of the Hi
21-cm signal has not been possible yet. These telescopes are targeting to detect the signal
via Fourier statistics instead of trying to make tomographic images of the EoR 21-cm signal.
The future Square Kilometre Array (SKA)® [25, 26] is expected to have enough sensitivity to
make high-resolution tomographic images of the EoR 21-cm signal. Once the tomographic
images are produced through these future observations, it will open up new avenue for better
insights into the EoR, the images will contain both the amplitude and phase information of
the 21-cm field.

So far the analysis of EoR 21-cm signal is mostly done via various Fourier statistics
such as the power spectrum [14, 27-39], multi-frequency angular power spectrum [40-43],
bispectrum [44-52] etc. The EoR 21-cm signal fluctuations, which are mainly determined
by the sizes, distributions and connectivity between the ionized regions, is expected to be
highly non-Gaussian [35, 53, 54]. Thus one would expect the signal statistics, which are of
higher order than the power spectrum, to contain more details about this non-Gaussian signal
[44, 49]. However, the estimation of higher order statistics is computationally more involved
and their interpretation is also difficult. Further, these higher order Fourier statistics contain
information about the fluctuations of the signal at different length scales and correlation
between them. However, by definition, they do not contain the phase information of the
signal.

There are a number of complementary methods which deal with the signal in real space
and have been employed directly on the simulated tomographic images to probe the mor-
phology of the 21-cm field and its evolution during the EoR through the analysis of topology
and geometry of this field. Among them, the widely used methods are the Minkowski Func-
tionals (MFs) [55-60] which have been used to track the reionization history, the Minkowski
tensors [61] which are the generalized tensorial form of MFs and can encapsulate the di-
rection information. These are also methods based on percolation theory [59, 60, 62—-64],

tThttp://www.gmrt.ncra.tifr.res.in
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granulometry [65] and persistence theory [66] which have been used for the theoretical study
of the topological phases of Hir regions during EoR. In addition to these, a method based
on the Betti numbers [67, 68] provide the number of connected regions, tunnels and cavities
to describe the state of the IGM. A recent study of [69] used a method of local variance
which probes the reionization history of the observed patches of the sky as well as trace the
ionization morphology. However, in most of these earlier works it is widely been considered
that modelled reionizing sources are standard fiducial in nature and the inference drawn
through these methods depend on the detection of a large number of Hi1 regions at any stage
consisting of wide variety of sizes. A recent study of [59] on the contrary focuses on the
detection of only the largest ionized region in order to get better insights of the percolation
process. For this they have used the “largest cluster statistic” along with a shape finding
algorithm.

The insights about the percolation of Hir regions, from its onset to the stage when all
of the ionized regions are interconnected to form a single large cluster, will depend on the
ionizing source and IGM properties. Motivated by this, in this work, we aim to study the
morphology and topology of the largest ionized regions (at different stages of the EoR) while
considering a number of reionization scenarios with different source and IGM properties.
For this purpose, we consider different simulated reionization scenarios. The source models
in these simulated reionization scenarios are different from each other in two fundamental
ways: a) how the number of ionizing photons emitted by the sources are related to their host
halo mass and b) how the rest frame energy of the ionizing photons are distributed. For all
of these scenarios we follow the evolution of the topology of the largest ionized region with
the cosmic time. For this, we use the percolation technique in addition with the Shapefinders
which are defined as the ratio of the Minkowski functional [70]. These Shapefinders can
be used to analyze the shape of the ionized regions. Thus, this method allows us to gather
information related to individual ionized regions along with the information about how these
regions form very large interconnected network at the cosmological scales. For our analysis,
we have employed the advanced shape diagnostic tool SURFGENZ2[60, 71].

This paper is organized as follows: In section 2, we discuss the simulated EoR 21-cm
maps for various reionization scenarios which we have used for this work. Section 3 briefly
describes our methods for analysing these simulated 21-cm maps, including the percolation,
Minkowski functionals and Shapefinders along with the SURFGEN?2 code. In section 4, we
discuss our findings regarding the evolution of largest ionized region. Finally, in section 5,
we summarize our result.

Throughout the paper, we have used the cosmological parameters satisfying the WMAP
five year data release 7 = 0.7, Q,, = 0.27, Qx = 0.73, Quh% =0.0226 [72].

2 Simulation

Simulating the reionization is essentially a challenging task due to the requirements of high
dynamic range in terms of length scale and mass that one has to take into account. The
fundamental problem in simulating reionization from the first principles is essentially to
capture the large scale cosmology and small scale astrophysics. This requires one to simulate
the reionization in large enough cosmological volume (~ 1 Gpc?) so that the impact of large



scale matter density fluctuations are properly taken into account. At the same time, it requires
one to resolve the sources of reionization (typical galaxies; ~ 10kpc in size) so that their
properties are mimicked correctly.

One can use a 3D radiative transfer simulation which works on the principle of ray
tracing by following the ionization fronts in the IGM and based on which one can check
for different physical processes taking place during the EoR [63, 73-76]. But it is almost
computationally impossible to explore the multi-dimensional reionization parameter space
using these simulations as they require a humongous amount of computing resources. So,
in order to reduce the computational complexities, one can fairly choose the semi-numerical
technique [2, 31, 32, 35, 77-79] which generally compares the average number of photons
with the average number of neutral hydrogen present in a smoothing volume rather than
performing a full radiative transfer calculations. These simulations are based on the excursion
set formalism proposed by [80] where the ionization map generated at any redshift is mostly
dependent on the underlying matter distribution and collapsed structures at that redshift.
In this paper, we have used the semi-numerically simulated 21-cm maps from [33] for our
analysis.

The semi-numerical method used in [33] mainly involves three steps. First, it generates
the dark matter distribution at any desired redshift by using N-body dark matter gravity only
simulations. Second, it identifies the collapsed dark matter halos within the simulated matter
distribution which can be accomplished with the help of algorithms like FoF or spherical
smoothing. Finally, it considers the halos as the most probable hosts of the sources of
ionizing photons and uses excursion set formalism to generate the ionization field which
is later converted into the 21-cm field. The authors of [33] have simulated the signal in
a cube with 500 ~~'Mpc = 714 Mpc (in comoving scale) in length along each side. The
underlying N-body output for their simulation used CUBEP3*M code [81] which ran as a
part of the PRACE4LOFAR project (PRACE projects 2012061089 and 2014102339). For
reionization modeling, they have used 69123 particles of mass 4.0 x 10’ M on a 138243
mesh (of resolution 0.052 Mpc) and the simulated matter and halo fields are then interpolated
on a 600° grid points (of resolution 1.19 Mpc). The final 21-cm maps which are used in this
analysis also have the same resolution (1.19 Mpc). The minimum mass of the halos that can
host luminous sources, used in these reionization simulations, is 2.09 x 10° M o-

2.1 Source Models and Reionization scenarios

The evolution of ionized regions in the IGM depends on the characteristics of the sources
producing ionizing photons and IGM properties. Thus depending upon the type of possible
source characteristics and IGM properties one can construct several reionization scenarios. In
this paper, we are using six such simulated reionization scenarios from [33]. These scenarios
are chosen for this analysis for the topologically distinct nature of their resulting 21-cm maps.
In the following section, we describe the four sources models which are taken in different
combinations to simulate these six scenarios. For a detailed discussion on the same we refer
the interested reader to [33].

2.1.1 Source models

The four source models shaping the six reionization scenarios considered here are:
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Figure 1. 21-cm map of six reionization scenarios taken from [33] at neutral fraction Xy; = 0.5.

1. Ultraviolet photons (UV photons): The galaxies residing in the collapsed dark matter
halos are considered to be the most probable sources to produce ionizing photons in
the form of UV radiation. Here, it is assumed that the total number of emitted ionizing
photons follow the relation :

My,
Ny(Mp) = Nijon——— 2.1
0% ( h) ion m, Qm ( )
where, N, represents the number of photons entering in the IGM per baryon in
collapsed objects, M), is the halo mass and m, is the mass of proton.

2. Uniform lonizing Background (UIB photons): This source model assumes the sources
like AGNs, X-ray binaries etc as the most probable ones to produce the hard X-ray
photons, following a similar relationship as Equation (2.1), which due to its long
mean free path (comparable to the size of the simulation volume), will contribute to a
uniform ionizing photon distribution, where one will not be able to connect a specific
photon to the host halo from where it has originated. If this is the only type of sources
available in a reionization scenario, it will ultimately lead to a uniform ionizing photon
background.”

"Note that the effective implementation of this model leads to a uniform ionizing photon distribution,
independent of the source locations. Thus the statement that the majority of the photons produced by the
sources being hard X-ray with infinite mean free path is an approximate one.



Reionzation Uv UIB SXR PL,n
scenarios
Fiducial 100% - -
Clumping 100% - -
& Non
Uniform
Recomb.
UIB Dominated 20% 80% - 1
SXR Dominated 20% - 80% 1
UV + SXR + UIB || 50% 10% 40% 1
PL (n=3) 100% - - 3

Table 1. Contribution of different source models in our reionization scenarios. Table taken from [33].

3. Soft X-ray photons (SXR): This source model produces soft X-ray photons, following a
formalism similar to Equation (2.1), which creates uniform ionizing photon distribution
within a region limited by the mean free path of those photons. The mean free path
of these soft X-ray photons are determined following the prescription of [82], which
is dependent on the redshift of their origin and the frequency of the photon. For
simplicity it has been further assumed that all of these soft X-ray photons have same
energy (200 eV). This implies that photons from a specific source will be uniformly
distributed within a spherical region around that source. The radius of this sphere will
be determined by the mean free path of the soft X-ray photons.?

4. Power Law mass dependent efficiency (PL) : Here, the number of ionizing UV photons
produced by the sources residing in the collapsed dark matter halos is proportional to
the n'" power of the halo mass following the relation :

Ny (My) o M. (2.2)

In the scenario considered here, the chosen value of power law index is 3. Here,
N, (My) is the total number of ionizing photons emitted and M}, is the corresponding
halo with mass M.

2.1.2 Reionization Scenarios

We use the 21-cm maps of six different reioniziation scenarios from [33] for our analysis
here. These scenarios are built by different combinations of the above mentioned source
models and their main characteristics are summarized in the table 1.

The fiducial scenario considers 100% ionizing UV photon contribution from the galaxies
residing in the halos of mass > 2.09 x 10°M. In a similar fashion, the clumping and PL
(n = 3) scenarios also consider 100% UV photon contribution from halos but are slightly

8Note that a more realistic implementation of the soft X-ray photon mean free path would be a exponentially
decreasing ionizing photon field around the source, which extends up to the typical mean free path of the
photons.



different from the fiducial. In all of these scenarios, except one, a density independent
uniform rate of recombination have been assumed. Clumping is the only scenario where
non-uniform density dependent recombination has been taken into account. In a realistic
situation recombination rate will depend on the density of the ionized gas. Dense structures
much smaller (few kpc) than the resolution of this simulation are expected to boost the
recombination rate significantly. This will lead to the formation of self-shielded regions like
Lyman limit systems. The effect of the presence of these self-shielded regions have been
included following the sub-grid prescription of [2]. This approach somewhat overestimates
the recombination rate but it serves the purpose of generating a topologically distinct EoR 21-
cm map. On the other hand, in PL (n = 3) scenario, high mass halos have a higher weightage
in UV photon production than low mass halos as they follow Equation (2.2) instead of (2.1)
withn > 1. Scenarios like UIB dominated, SXR dominated and UV+SXR+UIB have a mixed
contribution of different types of ionizing photons as tabulated in table 1. The UIB dominated
and SXR dominated scenarios have 80% of ionizing photons in the form of hard and soft
X-rays respectively. In all of the scenarios considered here ionization state of a resolution
element of the simulation is determined by comparing the smoothed ionizing photon field
(dependent on the source model and ionizing efficiency of the sources) and the smoothed
neutral hydrogen field following the excursion set formalism. The smoothing radius is varied
from the resolution element of the simulation up to a predefined upper limit determined
generally by the mean free path of the ionizing photons. However, if the ionization condition
(i.e. ionizing photon density is greater than the neutral hydrogen density) at a simulation
pixel is not satisfied for any such smoothing radii, one assigns an ionization fraction to that
cell by simply taking the ratio of the number of ionizing photons in the cell divided by the
number of neutral hydrogen atoms in that cell. Number of cells in the simulation volume
with fractional ionization becomes particularly prominent in case of the UIB dominated and
SXR dominated scenarios.

In this work, while analyzing the topology of the 21-cm maps, we consider the com-
pletely ionized regions only?, defined as pyp(x) = O in the simulation'. The mass-averaged
neutral fraction (¥y) and ionized filling factor (FF) at a specific redshift are defined as

¥u1(z) = pui1(2)/pu(z) » (2.3)

and

FF = total volurge of a?l the ionized regions 2.4)
simulation volume

respectively. In other words, FF and (1 — Xy) essentially measure the fraction of hydrogen
mass and volume that is ionized at a given redshift/time.

In the reionization scenarios considered here, the proportionality constant Nj,, was
tuned such that all of them have the same mass averaged neutral fraction (Xyr(z)) at a given
time/redshift, i.e. they follow the same reionization history. This is illustrated in the left

9We consider the regions with pg;(x) > 0 as ‘neutral’ which includes partially ionized regions too.

OTn reality, the low frequency radio interferometers will measure the brightness temperature which is
proportional to the neutral hydrogen density after mean subtraction, i.e. (pur(x) — pmr). The ionized region,
defined here as pgj(x) = 0, would be mapped to the minima of the observed brightness temperature field that
can be easily traced in the high quality data with marginal noise.
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Figure 2. Left panel: Reionization history. Global neutral fraction as a function of redshift.
All six reionization scenarios considered here follow this same reionization history. Right panel:
Filling Factor (FF) of ionized hydrogen is plotted against the Xy for all reionization scenarios. The
contribution of FF is significant in the entire neutral fraction range for scenarios like fiducial, clumping,
PL (n=3) while it become significant at the later stage of reionization in the scenarios like UIB dom.
and SXR dom.

panel of figure 2 which shows the evolution of the neutral fraction with redshift for all of
the scenarios. Since different scenarios follow the same Xyi(z), we discuss our results a
functions of Xy instead of redshift. This will help us in understanding how the 21-cm
topology/morphology is related to the neutral fraction in different reionization scenarios.

Note that despite xy; being same for all scenarios at a given redshift, the total volume
of the ionized regions may not be the same in the different scenarios, as demonstrated in
the right panel of figure 2. For a given Xy (or redshift), UIB dominated scenario results
in least FF whereas PL (n = 3) produces highest FF. Since in the UIB dominated scenario,
the hard x-ray photons can escape to longer distances and can effectively produce a uniform
ionizing background. This leads to an so called ‘outside-in’ reionization, where the low
density regions ionize first and then the high density regions follow the suit. Therefore, in
this scenario a large volume will be partially ionized in contrast to PL or Fiducial scenarios.
In the Fiducial, Clumping or PL scenarios, the reionization will be ‘inside-out’ in nature,
where UV radiations from the collapsed halos escapes to longer distances only after they have
substantially ionized their local IGM. The SXR Dom and the UV+SXR+UIB lie somewhere
in between the ‘inside-out’ and ‘outside-in’ scenarios.



3 Methods

3.1 Percolation

When the first luminous objects form at the cosmic dawn (near z ~ 15 [83]) they start to
ionize their surrounding neutral hydrogen field. As reionization progresses, these small
ionized hydrogen bubbles grow both in size and number and slowly they start to overlap too.
But at some point in time, depending on the reionization scenario, these bubbles suddenly
coalesce together to form a large connected single ionized region. This abrupt topological
change in the ionization field can be viewed as a ‘phase’ transition and we call it percolation
transition [84, 85]. In this work, we track the largest ionized region with redshift for different
reionization scenarios. We identify the onset of percolation in a reionization scenario, when
the largest ionized region stretches from one face of the simulation box to the opposite face.
The largest ionized region is then infinitely extended due to periodic boundary condition of
our simulation volume. This is illustrated in figure 3 for the fiducial model. The largest
ionized region is shown at three stages, well before, just before and just after percolation
transition in the panels from left to right respectively. One can see that the largest region
grows rapidly from the middle panel to the right one with minute change in the neutral
fraction at percolation. Just after percolation, as shown in the right panel, it extends through
out the space in all directions.

How the percolation transition happens in different reionization scenarios can be studied
more comprehensively using the Largest Cluster Statistics (LCS) [84-86] defined as ,

LCS = volume of the largest i'on%zed reg%on . 3.1)
total volume of all the ionized regions

Therefore, LCS of the ionized region can be regarded as the fraction ionized volume residing
inside the largest ionized region. At percolation transition, we expect that LCS increases
sharply with filling factor or Xg;. But when and how percolation takes place in an ionized
hydrogen field depend on the reionization process itself. Therefore, we study the evolution of
LCS (with FF and xyy) for different reionization models to understand the effects of different
ionization processes on the percolation transition and eventually to distinguish the models.

3.2 Minkowski functionals and Shapefinders

We complement the percolation analysis with the study of morphology of individual ionized
regions using Minkowski functionals (MFs). A closed two dimensional surface has the
following four Minkowski functionals [87] —

1. Volume enclosed: V,
2. Surface area: S,

3. Integrated mean curvature (IMC):

1 1 1
C=- —+ —1dS, 3.2
Zf(RlJ’Rz) G2



2=8.515 z=8.283

(a) xpr = 0.80, before percolation (b) xgr = 0.75, onset of percolation (c) xgr = 0.72, just after percolation

Figure 3. The largestionized region in the fiducial model has been shown within the simulation volume
in the three panels at three neutral fractions, Xy = 0.80, 0.75, 0.72 from left to right, characterising
well before, just before and just after percolation. At percolation, the largest regions grows abruptly
for minuscule changes in the Xy, as seen in the middle to right panel. These plots are shown in grid
units of the simulation which has (600)° grid points and a physical size of (714.28Mpc)?.

4. Euler characteristic (or Gaussian mean curvature):

1 1
- 2r R1R2

X ds . (3.3)

Here R; and R; are the two principal radii of curvature at a point on the surface. Euler
characteristic (the fourth Minkowski functional) measures the topology of a surface and it
can be further expressed in terms of the genus (G) of the surface as follows,

G =1 - y/2 = (no. of tunnels) — (no. of isolated surfaces) + 1 . (3.4)

For example, an isolated closed surface with N, cavities and N; tunnels passing through it
would have genus = N; — N,.

The ratios of these Minkowski functionals are introduced as ‘Shapefinders’ in [70] to
assess the shape of an object (such as a cluster or a void). In three dimensions, we have three
Shapefinders, namely,

Thickness : T =3V/S , 3.5)
Breadth : B =S§/C, (3.6)
Length : L = C/(4n) . (3.7

All of the Shapefinders — T, B, L — have dimension of length, and they are good measures
of the extensions of an object in 3-dimensions, hence the name — thickness, breadth and
length'. The Shapefinders are defined to be spherically normalized, i.e. V = (4n/3)TBL.

1QOne finds T < B < L in general. However, if the natural order is violated for a region, we choose the
largest Shapefinder as L and the smallest one as T to restore the order. In the some rare cases a region may have
C < 0. We redefine C — |C| to ensure that all the Shapefinders are positive in those cases.

~10-



Using the Shapefinders one can further determine the morphology of an object (such
as ionized regions), by means of the following dimensionless quantities

B-T
Pl ity : P = , 3.8
anarity BT (3.8)
L-B
Filamentarity : F = 3.9

L+B’

As the names suggest, P and F characterize the ‘planarity’ and ‘filamentarity’ of an object
and 0 < P, F < 1 by construction. A sphere will have P ~ F' ~ 0, while P ~ F ~ 1 for a
ribbon. A planar object (such as a sheet) P > F whereas the reverse is true for a filament
which has F' > P. In the context of this work, studying Shapefinders of ionized regions at
different stages of reionization, together with percolation analysis, would shed light on the
evolution of geometry, morphology and topology of the ionization field.

3.3 The SURFGEN2 code

To assess the shape of the ionized regions in terms of Shapefinders, we employed SURFGEN?2,
which is a more advanced version of SURFGEN algorithm, originally developed by [88—90]
for studying the largest scale structure of the universe. The improvements in SURFGEN2
have been explained in [59, 60] in more details.

* The code first identifies all the isolated ionized regions, following the definition
pur(x) = 0, in the simulated pyy field using the ‘Friends-of-Friends’ (FoF) algo-
rithm. Note that, SURFGEN?2 finds the regions consistent with periodic boundary
conditions.

* Next, the code models the surface of each ionized region using the advanced ‘Marching
Cube 33’ triangulation scheme [91], which circumvents the issues associated with the
original Marching Cube algorithm [92].

* Finally, SURFGEN?2 determines the Minkowski functionals and Shapefinders of each
ionized region separately from the triangle vertices that we have from the previous
step.

* We follow the above steps separately at every stage of all the reionization scenarios
considered here to determine the shape statistics of ionized regions in those different
reionization models.

* Note that, by tracking the largest ionized region, we can compute the LCS using (3.1)
and study its evolution in different reionization scenarios.

4 Results

4.1 Distinguishing different reionization scenarios using cluster statistics and perco-
lation

The cluster statistics can be very useful in order to distinguish different reionization models,
particularly the two fundamental scenarios — inside-out and outside-in reionization. First
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Figure 4. The number of ionized regions (N¢) for different reionization models has been shown against
the neutral fraction (¥gy) and the ionized filling factor (FF) in the left and right panel respectively.
Note in the right panel that different models go up to different filling factor by the end of the redshift
range we consider in this work.

we focus on the number of ionized regions (Nc) which has been plotted against the neutral
fraction (xgy) and the filling factor (FF) respectively in the left and right panels of figure 4
for different reionization scenarios. As reionization progresses, Xyy decreases from unity in
the left panel whereas the ionized filling factor increases in the right panel. At the beginning
of reionization, N¢ increases with time as new ionized pockets start to appear as evident
from both panels. On the other hand, at the advanced stages of reionization, ionized regions
overlap extensively and the number of ionized regions decrease. Therefore, somewhere in
between, N¢ exhibits a maximum in all the reionization models as illustrated in both the
panels. However, the way N reaches to its maximum is different for different reionization
scenarios (the percolation transition takes place near the maxima of the respective models,
as we would find out below). For example, UIB dominated model (shown in black colour)
has the highest number of ionized regions whereas N¢ in the PL (n = 3) model (shown in
orange colour) is the smallest throughout. Interestingly, as demonstrated in the left panel,
the maxima in N¢ occur at different xpy; values for different models e.g. at early phases for
PL (n = 3), Fiducial, Clumping models while at late phases for the UIB dominated model
(others in between). In contrast, the maxima in N¢ for different models are located at similar
values of ionized filling factor, FF ~ 10%, as shown in the right panel. Note that different
models have different filling factor by the end of the redshift range we consider in this work.

Next, we analyse the percolation (explained in section 3.1) by following the Largest
Cluster Statistics (LCS) at multiple xg;. Let us first focus on the results for the fiducial
reionization scenario. Figure 5 shows the evolution of LCS with Xy and filling factor (FF) in
the left and right panel respectively. The vertical dashed lines in both panels show the onset
of percolation when the largest ionized region abruptly grows in all directions and extend
throughout the simulation volume. During the percolation transition, a very little change in
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Xur or FF results in a sharp rise in LCS as illustrated in the respective panels. Note that
percolation transition itself can be defined through this formally discontinuous growth in
LCS [84]. We find that percolation transition takes place for the fiducial model at xy; ~ 0.75
and FF ~ 9.6% (corresponds to z = 8.1) which are consistent with the earlier findings in the
literature [59, 62, 64, 93] where slightly different models were considered. Post percolation,
most of the individual ionized regions are assimilated into one large ionized region and the
LCS quickly saturates near unity.

Next, we compare the percolation transitions in different reionization scenarios in Figure
6. The left and right panels show the evolution of LCS with Xy and ionized filling factor (FF)
respectively for different source models. The onset of percolation in these models is marked
by the vertical lines with respective colours in both panels. We find that the LCS exhibits
the sharp increase at the percolation transition for all the models, similar to what we observe
for fiducial model above. However, the ionized hydrogen in different scenarios percolates at
different values of xyp but at only slightly different FF values. The first two columns of the
table 2 present the critical neutral fractions and the ionized FF where percolation take place
for each reionization source model.

Focusing on the LCS vs Xy curves in the left panel of Figure 6, one can get a wealth
of information regarding the nature and properties of the source models or reionization
scenarios. (/) Firstly, in all reionization scenarios the ionized hydrogen percolates at very
different global neutral fraction values. This clearly demonstrates that percolation is strongly
connected to the 21-cm topology. (2) Although we can see a sharp ascent in the LCS for
all reionization scenarios at the percolation transition but the shape of the LCS curves is
different for different scenarios. For example, in PL (n = 3) model, the large ionized regions
could easily connect and eventually percolate at a relatively earlier stage of reionization. In
contrast, the percolation transition in UIB dominated model takes place at an advance stage
of reionization because of the ionized regions being relatively finer and the filling factor
being low. In summary, ionized hydrogen in the scenarios like fiducial, clumping, PL (n=3),
percolates at higher neutral fractions because of the inside-out reionization in these cases. On
the other hand, in the outside-in reionization scenarios, like UIB dominated, SXR dominated
etc., percolation takes place at much lower neutral fractions once the filling factor becomes
significant. In view of the right panel of figure 2, one finds that the filling factor in these
scenarios could grow substantially only after the respective percolation transitions. (3) For
PL (n = 3) (shown by the orange curve), LCS starts with a larger value at the beginning of the
EoR (i.e. before percolation) compared to the other models. This is the manifestation of the
fact that this reionization scenario creates larger (in size) but fewer ionized regions as compare
to other scenarios, as shown in figure 4. (4) The clumping model shows percolation at very
early stage of the EoR (nearly z = 8.515) since this is the only scenario where non-uniform
recombination has been taken into the account. Although this nonphysical scenario could
not be distinguished from the others using the percolation analysis, the shape diagnostic tools
— Shapefinders — can isolate it from the rests, as we demonstrate below.

From the LCS vs FF curves, presented in the right panel of figure 6, we observe similar
characteristics. However, percolation transitions in all the models take place in a narrow
range of ionized filling factor, FF € (10 — 20%). Therefore, we find that LCS vs FF curves
are not as sensitive to the reionization scenarios as the LCS vs Xy curves, making the former
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Figure 5. The left and right panels show LCS of the ionized hydrogen in the fiducial model as a
function of the neutral fraction (¥y) and the filling factor (FF) respectively. In both panels, the vertical
dashed line represents the onset of percolation where LCS rises abruptly in this reionization scenario.

curves not quite suitable for distinguishing reionization models.

We note that the cluster statistics ideally should be accompanied by the uncertainties in
order to distinguish various source models. A proper error estimation requires analysing a
large number of realizations of the simulations for each scenario at each redshift. Simulating
many high-resolution realizations for every case is beyond the scope of the present paper.
Nevertheless, we crudely estimate the errors in appendix A on filling factor, number of ionized
regions per unit volume and LCS by dividing the large primary simulation volume in 8 equal
smaller volumes those are themselves large enough to obey the cosmological principles. The
uncertainties we find in LCS are reasonably tight, larger for inside-out models as compared
to the outside-in models. Remarkably, we find that LCS with the tight errorbars is very
much suitable for distinguishing the source models, especially between the inside-out and
outside-in scenarios with high certainty.

We have further checked the consistency of our findings from the LCS analysis by
comparing the results with the Bubble Size Distribution (BSD) in different scenarios. The
BSD shows a bimodal distribution where the largest ionized bubble is largely separated from
the bulk after percolation for all reionization scenarios which is consistent with the LCS
evolution since friends-of-friends is used to find the ionized regions in both approaches.

4.2 Shape of the largest ionized region

In this section, we discuss the evolution of the topology, morphology and shape of the largest
ionized region based on the Minkowski functionals and the Shapefinders (see the section 3.2).
The left panel of figure 7 illustrates how the topology of the largest ionized region in different
reionization scenarios evolves with time. The genus value of the largest ionized region has
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Figure 6. The percolation transition has been compared for all six reionization models in terms of
LCS. The left panel shows the LCS as a function of xg; whereas the right panel illustrates how LCS
evolves with the filling factor (FF) for the different reionization scenarios. In both panels, the vertical
lines represent the percolation transitions in the reionization models with corresponding colours.

Reionzation Critical | FFc | Planarity | Filamentarity
scenarios XHI
Fiducial 0.75 0.096 0.162 0.998
Clumping 0.81 0.075 0.858 0.914
PL (n=3) 0.75 0.181 0.041 0.988
UIB Dominated 0.33 0.116 0.269 0.979
SXR Dominated 0.55 0.072 0.177 0.993
UV + SXR + UIB 0.59 0.099 0.104 0.999

Table 2. All reionization scenarios are compared at percolation in terms of the critical neutral fraction,
planarity and filamentarity of the largest ionized region. FF¢ corresponds to the Filling Factor at
which percolation transition takes place.

been plotted against the neutral fraction in different scenarios till the percolation transition!?
in the respective scenarios. Note that we shift the x-axis by the critical neutral fraction (at
the onset of percolation) for each model. We observe that as the reionization progresses the
largest ionized regions in all the scenarios become more multiply connected and their genus
increases. As we find out later, the ‘length’ (the 3rd Shapefinder) of the largest region also
increases with reionization. The right panel of figure 7 shows the evolution of the genus
per unit ‘length’ for the largest regions in these scenarios. In all the scenarios, except the
clumping model, genus per unit ‘length’ remains stable.

12Because of the periodic boundary condition, the physical shape of a percolating region cannot be defined.
Therefore, the genus value of a region just after percolation is also not well defined. However, well beyond
percolation when the ionized region covers most of the simulation volume, one can reliably estimate the genus
value in terms of per unit volume.
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Figure 8. Planarity and filamentarity of the largest ionized region in different models have been
compared near the respective percolation transitions. The solid and dashed curves represent the
reionization scenarios following inside-out and outside-in reionization respectively. The curves shown
with thick lines (solid and dashed) represent the filamentarity and the curves with thin lines represent
the planarity of the largest ionized region in different models. Note that percolation transition takes
place at different Xy, for different models, thus at Xyy — Xni,,, = O (shown by the dashed vertical line)
for all the models.

It is evident from the figure 7 that the genus of the largest region in the clumping
model is much higher (by several orders) than that in the other scenarios despite the fact that
ionized hydrogen percolates earlier in time in the clumping model. Because of the aggressive
non-uniform recombination in the clumping scenario, there remain many pockets of neutral
hydrogen which tunnels through the ionized regions giving rise to the high genus values.
Most of these tunnels are found to be negatively curved and hence they lead to decrease in
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the overall integrated mean curvature (the 3rd MF). This in turn breaks the natural order of
the Shapefinders, i.e. T < B < L and results in higher planarity value that, one can argue, is
not physical. Therefore, we do not include the Shapefinders results for the clumping model
in the rest of the main paper, if not mentioned otherwise. We analyse the results for the
clumping model separately in the appendix B where we show how this ‘non-physical’ high
planarity can distinguish the clumping model from the rests.

The planarity (P) and filamentarity (F) of the largest ionized regions in different reion-
ization scenarios (except the clumping model) have been shown in figure 8 near the percolation
transitions in the ionized segment for the respective models. The filamentarity of the largest
ionized regions in all the models increases as reionization progresses and it reaches to almost
unity on approaching the percolation transition. In contrast, the planarity of the largest
regions always remains low, P < 0.2 considering all the models. Thus one can conclude
that the largest ionized regions in all the reionization scenarios become highly filamentary
near the percolation transition, consistent with what [59] found out for a single reionization
scenario. The planarity and filamentarity of the largest ionized region at the onset of perco-
lation have been given in the third and fourth columns of the table 2 respectively for all the
ionization source models.

For a filamentary object, 7 X B can be regarded as the effective ‘cross-section’ (of the
filament). Bag et al 2019 [59] pointed out that the largest ionized region (in their simulation)
abruptly grows only in terms of its third Shapefinder , ‘length (L)’, during the percolation
transition while its ‘cross-section’ remains stable. Here we put this claim to test for different
scenarios. The left panel of figure 9 shows the cross-section (7" X B) of the largest ionized
regions in different scenarios against the neutral fraction near the percolation in the respective
models. Their lengths have been plotted in log-scale in the right panel. The vertical dashed
lines in both panels correspond to the onset of percolation in each model.

Comparing both panels one can find out that the lengths are in general several orders
of magnitude higher than the cross sections. Indeed, we find that the cross-section of largest
ionized regions in different models does not increase much during percolation whereas their
length rises sharply. Therefore, the claim of [59] that the largest region grows in-terms of
its length only during percolation has been somewhat followed in all the models. One can
further observe in the left panel of the figure 9 that this stable ‘characteristic’ cross-section
has the highest value for the PL (n = 3) model while the lowest value for the UIB dominated
model among the ones we consider in this work. For UIB dominated reionization source
model, the ionized bubbles are much smaller in size (and more uniformly distributed in the
space) as compared to, say, the fiducial or the PL (n = 3) model. Therefore, the inter-
connected filamentary largest region arising because of merger of these tiny bubbles in the
UIB dominated model also has smaller cross-section as compared to other models. On the
other hand, since PL (n = 3) produces large ionized bubbles to start with, the largest region
also possesses wider effective cross-section.

4.3 Shape distribution of ionized regions in different reionization scenarios

In this section we study the shape (together with topology and morphology) distribution of
the individual ionized regions in the different source models at the onset of the percolation
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Figure 9. This figure illustrates the evolution of the shape of the largest ionized region (LIR) for the
five reionization scenarios (excluding the clumping model) near the respective percolation transitions.
The left and right panels show the cross-section (estimated by 7' X B) and the length (L) of the LIR
against the neutral fraction (Xyy — Xui,,; ). Note that Xy, represents the neutral fraction at the onset of
the percolation transition in the ionized hydrogen, it is different for different models as given in table
2.

transitions. We divide the regions into 8 volume bins. The errorbars represent the standard
deviation which illustrate the scatter of respective quantities in each bin.

The left most panel of figure 10 shows the volume averaged genus values of ionized
regions falling in different volume bins for all the source models (excluding the clumping
model). For all the models, larger regions are more multiply connected with higher average
genus values. The PL (n=3) model produces large ionized regions and the growth of genus
with volume is shallower than that in the other models. On the other hand, for the SXR
dominated model average genus value increases more rapidly for the higher volume bins. In
general we observe the trend that for outside-in models the larger ionized regions tend to
be more multiply connected. Note that the UIB dominated model produces small ionized
regions, hence the curve is truncated at much lower volume.

The rest two panels show the volume averaged filamentarity and planarity, respectively,
of the ionized regions belonging to different volume bins. For all the models, the ionized
regions have very low planarity. But the filamentarity tends to increase with the volume.
Interestingly, for the PL (n=3) model the growth of filamentarity with volume is the slowest
among all the scenarios we consider here. On the other hand, the ionized regions in the
UIB dominated model have overall higher filamentarity due to their narrower cross-sections.
However, we conclude that the large ionized regions in all model tend to be filamentary with
high filamentarity and low planarity.

S Summary and discussion

We have studied the percolation transition in the ionized hydrogen by tracing the largest cluster
statistics (LCS) in the 3D redshifted 21-cm maps of EoR using a suite of semi-numerical
simulations. We compared different reionization scenarios in terms of the geometrical
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Figure 10. The figure shows how the shape of the ionized regions at the onset of percolation transition
depends on the volume in different reionization scenarios. The ionized regions at Xy; = Xy, are
divided into 8 volume bins (equispaced in log-scale), separately for different reionization scenarios.
(Here we ignore the smaller ones with volume below ~ 100 Mpc® as they are too many in number
and mostly spherical in shape with trivial topology.) The three panels, from left to right, show
the volume averaged genus ({(G)y ), filamentarity ({(F)y ) and planarity ({(P)y ) values of the ionized
regions in different volume bins. Each plot also shows the variation of above mentioned quantities for
all reionization scenarios as the error bars depict the standard deviations of these quantities in each
bin.

properties of the ionized regions and specifically the way they evolve in the vicinity of
percolation transition. We used SURFGEN?2 algorithm which implements the shape finding
techniques like Minkowski functionals and Shapefinders in conjunction with the percolation
analysis to explore the morphology of the 21-cm field. The key points of our work are
summarized below:

* The number of isolated ionized regions formed by the different reionization scenarios
essentially informs about the nature of the undergoing reionization process. Scenario
like UIB dominated has the largest value of N¢ which illustrates the fact that the low
dense regions (voids in between the filaments) which are mainly larger in numbers are
ionized first and hence obeys outside-in reionization. While on the other hand, small
value of Nc in scenario like PL (n = 3) indicates that the highly dense regions are
being ionized first and hence it will extensively follow inside-out reionization.

* The largest ionized region before percolation transition is almost indistinguishable from
other ionized regions for all reionization scenarios. LCS starts to grow at the onset of
percolation transition in the ionized hydrogen. Since the evolution of LCS is sensitive
to the reionization scenarios, it can be used to distinguish different source models. We
can further classify the scenarios in two broad categories, inside-out and outside-in
reionization. For the inside-out reionization scenarios (that include the fiducial, PL
(n = 3) and clumping models) percolation transition in the ionized hydrogen takes
place at an earlier phase (larger Xyy) in contrast to the outside-in scenarios (UIB, SXR
dominated and UV+SXR+UIB scenarios) where ionized hydrogen percolates only at
low Xy values, i.e. at advanced stages of reionization. These findings based on LCS
are found to be consistent with that from the Bubble Size Distributions.
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* We also find that the cross section of the largest ionized region in all the scenarios
(except for the clumping model) remains stable at the percolation transition when the
largest ionized region abruptly grows, mostly in terms of its third Shapefinder — ‘length’.
Therefore, the filamentary largest ionized region at percolation exhibits a characteristic
cross-section, its value depends on the reionization source model. The only exception
is the clumping model where the extreme inhomogeneity in the IGM results in a boost
in the planarity of the ionized regions (including the largest one) that might not be
entire physical. However, one can discern such non-uniform recombination models by
assessing the Shapefinders in the ionized hydrogen.

* The genus of largest ionized region for all scenarios increases as the reionization
progresses which confirms the multi-connectedness we observe at the later stage of
reionization. Except of the unusual behaviour for Clumping scenario, rest of the
reionization scenarios show a near linear relationship of genus with length.

To estimate the uncertainty in our geometrical analyses, we ideally need to study many
realizations of simulation at each redshift (or xyy) separately for each reionization source
model. Such a large number of N-body simulations with the fine mass resolution is very
expensive and beyond the scope of the present paper. Instead, we crudely estimate the uncer-
tainties (shown by error bars in figures 11 — 13) by dividing each original simulation volume
into eight smaller sub-volumes followed by estimating the variance of various quantities from
these sub-volumes. We have discussed this in detail in Appendix A.

However, the noise in the observation and the primary beam shape can affect our results
further. The partially ionized hydrogen in the presence of observation noise in the 21-cm
brightness temperature maps poses additional challenges in defining the ionized hydrogen.
Exploring how all these affect our analyses is beyond the scope of the present paper. However,
in appendix C we investigate the impact of data resolution on our study by down-sampling
the maps with two times coarser resolution. We find that our key results (e.g. the evolution
of LCS and the shape of the largest ionized region) are mostly unaffected by the change of
resolution. In follow-up, we plan to study the impact system noise and residual foregrounds in
the 21-cm maps on our inferences drawn from LCS and Shapefinders of ionized regions and
we would also like to explore whether these geometrical tools can be used to put constraints
on reionization history via the future SKA observations of the EoR.
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A Estimating uncertainties in the LCS using sub-volumes of the simu-
lated signal

In section 4.1 we distinguish the inside-out reionization scenarios from the outside-in models
using cluster statistics and by comparing the percolation transitions in the different reion-
ization scenarios. However, one needs to account for the uncertainties in the respective
quantities, especially on the largest cluster statistics (LCS) vs Xgr curves. A proper error
estimation requires analysing many realizations in all the scenarios, however simulating large
number of high-resolution realizations would be extremely computationally expensive and
beyond the scope of the present paper. In this section, we crudely estimate the errors on
the important quantities by breaking our large (714 Mpc)? simulation volume into 8 equal
smaller (357 Mpc)? boxes preserving the resolution. Since the dimensions of the smaller
boxes are sufficiently large to satisfy the cosmological principles of isotropy and homogene-
ity, one can effectively consider the smaller volumes as independent realizations. Therefore,
all the cosmological phenomena including the percolation process can be compared between
the larger and the smaller simulation volumes. Strictly speaking, here we do not follow
the periodic boundary condition (PBC) properly. However, since the percolation transition
happens abruptly in the whole volume, the effect of PBC can be ignored for this exercise.

We study the smaller 8 boxes separately and, as expected, we find that the quantities
like filling factor, LCS etc are statistically consistent between the larger (714 Mpc)? box
and the smaller boxes. This allows us to estimate the uncertainties in various quantities
from their standard deviations. In figure 11, we show the ionized filling factor against the
neutral fraction (xgy) for the different scenarios but this time with the uncertainties calculated
using the smaller boxes. The solid and dashed curves represent the results coming from our
primary large simulation volume that is in extremely good agreement with the results of the 8
smaller boxes analysed separately. The shaded regions with respective colours represent the
uncertainty estimated from the standard deviation of the individual results for these smaller
boxes. Note that the uncertainty is larger for the inside-out reionization scenarios (maximum
for the PL (n = 3) model) where typically larger ionized bubbles are produced. In contrast,
for the outside-in models we get negligible error on the filling factor (minimum for the UIB
dominated model) owing to the fact that smaller ionized bubbles formed in these scenarios
leading to less variation among different realizations.

For a fair comparison, we show the evolution of the number of ionized regions per
unit volume (N¢/V) in figure 12; the left and right panels show (N¢/V) along with the
uncertainty as functions of xyy and filling factor respectively. Again we note that the results
from our primary large simulation volume is consistent with that from the smaller boxes.
The uncertainty is larger for inside-out models.

Figure 13 shows the LCS as functions of Xy and filling factor in the left and right
panels respectively together with the uncertainties estimated using the standard deviation
of the results from the smaller boxes. The solid/dashed curves represent the results for the
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Figure 11. Same as the right panel of figure 2 but with the uncertainties (shown by the shaded regions)
estimated using the standard deviation of the filling factor obtained from the smaller boxes analysed
separately.

primary box, and hence same as in figure 6. The uncertainty, shown by the shaded regions
with respective colours, is found to be larger before and near the percolation transitions
especially for the inside-out scenarios. Particularly for PL (n = 3) model, we get largest
error in the pre-percolation phase since this model produces largest ionized bubbles among
all the scenarios tested in this article, hence exhibits more variation in LCS with different
realizations.

In summary, we crudely estimate the uncertainty in various quantities studied in the
main text by separately analysing the simulation volume divided into 8 equal pieces. As
we expected, the results from the primary simulation volume and the smaller ones are
statistically consistent with each other. The uncertainties in the quantities like filling factor,
number of ionized region per unit volume and most importantly in LCS is larger for inside-
out scenarios where larger ionized regions typically forms as compared to the outside-in
scenarios. Nevertheless, the estimated errors in LCS for all the scenarios are small enough
so that one can easily distinguish the source models; especially between the inside-out and
outside-in scenarios.

B Shapes of ionized regions in the clumping model

We have seen in section 4.2 that the clumping model in general gives rise to large genus
values in the ionized regions because of the fact that the non-uniform recombination produces
large number of small neutral pockets that remain neutral till pretty late reionization stage.
These neutral pockets form many tunnels increasing the genus values. Another distinctive
characteristic of the clumping model is that these tunnels are mostly negatively curved. Thus,
the integrated mean curvature (IMC) often becomes very low or even negative sometimes.
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of the redshift range we consider in this work. The shaded regions represent the standard deviations
of the results for the smaller boxes studied separately.
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Figure 13. Same as figure 6 but with error on LCS, shown by the shaded regions, estimated using the
standard deviation of the results from the smaller boxes.

(In the case of negative IMC, we take its absolute value, see footnote 11.) This in turn
reduces the third Shapefinder in Eq. (3.7) (and boosts the second one in Eq. (3.6)) often
violating the expected natural order: 7 < B < L. As explained in footnote 11, we restore
the order by selecting the largest of the three Shapefinders as ‘length’ (L) and the smallest
one as ‘thickness’ (T'). Interestingly, all these translate into higher values of planarity which
may not be entirely physical. The boost in planarity of the LIR in the clumping model is
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Figure 14. The evolution of the shape of the largest ionized region in the clumping model has been
compared with that in the rest of the scenarios in the left panels in terms of planarity, filamentarity
(top), cross-section (middle) and length (bottom). Note that in the top left panel, we plot planarity
(thin curves) along the left y-axis whereas filamentarity (thick curves) is plotted along the right y-axis.
The right panels illustrate how the shape distributions of the ionized regions in the clumping model
are different from the other scenarios considered in this article.

more profound at the onset of percolation. However, one can use this behaviour to easily
distinguish this type of model with non-uniform IGM from the rest. We demonstrate this in
this appendix in more detail.

The evolution of the shape of the largest ionized region (LIR) in the clumping model has
been compared with that for the rest of the reionization models in the left panels of figure 14
(the results for the rest 5 scenarios have been already shown in the main text, in figures 8 and
9). The top-left panel shows the morphological evolution of the LIR in terms of its planarity
(plotted by thin curves along the left y-axis) and filamentarity (thick curves plotted along the
right y-axis). Like in the other scenarios, the filamentarity of the LIR in the clumping model
(thick blue curve) also increases with reionization near percolation. But, the planarity of the
LIR is significantly higher in the clumping model (thin blue curve) than that in the rest of the
scenarios because of the reasons explained above. Therefore, the morphology of the LIR at
the onset of percolation in the clumping model is not strikingly filamentary as opposed to the
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rest of the models. The middle and bottom panels on the left compare the evolution of the
cross-section and the length of the LIR in the clumping model with that in the other scenarios.
In contrast to other scenarios, the cross-section of the LIR in the clumping model does not
remain stable during the percolation transition due to the enhanced planarity. However, the
abrupt increase in the length (third Shapefinder) is at par with other scenarios.

The right panels of figure 14 compare the morphology distribution of the individual
ionized regions in the clumping model with that of the rest of the models (these results for the
rest 5 scenarios have been already shown in the main text, in figure 10). The clumping model
behaves entirely differently from the rest of the source models in all three panels on the right.
Because of the high recombination rate in this model, there exist many pockets of neutral
hydrogen which give rise to very high genus values for the ionized regions, as vividly evident
from the bottom-right panel. The top and middle panels on the right illustrate the difference
in the planarity and filamentarity distributions in the clumping model from the rests. We
find overall decreased filamentarity and increased planarity in the ionized regions for the
clumping model as compared to the other scenarios. Moreover, we notice large dispersion
in the filamentarity and planarity distributions that set the clumping model apart from the
rest of the scenarios considered in this work. Therefore, in view of the enhanced planarity of
the ionized regions in the clumping model with extreme inhomogeneity in the modelling of
IGM, one can easily distinguish this type of reionization source mode using the Shapefinders
analyses.

C Testing with low-resolution fields

In the main text, we have analysed a set of simulations with a volume of 714 Mpc® and
a resolution of 1.19 Mpc which is better than that of the data expected from the typical
low-frequency surveys in the near future such as the SKA-low. To test how robust our geo-
metrical estimations are, we compare our original results against that from coarse resolution
data in this appendix. To avoid generating fresh sets of low-resolution 21-cm maps for
different reionization source models, we down-sample our original simulations to reduce the
resolution. To be precise, we randomly sample one out of the neighbouring 8 cells and the
resulting resolution becomes twice that of the original simulations, i.e. 2.38 Mpc, keeping
the physical size of the boxes the same. This ensures that the low-resolution boxes follow the
same reionization history, i.e. the same time evolution of neutral fraction (Xyy) and filling
factor (FF) for each model, keeping the figure 2 unaltered. Our definition of ionized region
(pur(x) = 0) also remains consistent.

In figure 15 we compare the evolution of largest cluster statistics (LCS) between the
original (solid/dashed curves, same as in figure 6) and low (dotted curves) resolution simu-
lations for three reionization scenarios. The left and right panels show the LCS as functions
of xpr and FF respectively, similar to figures 6 and 13. We find in both panels that the
evolution of LCS for the original and low-resolution simulations are largely consistent in
each of the three source models. The critical Xy at the onset of percolation transition in
each model remains unchanged. The slight difference in the LCS curves for the low and
high-resolution simulations in the fiducial model arises mostly because we have simulations
at sparsely sampled discrete values of redshift or Xy, or in other words, the difference would
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Figure 15. The LCS results from the low-resolution 21-cm maps (dotted curves) have been compared
with that from our original resolution maps (solid/dashed curves, same as in figure 6) for three
reionization source models. The LCS results are consistent for the two resolutions while the critical
Xy at the onset percolation transitions in all the models remain unchanged.
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Figure 16. The evolution of the ‘cross-section’ of the largest ionized region have been compared for
low-resolution (dotted curves) and the original (solid/dashed curves, same as in the left panel of figure
9) resolution fields in three reionization scenarios. Again we find consistent Shapefinder results in the
two resolutions.

reduce if we had simulations at finely sampled values of Xy in the vicinity of the percolation
transition. Note that the impact of resolution variation on the LCS evolution is minimum in
the PL (n=3) model since the largest ionized region (LIR) in this model is typically the largest
among all models with the least genus values (i.e. more simply connected). This ensures that
the physical size of the LIR remains mostly unaffected by down-sampling leading to almost
unaltered values of LCS.

In section 4.2, we show that the cross-section (estimated by 7' X B) of the largest ionized
region (LIR) remains stable during the percolation transition while its ‘length’ increases

T



abruptly. This is found to be valid for all reionization scenarios (except the clumping
model) with different characteristic cross-sections which can be used to distinguish the source
models. Here, we also investigate the effect of data resolution on this probe. We compare the
evolution of the cross-section of the LIR for the original and low-resolution simulations in
figure 16. The solid/dashed and dotted curves respectively represent the results for original
and low-resolution data. Three reionization scenarios are plotted using different colours.
We find that the cross-section (of the LIR) estimations are fairly unaffected by reducing
the resolution. Thus, we show in this appendix that the ability of LCS and Shapefinder
analyses for distinguishing source models is quite robust under reasonable variation in the
data resolution.
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