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Abstract. We adress the controller synthesis problem for distributed
systems with regular and deterministic contextfree specifications. Our
main result is a complete characterization of the decidable architec-
tures for local specifications. This extends existing results on local spe-
cifications in two directions. First, we consider arbitrary, not necessari-
ly acyclic, architectures and second, we allow deterministic contextfree
specifications. Moreover, we show that for global deterministic context-
free specifications, even very simple architectures are undecidable.

1 Introduction

Open non-terminating reactive systems are computing systems which conti-
nously interact with an environment. Such systems are modeled as infinite games
between a controller for the system and the environment. As the behavior of the
environment is usually not constrained a priori in such settings, it is considered as
being antagonistic. Non-terminating reactive systems have first been considered
in the context of switching circuits. Church’s Synthesis Problem [2] is to de-
cide whether there exists a switching circuit such that all possible input/output
behaviors of the circuit satisfy a given specification and, if such a circuit ex-
ists, it should be constructed effectively. The first solution to this problem has
been given by Biichi and Landweber [1] who showed that for any specification
formulated in monadic second order logic over words, the synthesis problem is
decidable and finite state solutions can be constructed effectively.

Since then, non-terminating reactive systems have received growing attention
in computer science. Such systems naturally capture many settings where a given
plant should be controlled in such a way, that any constrained system behavior
satisfies a certain specification. Moreover, the prospect of being able to construct
such systems automatically from a given specification, rather than verifying a
system that has already been built, has led to intensive research on the controller
synthesis problem [9,13,15] and to extensions of the basic setting in various
directions. For example, other specification formalisms have been considered like
temporal logics [12] and contextfree specifications [17], the systems have been
extended to distributed systems which consist of several components [14], and
stochastic versions of reactive systems have been investigated [4].

* Full Version of [7].



We consider distributed systems with regular and contextfree specifications.
Such a distributed system is specified by an architecture which consists of a set
of processes and channels via which the processes can communicate. Distributed
systems have first been considered in [14] where it has been shown that in general,
the distributed controller synthesis problem is undecidable for specifications from
the linear time temporal logic LTL. Moreover, for pipelines, a special class of
acyclic architectures, decidability has been proved for LTL specifications. In [10]
the decidability results have been extended to certain classes of architectures
with cycles and to specifications from the branching time logic CTL. Finally,
in [5], a full characterization of the decidable architectures has been given by
means of certain patterns of information flow, called information forks: Two
processes form an information fork if they are incomparably informed and the
controller synthesis problem for an architecture is decidable if, and only if, it does
not contain an information fork. This holds for both LTL and CTL specifications.

In [11], the concept of local specifications was introduced. There, any sys-
tem process has an individual specification which defines the correct behaviors
of just this process instead of the whole system. Obviously, any set of regular
local specifications can be transformed into a regular global specification, so all
decidability results for global regular specifications hold for local regular speci-
fications as well. However, there are architectures, called two-flanked pipelines,
which contain an information fork but are decidable for local regular specifica-
tions [11]. Moreover, for the class of acyclic architectures, a characterization of
the decidable architectures was established for regular specifications.

We extend this result to architectures which may contain cycles and to speci-
fications which are regular or deterministic contextfree. Notice that in the case of
global specifiations, channels from processes with a lower level of information to
better informed processes (backward channels) are futile, so architectures with-
out information forks can be transformed into a normal form which does not
have cycles [5]. These techniques do not, however, preserve local specifications
and in fact, in the case of local specifications, backward-channels can be signif-
icant, as they may increase the access of the local specifications to the overall
(global) system behavior. Therefore, to deal with cycles in the case of local spec-
ifications, one has to use different methods. Also, processes not reachable from
the environment cannot be eliminated in general, so a decidable architecture
may consist of several basic decidable subarchitectures possibly connected via
such unreachable processes. Our analysis is centered around those two structural
aspects and the higher expressive power of deterministic contextfree specifica-
tions. In Section 4 we first prove decidability and undecidability results for some
special classes of architectures, followed by a complete characterization of the
decidable architectures in Section 5.

In Section 3, we also show that as soon as one considers global deterministic
contextfree specifications, even very simple architectures become undecidable.
For architectures with only one system process, it has been shown that they are
decidable for deterministic contextfree specifictions [17]. We show that this is



not the case for architectures with at least two system processes or at least one
channel from the environment which cannot be read by any system process.

2 Preliminaries

The set of natural numbers is denoted by N and for a set X the power set of X
is denoted by P(X). The boolean alphabet is denoted by B = {T, L}. Moreover,
for any alphabet X' and words «, f € X* U X and n € N we write a(n) for the
n-th letter of o, af,= (0) ... a(n—1) and @ C B if « is a prefix of . For a set A
and a word @ € A%, we denote Inf(a) = {a € A|a(i) = a for infinitely many i}.

For an integer k > 0 let [k] denote the set {0, ..., k—1}. For a cartesian product
A=Agx...x A1 and I C [n] we denote A; = [],.; A;. Moreover, Pry(a) =
(@i)ier for an element a = (ag, ...,an—1) € A, Prr(a) = Pry(a(0))Prr(a(l))...
for a word @ € A* U A% and Pr;(L) = {Pr;(o) |« € L} for a language L C A* U
A“. However, usually we do not refer to an explicit ordering of the components
of a cartesian product and write Pr4, instead of Pry. If A has certain identical
components, this is not unambigious, but it will be clear from the context to
which components the operator projects. Moreover, if « € X and 8 € Y,
a™f € (X xY)¥ denotes the w-word with (a™8)(:) = («(i), 5(¢)) for all 7 € N.

For a function o: X* — X', we define the finite iteration o*: X* — (X/)*
of 0 by 0*(u) = a(uto)o(uty) ...o(ul)y—1) and the w-iteration o*: X« — (X)«
of o0 by 0¥ (a) = o(ato)o(aty) . ... The w-language which is generated by o over
a language L, C X% is L¥(0) = {o“(a)|a € Lin} C (X')¥. Moreover, the
language of finite words generated by o over Lj, (or, more precisely, over {u €
X*|u C «for some o € Ly, }) is L*(0) = {0*(u) |u C « for some oo € L;,}.
Notice that L*(o) coincides with the set of all v € (X’)* such that v C 8 for
some (3 € L¥ (o). For any functions f: A — B and g: B — C the composition
fog: A— Cisdefined by (fog)(a) = g(f(a)). Moreover, for A’ C A, we denote

f(A) ={f(a)]a e A}

Architectures. An architecture 2 = (P, C,r) consists of the following compo-
nents. P = {penv} U Psys is the set of processes where peny = po takes the role
of the environment and Piys = {p1,...,pn} with n > 1 are system processes.
Moreover, C' = J,cp Cp is the set of channels where the sets C), are pairwise
disjoint and r: C' — P is a function, assigning for each channel a process which
reads it such that r(Cp) C Piys for all p € Pysys. We assume that, for all p € Py,
r~1(p) # 0 and Cp # 0, i.e., each system process has at least one input and one
output channel. So basically, an architecture is a directed graph with multi-egdes.

An architecture 2 is called connected, if Psy¢ induces a connected subgraph
of 2. Consider a set Q@ C Pyys. If the subgraph of 2 induced by Q U {peny } is an
architecture, then we denote this architecture by 24(Q) and we say that 2(Q)
is the subarchitecture of 2 induced by Q. (Notice that not each set @ C Piys
induces a subarchitecture of 2.) An architecture 2 is a subarchitecture of 2 if
A" = A(Q) for some set Q C Piuys.

For p € P, H, = {c € Cy|r(c) = p} are called hidden channels of p, i.e.,
they cannot be read by any other process. Cy,, are external input channels and
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Fig. 1. Pipeline and two-flanked pipeline with backward-channels

H,, C Cy, are hidden input channels. | J!_; Cp, \ Hp, are internal communication
channels and the channels | J;_, H,, are used to model external output channels.

We say that process p sends information to process p’ # p if there is some
channel ¢ € C), such that p’ = r(c). Process p is called reachable, if there is a
directed path from pe,, to p. Process p is better informed than p’ # p if p is
reachable and each directed path from pe,, to p’ goes through p. Notice that a
process may send information to another process via multiple channels. However,
if more convenient, we can assume w.l.o.g. that there is at most one such channel.

An architecture 2 = (P, C,r) is called pipeline (two-flanked pipeline) with
backward-channels if r(Cpy) = {p1} (r(Cp,) = {p1,pn} in case of a two-flanked
pipeline) and, for i € [n]\ {0}, r(Cp,) € {p; |0 < j < i+ 1} (see Figure 1). A
channel ¢ € C),, with r(c) = p; is called backward-channel if 0 < j < ¢ and it is
called forward-channel if j = ¢ + 1. Moreover, 2 is called (two-flanked) pipeline
if it has no backward-channels.

A labeling (X.).cc for 2 assigns to any channel ¢ € C' a nonempty finite set
. of signals which can be sent along c. We define, for every p € P, the input
and output alphabets of p as Xf = [[.c,-1(,) Zc and X8 = [[.cc, Xe. The
local alphabet of p is ¥? = XP x XP . The global system alphabet is defined
as X% = [[.cc Yo = [1/_g X¥i;. At each point in time i every process p writes
a letter ay(i) € XP ., to the corresponding channels ¢ € C,. A global system
behavior is an w-word @ = apy ... 7 ay, from (X))@, For p € Piys, the local
process behavior of p is 8, ap, where 8, = Prye (),

A global system specification is a language L C (X®)“ consisting of all correct
system behaviors. A local specification for process p is a language L, C (X7).
For a collection (Ly,,...,Lp,) of local specifications for the system processes,
the corresponding global system specification is the language L C (X*)“ such
that Pry» (L) = L, for any system process p € Puys.

A local strategy for process p maps a local input history of process p to the
next output symbol of process p, i. e., it is a function o,: (X )* — XP .. The
local behavior 3, «,, of process p is consistent with oy, if a, (i) = 0,(8,1;) for
all i € N. For a language L;, C (X?)“, the local strategy o, is called winning
on Liy, if any local behavior 8, oy, of p with 5, € Li, which is consistent with
op is in Ly. It is called winning for process p, if it is winning on (X7 ).

A joint strategy for pi,...,p, is a tuple ¢ = (op,,...,0p,) where each oy,
is a local strategy for process p;. A global system behavior o = o, ™ ... 7 ayp,
is consistent with o, if the local process behavior of each system process p is
consistent with o,. The strategy o is winning, if any system behavior which is



consistent with o is in the global system specification L. Notice that a joint strat-
egy which consists of local winning strategies is also winning for L. The converse
is, however, not true in general: a local strategy for a process p which is part of
a joint winning strategy is not necessarily locally winning as the inputs that p
receives from other system processes are constrained by their local strategies.

A specification L C (X®)¢ is realizable in an architecture 2 with labeling
(X.)cec if there is a joint winning strategy for processes p1, ..., p,. The realiz-
ability problem is to decide, given an architecture 2, a labeling (X.).cc and a
specification L C (X™)«, whether L is realizable in 2. For a class £ of specifica-
tions we say that an architecture 2 is decidable for specifications from L if the
realizability problem is decidable for the fixed architecture 2 when specifications
are restricted to L.

Specifications. We consider regular and deterministic contextfree specifica-
tions. Regular specifications are those which can be recognized by parity au-
tomata. Notice that deterministic, nondeterministic and alternating parity au-
tomata over words have all the same expressive power [16].

Deterministic contextfree specifications are those which can be recognized
by deterministic parity pushdown automata (parity DPDA) [3], i.e., finite state
automata which additionally have access to a stack-memory. We also consider
deterministic 1-counter specifications, i.e., recognizable by parity DPDA with
only a single stack-symbol. Notice that deterministic contextfree languages form
a proper subclass of contexfree languages and that, while games with determinis-
tic contextfree winning condition are decidable [17], nondeterministic contextfree
games are undecidable (see, e.g., [6]). In the following, we fix our notation for
pushdown automata.

Pushdown Automata. A parity pushdown automaton has the form P =
(Q, 2, I, gin, 6, L, col), where @ is the finite set of states with initial state gip,
Y is the input alphabet, I' is the pushdown alpahbet with initial stack sym-
bol L ¢ I' and col: Q — [k] is a coloring function for some k& € N. Moreover,
0: Q% (X)) xI'u - P(Q x I'f) is the transition function, where 'y = I"U{L}
and Y. = X' U {e} and we require that the initial stack symbol L can neither be
deleted from nor written to the stack, that means, for any (¢,a, 1) € @ x X x L
we have 0(q,a, L) consists only of tuples of the form (¢’,vL) for some ¢’ € Q
and v € I'*. We call P deterministic, if for alla € X all A€ I') and all ¢ € Q
we have |§(q,a, A)| + [6(g, ¢, A)| < 1.

A configuration of P is a tuple C' = (¢,7) € Q@ x I'*L. For a € X, we write
(q, Ay) & (¢',7'v) if (¢',7) € d(q,a, A). A run p of P on a word o € X% is a
sequence CoCY ... of configurations of P such that Cy = (gin, L) and for any

i € N we have C; M Ciy1 where 8 € XY is some word such that « is obtained
from B by deleting all symbols e.

The run p is accepting, if minf[col(Inf(Prg(p)))] is even. The language rec-
ognized by P is L(P) = {« € X“ | there is an accepting run of P on a}. A
language L C X* is called (deterministic) contextfree, if there is a (determinis-



tic) parity pushdown automaton P which recognizes L. A pushdown automaton
P is called 1-counter if |I'] = 1.

Trees and Tree-Automata. For a set X, an X-tree is a prefix closed set
T C X*. It is called full, if T = X*. For an alphabet X, a X-labeled X-tree
is a function t: T' — X for some X-tree T'. The tree t is called full if T is full.
Unless explicitly mentioned otherwise, we consider only full trees here. By Xx
we denote the set of all (full) X-labeled X-trees.

We use alternating parity tree automata (parity ATA) and nondeterministic
parity pushdown tree automata (parity NPDTA) on such trees, where X is finite.
Notice that for any parity ATA A there is an equivalent nondeterministic parity
tree automaton (parity NTA) N, that means, L(A) = L(N) [16]. Moreover, like
for parity NTA, the nonemptiness problem for parity NPDTA is decidable [8].
In the following, we fix our notation for tree-automata.

An alternating pushdown tree automaton (APDTA) over X-labeled X-trees
is given by a tuple A = (Q, X, I, gin, J, L, acc) with a finite set @ of states, a
transition function §: Q x X x I'y — B+ (Diry x Q x I'}), where Bt (Dirgy x
Q@ x I't) is the set of all positive Boolean formulas over propositional variables
from Dire x @ x I't with Dir = {|, |z € X} and Dirs = Dir U {O.}. Moreover,
we have an acceptance component acc C Q“. For Boolean formulas we assume,
as usual, that A has precendence over V. Notice that with this definition, every
formula from BT (Diry x @ x I't) is in disjunctive normalform. We denote such
formulas ¢ in DNF also as sets ¢ = {¢1,...,9%} of conjuncts and we denote
the conjuncts 1 also as sets ¢ C Dir x @ x I'} of propositional variables. This
allows us to use the notation ¢ € ¢ and (d,q,7) € ¢ unambigiously. As for
pushdown word automata we assume that the 1 symbol is neither written to
nor deleted from the pushdown stack.

We consider parity tree automata where the acceptance component acc is
given by a coloring function col : @ — [k] for some k € N and Muller tree
automata where acc is given by a collection F of subsets of (). For parity tree
automata, acc consists of those sequences a € Q“ such that min[col(Inf(«))] is
even. For Muller tree automata, acc consists of those sequences a € Q“ such
that Inf(a) € F.

A run of A on a Y-labeled X-tree t : X* — X is a not necessarily full X,.-
labeled N-tree p : T' — X, where X, = X™* x @ x I'* L, such that the following
conditions hold.

(1) e € T and p(e) = (€, ¢in, L).

(2) f y € T with p(y) = (x,q,Ay) and §(q,t(x), A) = ¢ then there is some
conjunct ¢ = {(do,q0,%),- -+ (dn—1,qn—-1,Yn—1)} € Dirg x Q@ x I'" in ¢
such that the set of successors of y in T is precisely {y-i|i =0,...,n— 1}
and p(y-i) = (z-d;, q;,7iy) where x-d =z-zif d =], and x-d = z if d =Ok.

The run p is called accepting, if for each infinite path = through 7', Prg(7) €
acc. For such a run p, we also sometimes refer to the X-component of p(y) for



some y € T by which we mean the last symbol of the X*-component of p(y),
ie., z(|z| — 1) where p(y) = (z, q, Av).

The automaton A accepts a X-labeled X-tree t, if there is an accepting run
of A on ¢. The language of A is L(A) = {t € X5 | A accepts t}.

Now w.l.o.g. let X = [k] for some k € N. The automaton A is called nonde-
terministic (NPDTA) if, for each (¢, A) € @ x I'|, either for all a € X there is
some (¢’,7v) € @ x I'* such that §(q,a, A) = (O, ¢',7) or, for all a € X, 6(q, a, A)

has the form
n—1

\/ (\1/07 qav’)/(])) JANAN (\l/k*l; qi_p’}/i_l)
j=0
for some n € N.

An alternating (nondeterministic) tree automaton, ATA (NTA) for short, is
an APDTA (NPDTA) where 6 : Q@ x X x { L} — BT(Dir x Q x {1}). We usually
omit the 1-symbol in the description of such an automaton and regard ¢ as a
function ¢ : Q x ¥ — BT (Dir x Q).

Widening. The widening operator wide(t,Y") on a X-labeled X-tree ¢ yields the
XY-labeled X x Y-tree t' = wide(t,Y") with ¢/(x,y) = ¢(x). For any parity NTA
A over Y-labeled X x Y-trees, there is a parity NTA B over Y-labeled X-trees,
which accepts a tree ¢ if, and only if, wide(t,Y) € L(A) [9)].

Product of Automata. Usually, given two automata 4 and B of the same kind
and over the same objects, there is a canonical notion of the product of A and B,
denoted A x B, such that the language of A x B is the intersection of the languages
of A and B. Here, we will need the (less standard) product of nondeterminis-
tic parity tree automata and nondeterministic parity pushdown tree automata
which we define as follows. Given a parity NTA A = (Q4, X, ¢, 54, colA) and
a parity NPDTA B = (Q%, X, I',¢5, 6%, J_,COIB), both running over X-labelled
X-trees for some set X, we define the product of A and B to be the following
nondeterministic Muller pushdown tree automaton AxB = (Q, X, T, qo, 6, L, F):

_ Q - Q'A % QB
= q0 = (gg'.45)
— F consists of those subsets F' of @ such that min{colA(PrQA (x)) |z € F}is

even and min{col®(Prqs(z)) |z € F} is even.
— for all (p,q) € Q, all a € X and all A € I' such that 65(¢,a, A) is not an
e-transition,

(04 €64 (p,a)] [9B €65 (q,a,A4)] [r€X]
where ({5,p;) € ¢ and (4, ¢z, 72) € ¢°
— for all (p,q) € Q, all a € ¥ and all A € I' such that 65(q,a, A) = (O, ¢, 7),

3((p ), a, A) = (Oc, (p,4"),7)
Proposition 1. L(A x B) = L(A) N L(B).



3 Global Specifications

Theorem 2. The realizability problem for global deterministic contextfree spec-
ifications is undecidable for an architecture A if, and only if, Cp, # 0 and addi-
tionally | Psys| > 2 or Hp, # 0.

Proof. If Cp, = () then the realizability problem for 2 is just the nonemptiness
problem for deterministic pushdown automata which is decidable. If |Pyys| <1
and H,, = () then the realizability problem for 2 is just the usual (nondis-
tributed) synthesis problem for deterministic contextfree winning condition which
is again decidable.

Now assume that Cp, # 0 and |Psys| > 2. To show undecidability we proceed
by a reduction from the Post’s Correspondence Problem PCP. Let p; and ps be
system processes and let ¢;,, € Cp,. W.l.o.g., assume that r(c;,) = p1. Moreover,
let cour € Cp,. We silence all other channels by defining X, = {f} for all ¢ €
C\ {¢in, Cout }- Now given an instance Z = ((ug,v0),- .-, (Um—1,Vm—1)) of the
PCP over an alphabet © (i.e., u;,v; € ©*), consider the following specification
language L over X' = X, x X, x X' where ¥, ={U,V}, X . =[muou{t}
and X’ is the product of all the other (unary) alphabets which is irrelevant for
the specifcation. Let L consist of all words ain ™ aous @’ where oz, € {U, V}¥
and oy = i . .. i fwiX?  with i; € [m] and w € ©* such that w = u;, ... u,
if ain(0) =U and w =y, ... vy, if a;n(0) = V.

Clearly, the specification language can be recognized by a deterministic parity
pushdown automaton P: Depending on the first symbol of «;,, P goes into
recognition mode U or V and then, reading 4;, it pushes ufj (being in the U-
mode) or vilj (being in the V-mode) to the stack. After the second f, P checks
whether the stack content coincides with the sequence w.

Notice that |XF?| = 1, so any strategy o, : (X¥?)* — X, for process
po uniquely determines a joint strategy for all the system processes. Moreover,
Z has a solution if, and only if, process p has such a strategy o,, which is
winning: Clearly, a solution for Z gives a winning strategy. On the other hand,
since process py does not observe ay, it just writes its output fig ...i1fwt. ..
independently from the recognition mode of P. So it can only win if there is a
sequence iy .. .41 such that w = w;, ---w;, = v;, -+ - v;, which implies that Z has
a solution.

To see that undecidability also holds for the case where |Psys| = 1 but Hp, # 0
just notice that in the above prove, the system process p; is used only to block
the information which is sent by the environment so that it cannot be read by
process py. So, if there is some channel ¢ € H),, which cannot be read by any
system process, the above proof can obviously be carried out for architectures
with only one system process. a

out

Remark 3. By a reduction from the halting problem for 2-register machines one
can show that Theorem 2 also holds for deterministic 1-counter specifications.



4 Local Specifications

From now on, we consider architectures with specifications given by collections
of local specifications, one for each system process. For the class of acylic ar-
chitectures, it has been shown in [11], that the realizability problem for local
regular specifications is decidable if, and only if, each conntected subarchitec-
ture is a subarchitecture of a two-flanked pipeline. We continue the investigation
by classifying the decidable architectures for the more general case where cycles
are allowed and the local specifications may also be deterministic contextfree.
In this section, we first prove decidability and undecidability results for some
special classes of architectures.

4.1 Decidability

Pipelines with Backward-Channels. Let 2 = (P,C,r) be a pipeline with
backward-channels and let C = Cf U Cp where Cf = U?;ll{c € Ci|r(c) = pit1}
is the set of forward-channels of 2 and Cj, = |J;_,{c € C;|r(c) = p; for j < i} is
the set of backward-channels and external output-channels of 2 and let (X.).cc
be a set of signal alphabets for the channels of (. Moreover, let Ly, ,..., L, be
local specifications for the system processes p,...,p, where Ly, ,..., L, _, are
regular and L,, is regular or deterministic contextfree.

For any process p; with i > 1 we define the accumulated output alphabet
Eozult = Hj>i XP which labels all the output channels of all processes p; with

out

j > and the alphabet Xhpi = Hcecbmcpv . which labels all the backward-

out
channels and external output channels of process p;. Moreover, for 0 < i < n,
X = Hcecfmcp. 2. denotes the alphabet on the channels from p; to p;11.

To prove decidability, we adopt the B-labeled trees used in [11] to represent
communication languages of the processes, that means, sets of infinite sequences
of signals which can be sent along certain channels in the given architecture.
Given an alphabet X, a B-labeled X-tree ¢ represents the w-language L¥(t) =
{a € X¥|t(aty) =T for all k£ € N}. and the language L*(t) = {u € X* |t(u) =
T} of finite words.

Now if such a tree ¢ represents in fact a communication language, then the
T-labelled nodes of ¢ form a nonempty subtree of ¢, containing the root of ¢. More
formally, ¢ has the following properties: (C1) t(e) = T, (C2) if ¢(u) = L, then
t(ua) = L for all @ € ¥ and (C3) if ¢(u) = T, then t(ua) = T for some a € X.
We call B-labeled X-trees which have the properties (C1) - (C3) communication
trees over X and we denote the set of all such trees by T (X). Notice that for
t € To(X), L*(t) = {u € X* |u C « for some a € L*(¢)}, that means, L*(t) is
precisely the set of all finite prefixes of elements from L“(t).

Now, given a tree t;, which represents input sequences that a process receives
and a tree o, which represents output sequences that the process may write,
we define the strategy product tj,<>toyut of tin and tou; as a set of trees ¢, each of
which defines an assignment of input sequences from L“(¢;,) to output sequences
from L¥(tout), so it yields a strategy o(t) for the process.



Formally, for a tree ti, € To(X) and a tree touy € To(X), the strategy
product ¢, toys is defined as the set of all B-labeled X x X’-trees t such that:
(S1) if tin(u) = L or tout(v) = L then t(u"v) = L, (S2) if t;x(u) = T then
there is exactly one v € (%)l such that t(u™v) = T and (S3) if t(u"v) = T
then there is some b € X’ such that for all a € ¥ with ¢i,(ua) = T we have
t(ua"wvdb) = T and t(ua"wvec) = L for ¢ € X'\ {b}. Given a tree t;, € Te(X),
a tree touy € To(X') and a tree t € tin < tous, the strategy o(t) represented
by t is defined as follows. For v € X* with ¢,(u) = T, let v be the unique
element from (X')* with ¢(u,v) = T and let a be the unique element from X"
with ¢(ub,va) = T for any b € X with ¢;,(ub) = T. Then, o(t)(u) = a. Moreover,
if tin(u) = L then o(t)(u) = a for some a € X'.

Notice that in fact for any such ¢, Prs(L“(t)) = L (tin) and Pry/ (L¥(t)) C
L¥ (tout). Moreover, notice that tin—tout € To (X x X7).

The key argument for the decidability result for pipelines with backward-
channels is that a system process p; is better informed than any system process
p; with j > 4. In particular, a strategy for p; needs only to depend on the input
that it receives from the previous process p;_1 and not on the input received via
backward-channels.

Lemma 4. There is a joint winning strategy o = (01,...,0p) for the system
processes if, and only if, there are functions 7;: XF | — XY, fori=1,...,n
such that any global system behavior which is consistent with 7 = (T1,...,Ty) 18

in the global system specification.

Proof. If there are such functions 7;, then we define o; for i = 1,...,n by o;(u) =
7i(Pry,_,)(u)). Obviously, any global system behavior which is consistent with
o is also consistent with 7 and is therefore in the global system specification.
Hence, o is a joint winning strategy for the system processes.

Now let conversely o be a joint winning strategy for the system processes.
First we show that, for any 1 < ¢ < n and any u € X;_;, there is exactly one

v e (Z20) such that u™v is consistent with (o3, ...,0,). We show this, for
any %, by induction on |u|. As u = € is trivial, let |u| > 0 and let v = u’a for
some a € ¥;_;. By induction hypothesis, there is a v € (£=1)/*| such that

u'""v" is consistent with (o, ..., 0,) and we define v; := o;(Pr»; (v')) for j > i.

2l and w9 is consistent with (o3, ..., 0,).
Now let v € (£24)l4l such that u™v is consistent with (oy,...,0,). We show
that v = 6. Notice that u/~ (v~!) is consistent with (o;,...,0,) so, by induction
hypothesis, v™! = ©~1. Moreover, as v~ v is consistent with (o;,...,0,), we
have Pros; (v) = aj(PrEipnj (v™h) = O'j(PI‘EiPnj (o h) = Pros; () and as Y=\ =
[T}_; 5w we have v = 0.

Now we define the functions 7; for ¢ = 1,...,n as follows. For u € X} ;, let
v e (X214l be the unique word such that u v is consistent with (oy,...,0y)

and let 7;(u) = o;(u"Prygri(v)). To prove that 7 is winning for the system

Obviously, v = v;7 ... v, € =i

processes, consider any global system behavior o which is consistent with 7. By
induction on k& we show that any finite prefix a1y of « is consistent with o.
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Clearly, afg is consistent with o, so let £ > 0 and let 1 < i < n. As afg_1 is
consistent with o, Pry;, | (aTk—l)APrzgjt (atk—1) is consistent with (oy,...,0p).
Moreover, since « is consistent with 7, the definition of 7; yields Pr Egét(aTk) =
Ti(Pry, ,(atk—1)) = 0i(Pryri (alr—_1)) so aly is consistent with o;. As i has
been chosen arbitrarily, oy is consistent with o. Therefore, « is consistent with
o and hence, « is in the global system specification. a

Due to this observation, the following definition of an extended local strategy

is meaningful. For 1 < ¢ < n, an extended local strategy for process p; is a tuple
0>; = (0iy...,0p) of functions o;: (X;_1)* — Xr3,, i.e., it takes the local input
history of process p;, ignoring the backward-channels read by p;, and yields the
next output symbol for each process p; with j > 4. Such a strategy is called
locally winning on inputs from Li, C X ,, if each global system behavior a of
A with Pry, | («) € Liy which is consistent with o>; fulfills L,,, i.e., Pry»; (o) €
L,,. The main technical argument how these strategies can be used to decide
the realizability problem for 2 is given in the following Lemma. We give here
only a rough proof sketch, a full proof can be found in Appendix A.
Lemma 5. For any 1 < i < n there is a parity NTA N; over B-labeled Zozuit—
trees which accepts a tree tou: € TC(EOZuit) if, and only if, there are a B-labeled
Yi_1-tree tin, € To(Xi—1), a tree t € tin— tour and strategies o1,...,0;_1 for
processes pi, .. .,pi—1 such that o(t) is locally winning on L¥(t;,) and

— 010 Pryg, o...00;_10 Prs, , generates a language L C L“(t,,) over XY
— (01,...,0i-1,0(t)) is winning for p1,...,D;.

Proof. (Sketch) We prove this by induction on i. We omit the base case i = 1
and consider only the case i > 1. For this, let N;_; be a parity NTA over
B-labeled Y= trees according to the induction hypothesis. Then there is a

out

parity NTA N/_, over B-labeled X;_; X Ezit—trees which accepts a tree t if,

ou

and only if, wide(t, Zb’pi’l) € L(N;_1). Now we construct a parity ATA A;

out

over B-labeled Eiit—trees which, roughly, works as follows: Running on a tree

tout, in each step, A; guesses an output signal b € Zozult and a set ) # X C
X;—1 of possible input signals and sends, for each (z,y) € X;_1 X Zozlft, a copy
into direction y. If x € X and y = b, it sends a T-copy, otherwise it sends
a L-copy. Moreover, if A; encounters a |-symbol in t,,; when being in a T-
copy (that means, output b should not have been chosen in the previous step
according to tout), it immediately rejects. In this way, A; guesses a tree t;, €
Te(Xi—1) and a tree t € tin < tous. While doing so, A; simulates N ; on ¢
and it simulates a deterministic parity automaton recognizing L,, on all paths
a € L¥(t). Therefore, A; accepts iff ¢ € L(N]_;) and o(t) is locally winning
on L¥(tin). Now using the induction hypothesis, one can show that 4; fulfills
all conditions of the lemma. Moreover, there is a parity NTA N; with L(N;) =
L(A;), which concludes the proof. O

For the last process p,,, we need the following Lemma.

11



Lemma 6. There is a parity NPDTA N, over B-labeled X,,_1 x 2P ~trees which
accepts a tree t if, and only if, t € ty—tous for some t;, € To(X,—1) and some
tout € Te(XP7,) such that o(t) is locally winning on L* (t;,).

out

Proof. We abbreviate ¥ = X, _; and X’ = X" and we consider a deterministic
PDA S = (Q5,% x X', 15,565,435, L, col®) with L(S) = L,,. We define A =
(Q,B,I,6,qo,L,col) as follows.

- Q= QS U {QTejecta QL}

- Ir=r¢

— col(q) = col®(q) for all ¢ € Q5

— col(¢reject) =1 and col(g1) =0

— Q=4

— for ¢ € Q% and A € I" with §5(q,¢, A) # 0,

(¢, T, A) = (0, 6%(g, ¢, A))
— for ¢ € Q% and A € I" with §5(q,¢, A) = 0,

6(g, T, A) = \/ \/ /\ () (doys Vay))
P#XC Y] [aeX'] [(w,y) €T X L]

where (quy, Yay) = {65((], (@9),4) 1 (@9) € X x {a)
(g1, A) else

—for A€l 0(qr, L, A) = Nuyyesx s (), a1, 4)
—for A€l 0(qu, T,A) = /\[(m,y)eZ‘XZ"] (Ha.9)s Grejects A)
—forge Q% and A€ T,

6((q, ), L, A) =6((q, L), T, A) = Ao yyemx ) () s dreject, A)
— for (¢,¢')€eB?and A€ T,

6((qreject7 €),¢') = /\[(Ly)ezxg/](\lf(ac,y)a Qrejects A)

For the correctness of the automaton, we give here only the idea: A guesses
a strategy o: X* — X’ and checks, whether this strategy is represented by
t, i.e., o(t) = o. For this, being in a node v~ v € (X x X')*, A guesses the
answer a of o to the input sequence u and it also guesses a subset X C X’ of
possible input signals which it may receive in the next step. Then the elements
from X x {a} are exactly the signals which may occur in the next step, so
precisely those successors of v~ v should be labeled T and the automaton checks
this, by sending a corresponding copy of the specification automaton S to those
successors and a distinguished state ¢ to all other successors. a

Now by applying a widening argument for Eﬁl’ﬁ”’l, similar as in the proof
of Lemma 5, one obtains an automaton N _; from N,,_; and there is a parity
NPDTA N recognizing the intersection of L(N!_;) and L(N,,), where N, is the
parity NPDTA obtained from Lemma 6. Then one can show that (Ly,,..., Ly, )
is realizable in 21 if, and only if, L(N) # () and as nonemptiness of L(N) is

decidable, the decidability result is established.
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Theorem 7. The realizability problem for U is decidable if Ly, ,..., L, , are
reqular and Ly, 1is reqular or deterministic contextfree.

Proof. First, if n = 1, the theorem follows easily from Lemma 6. So let n >
1 and let NV,,_1 be the parity NTA over B-labeled »2n=1 trees according to

out

Lemma 5. Then there is a parity ATA A’ | over B-labeled X,_; x Y=/-trees

u

which accepts a tree ¢ if, and only if, wide(t, £22"~") € L(N,_1). Furthermore,
Al _, can be transformed into an equivalent parity NTA N _,. Moreover, let
N,, be the parity NPDTA over B-labeled X,,_; x X?" -trees according to Lemma

out

6. Then there is a parity NPDTA A over B-labeled X,,_; x X" -trees such that
L(N) = L(N),_,) N L(N,,) # 0. Now we prove that L,,,..., L, are realizable
in A if L(N) # 0. The converse direction can be proved using similar ideas. As
emptiness of L(N) is decidable, the theorem follows.

So, let t € L(N). As t € L(N,), t € tin=> tous for some ti, € Te(X,—1) and

some touy € To(XPn) such that o(t) is locally winning on L*(t;,). Moreover,

as t € LN/ _1), Sout = wide(t, Eg;ﬁ"’l) € L(N,-1) that means, there are a
B-labeled X, _o-tree sin, a tree s € sj, < Sout and strategies oq,...,0,_o for
Processes pi, . . ., pp—2 such that o10Pry;, o...00,_90Pry _, generates a language
L C L¥(sin) over XY and (01,...,0,—2,0(s)) is winning for p1,...,Dp—1.

We denote o(s) = (0p—1,Tn) and o(t) = oy,. It is easy to show that the
language generated by o1 o Pry;, 0o...00,_90Pry, ,00,-10Prys, , over LY
is a subset of L“(ti,) = LY,  (t).

Now we show that o, (e) = 7,(¢) and o, (Prs,_,(0f_1(u™1))) = 7, (u) for
all w € L*(sin) = Ly, ,(s) € X5 with |u] > 1. First, by definition of o(s),
for all @ € X),,_o with sjy(a) = T we have s((a,0(s)(e))) = T which, by defini-
tion of sin > Sout, implies sout(o(s)(€)) = T. Since Sout = Wide(t,Zg{ﬁ"‘l) this
yields t(PrEn_lxﬂ(?Jé (o(s)(€))) = T so, by definition of o(t), o,(€) = o(t)(e) =
Przozuytl (o(s)(€)) = mu(e). Now let u € L3,  (s) with |u| > 1, that means, there

is some v € (L2l with s(u™v) = T. By definition of o(s) we have v

= o(s)*(u™!) and, for all @ € X,_o with siy(ua) = T, s(ua"vo(s)(u)) =
T which, by definition of sj, <= Sout, implies sout(vo(s)(u)) = T. This yields
t(Prxni1 s2n (vo(s)(u)))=TandasPrx,_, (0f _(u=t))=Prs, , (o(s)*(u™l)),
by definition of o(t), 0,(Prs,_,(0k_1(u™1))) = o(t)(Prs,_,(c(s)*(u™1))) =
o (t)(Prs, (1)) = Pryon (0(s) (1)) = 1)

It remains to prove that (o1,...,0,-2,0,—1,0(t)) is winning for p1,...,p,.
By Lemma 5, (01,...,0,-2,0(s)) is winning for pi,...,p,—1. Moreover, the
language generated by o1 o Pry, o...00,_90Pry, _,00,_10Prs , over LY
is a subset of L¥(t;,) and o, is locally winning on L¥(t;,). Furthermore, as we
have shown above, 7,(¢) = o,(¢) and 7,(u) = 0,(Prs,_,(0:_;(u™1))) for all
u € L*(sin) with |u] > 1. Now, if o is some global system behavior which is

2

consistent with (o1, ...,0,-2,0,-1,0y,) then this shows that « is also consistent
with (01,...,0n_2,0n_1, Ts), 0 all specifications Ly, , ..., L, , aresatisfied and
as oy, is locally winning on L¥(ti,), Ly, is satisfied as well. m|
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Two-Flanked Pipelines with Backward-Channels. Let 2 = (P,C,r) be a
two-flanked pipeline with backward-channels, let (X.).cc be a labeling of 2 and
let Lp,,..., Ly, be regular local specifications for the system processes.

First we consider the case where there are no backward-channels from the
last process. The main idea and the constructions are essentially the same as
for the case of pipelines with backward-channels. Clearly, the construction has
to be adapted to account for the fact, that processes p; for i < n can determine
the decisions of all processes p; with ¢ < j < n, but not those of process p,, as
a strategy for process p,, depends not only on the input from p,,_1 but also on a
part of the input from the environment. However, since these decisions are not
relevant for the satisfaction of the local specification of p;, it is not necessary
that process p; makes those decision.

Lemma 4 and the definition of an extended local strategy have to be adapted
as follows.

Lemma 8. There is a joint winning strategy o = (o1,...,0,) for the system
processes if, and only if, there are functions 7; : XF | — X fori=1,...,n—1
and a local strategy T, for process p, such that any global system behavior which
is consistent with (71,...,7,) is in the global system specification.

So, an extended local strategy for p; is now a tuple o>; = (0y,...,0,-1) of
functions o;: (X;_1)* — X0

Such a strategy is called locally winning on a language L;, C (X;—1)“ if
any global system behavior o with Pry, () € L, which is consistent with
(04,...,0n—1) fulfills Prys: (o) € Lp,. Moreover, if 0>; = (0,...,0,-1) is an
extended local strategy for process p; and o1, ..., 0;_1 are strategies for processes
1,...,4—1, then (0y,...,0,_1,0>;) is called winning for processes pi,...,p;, if
any global system behavior o which is consistent with (o1, ...,0,_1,0>;) fulfills
Prye;(a) € Ly, for j =1,...,i.

The accumulated output alphabets are now defined by X2 := H;L:_ll Xhi..
Moreover, due to the additional input channel from the environment, we define
o1 = HCECO,T(C):pl Y. and Xy, = HCECO,T(C):pn Y.. The alphabets X; for

i=1,...,n—1and X% for i = 1,...,n are defined as before.

Now Lemma 5 holds just as before with the new definition of X~ and the new
notion of an extended local strategy. Lemma 6 however, has to be reformulated

as follows.

Lemma 9. There is a parity NPDTA N, over B-labelled 3, _1-trees which ac-
cepts a tree ty, € To(Xn-1) if, and only if, there is a local strategy for process
D, which is locally winning on {a ™8|« € L¥(ti), 8 € X§,}-

Proof. We abbreviate X := Xy, and X’ := X7 Let S = (Q°, Zs,és,qos,cols)

out*

be a deterministic parity automaton such that L(S) = L,, . We define the alter-
nating parity ATA A = (Q, B, d, qo, col) as follows.

- Q = (QS U {qaccept}) X [26 X Eé]
— 4o = (qgv [67 6])
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— col(q, [az, a3]) = col(q) for all (q,a) € (Q° x ([X. x £']) and col(qaccept) =0
— for (g, [az,as]) € Q° x [Zc x L]

5((qa [aQaa?»])vT) = \/ /\ (\Ifbw((ss(q’ (blﬁbQ’b?)))’ [b2’b3]))

[b3€X/] [(b1,b2)EX, 1 xX]
— for (g, [az,a3)) € Q,

6(((]7 [an a3D7 J—) = \/ /\ (irbu (Qacceptv [b27 b3]))

[b3€X7] [(b1,b2)€Xp—1x Y]
O

Now Lemma 5 holds just as before with the new definition of Zozult and the new

notion of an extended local strategy. Lemma 6 however, has to be reformulated.

Lemma 10. There is a parity NTA N,, over B-labeled X,,_1-trees which accepts
a tree ty, € To(Xn-1) if, and only if, there is a local strategy for process p, which
is locally winning on {a € (X07)¥ | Prs, ,(a) € L¥(tin)}-

Theorem 11. The realizability problem for regular local specifications is decid-
able for A if there is no backward-channel from the last process py,.

Now we prove decidability for the case n = 2, where we also have backward-
channels from the last process, so let P = {pg,p1,p2}, let I; = HCGCO,T(C):pi 2,
M= Hcechr(c):p2 . and Y5 analogous. For convenience, we omit the external
output channels of p; and ps, it is straightforward how to account for these
channels in the proof given below, if they are present.

For the proof, we extend the B-labeled trees as here, w-languages over X =
X1 x Xy are represented, but we want to maintain access to the components.
A B2-labeled Y-tree t represents the language L¥(t) C X* with a € L¥(¢) if,
and only if, for each finite prefix w of « we have t(w) = (T, T). However, more
information is stored in such a tree: the components Pry;, (o) may depend on
each other which is expressed in the inidividual components of the B-tuples.
If t(u™wv) = (T, L), then this tells us that v1},_; may be answered by u but
uf|y|—1 may not be answered by v, analogous for ¢(u"v) = (L, T). Clearly this
is different from just saying that « v will not occur.

Of course, any such tree ¢ which in fact represents a joint output language
of p; and po has properties analogous to the properties (C1) - (C3) of the com-
munication trees T (X). However, as we don’t need those properties in the
decidability proof, we do not require them explicitly.

Theorem 12. The realizability problem for reqular local specifications is decid-
able for any two-flanked pipeline with backward-channels and n = 2.

Proof. We construct two parity ATA A; and Ay over B2-labeled Y-trees which,
roughly, work as follows. When running on a tree t, at each step, 4; guesses an
output signal b € X} and sends, for any possible input signal (x,y) € I'1 X X5, a
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copy into direction (b, y). If the corresponding node is labeled with L in the X4-
component (that means, output b should not be chosen in this situation according
to t), then A; rejects immediately and if it is labeled with L in the Xs-component
(that means, input y will not occur in the next step according to ¢), A; goes
into a special accepting state. This way, A; guesses a local strategy for p; on all
inputs from I'] and those inputs from Y5 which it may receive according to the
intended joint strategy for p; and ps. Moreover, on all paths which are consistent
with this strategy, it simulates a deterministic parity automaton, recognizing the
local specification L,,. The automaton A, works analogously and thus one can
show that L(A;) N L(A3) # 0 iff a joint winning strategy for p; and ps exists.

To be more formal, consider parity automata S; = (Q%, Ep'i,és'i7q§"',colsi)
with L(S;) = Ly, for i = 1,2. We construct the alternating parity tree automata
Ai = (Q4,B2,8%, ¢f,col') i = 1,2 over B%labeled X1 x Ya-trees as follows. We
only describe A; = (Q,B2,,qo,col) using S; = (Q°,%,,,6%,q5, col®), A is
defined completely analogously.

— Q= (Q° W {qaceept, Greject }) * (I)e

— g = (g5,

col(g, a1) = col®(g) for (¢,a1) € Q° x (1)

col((qaccept; 1)) = 0 and col((greject, @1)) =1 for all a1 € (I1)e
for (g,a1) € Q% x (I)e,

6((Q7a'1)’(—|—7—|—)) = \/ /\ (¢(b3,b2)’(5s(% (b17b27b3))7b1))

[bsexl] [(bl,b2)6F1 ><22]

— for (q,a1) € Q% x (I)c and ¢, € B,
6((g,a1), (L, ¢2)) = V[b3621] /\[(bl,b2)erl><22](i'(b37b2)a (QTejectv b1))

— for a; € (I). and ((1,¢2) € B2,
6((Qrejecta al)a (Cla C2)) = \/[b3€21] /\[(bl,bz)EF1><22] (\L(bg,,bg)? (QTejecta bl))

— for (q,a1) € Q° x (I)e,
6((g,a1), (T, 1)) = \/[bgezl] /\[(bl,bQ)eplxEQ](i(bg,ba), (daccept: b1))

— for ((1,¢2) € B and a4 € (I1)e,
6((Qaccepta a1)7 (<17 C2)) = \/[bgeffﬂ /\[(b1,b2)€F1X22] (\I((bg,bg)7 (Qaccepta bl))

Now we claim that L(A;)NL(Az) # 0 if, and only if, there is a joint winning
strategy o = (01,02) for p; and py. To prove this, first let ¢ € L(A;) N L(Az).
Moreover, for i = 1,2, let p; : T* — (X1 x 2)* x Q% with T* C N* be a run of A;
on t. We define the strategy o1 according to p; as follows. Using the definition
of A; an easy induction on k yields that, for any a1ty astk € (I x Xa)*, the
following holds. There is exactly one vertex x in p; such that the unique path
from the root of p; to = is labeled with a1 aofx in the I X Yo-components
and there is some b3 € X7 such that any successor of = in p; is labeled with b3
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in the X;-component. Now we define o1 (1T~ asty) = bs. The strategy oo is
defined completely analogously, using the run ps.

Now let @ = a1 " s a3z ay € (1 X Iy X X1 x X3)“ be a global system
behavior which is conistent with the joint strategy o = (01, 02). First, as above,
there is exactly one path m; in p; which is labeled with a3 " ay in the I} x Xo-
components and there is exactly one path 75 in po which is labeled with as ™ as
in the I's x Xy-components. Now as « is consistent with o, 81 := a3 " as " as
is consistent with o1 and (o := s a3y is consistent with o5. Therefore, by
definition of o; and o9, the path m; is labeled with a3 in the X;-component
and the path mo is labeled with a4 in the Xs-component. So the path which
corresponds to 7 in the tree ¢ is m = a3 a4 and the path which corresponds
to o in the tree t is m as well. As both p; and ps are accepting, each node on 7
is labeled with (T, T).

Now by construction of Aj, this yields, that only states from Q' occur in the
Q'-component of 7; and the infinite sequence ps = (g;);jen € (Q51)* of states
of 81 constitutes a run of S; on the w-word from (X?)“ which is obtained from
the corresponding components of the labels of 7. Now this w-word is presicely
B1 and since p; is accepting, so is ps. Hence, 51 € L, and in the same way we
obtain B2 € Ly,.

Now let conversely o = (01, 02) be a joint strategy for p; and ps. We define
the tree t : (X1 x X2) — B? as follows. For u™v € (X1 x X9)* let t(u™v) = (T,¢)
if, and only if, there is some w € Fl‘ul such that w™ v wu is consistent with o7 and
let t(u™wv) = (¢, T) if, and only if, there is some w € 1"2‘v| such that w™u v is
consistent with 0. Now we define the run p; : T1 — (X1 x 23)* x Q! inductively
such that, for all x € T, the unique path 7 from the root of p; to x is labeled
with elements from (Q5* U {qaceept}) X I'f in the Q'-components and w™v " u €
(I x Xy x Xp)* is consistent with o1, where (u,v) = Pr(s, x5,)-(p1(x)) and
w e Fl‘ul is the labeling of 7 in the I'j-components (of the Q!-components). The
run po is constructed completely analogously.

First, e € Tt and p;(€) = (e, ¢}). Now let T'NN™ and the values of p; on this
set be defined for some natural number m such that the conditions formulated
above are fulfilled. Consider some z € T' N N™, let p;(z) = (v~ v,(q,a)) for
some v € (X x X2)™ and some (¢,a) € Q' and let t(u"v) = ((1,¢2) for
some (1,(s € B. Moreover, let oq(w™v) = by € X1, where w € I is the
labeling of the unique path 7 from the root of p; to z in the I'j-components (of
the Q!-components). By definition of Ay, in 6(((q, a), (¢1, (2)) there is a conjunct
Ni(br b2)e 5] (Hbs.b2) (g*+%2) b;)) and we define the set of successors of x in
TY as {x-i|i = 1,...,7}, where It x Xy = {(b},b}),..., (b],b5)}. Moreover,
pr(x-i) = ((u-b3) " (v-by), (¢°b2),by)) for i =1,...,7.

Now we prove that, for ¢ = 1,...,r, the node z - ¢ fulfills the conditions for-
mulated above. So let i € {1,...,r} and denote (b}, b5) = (b1,b2). As w™v " u is
consistent with o1, by definition of bs, (w-b1) ™ (v-by) ™ (u-bs) is also consistent
with o1. For the proof that ¢(®1:2) = Greject, first notice that ¢ # greject. More-
over, as w v u is consistent with o1, by definition of ¢ we have t(u"v) = (T, ()
for some ¢ € B, that means, (; # L. Now we consider the remaining two cases. If
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g€ Q% and ¢; = (o = T, then ¢®1:92) = §51(q, (by, b2, b3)) € Q5. If ¢ = Guccept
or ¢ € Q5 and additionally ¢; = T and (2 = L then ¢’ = Guecept fori =1,...,7.

Obviously, by construction, p; is a run of A; on t. To prove that p; is
accepting, let m; be some infinite path through p;. Then, by construction of
o1, 1T a4l asly is consistent with oy for all £ € N, where a1 "y " ag €
(I x Xy x X1)“ is the labeling of 7 in the I1 x X3 x Xj-components. Hence,
a1y o s consistent with og.

Now first, by construction of p1, we have Pro1 (m11%) € (Q5' U{qaccept }) X I'f.
Moreover, if Pro1 (m11%) € {qaccept } X I'f for some k € N, then 7 is accepting, so
assume that Pr(Q')(m1%) € Q5 xI'f for all k € N. Then t(asty " aute) = (T, T)
for all k € N so by construction of ¢, for all k¥ € N, there is some w € Iy such
that w ™ agly ™ agly is consistent with oo. Therefore, by Konig’s Lemma, there is
some ag € Iy’ such that as ™ as ™ ay is consistent with o9 and as a3 "oy " ag is
consistent with o1, @ = a1 " as " a3 ay is consistent with o. Since o is winning,
a1 "oy as € Ly, so the unique run of S; on a1 " as " ag is accepting. As, by
the definition of A;, this run coincides with the labeling in the Q°'-components
of w1, the path 7 is accepting. As m; was chosen arbitrarily, p; is accepting.
Completely analogously, one shows that ps is an accepting run of As on ¢. Hence,
t € L(A1) N L(As). O

4.2 Undecidability

First, if there are at least two connected processes which may have a determin-
istic 1-counter specification, then those two processes can directly simulate a
2-register machine. As the halting problem for such machines is undecidable, we
obtain the following result.

Theorem 13. The realizability problem is undecidable for any connected archi-
tecture with at least two local deterministic 1-counter specifications.

Proof. We proceed by a reduction from the halting problem for 2-register ma-
chines. For this, let R be a 2-register machine consisting of a sequence Iy, ...,
I—1, I, = stop of instructions I; € {inc(R;),dec(R;),if R; =0 goto [|i €
[2],1 € [k]} with the usual decrease and increase operations.

Let piy, - - -, pi,, be processes such that p,;, and p; , have pushdown specifica-
tions and such that, for all j € [m], p;; sends information to p;,,, or vice versa.
Moreover, we choose a set channels C,,, = {c¢;|j € [m]} such that, for all j € [m],
cj € Cp, and r(c;) = pjy1 or vice versa. We define ¥, = [k] for all ¢ € C, and
we silence all other channels ¢ ¢ C,,, by defining X, = {#}.

For a process p; with 0 < j < m we define L,,, = {a € X}/ x Egit\Prgcj (o) =
Pr Sejiy (a)}. So, if the processes have a joint winning strategy, the information
sent via ¢y and ¢, has to be identical in each step.

The specifications Ly, and L, = are given by deterministic 1-counter au-
tomata which recognize them. We define Py = (Q, X, {A}, gin, 6, L, col) as fol-
lows, where we consider only the component from X.,. Q = {¢;|i € [k]} U
{qbelievea Qaccept, CIreject}v din = 4o, Y= [k] and COI(Q) =1 for all qc Q\{Qaccept}
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and col(gaccept) = 0. We define the transition function § by a case distinction.
For any i € [k]

— if I; € {inc(Ry),dec(R1)}, 6(qi, i, Z) = 0(qveticves i, Z) = (¢it1, Z)
—if I; =if Ry =0 goto [, 5(%’;2.’ Z) = 5(Qbelieveai7z) = (Qbelieve7Z)
— if L == Zi.].’lC(]%o)7 (S(q“Z, Z) == 6(qbelim)eaia Z) = (Qi+17AZ)
— it = deC(R0)> 5(Qiaia Z) = 5(qbelieve; i, Z) - (qi—i-la 6)
—if I; =if Ry =0 goto I,
6(gir 1, A) = 0(Qveticve, 1, A) = (git1, A) and
5(611‘, i7 J—) = 6(qbelieve7 i; J—) = (Ql, J—)
— if Il = Stopa 6(Qi,i7 Z) = 6(qbelievevi7 Z) = (Qacceph Z)
= 0(gi,J, Z) = (QTejectaZ) ifj#i
- 5(Q7ia Z) = (qv Z) for q € {Qaccepta QTeject}

The automaton P; is defined in a completely analogous way with registers Ry
and R; swapped. Then obviously a sequence v € Q¥ is in L(Py) N L(Py) if, and
only if, the run of R which is uniquely determined by this sequence of states
(and the empty registers at the beginning) is finite. O

The next result restricts the decidable architectures which may have one
deterministic 1-counter specification.

Theorem 14. The realizability problem is undecidable for any architecture with
two connected processes p # p’ such that p is reachable and has a deterministic
1-counter specification and p’ is not better informed than p.

Proof. We proceed by a reduction from the halting problem for 2-register ma-
chines. For this, let R be a 2-register machine as in the proof of Theorem 13.

First, we show the result for an architecture consisting only of the two system
processes p,p’ where pen, sends information to p via some channel ¢y € C),_ |
and p and p’ communicate via some channel c¢;. Moreover, p’ has some channel
cz € Cp which may be ¢; or, in case ¢; € Cp, ca # c1. Roughly, the local
specification of p’ requires that p’ writes a sequence of configurations of R and
that its output symbol equals the input symbol that it receives from p in each
step. Notice that those symbols have to be chosen simultaneously. In each step,
the environment may trigger the 1-counter automaton recognizing L, to check
whether the next two configurations are in the successor relation w.r.t. one of
the registers. For this, the environment has two special symbols s, for j € {1,2}
where j determines which of the registers should be checked. Obviously, the
system processes have a joint winning strategy iff R does not halt.

To be more formal, we start by defining the alphabets for the channels as
Yoo = {8,0,1} and X, = X, = [k] U {Ap, A1} and we define L, = {«a €
(E”/)“|Pr;c1 () =Pryg, (o)} and L, = {a € (Ep)“|Pr(Ecoxgcl)(a) € L} where
L C X, x X, is the deterministic 1-counter language defined as follows.

o = aj o1 € L if, and only if either ap = §* and oy does not contain the
symbol k£ — 1 or the following conditions hold.

19



— o has the form CyC; ... where C; € [k]-{Ao}*-{A1}* for each i and Cy = 0,
that is, C; represents a configuration of R and Cj represents the initial
configuration with empty registers. Moreover, for any i € N, if C; = AAZ° AT?
then A #k — 1.

— ag has the form f'~'sf with 3 € X% and for the smallest j > i such
that a1(j) € [k] the following holds. If oy = a1 1; CyCyf where Cp =
A AGP AT, Cy = A APAY and B € X% and C, = A\, AF° AT" is the successor
configuration of Cy, then A\, = X\, and AYs = AZ

If R does not halt if started with initially empty registers then p and p’
have the following joint winning strategy. They write an infinite sequence of
configurations of R into ¢; and co simultaneously which represents the run of
R. Obviously, both local specifications will be fulfilled.

If, on the other hand, R halts if started with empty registers, then let o be
any joint strategy of p and p’. First, the same information has to be written to
c1 and ¢y in each step.

To see how the environment can spoil o, let a1 "as € (X, x X.,)*¥ be
the word produced by ¢ when p receives input ay = # from the environment
and let a1 = ag = CoCy... € X¢. If ap" a1 ¢ L, then o is not a winning
strategy, so assume op "y € L. Since R halts if started with empty registers,
a7 cannot be the run of R on initially empty registers. Let ¢ be minimal, such
that C; I/ Cip1 = NAGP AT and let C' = yAJ° AY' be the successor configuration
of C; (notice that since ap™ 1 € L, a; does not contain the symbol k — 1, so
C; is not the halting configuration). If xo # yo, define s = 0, if x1 # y;, define
s = 1 and if A # ~ define s arbitrary. Now let @; ~an € (X, X X, ) be the word
produced by o when p receives input @ = #/€0-Ci-1lsg from the environment.
Obviously, @2(0) = a2(0) which implies @;(0) = a;(0), so @z(1) = ay(1), thus
@1(1) = a;1(1) and so on, hence a3 = as and @ = «a3. Since Gy @y is consistent
with o and ap " @) =@ " ay ¢ L, o is not a winning strategy.

To extend the proof to the general case, we simulate the communication
between p and p’ as above using a sequence of channels connecting p and p’.
Furthermore, the signal s from the environment can be transmitted to p via the
(directed) path from pen, to p. Notice that the signal s will arrive at p with a
delay (which depends only on the given architecture), so we have to adapt the
specifications to postpone the starting point of the production of a sequence of
configurations by p and p’ so that pe,, will be able to denounce already the
first two configurations. Moreover, although the set of channels used for this
transmission is, in general, not disjoint from the set of channels connecting p
and p’, by a simple adaption of the alphabets and specifications, the different
information can be sent along the same channels. Finally, since p’ is not better
informed than p, the signal s can be kept away from p’'. a

Notice that to apply the automata constructions from the decidability proofs
of Section 4.1 to an architecture as in Theorem 14, one has to construct alternat-
ing pushdown tree automata since the process with the pushdown specification
is not the one with the lowest level of information. However, nonemptiness of
alternating pushdown tree automata is not decidable.
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The remaining two results concern regular local specifications and we just
state them here without giving proofs. Essentially, those results can be proved
by combining and refining ideas from [14], [5] and [11]. Some details can be found
in Appendix B.

Theorem 15. The realizability problem for reqular local specifications is un-
decidable for any architecture with a reachable process pi1 such that p; sends
information to processes ps # ps which are not better informed than p;.

Theorem 16. The realizability problem for regular local specifications is unde-
cidable for any architecture with at least two incomparably informed processes py
and py which are both reachable such that there is a process ps & {p1,p2} which
1s reachable from both p1 and ps.

5 Characterization

Now we characterize the exact classes of architectures which are decidable for
local regular specifications and, for each such decidable class, we determine the
exact set of processes which may have a deterministic contextfree specification
such that decidability still holds. Notice that an architecture which is already
undecidable for regular local specifications is clearly undecidable if we addition-
ally allow deterministic contextfree specifications. Since for local specifications
the realizability problem for some architecture is decidable if, and only if, it is
decidable for every connected subarchitecture, w.l.o.g. we restrict our attention
to connected architectures. We also note that in the case of local specifications
the hidden channels of the environment are futile.

In the following, we denote the class of all pipelines with backward-channels
by K1 and the class of all two-flanked pipelines with backward-channels which
have either only two system processes or which do not have a backward-channel
from the last process by Ko. Moreover, for an architecture 2(, M (2() denotes the
set of all system processes of 2 which are not reachable. Notice that Py, \ M ()
induces a subarchitecture of 2.

Theorem 17. Let % = (P¥,C%,r™) be a connected architecture. Then 2 is
decidable for regular local specifications if, and only if, any connected subarchi-
tecture of A(PL, \ M (L)) is in K1 U Ka. Moreover, 2 remains decidable for
deterministic contextfree specifications if, and only if, one of the following con-
ditions hold.

(1) A€ Ky and Ly,,..., Ly, , are reqular.
ere 1S a p € such that L, is reqular for all p" € pf.
2) Th M h that L, l Iy Pf;ls

Proof. We prove here only that 2( is decidable, if any connected subarchitecture
of QL(PSQ;JS \ M(2)) is in K1 UKy (see Figure 2) and there is a p € M(2() such
that L, is regular for all p’ € Pyy, \ {p}. For this, we define M := M (2) and
Cuy = UpeM C, and we consider some labeling (X.).cc of 2.
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First, let L, = {a € X%, | Prs»(a) € L,} for p € M and let Ly, = Npenr Ly.
Then aps € Ly iff there is a joint strategy oar = (0p)penr for the processes in M
such that any global system behavior S of 2l which is consistent with o, fulfills
all local specifications of the processes in M and Pry,,(8) = ap. Moreover, as
at most one specification L, for p € M is deterministic contextfree and all others
are regular, Ly is deterministic contextfree.

Now consider any connected subarchitecture B = (P,C,r) of A(P, s \ M)
and let s = Cyy N (r™) 71 (P). As all specifications L, for p € P35\ M
are regular, it suffices to consider the case where B is a two flanked pipeline
with backward-channels and here, we only consider the case where 8 has no
backward-channel from the last process. We define the architecture 8 = (P, C, )
as follows. R

The channels from M to P are simulated by new channels Cy;_ C C of
process p,,_1, via which p,_; sends information to the respective receipients of
the original channels. Moreover, p,_1 has a set of duplicate channels Cj‘& s
which are read by process p,, and the specification Em_l requires that the in-
formation sent along the channels Cj;_ o is the same as the information sent
along the channels C¢, _,m- Apart from this requirement, the spemﬁcatlons of
the processes are just as before, i.e, Lp =L, fori=1,. -2, L pn 15 Lp,,
adapted to the new channels (on which L does not impose any conditions) and
Epn_l is Lp,_, together with the additional requirement described above. For
i1=1,...,n—1, by j’l we denote the alphabet which labels all the channels from
process p; to process p;11 in the new architecture 9 (notice that this labeling is
uniquely determined by the definition of %)

Now let A,,_1 be the parity NTA over B-labeled Y= 5211 trees according to

out

Lemma 5, applied to B. Then there is a parity NTA N/ _, over B-labeled fn, 1-
trees which accepts a tree ¢ iff wide(t, EhPr=1y € L(N,_1). Moreover, let N,

out

be the parity NTA over B-labeled Zn 1-trees according to Lemma 10, applied
to 9B. Then there is a parity NTA A® over B-labeled 2 _1-trees such that

LN®) = L(N!_;) N L(N,,). Furthermore, we construct an alternating parity
automaton A% = (Q,E&d,&, qo, col) such that u € L(AT) iff there is a tree

t € Te(E,-1) such that Pryg  (L#(t)) = {u} and t € LIN'®).

N Q = QN x B x (E‘nfl)e

~ o=@ T
col(g,¢,b) = col(g) for all g € QV, all ( € B and all b € (X, 1).
for (g, T,a1) € Q and by € Eﬂd

5((q, Tyar), b)) = \/ \/ A (ags g2 b))

WX CE0_1] BN (¢,T)] [a2€En_1]

where

(banin) _ {(p,T,ag) if as € X and Przﬁu(a?) =by and (J4,, D) €

¢
(p7 J—a a2) if (CL2 ¢ X or Prﬂi’[,d(a@) ?é bl) and (\l’azvp) S (ZS
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— for (¢, L,a1) € Q and by € E?M,d

5((QaJ-7a1)’b1) = \/ /\ (\Lazvq(¢7a2))

e (¢,T)] [az€ 5 1]
where ¢(*%) = (p, L, as) if (l4,,p) € ¢

Now consider some p € L(A%), that means, there is a tree t € Te(Zn_1)
such that Prgs  (L¥(t)) = {u} and t € LN®). As t € L(N'®), there is a
joint winning strategy ¢ = (1,...,0,) for the processes p1,...,p, such that
the language generated by o1 o Prg o...00,_10Prg  over X, is a subset

env
of L¥(t). So any global system behavior & of 20 which is consistent with 7 fulfills
Prszﬂ% (@) = p. We define strategies o1, ..., 0, for the processes py,...,p, in
the architecture 2 as follows. First, o; = ¢; for i = 1,...,n — 2 and 0,1 =
Op—10 Prz‘::t—l. Moreover, o, (u) = 0 (u™ pty)) for all u € (ZHr)*.

Now consider any global system behavior 8 of 2 which is consistent with o =
(01,...,0p) and fulfills Pry,, . (8) = u. We define @ = Pra(8) " p where A =
[[.canca Xe- Then Prye, (@) = Prs: (B) for i = 1,...,n—2, so by definition of
the strategies o1, ..., 0,_2 the global system behavior a of 9% is consistent with
01,..-,0n—2. Moreover, Prga (@) = Prg,, (@), so as 0 is a joint winning
strategy, by definition of ¢, 1 and Z,,H we have that & is consistent with &,,_1.
Finally, by definition of o, @ is consistent with ¢,,. As ¢ is a joint winning
strategy, Prg,, (@) € Ly, for i = 1,...,n and thus Prx»(8) € L, for i =
1,...,n.

So we have shown that, if 4 € L(A?), then there is a strategy o = (01,...,0,)
for processes pi,...,p, such that any global system behavior § of 2 which is
consistent with o and fulfills Pry,, . (8) = p fulfills all local specifications of
the processes pi, ..., p,. Using this, one can furthermore show that u € L(A®)
if, and only if, there is a strategy o = (01, ...,0,) for processes pi, ..., p, in the
architecture 2 such that any global system behavior 8 of 2 which is consistent
with o and fulfills Pry,,_ ., (8) = u, fulfills all local specifications of the processes
Piy---sPn- "

Finally, for any connected subarchitecture B of A(Psys \ M) let L(A®) =
{a € X% |Prs,,  »(a) € L(A®)} and L = g L(A®)N L. Then L # 0 iff the
system processes have a joint winning strategy. As L is deterministic contextfree,
emptiness of L can be decided. a
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A Proofs of Section 4.1

In this section, we give a technical proof of Lemma 5. We devide the proof of
into two lemmata, one for the base case and one for the induction step. First, we
give the lemma for the base case as well as some technical details of the proof.

Lemma 18. There is a parity ATA A over B-labeled X2} -trees which accepts a
tree t oyt € TC(EOZult) if, and only if, there is a tree t € tiyp—t,us where tip(u) =T
for all w € X such that o(t) is locally winning on L¥ (t;,) = X .

Proof. We abbreviate ¥ = Xy and X' = Y=L Let S = (Q5, X x X' 85,q5, col)
be a parity automaton with L(S) = {a € (¥ x X')*|Prg, (@) € Ly, }.
We define the alternating parity tree automaton A = (Q,B,4d, go,col) as

follows.

- Q = ((QS U {Qaccept}) x B x Ee) U {QTeject}
— qo = (Qg7—|—76)

— col(q, ¢, a) = col®(q) for (¢,¢,a) € (Q° U{quccept}) X B x X where we define
col® (quecept) = 0 and col(greject) = 1

— for g€ QS and a € X,

(g T, )=\ A (g™

[beX’] [(z,y)EX X X]

where

q(b,w,y) — (6S(q’ (ﬂf, y))’ T7 33) if Yy = b
(Qaccepta 4, l’) if Y 7& b

—forqeQ%,a€ X, and ( €B,
5((Qaccept> 4, a)7 C) = /\(a:7y)€E><2’ (iya (Qaccept> 4, -T))

— for q € QS and a S Zea 5((qa Ta a)a J—) = /\yeg‘/ (\Lya %’eject)
— for C € B, 5(‘1rejectu C) = /\yGE’ (\l/ya QTeject)

Now we prove that the automaton is correct. We only consider the direction
from left to right, the converse direction can be proved using similar arguments.
So, let tous € L(A) and let p: T — (X')* x Q with T C N* be an accepting run
of A on toyt.

First, by induction on m, one can easily prove that for any u~v € (X' x X/)™
there is exactly one k € T which corresponds to u v, that means, the unique
path from the root of T to k is labeled with w in the X.-components (of the Q-
components) and with v in the X’-components or, more precisely, p(k) = (v, q)
and Prs; (Pro(p(7(0)) . .. p(([k] - 1)))) = u.

Therefore, p yields the B-labeled X' x X’-tree t with t(u"v) = Prg(Prg(p(k)))
for the unique k£ which corresponds to u ™~ v. Moreover, we define the B-labeled
Y-tree ti, by tin(u) = T for all u € X*.
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First we show that ¢ € ¢, tout. Notice that, by definition of A, t € T (X x
X"). As A immediately rejects a tree, if it encounters a L-symbol in toy¢ when
having guessed a T-symbol for ¢, we have that if tout(v) = L, then t(u™v) = L
for all u € X*. Moreover, by definition of ¢, if tin(u) = L, then t(u™v) = L for
all v € (X')*. Therefore, condition (S1) holds.

We show conditions (S2) and (S3) simultaneously by induction on |u|. For
u = €, condition (S2) is obvious. Moreover, according to the definition of A,
there is some set S = {({y,, ¢ ¥)), ..., (Ly,, ¢ ¥} € 6((qo, T,e€), T) for
some b € X’ such that ¢®®%) € (Q5 U {quccept}) X B x {2} and the set
of successors of € in T is precisely {1,...,r} where p(I) = (y,¢®»*¥%)). By
definition of ¢(®:@1vi) Prg(Prg(p(l)) = T if, and only if, y; = b. Moreover, as
1,...,1 correspond precisely to the successors of € in ¢, the definition of ¢ yields
that for all a € X' we have t(a,b) = T and ¢(a,c) = L for all c € X"\ {b}. Hence,
condition (S3) holds.

Now let |u| > 1. As t;(u~t) = T, by induction hypothesis for (S2) there
is some © € (X')* such that t((u=1)"(d)) = T and by induction hypothesis
for (S3) there is some b € X’ such that ¢((u='a)" (b)) = T for all @ € ¥ (as
tin(u=ta) = T). Hence, t(u™(9b)) = T. Now let v € X’ such that t(u"v) = T.
Ast € To(X x X'), t((u=1)"(v~!)) = T and therefore the induction hypothesis
for (S2) yields v=! = 9. By induction hypothesis for (S3), t((u"ta)"9b) = L for
all b e X'\ {b} and hence, v = b. As tin(u) = T for all u € X*, condition (S3)
can be proved in the induction step just as in the base case.

To verify that o(t) is locally winning, let a € (X x X')* be a local system
behavior with Prx(a) € L¥(tin)(= X%) which is consistent with o(¢). By defi-
nition of o(t), & € L*(t) and by definition of A, the unique (infinite) path 7 in
T corresponding to « is labeled with states from Q° in the Q-components. As
p is accepting, any such infinite state sequence is accepting and by definition of
A, any such infinite state sequence forms a run of S on the corresponding word
from (X' x X")“. So each such local system behavior « is in L(S) which yields
that o(t) is locally winning on L% (). O

The following lemma establishes the induction step.

Lemma 19 For any 1 < i < n and any given parity NTA N over B-labeled
i1 X% E - -trees there is a parity ATA A over B-labeled pok w-trees which accepts
a tree toy € To(X out) if, and only if, there are a tree t;, € To(X;—1) and a tree
t € tin—tous such that t € L(N) and o(t) is locally winning on L ( n)-

ou

Proof. We abbreviate ) = X;_; and X/ = E;ft Let S = (Q°, Xx X', 5%, q5, col)
be a parity automaton with L(S) = {a € (¥ x X')*|Prg, (a) € Ly, } and let
N = (QN,IEB,(SN,qév,COIN).

We define the alternating Muller tree automaton A = (Q,B,d, qo, F) as fol-
lows. Notice that this automaton can be transformed into an equivalent parity

tree automaton.

- Q = ((QS U {Qaccept}) X [QN X B] X Ee) U {QT'eject}
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— 0= (a5, (@ T)e)

— F consists of those subsets X C @ such that min{CO]S(PrQs (x)|r € X} is
even and min{colN(PrQN (z))|z € X} is even, where col® (gaccept) := 0

—forqeQS, pe @V andac X,

6((% [p7 T], a’)7 T) = \/ \/ \/ /\ (J/y7 q(va#i’,%y))

04X C 3] be’] [pes™ (p,T)] [(z.y)€ Ex 2]

where
q(X7b7q57m7y) — (58((]7 (Iay))7 [T7 T]a ZZ?) lf ($, y) € X X {b} and (\J/(L,y)a T) € ¢
(qaccepta [7", J—]a (E) if (.’E, y) ¢ X % {b} and (\J/(m,y)a’r) € ¢
—forpe @V, (eBandac X,
8((qaccept: [0 11,0),0) = \/ N Uy Gaceepts [Pay: L], 7))

[p€6N (p, )] [(z,y) €T x T

if (J/(x,y)vpa:y) € ¢
—forqge %, pe @V anda € X, 6((¢q,[p, T],a), L) = /\yez‘/(ify7q7"eject>
— for C € B, 6(‘1rejecta C) = /\yezy (\l/ya QTeject)

Now we prove that the automaton is correct. Again, we only consider the
direction from left to right. So, let tous € L(A) and let p : T — (X')" x Q
with T C N* be an accepting run of A on t,. By definition of A, for any
uTv € (X x X)* there is exactly one k € T, such that p(k) = (v,q) and, for
the ungiue path 7 from the root of p to k, Prx(Prg(m)) = u. So, p yields the B-
labeled X x X'-tree t with t(u™v) = Prg(Prg(p(k))) for this unique k. Moreover,
we define the B-labeled X-tree ti, by t,(u) = T iff there is some v € (X')* such
that t(u™v) = T.

First we show that ¢t € t;, < tous. As A immediately rejects a tree, if it
encounters a 1-symbol in ty,; when having guessed a T-symbol for ¢, we have
that if tout(v) = L, then t(u"v) = L for all u € X*. Moreover, by definition of
tin, if tin(w) = L, then ¢(u™v) = L for all v € (X")*. Therefore, condition (S1)
holds. Conditions (S2) and (S3) can be proved easily by a simultanous induction
on |ul.

To verify the other conditions, first notice that the infinite paths of ¢ cor-
respond exactly to the infinite paths of p which are labeled with states from
QN and as p is accepting, any such infinite state sequence is accepting. Since
by definition of A, all these infinite state sequences form a run of NV on t we
have t € L(N'). Moreover, L“ (t) contains exatly those words a € (X x 2')* with
Pry(a) € L¥(tiy) which are consistent with o(t) and all the corresponding paths
in p are labeled with states from Q. As p is accepting, any such infinite state
sequence is accepting and by definition of A, any such infinite state sequence
forms a run of § on the corresponding word from (X' x X7)%, so all these words «
are in L(S) which yields, that o(t) is locally winning on inputs from L (t;,). O
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Now we put those two lemmata together which provides a full proof of
Lemma 5.

Lemma 5. For any 1 < i < n there is a parity NTA N; over B-labeled Zout
trees which accepts a tree toy € To (X2 if, and only if, there are a B-labeled
Yi_q-tree ti, € To(Xi—1), a tree t € tin— tour and strategies oy,...,0,_1 for
processes pi, .. .,pi—1 such that o(t) is locally winning on L (t;,) and

— 010Prg, 0...00;_10 Pry,_, generates a language L C L“(t,,) over X
— (01,...,0i-1,0(t)) is winning for p1,...,D;.

Proof. We prove this by induction on i. The base case ¢ = 1 follows immedi-
ately from Lemma 18, so let 4 > 1 and let N;_; be a parity NTA over B-labeled
221 trees according to the induction hypothesis. Then there is a parity ATA

out

Al_, over B-labeled X;_; x Py = .-trees which accepts a tree ¢ if, and only if,

wide(t, Zo;ﬁ" ') € L(N;—1). Furthermore, A}_, can be transformed into an equiv-
alent parity NTA N/_,. Now, let A; be a parity ATA according to Lemma 19,
using the automaton N;_; and let A; be a parity NTA equivalent to A;.

To show that N fulfills conditions of the lemma, first let ¢,y € L(N ) that
means there are a B-labeled X;_i-tree t;, and a B-labeled X;_; X% E Le-tree

t € tin— tous such that t € L(N]_,), and o(t) is locally winning on L¥ (ti,).
Since t € L(N!_,), s = wide(t, 27"~} € L(N;_;), that means, there are

out
a B-labeled X;_o-tree siy, a tree s € sy — Sout and strategies o1, ...,0,_o for
processes pi, ..., pi—2 such that o;0Pry, o...00;,_20Pry, , generates a language
L C L¥(sin) over XY and (o1,...,0;—2,0(s)) is winning for py,...,p;—1.
We denote o(s) = (0y—1,Ti,- .-, Tn) and o(t) = (04, . .., 0n) and we abbreviate
(04y...,0n) =7 and (7;,...,7,) = 7. Now the language generated by o1 oPry, o

..o0;_20Pry, , over X¥ is a subset of L“(si,) so the language generated by
o10Pry,0...00,_90Pry, ,00,_10Prx, , over XY is a subset of the language
generated by ;1 o Pry,_, over L“(si,), which is LY, (s) € L%, | (Sout) =
Lg,  (t) = L9 (tin)-

Now we show that (¢) = 7(e) and 7(Pry, ,(0;_;(u™1))) = T(u) for all
u € L*(sin) = L%, ,(s) € Xj 5 with |u] > 1.

First, by definition of o(s), for all a € X; 5 with siy(a) = T we have
s((a,0(s)(€))) = T which, by definition of sj,< Sout, implies sout(c(s)(€)) = T.
Since sou = wide(t, £2~1) this yields t(PrEi_lxzzit (o(s)(€))) = T so, by defi-

out

nition of o (), o(€) = o(t)(€) = Pry=: (o(s)(€)) = 7(e).

Now let u € LY, _(s) with |u[ > 1, that means, there is some v € (D2l
with s(u™v) = T. By definition of o(s) we have v = o(s)*(u~!) and, for
all a € X;_5 with sju(ua) = T, s(ua”vo(s)(u)) = T which, by definition of
Sin= Sout, implies sous(vo(s)(u)) = T. Since sout = wide(t, Eofg ') this yields
HPry, i (v0(s)(u)) = T and, as Prs, (o7 y(u™1)) = Prs, (o(s)"(u™))
by definition of ot ) we have, 7(Pry, (07 ;(u™1))) = o(t)(Prs,_, (o(s)*(u™1)))

) =

= o(t)(Pry, ,(v) . (o(s)(u)) = )
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It remains to prove that (o1,...,0_2,0;_1,0(t)) is winning for p1,...,p;. By
induction hypothesis, (o1, ...,0;_2,0(s)) is winning for p1, ..., p;—1 which means
that (o1,...,04-9,0,-1,7) is winning for p1,...,p;—1. Moreover, the language
generated by g1 oPry, o...00;_10Pryx, , over X§ is a subset of L“(t;,) and o;
is locally winning on L¥(ti,). Furthermore, as we have shown above, 7(e) = 7(e)
and 7(u) = o(Pry,_, (0} ;(u™')) for all u € L*(s;,) with |u| > 1. Now, if « is
some global system behavior which is consistent with (o1, ...,0;-2,0;-1,0(t))
then this shows that « is also consistent with (o1,...,0;-2,0;-1,7), so all lo-
cal specifications L,,,..., Ly, , are satisfied and as o(t) is locally winning on
L¥(tiy), Ly, is satisfied as well.

Now let conversely to,+ be a B-labeled Eozlft—tree such that there are a B-
labeled X;_;-tree tiy, a tree t € i, tout and strategies o1, ..., 0,_1 for processes
P1,-..,Pi—1 such that o1 oPry, o...00;,_1 0o Pry, , generates a language L C
L¥(tn) over X and (o1,...,0;_1,0(t)) is winning for py,...,p;.

As N; has been constructed according to Lemma 19 using the automaton
N/_1, the automaton N; accepts toyt if there are a B-labeled 3;_;-tree ¢y, and a
tree t € tiy> tout such that ¢ € L(N/_,) and o(t) is locally winning on L* (¢;,). So

all that remains to show is ¢ € L(N]_;), that means, sou = wide(t, 22;@“) €
L(N;—1). Now, by induction hypothesis, to prove this it suffices to find a B-
labeled X;_i-tree si, and a tree s € sin—> Sout such that oy oPry, o...00;,_90
Pry,_, generates a language L C L¥(si,) over X§ and (o1,...,0,—2,0(s)) is
winning for py,...,pi_1.

First, we define si,(u) = T if, and only if, v is in the language generated
by 01 o Pry, o...00;,_90Pry, , over Xjj. Hence, for the corresponding w-
language LY, we have L¥ = L¥(si,). Now we define the extended local strategy
T X%, — X2 for process pi_q as follows: 7(€) = (0s_1(€),0(t)(€)) and
7(u) = (0i-1(w),0(t)(Prs,_, (07, (u™")))) for u € T7,.

Now if u € L*(sip) then v = Pry,_ (07 ;(u™1)) (or v = ¢, if u = ¢€) and va
with a = Pry,_, (0;-1(u)) are both in the language generated by o1 oPry, o...0
o,—10Pry, , over X}. Hence, v,va € L*(tin), so t((va)"o(t)*(v)) = T and as

as Sout = wide(t, Zgﬁ""l) we have sout(Przb,pi,l (or_1(w) " (va)"a(t)*(v)) =T.

From this we conclude 7 [z« )= o(s) [L*z:m) for the tree s € sin > Sout With
$(uin " Uout) = T if, and only if, uiy, = € (and hence uoy = €) or wiy, € L*(s4n)
and T(u;ll) = Uout-

Finally, by definition of o(s), any global system behavior which is consis-

tent with (o1,...,0;-2,0(s)) is also consistent with (o1,...,0,-1,0(t)). So, as
(01,...,0i-1,0(t)) is winning for p1,...,pi—1, (01,...,04_2,0(s)) is winning for
P1y--.,Pi1 as well. a

B Proofs of Section 4.2

Now we give some details of the proof of Theorem 15. For this, we proof unde-
cidability of two special cases. First we consider 2y = (P, C,r) with

- P= {p07p17p25p3}
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- C = {007012561?”62’63}
— ¢, ¢5 € Cy, r(cij) = pj, r(co) = p1 and r(¢;) = p; for ¢ € {2,3}.

Notice that the realizability problem for this architecture has already been
proven undecidable in [11]. However, we give a different proof of this result here,
which can readily be adapted to the case where ¢y and c3 are not necessarily
external output channels but may be read by any other system process. The
main idea for the proof given here is the same as in [14]. However, we have to
take care of the fact that we have only local specifications at our disposal.

Theorem 20. The realizability problem is undecidable for regular local specifi-
cations for the architecture .

Proof. We proceed by a reduction from the halting problem for Turing-Machines,
solet M = (Q, X, 6, qin, Qaccept) be a deterministic TM and denote Yoy = XU
QU{t}, sign = {~», ~}. We define the alphabets Xc, = Xgign, X Zsign, where
Esigng = Esigng = Zsign Ecm = 2C13 = Zsign X Econf and ECQ = Ec;; = Econf~

We define the local specifications Ly, , Ly, and Ly, as follows. First, for some
local behavior a = g~ a1 " a3 € (Xey X Yoy X Loy, )® of process py, let 17, :=
{i € N| Pry, ., (ao(i)) =~} for j = 2,3 and let fq(w) = |Prs,,,, (w)[~ —
|Pry.,,., (w)|~ for any prefix w C ap. Now we define « to be in Ly, if, and only
if, one of the following conditions does not hold

L. for all i € N and all j € {2,3} such that Pryg_,  (au(i)) # f we have
PTSign, (0(2)) >

2. for all 7 € N such that Prg,, , (ao(i)) =~ for some j € {2,3} we have
Prs,,,, (ao(i+ 1)) #~ for all | € {2,3}

3. for all j € {2,3}, IZ, is infinite

4. for all w C «ap we have |fz(w)] <1

or all of the following conditions hold:

5. Pryg,,, (a12) and Pry,, ,(o13) are of the form §TCofTC1f* ... where each
C; is a configuration of M and Cy = g¢;, is the initial configuration of M
when started on the empty tape

6. for all i € Nand all j € {2,3}, Pry,,,, (a1;(i + 1)) = Prg,,,, (a0(i))

7. for all j € {2,3}, if Pry_, ,(a1;(i)) = &, then Pry_  (ai;(l)) = 4 for all
i<l<min{ke I/ |k>i}+1
8. forall j € {2,3} and alli € I, Prx,, (a1;(i +2)) # ¢
9. for all i € N, if Pry,_, (a12(7)) = Prs,,,;(13(i)) = § and Pry_,  (a12(i +
1)) # ﬁ and Prgconf(oélg(i + 1)) 7é ﬁ, then 19 = O‘lZTi ij’ljoz’12 and 13 =
agst; §CHal 5 and
— if fa(aots) =1, then C+C

— if f4(apti) = —1, then C + C

conf
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— if f4(apti) =0, then C =C

For some local behavior @ = @127 ag € (XP2)¥ of process py, we define
a € Ly, if, and only if, Prx,, . (a12(i)) = Prx,,, ; (a2(i)). Analogously, for some
local behavior @ = a3~ ag € (EP2)“ of process ps, we define o € L,, if, and
only if, Pry,,,; (a13(i)) = Prs,,,  (as(1)).

Obviously, Ly,, Ly, and Ly, are all regular. Now we claim that M does not
halt on the empty tape if, and only if, p1, p2 and p3 have a joint winning strategy.

First assume that M doesn’t halt on the empty tape. Then ps and ps3 use the
following strategies. They start writing ff symbols and they write configurations
of the run of M (started on the empty tape) when prompted by the signals ~
via channel c¢15 or cy3, respectively. If they have finished writing a configuration
they continue by writing # symbols until they receive the next .

Process p; uses the following strategy. It forwards the X; ., ,-component that
it receives on ¢y to p; for j € {2,3} in the next step. Furthermore, process p;
writes § symbols to the channels ¢;; for j € {2,3} until it has to send a ~ symbol
to process p;. Moreover, each time p; sends a m-symbol to the channel ¢;; for
some j € {2,3}, in the next step, it starts writing the next configuration of the
run of M into the same channel. Process p; also ends each configuration it has
written with a § and writes only # to the channel ¢;; until it sends the next ~
to process pj.

Now let « be a global system behavior which is consistent with the re-
sulting joint strategy of the system processes. Obviously, Prye. (o) € L,, and
Pryps (o) € Lp,. Now if one of the conditions 1, 2, 3 and 4 is not fulfilled, then
by definition we have Prye: () € Ly, . If, on the other hand, all these conditions
are fulfilled then condition 5 is fulfilled, as, due to condition 3, both processes
p; for j € {2,3} are requested to start a new configuration infinitely many times
and, if they are requested to start a new configuration, due to condition 2 they
will be given the opportunity to do so. Moreover, each time a process starts
to write a configuration, according to condition 1, it will be able to finish this
configuration. Conditions 6, 7 and 8 are obviously fulfilled by the definition of
the strategy. Finally, if both processes start a new configuration at the same
time then, according to condition 4 and the definition of the strategy which
writes, successively on demand, the run of M, condition 9 is fulfilled. Hence,
Prye () € Ly, . Concluding, the joint strategy is winning.

Now assume, conversely, that the machine halts on the empty tape and as-
sume there is a joint winning strategy o = (01, 02, 03) for the system processes.

First notice that oo cannot take advantage of the information that it receives
in the Xy, f-component of c¢12, that is, if g™ a2 "™ B € (Xey X Xeyp X Xy X
YP3)¥ and af oy ahT B € (e X Yoy, X Xe, x XP3)Y are two global be-
haviors which are consistent with o such that Pry,,  (a12) = Pry,,,, (a),) then
Pry,, . (a12) = Pryg, ,(a],) and az = of. Analogous for process ps.

Therefore, as o2 uses only the information given in the X;4,-component
of ¢12, a sequence i, ...,ip € N\ {0} for some k& € N determines the output
fioCofft .. . 4 Cf of process py (according to o), in the following way: if process
po receives the m symbol for the first time after ig steps, oo prescribes to write

31



some configuration Cy of M. Then po finishes Cy by writing a § and if, after
additional i1 — 1 steps, py receives the next ~ symbol then oy again prescribes
to write a configuration C; of M and so on. Analogous for process ps.

Now let £ € N be maximal such that for all sequences ig, ..., i, the output
190 Cot® ... " Okt of process py and the output 70 C{#" ... f )4 of process ps
both represent the run of M (up to step k), that means, C; Fp Cjiq1 and
C} by Clyy for all j € {0,...,k — 1}. Notice that such a k exists as both
p2 and ps start with the initial configuration of M according to condition 5.
Then, for some [ € {2,3} there is a sequence g, . . ., ix, ix+1 such that the output
fioCpff®t .. . 41 Cp i +1Cy 411 of process p; does not represent the run of M (up to
step k+1) and by the choice of k, Cy, t/ar Cry1. W.lo.g., let I = 2. Now consider
the following global system behavior a = g™ 12" @13 s " ag € (2%)“’:

— Qg = ﬁiOCQﬁil ‘e ﬂik_lCk_lﬁikaﬁik+1Ok+1ﬁﬂ for some B S 2?"2
— g = fOCH" .. 1 Oy g IOkl O 87 for some B € xe
— qp is defined by

Il ={neNl|ajn+1)=1and a;(n+2) # 4} for j € {2,3}

Due to the choice of k, the output of process ps which is determined by the
SeqUENCe 20,41, - .-, k—1, 0k + |Ck| + it 1S ﬁiOC()nil . ﬁik’lckflﬁikﬁ‘cklﬁiwdCkﬁ.
Therefore, since ¢ is a winning strategy, given aq, as and «g, there is exactly
one w-word a2 "3 € (Yo, X Xep,)® such that the resulting global system
behavior « is consistent with o. However, due to condition 9, Prys: (o) ¢ Ly, as

Cr Vm Crga. O

Theorem 21. The realizability problem for regular local specifications is unde-
cidable for any architecture with at least three system processes p1, p2 and p3 and
channels co € Cy and c12, c13 € Cy with r(co) = p1 and r(c1;) = j for j € {2,3}.

Proof. Let 2 = (P,C,r) be any architecture with p1,pa,p3 € P, ¢ € Cy,
c12,c13 € Cy, r(co) = p1 and r(cq;) = j for j € {2,3}. First notice that C; # 0
for j = 2,3. Now if, L € r(C2) Nr(Cs) then Theorem 20 immediately yields
undecidability. Moreover, if #(C2) N (P \ {p3} # 0 and »(C5) N (P \ {p2}) # 0
then it is easy to see that the proof of Theorem 20 works for this architecture as
well, as process p; is better informed than py and p3 with respect to the external
input channel cg.

Therefore, we only have to consider the case where r(Cy) = {p3} or r(C3) =
{p2}. For the proof of this case one can use the same idea as in [5]. We provide
the environment with the possibility to send two different encryption functions in
each step and we demand of process p; that it distributes them to the processes
p2 and p3. Then, processes po and ps have to encrypt their output using the
function which they have received in the last step. The set of functions available
to the environment can, for example, be chosen as the set of all permutations
on Y.ons. Using these encryption functions, the environment can garuantee that
processes po and p3 cannot derive any information from the input that it receives
from the other process [5]. Hence, the proof of Theorem 20 can be adapted to
the architecture 2. O
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Now it easy to see that the previous theorem can be easily extended to
Theorem 15: It is not necessary that the environment has a direct channel to the
process p; but there must be merely a (directed) path from the environment to
p1 which neither contains po nor ps. This is guaranteed by the assumption that
p1 is reachable and p; and p3 are both not better informed than p;.

As to the proof of Theorem 16, we first notice that undecidability has been
proved in [11] for the following two architectures 20y and s.

A, = (P,C,r) with

- P= {PO»Pl»PQ»PB}
— Cp = {co1,coz}, C1 = {c13}, Co = {ca3}
— 1(co;) = pi and r(¢;3) = ps for i € {1,2}.

Ao = (P,C,r) with

- P= {p07p27p25p3}
— Co ={co1,c02}, C1 ={ec1}, Ca ={c2}, C3 = {e3}
— r(co;) = p; for i € {1,2}, r(¢;) = pig1 for i € {1,2} and r(c3) = ps.

Now, to prove undecidability of 2(; it is not important which processes read
the output channels of process p3: The process is only needed so that a single
(local) specification can talk about both the channels ¢13 and co3 at the same
time. Then, the original undecidability proof of [14] can be simulated straightfor-
wardly. Moreover, this result can be easily extended to Theorem 16 in the case
where p; and p, are reachable from the environment via two disjoint (directed)
paths.

If, on the other hand, this is not the case then w.l.o.g. there is a path from
po to p2 which contains p; and there is a path from py to ps. If any path from
p2 to p3 contains p; then we are again in the situation of Theorem 15 so assume
that there is at least one such path which does not contain p;. If, moreover, p3
has an external output channel then undecidability can be proved just as for
the architecture 20s. Finally, if any output channel of ps is read by some other
system process then the proof has to adapted with a similar idea as in the proof
of Theorem 21.
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