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Abstract

Let G be a graph of order n and 3 <t < 7 be an integer. Recently,
Kaneko and Yoshimoto [5] provided a sharp 6(G) condition such that
for any set X of t vertices, G contains a hamiltonian cycle H so that the
distance along H between any two vertices of X is at least n/2t. In this
paper, minimum degree and connectivity conditions are determined
such that for any graph G of sufficiently large order n and for any
set of ¢ vertices X C V(G), there is a hamiltonian cycle H so that
the distance along H between any two consecutive vertices of X is
approximately %. Furthermore, we determine the § threshold for any
t chosen vertices to be appear on a hamiltonian cycle H in a prescribed
order, with approximately predetermined distances along H between
consecutive chosen vertices.

1 Introduction

In this paper we use the following notation. For a graph G, let §(G) be the
minimum degree, £(G) be the connectivity of G, N(v) be the set of neighbors
of a vertex v € V(G), d(v) = |N(v)| and d4(v) be |[N(v) N A| for any set
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A CV(G). Also let G[A] denote the subgraph of G induced on the vertices
of A.

We denote a path from u to v by (u,v) while a path from u to v, along
a path or cycle A, is denoted by (u,v)4. The distance between u and v is
denoted by d(u,v) while the distance, along a path or cycle A, is denoted by
da(u,v). For any subgraph H C G, we define the order of H as the number
of vertices on H, that is, |H|. All other notation may be found in [1].

Recently Kaneko and Yoshimoto [5] proved the following result.

Theorem 1 Let G be a graph of order n, d < % a positive integer and A a
set of at most 55 vertices. If 0(G) > 5 then there exists a hamiltonian cycle
in G with the distance, along the cycle, between any pair of vertices of A at

least d.

The key restriction here is that §(G) > % only guarantees that G is 2-
connected. Our results show that, with slightly stronger assumptions and
for n sufficiently large, there exists a hamiltonian cycle with approximately
given distances between the chosen vertices on a hamiltonian cycle.

Along with Theorem 1, our proofs use the following powerful result of

Szemerédi [7].

Theorem 2 For every real number 0 < § < 1 and every positive integer k,
there exists a positive integer N such that every subset A of the set {1, ..., N}
of size at least SN contains an arithmetic progression of length k.

A graph is said to be k-linked if for every choice of 2k vertices x1, ...,z
and yi, ..., Yk, there exists a collection of vertex disjoint paths P; = (x;, y;)
for all i. We use a recent result of Thomas and Wollan [8].

Theorem 3 If a graph G is 10k-connected, then G is k-linked.

A graph G is said to be panconnected if for each pair of vertices u,v €
V(G), there exists a path of length [ in G for each [ satistying dg(u,v) <1 <
n — 1. Finally, we also make use of the following result of Williamson [9].

Theorem 4 If §(G) > ”T“, then the graph G is panconnected.

Given an integer t, for ease of notation, we consider all indices modulo .
Using the above results, we prove the following theorems.
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Theorem 5 Lett > 3 be an integer and let 0 < e%. For sufficiently large n,
let G be a graph of order n having 0(G) > § and k(G) > 2 (%1 For every
X =A{z1,29,...,2¢} C V(G), there exists a hamiltonian cycle H such that
dy(zi,25) > (3 —e)n for all1 <i < j<t.

Corollary 6 Lett > 3 be an integer and let 0 < € < §. For sufficiently
large n, let G be a graph of order n having 6(G) > % and x(G) > 2 (ﬂ For
every X = {x1,x9,...,2: C V(G), there exists a hamiltonian cycle H and
an ordering of the elements of X such that (; — e)n < dy (i, x;) < (7 +€)n
foralll <i<t.

We also consider the case in which the chosen vertices {xi,...,z;} ap-
pear in a prescribed order along the hamiltonian cycle and at approximately
predetermined distances.

Theorem 7 Let t > 3 be an integer and v1,7o, - ..,V positive real numbers
having Z§=1 7 =1and 0 < e <min{%}. For sufficiently large n, let G be a
graph of order n having 6(G) > "= or §(G) > % and x(G) > 3. For every
X ={z1,29,...,2:} CV(Q), there exists a hamiltonian cycle H containing
the wvertices of X in order such that (v; — €)n < dp (i, Tiv1) < (Vi +€)n for
all 1 <g<4t.

The proofs of Theorems 5 and 7 are left to Section 3.

2 Lemmas

We now provide some lemmas which are necessary for the proofs of Theorems
5 and 7. The first lemma tells when and how to absorb vertices into a long
cycle.

Lemma 1 Lett > 3, n > bt be integers, and let G be a graph of order n

having 0(G) > 5. If there exists a cycle C' of order at least ‘%” containing
the vertices of X in order, there exists a hamiltonian cycle H containing the

vertices of X in order such that dg(z;, ziy1) > do(Ti, 1) for all 1 < i <t.

Proof: Proceed by contradiction. Let J be a smallest collection of
vertices that cannot be absorbed into C' while maintaining d¢(x;, x;41) for
all 7. Let J' be a component of smallest order in J. If J’ is the single vertex
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v, then since §(G) > 7 it follows that dg(v) > 5. Since |C| < n—1, it follows
that v is adjacent to two consecutive vertices u and u™ of C, hence v can be
absorbed into C'.

If |J'| = 2, J' = {u,v}, then since J’ is connected, G[J'] contains the
edge wv. If one of u or v is adjacent to consecutive vertices along the cycle,
then we can make the same insertion as above. Also if u and v are adjacent
to vertices u' and v’ respectively with /v € E(C'), then we may replace u'v
with «/uvv’ to absorb v and v into C'. Thus, suppose neither of the above
cases occurs.

Since dg(u),dc(v) > § — 1 and |C] < n —2 = 2(5 — 1), we know u
and v must both be adjacent to every other vertex along C' and N (u) =
N¢(v). Therefore, since n > 5t, there must exist some vertex w € C —
(N(u) U N(v)) with w ¢ X. Let w~ and w™ be the vertices adjacent to
w along C and without loss of generality select uw™ and vw™. Then C’ =
(...,w™,u,v,wt, ...) contradicts the maximality of C'.

Finally, suppose |J'| > 3. Then there exists a path (vy,vs,v3) in J'.
Clearly dc(v;) > § — |J'| for all 7. Also note that [C| < n — |J'|. Therefore,
since [J'| <[J] < %, we get:

3
do(v1) + do(va) +de(vs) > T =8| 2 n = || 2 |C]|.

It follows that there exists v; and v; for 1 <4 < j < 3 which are adjacent to
distinct vertices wy and we € C' with disto(wy, wy) < 2 such that any vertex
between w; and wy along C'is not in X. Let w be the vertex between w; and
wy along C' (if one exists) and let v = vy if 4, j # 2. We may now replace the
path (wy,w,wsy) or (wy,wy) with the path (wy,v;, v, v;,ws) or (wy, vy, vj, wa)
to again contradict the choice of J" and finish the proof of Lemma 1. U

In all that follows, let vy,...,% >0, 0 < e < min{%} and let zy,..., 2
be a set of ¢t prescribed vertices in G. Given a hamiltonian cycle H, let
P; be the path (z;,x;11)y and let & be the collection of paths P;. Let
f(i) = [vn] — |PJ]. Order the paths P, such that f(i) > f(i + 1) (not
depending on the order in which they appear in the cycle). Define:

w(H) = Z @

i:£(1)>0
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We choose a hamiltonian cycle H such that p(H) is minimum. Notice if
|P;] > [(7i — €)n] for all 4, then |P;| < [(v; 4+ €)n] for all i. Since we will
assume the graph does not contain the desired hamiltonian cycle, we may
assume f(1) > <n so p(H) > te/',

Let k be the smallest integer such that f(k) — f(k + 1) > &Sn. Since
f(1) > ¢n, we know k exists and |P;| < yn. Let % be the collection of
paths {F}F | and let & = 22\ #.

The next two lemmas are the main components of our proofs. The first
explains how to move path segments from one subpath of H to another. The
second describes conditions when we may abandon the path structure and
build the desired cycle directly.

Lemma 2 Let t > 3 be an integer and v1,7%s, ...,V positive real numbers
having Ele v =1 and 0 < e <min{%}. For sufficiently large n, let G be a
graph of order n having 6(G) > 5. For every X = {x1,20,...,2,} C V(G),
if G contains a hamiltonian cycle H with the vertices of X in order with
disty(x;, xi11) > en and the number of edges between the sets &/ and B given
by e(o/, B) > hin?, then either u(H) < tI"/! or there exists a hamiltonian
cycle H with u(H') < u(H).

Proof: The goal of this lemma is to swap a segment of a path in
o/ with a segment of a path in & producing a hamiltonian cycle H' with
pu(H') < p(H). This is done by finding a pair of 4-tuples (uy, vy, wq,y;) and
(ug, v, W, y2) With u;,v; € V(A) and w;,y; € V(B) for some A € & and
B € % (as seen in Figure 1) and moving the path (y;,wy) from B to A
and the path (vq,us) from A to B. Such an ordered 4-tuple will be called a
crossing pair and the process of moving the segments will be called a swap.

To ur U1 Uz V2 Ta41 To ur U1 Uz V2 Ta41
AO O AC O
—
B B
s wy Y1 w2 Y2 T+1 s wy Y1 w2 Y2 T+1

Figure 1: A Crossing Pair.

By assumption, &/ and % are nonempty and e(</, %) > hin®. This
implies that there exists a pair of paths A = (z4,%as1) € & and B =
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(zg,2541) € P with at least #n? > 0 edges between A and B. Let
= |A] = du(24,%0+1) + 1 and bn = |B| = distg(xp, xg41) + 1. By
our assumptions, 0 < a,b < 1.

Recall f(3) — f(a) > 5 by the definition of %. Let M = 55n. Notice
that if the swap uses less than M vertices, then the corresponding new f(«)
remains less than the new f(03).

For some hy > 0, there exists a positive fraction of n vertices v €
A with dg(v) > hgn. Call the collection of such vertices A’. Let k =

{a (3,?1’12’2 + 1hib + M + ﬂ be the size of a desired subset of A’. The

constant k is Chosen 1n this way to ensure that the distance between con-
secutive vertices of this subset is small. Since hy < b, we know a > M so
k>322 _’_18b+3b76bh2+1>49

Label the vertlces of A with increasing consecutive positive integers. For
n sufficiently large, by Theorem 2, there exists an arithmetic progression of
length k on the labels of the vertices of A’. Call the set of associated vertices
E. It follows that dg(u,v) < 9 for all consecutive vertices u,v € E (in the
natural ordering of F).

By the pigeon hole principle and using the fact that dg(v) > hon, for

every choice of at least ;- + 1 vertices of F, there exists a crossing pair

(u,v,w,y) with dzstH(w,y) < h% By this argument, if we choose any set

E' of at least % + 1 vertices with £/ C FE, there exists the desired crossing

pair with u,v € E’. Therefore, if we choose ¢ = 3% + 1, we may find a
crossing pair (u, v, w,y), remove w and y from B, and we have not decreased
the degrees of vertices in A by more than 2. This implies we may still find
another crossing pair which is disjoint with respect to vertices of B. Let h be
the number of vertices we have removed from B. As long as hon —h > %n,
there will exist yet another crossing pair. Therefore, we may repeat this
process until h = C_Lln, which means we find f_—bln crossing pairs which share
no vertices in B.

Call a collection of ¢ = ?)h—b2 + 1 consecutive vertices of E a block. By the
above argument, each block is involved in at least C_Lln crossing pairs which
are vertex disjoint in B. Consider a collection of c dlSJOlIlt blocks such that
each pair of consecutive blocks has 2¢c + 1 + 2 -+ i _Qth + 1 vertices of F

between them. This collection of blocks uses exactly

b b — 2bhy

FH(c—1)2c+1+2—+——5—+1)



vertices of E. Clearly, F is large enough since we chose

3 2
L ]?4 (3}?;(2) 18b 3b 6b ha 1)
2 1 b3 —6b2h
332 h82b 3 6 2 1

> A4 (c—1)(2c+1+22 +"‘2”"2+1)

Consequently, since n was chosen to be sufficiently large, there exists
two blocks in this collection containing crossing pairs (up,vi,ws,y;) and
(ug, v, W, y2) such that wy > y; and 0 < dp(y;,ws) < I’Q_h%}” + 1 (see
Figure 2). This number is found by counting the number of crossing pairs
from a single block that share vertices in the segment (w;,y;) in B. One
would then use this to find the largest possible average distance between
crossing pairs.

2e+ 1428 + 53 1] s <d < Mn
2

<cs l <cs
Lo U i U1 U l Vo Ta+41
AO O
B O O
xs w1 T Y1 , W2 T Y2 Tp+1
b b
St | She
27
< e

2

Figure 2: A crossing pair.

At this point we make the swap by redefining B = (z3,2341) to be:

/
B’ = (23,...,w1, V1, ..., U2, Y2, ..., T341)

and redefining A = (24, Ta+1) to be:



!/
A" = (Tay ooy UL, Y1y eey W, Vo, ey Tt 1)

The segments (uq,v1), (u2,vs), (wy,y1) and (ws, y2) are no longer included
in the paths after we make the swap. The segments (w;, y;), for i = 1,2, are of
length at most h% If we let s be the number of vertices between consecutive
elements of E along A, then the segments (u;,v;), for i = 1,2, are of length
at most cs. Therefore the new cycle is at most 2( + cs) vertices shorter.

From the swap, |A’| gained at most & ,fbh?

certainly still at most f(3). We also know that:

Vertlces from B and f(«) is

B'|—|B| > 2c+1+2b+”‘2”h2+1 s— 2L
ha
> 2cs+ L 2bh2 + 1.
Conversely, we know:

B - |B]

IN

sl +(c—1)(2c+1+ £+ % ‘2""2 +1)]

IN

W24 (c—1)(2c+ 1+ & -+ i ‘2bh2 +1)]
Mn.

Therefore we have constructed a cycle H' which misses at most 2¢s + o(n)
vertices of G with |B'| > |B|.

Let J be the missing vertices from the above transfer. Recall |J| < M =
5z < 7 by the choice of M. Now by Lemma 1, these vertices can be absorbed
into the cycle without decreasing the dlstances between any of our chosen
vertices {z;}. This creates a new hamiltonian cycle H” and, since f(3) is
now smaller and f(«) is still less than f(3), we know that u(H") < u(H).
This completes the proof of Lemma 2. O

If there exists a partition of GG into two sets with very few edges from
one set to the other, then the next lemma constructs the desired hamiltonian
cycle directly.

Lemma 3 Let t > 3 be an integer and v1,7%z, ...,V positive real numbers
having St v = 1 and 0 < € < min{%}. For sufficiently large n, let G

be a graph of order n having 6(G) > =L or §(G) > 2 and K(G) > 3. If



there exists a partition of V(G) into sets A and B with e(A, B) < i’g; then
for every X = {xy,29,...,2:} C V(G), there exists a hamiltonian cycle H
containing the vertices of X in order such that (v; — €)n < dy(x;, xi41) <

(vi+e)n foralll <i<t.

Proof: The proof of this lemma is broken into cases based on the
connectivity of G.

Case 1 Suppose k(G) > 5t.

Let D4 (or Dg) be the set of vertices in A (respectively B) with more
than {5n edges into B (respectively A) and let D = Dy U Dg. From the
hypotheses of the lemma, |Dyl,|Dp| < jn. Note that §(G[A\ Dy]) >
5 — 1" — 1" = 5 — sgn and, in particular, for any A" C A\ D4 we have
0(G[A']) > |A'] — n. Thus given A" C A\ Dy with [A’] > £n + 2, we have
I(G[A]) > IAM#. Hence, by Theorem 4, we know G[A'] is panconnected. A
similar argument holds for B’ C B\ Dp.

Choose a system X' = {uy, v, us,v9,...,u;, v} of two distinct represen-
tatives for each of the vertices of X with z;u;, z;v; € E(G) for all ¢ such that
X' C G\ (XUD). By our degree conditions, there exists such a set X’. Since
G is 5t-connected, we know there exists a set of 2¢ vertex disjoint paths from
A\ D to B\ D in G\ (X UX'). Let M be the collection of shortest such
paths (see Figure 3).

Suppose we have paths Pp,..., P, for some 1 < ¢ < t where P; =
(vj,ujqq) for j < i. Let v;, u;41 € X' and, without loss of generality, suppose
v; € A. Let Q; = V(P)U---UV(P;_;) and let A’ = [A\ (DUXUX'UMUQ;)|U
{wi, u} for some u € ANM\ (DUQ;). If yin < |A'| = (5n+3t+2) — (2t —i+1),
we use the fact that G[A'] is panconnected to construct a path P/ of order
~vin — 3 in A’ from v; to u.

By the argument above, it follows that G[A"\ P/] is panconnected. Also
for u; 41 € A, we know that G[(A"\ P/) Uu,1] is panconnected, consequently
a path of length 2 from u to w;;; exists and let P, = (v, ..., u, ..., ujt1)
be the desired v;, u;11 path. If u;y; € B and we let v be the vertex in B
such that (u,v) is a path of M, we may use a similar argument to construct
the desired path P, = (v, ...,u,...,v,...,u;11) using the panconnectivity
of GIB\ (X UX'UDUM UQ;)U{uis1,v}].

If yin > [A'| = (§n+3t+2) — (2t —i+ 1), we again use the fact that G[A’]
is panconnected to create a path from v; to u. Let v be the vertex of M N B
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Figure 3: Graph G

such that (u,v) is a path of M. First suppose vin < |B'|—(§n+3t42)—(t—i)
where B’ = [B\ (DUX UX'UMUQ;)] Uv. We take the path of length
2 from v; to u, take the path from u to B through M, and then, using
the panconnectivity of G[B’], create a path of the desired length within B’.
Again breaking this into cases as above, based on whether u;,; isin A or B,
construct Py. If vyn > |B'| — (§n + 3t +2) — (t — i), we mark v; as reserved
and construct the associated path later. This reservation of vertices happens
at most twice.

Suppose, without loss of generality, that v, is the single remaining vertex
in X’ (whether it was reserved or not) and v; € A and let u be a remaining
vertex of ANM \ (DUQ:). If u; € B, then use the panconnectivity of G[A’]
to connect vy to u using all of A’, take the path in M from u to B and use
the panconnectivity of B’ to pick up all of B’ on the path. This creates a
path of order I, for yyn > Iy > vn — |D| — |[M| > (7, — §)n as long as n is
sufficiently large. If u; € A, we take a path (v, u) of length 2, use all that
remains of B’ on a path between two vertices of M, come back to A and pick
up all of A’ to again construct the desired path.

10



Finally suppose (v;—1) and (v;) are the two reserved vertices of X’. One
may show that |A’|,|B’|, [y4—1n] and [yn] are all within §n of each other.
As above, we create short paths from v;_; and w, to vertices v;_,,u; € A and
from v; and w; to vertices vy, uj € B. We now use the panconnectivity of
G[A’] and G[B'] to construct a path P}, = (v;_,u}) of length |A’| and a path
P = (v;,u}) of length |B’|. We then let P, = (v;,..., v}, ..., Uiy, ..., Uit1)
for : =t — 1,t. One may easily check that these paths are of length [; with:

€

(7 = 5)n+3t +2 = | Dl <li<(%+§)n+3t+2

so since n was chosen to be large enough, we get:

€ €
; — = <l < (v+=)n.
(i = 5)n (i +5)n
Notice, in this process, we can miss at most |D|+|Dp|+tn+2+6t < $n
for n sufficiently large. Applying Lemma 1, the desired hamiltonian cycle
results.

Case 2 Suppose % < k(G) < 5t.

Let K be a minimum cutset of G with 3 < |K| < 5¢. Since 6(G) > %,
there cannot be more than two components of G\ K. Call these components
A and B.

We call a vertex v € K blocked to A (or B) if for every edge e from v into
A (respectively B), e = vx; for some z; € X. For each vertex v € K\ X
which is blocked to A, we choose a distinct vertex of z; € N(v)NXNA. Call
this the blocking vertex. We call the vertices of K N X with only one edge to
either A\ X (or B\ X) half-blocked to A (or B).

For v € K \ X which is blocked by a vertex z; € AN X, remove all
edges to AN X \ z; and move v to B and move z; to K. By the choice of
these removed edges, they will not affect the connectivity. Also we have only
removed a small number of edges so this will have no effect on our other
properties of the graph. We have now eliminated all the blocked vertices of
K\ X and possibly created more half-blocked vertices.

We next remove all edges between vertices of X to create a new graph
G'. Let K’ be a minimum cutset in G’ containing the maximum number of
vertices of X and observe that we have the following facts about G’. The
following are true:
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e There are no blocked vertices in K”.

o k(G > K(G)—t >t

t
2

e No half-blocked vertices could also have been blocked or blocking.

For the sake of notation, we distinguish four different types of paths that
we would like to connect. A path P; from x; to ;1 is of Type I'if z; € K" and
i1 ¢ K'or x; ¢ K and x;.; € K'. A path P, is of Type Il if x;, 2,41 € A
or both are in B. A path P, is of Type III if x;, z;,1 € K’. Finally a path P,
is of Type IV if x; € A and z;,1 € Bor x; € B and z;,1 € A. See Figure 4.

Figure 4: Types of paths.

Since 0(G) > 5 and |K'| < 5t, we know § — 5t < |A,|B| < § + 5t and
G|A] and G|[B] are panconnected by Theorem 4. Using the same argument as
in the previous case, as long as there are enough paths from A to B, we may
construct all paths as desired. If kK(G’) > t, the reader may verify that there
are enough paths from A to B to complete the above argument. If x(G') =,
we know every vertex of X was either blocked or blocking. This implies that
all the paths are of Types II or IV. The reader may again verify that the
paths may be constructed as above to get the desired hamiltonian cycle.

3t

Case 3 Suppose k(G) < 5.
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By assumption, k(G) < % implies 0(G) > %’H Let k = k,+ky where k,
is the number of blockings or half-blockings into A and likewise for B. From
the above arguments, we know that if k(G) > t 4+ 1+ k then we may connect
the paths to get the desired hamiltonian cycle. Consider a vertex v € A and
a vertex w € B which are not involved in any half-blocking. The vertex v is
adjacent to at most x(G) — k, vertices and w is adjacent to at most xk(G) — ky
vertices of K. Therefore [A| > d(v) + 1 — (k(G) — k,) > " — k(G) + ki,
and similarly |B| > 2 — g(G) + k. Hence n = |A| + |B| + &(G) >
n+t+1—k(G)+ ko + ky or K(G) >t + ko + ky + 1 and we have our result.

This completes the proof of Lemma 3. U

Our final lemma provides some structure similar to that in Theorem 1
but with the chosen vertices in a given order on the hamiltonian cycle.

Lemma 4 Let t > 3 be an integer and for sufficiently large n, let G be a

graph of order n having 6(G) > "= or §(G) > % and x(G) > 3. For every

X ={w1,29,...,2:} CV(Q), there exists a hamiltonian cycle H containing

the vertices of X in order such that dy(z;, x;iy1) > (%L))n for all
2t

= \6400t3(1
1 <3<t

Proof: Let n be sufficiently large and G be as stated. Let {xq,..., 2} €
V(G) and let € = . If there exists a partition of V(G) into two sets A and B,
having |A|, |B| > en such that e(A, B) < 15320”2 then we may apply Lemma
3 to get the desired hamiltonian cycle. Subsequently, we need only show how

to proceed if such a partition does not exist.

Claim 1 Suppose we are given a graph G of sufficiently large order n with
6(G) > % and a real number € > 0. If, for every partition of V(G) into two

sets A and B with |A|,|B| > en, we have e(A, B) > 1220”27 then k(G) >
7.

e
1600(1—e

Proof of Claim 1: Let K be a cutset of order less than Wﬁ_g)n.
Since 0(G) > 5, we know there are only two components (call them A and
B) of G\ K and since |K| < Wi_e)” and §(G) > 5, we know |A|,|B| > en.

— : &2 2
Let A" = AU K. By assumption, e(A’, B) > £55n° and all these edges must

13



be incident to vertices in K. Therefore, there exists a vertex v € K such
that,
e2n2
dp(v) > —50— = (1 - e)n.
1600(1—e)

However, since |A| > en, this is a contradiction, completing the proof of
Claim 1. O

Since §(G) > 5, we may choose a system X' of two distinct representatives
from the neighborhood of each vertex of X. Also since §(G) > g we may
create a collection & of 2t vertex disjoint paths in G\ X of length m 6
two of which start at each vertex of X. Let P = UV(P; for P, € &. Notice
|P| < k(G) — 10t so G\ (P UX) is at least 10t-connected. By Theorem 3,
we know G \ (P U X) is t-linked. This implies that we may link, using only
vertices of G'\ (PU X)), the ends of the paths of P to create a cycle of length

at least Wﬁ_e)n — 11t containing the vertices of X in order.
Choose a longest cycle H having dy(x;, z;) > ﬁ 5fori # 5 <
t. We may assume |H| < 2%; otherwise applying Lemma 1, the desired

hamiltonian cycle results. Now suppose |H| < =% This implies denm(v) >
1 for all v € H. Also any vertex of G \ H may not be adjacent to consecutive
vertices of H so 0(G[G \ H]) > "= |G;H|. By Dirac’s Theorem [3],
this implies G[G \ H] is hamﬂtoman connected. At this point we simply
choose two consecutive vertices v, v € V(H) and neighbors of these vertices
u,u’ € G\ H. Now create H' from H by removing the edge vv™ and inserting
the hamiltonian path (v,u,...,u',v"). Notice |H'| > |H|, which contradicts
the choice of H.

Now suppose “H=1 < |H| < 3. If J = G\ H, then 2 < |J| < 2=,
By assumption, e(H,J) hence it follows that there exists a path

e2n?
— 16007

P, = (z4,x;41)g such that e(P;, J) > fﬁgm Consequently, there are at least
62n2

oo — 1 2 8(2)015 — 1 vertices v € P; with d;(v) > 2. Since |P;| < 2, the

average distance between such vertices is at most:

|P| 300t n
< =< |J
<@ <7 ]|

500t
if n is sufficiently large. Therefore, there exist two vertices u,v € P; with

dp,(u,v) < |J| such that d;(u),d;(v) > 2

14



Recall that no vertex of J may be adjacent to consecutive vertices of H
so 6(J) > 2= “2{' > MTH so, by Theorem 4, J is panconnected. Let
w € JN N(u) and let o' € J N N( )\ {«/}. There exists a hamiltonian
path P of J from u’ to v'. We now replace P; = (2, ..., %, ..., 0,...,Ti11)
with the path P/ = (x;,...,u, v, P,v',v,...,x;11). Because |J| > dy(u,v),
it follows that |P/| > |P;| contradicting the choice of H, completing the proof
of Lemma 4. O

3 Main Results

Theorem 5: Lett > 3 be an integer and let 0 < e— for sufficiently large
n, let g be a graph of order n having 6(g) > 5 and K( ) > 2 ( ] for every
r = {x1,29,...,2:y C v(g), there exists a hamiltonian cycle h such that

dp(zi, ;) > (3 —€e)n for all 1 <i< j<t.

Proof: By Theorem 1, we know there exists a hamiltonian cycle H in G
such that, for a given set of ¢ vertices {z;}, du(z;,x;) > % for all ¢ # j. Let
J be the set of hamiltonian cycles which satisfy Theorem 1. For each H in
€, define &/ and A as above. We choose H € ¢ with pu(H) minimized.
Reorder the vertices in whatever order they fall on the cycle. Then if the
number of edges between &7 and £ is at least ~<-n?, apply Lemma 2 with

1600
Vi = 1 for all 7 to get the desired result.

16?]0 n®. Let
K be a minimum cutset of G. By the minimum degree condition, there can
only be two components A and B of G \ K, furthermore, |K| > 2 [L]. For
every vertex x; ¢ K make a short path to a vertex v; of K and contract
the path to a new vertex x; € K. Notice we have only removed at most
2t vertices and we have not changed the connectivity of G. If t is even, we
may connect x; to xo through A, xs to x3 through B, and so on to get a
hamiltonian cycle with all vertices equally spaced.

If ¢ is odd, there exists at least one vertex v € K \ X and we may again
connect most of the paths as above. There may be one path P, = (x4, 1)
remaining that cannot fit into only one of A or B. For this path we must use
the vertex v to cross between A and B to get the desired hamiltonian cycle.

For sharpness of the minimum degree condition, the graph G consisting
of two cliques of order 4+ sharing a common vertex has §(G) > 2 — 1 with

15



GG not hamiltonian.

For sharpness of the connectivity condition, consider the graph in Figure
5. This graph consists of two sets A = B = K nt and an A, B separating

set K with |K| = 2[%] — 1. Notice |K| is always odd and |K| < ¢. If all
of the vertices X are in A (or B), we would need at least ’—%H paths to cross
into B to construct the desired set of paths. This uses 2 % vertices of K
but |K| =2 [ﬂ — 1 so it is impossible to construct the desired hamiltonian
cycle.

Figure 5: The graph G.

This completes the proof of Theorem 5. U

Theorem 7: Lett > 3 be an integer and ~y1,7s, ...,V positive real numbers
having St vi=1 and 0 < ¢ < min{%}. For sufficiently large n, let G be a
graph of order n having 6(G) > "=t or §(G) > % and x(G) > 3. For every
X ={z1,29,...,2:} CV(QG), there exists a hamiltonian cycle H containing
the wvertices of X in order such that (i — €)n < dy (i, xip1) < (Vi +€)n for
all1 <1<t

Proof: By Lemma 4 a hamiltonian cycle H with the vertices of X; in
order and dy(z;, x;11) > en for all z; € X; and for some € > 0 results. Now
applying Lemmas 2 and 3, the desired result follows.

16



Again sharpness of the minimum degree bound is trivial. For sharpness
of the connectivity bound, consider the graph in Figure 6. Notice each path
we connect must use a vertex of K hence |K| > 2.

Figure 6: The graph G.

This completes the proof of Theorem 7. U

4 Further Results

Using only slight modifications to the above lemmas, we also prove the the-
orems below. A survey of similar results may be found in [4]. In 1995, Ota
[6] found a sharp lower bound on o9 for any set of ¢ chosen vertices to be
contained in a common cycle of G.

Theorem 8 Lett > 3 be an integer and vy, Yo, - . ., V¢ be positive real numbers
having 3t vi=1and 0 < e < min{Z}. For sufficiently large n, let G be a
graph of order n having 6(G) > %’H For every set X = {x1,x9,...,2:} C
V(Q), there exists a spanning collection € of vertezx disjoint cycles C; with
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x; € C; such that (v; —e)n < |Ci| < (v +€)n for all 1 < i <t. Furthermore,
this condition is sharp.

The conditions in this theorem are sharp because of the following example.
Let Gy = K; + (K(n,t)/g U K(n,t)/g) when n — t divisible by 2. Clearly
6(Gy) = ™ — 1. If we choose S to be the vertices of the K; and we choose
V1,72, - - -, Y S0 there is no subset Iy C [t] of the index set such that § —etn <
Dien, Vi < % + etn then this graph cannot contain the desired collection of

cycles.

Theorem 9 Lett > 3 be an integer and v1,7s, ..., be positive real num-
bers having S'_ v = 1 and 0 < ¢ < min{%}. For sufficiently large
n, let G be a graph of order n having §(G) > % For every set
X = {z,29,...,20,Y1,Y2, ...,y } C V(G) of 2t vertices, there exists a
spanning collection & of vertex disjoint paths P; = (x4,...,y;) such that
(vi —e)n < |P)| < (vi + e)n for all 1 < i <t. Furthermore, this condition is
sharp.

The sharpness of Theorem 9 is given by the following construction. Let
a = {M-‘ and b = {M-‘ and let A = K,, B = K, and

2 2
K = Kffracsia—17- Let Gy = K 4+ (AU B). Suppose 7; = % let z; € K and let
y; € Afor 1 < i <t. If we suppose n has the correct parity, it can be shown
that §(Gy) = % — 1 but there cannot exist a spanning collection of
paths of length approximately % from z; to y; for 1 <i <t.

The following is an easy corollary to Theorem 9. The sharpness is also

given by the same example as above.

Corollary 10 Let t > 3 be an integer and ~yi,7s, ...,V be positive real
numbers having Zle 7 = 1 and 0 < e < min{%}. For sufficiently large
n, let G be a graph of order n having §(G) > % For every set
X ={z1,22,...,2:; CV(G) and Y CV(G) witht < |Y| < %, there exists a
spanning collection & of vertex disjoint paths P; = (x;,...,y;) where y; €Y
such that (y; — e€)n < |Bi| < (v + €)n for all 1 < i < t. Furthermore, this

condition is sharp.

Given a subgraph H C G with 2t chosen vertices X = w1, x9,..., 2y,
Y1,Y2, - -,y © H, the following corollary to Theorem 9 constructs a spanning
collection of vertex disjoint paths from x; to y; in G \ H of lengths within
the prescribed range.

18



Corollary 11 Let t > 3 be an integer and ~yyi,72,...,V be positive real
numbers having E;l% =1and 0 < ¢ < min{%}. For sufficiently large
n, let G be a graph of order n and let H C G with |H| = r. Suppose
i(G) > %. For every set X = {xy,za,..., 24, y1,Y2, ...,y } S V(H)
of 2t wvertices, there exists a spanning collection & of vertex disjoint paths
P = (xi,...,yi) C(G\ H) such that (y; —€)(n —7) < || < (i +€)(n—7)
for all 1 < i <t. Furthermore, this condition is sharp.

In particular, this corollary implies that one may place a linear forest on
a hamiltonian cycle in a prescribed order with a given orientation on each
path and with approximately given distances between the paths of the linear
forest. Similar work may be found in [2].

As before, we use the same process of 4 lemmas to prove the desired
results. The first lemma is used to absorb vertices into a collection of cycles
containing fixed vertices. For this section, we define the following notation.
For a collection of subgraphs J# = {H;, Hy, ..., H;}, let || 2 ||= | UL,
V(H,)|.

Lemma 5 Let t > 3 be an integer, G a graph of order n > 5t, X =
{z1,29,...,2¢} C V(G) a specified set of t vertices and € a set of t ver-
tex disjoint cycles {C1,Cs,...,Cy} such that z; € C; for all 1 < ¢ < t. If
| € ||> 2 and 6(G) > “H=L then either | € ||= n or there exists a collec-
tion €' = {C1,CY,...,Ci} of vertex disjoint cycles again with each cycle C|
containing x; such that || €' ||>|| € || and |Ci| > |Ci| for all 1 <i < t.

Proof: Let C = U._,V(C;), J = G\ C and let Jy be the smallest
component of G[J]. By the assumed degree condition, every vertex v € Jy
must satisfy de(v) > %H—(|Jo|—1). By definition, |C| =n—|J| < n—|Jy|
so if |Jo| < t, it follows that de(v) > ”+t_1_§(|‘]0‘_1) > n_2|J°| > @ This
implies that v must be adjacent to at least one pair of vertices which are
consecutive along a cycle C; € € so v may be absorbed into C;. Therefore

we may assume ¢+ 1 < [Jo| < 7.

Since Jy is connected and |Jy| > ¢t + 1 > 4, there exist three vertices u, v
and w such that (u,v,w) is a path in J;. We know:
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de(u),do(w) = 255 = (|Jo| = 1)

> G5+l

> =ty pgn

By the pigeon hole principle, there exists a pair of vertices v’ and w’ ad-
jacent to u and w respectively with d¢, (v, w") < 4 for some cycle C; and
with no prescribed vertex x; in the v/w’ path. We may replace C; with
Cl=(...,u,u,v,w,w,...) with |C!| > |C;| thereby contradicting the as-
sumptions on C' and completing the proof of Lemma 5. O

The following lemma is used to absorb vertices into a collection of paths
with fixed endpoints. The proof is similar to the proof of Lemma 1 above.

Lemma 6 Let t > 3 be an integer, G a graph of order n > 5t, X =
{z1,91, 22,92, ..., 2,y } C V(G) a specified set of 2t vertices and & a set of
t vertex disjoint paths { Py, Ps, ..., P} with P, = (x4, ..., y;) forall1 <i <t.
If| 2 ||> 32+t and 6(G) > % then either || & ||= n or there
exists a collection L' = {P{, Py,..., P} of vertex disjoint paths again with
P, =ux;,...,y; such that || 2" ||>|| & || and |P!| > |P)| for all1 <i<t. O

In all that follows, let v1,...,7% > 0,0 < e < min{%} and let 21,..., 2,
be a set of ¢t prescribed vertices in G. Given a collection of cycles € =
C1,Cy, ..., Cy (or acollection of paths & = P, Py, ..., P,), let f(i) = [yn]—
|C;| (or f(i) = [vin] — | P| respectively). Order the cycles C; (respectively
paths P;) such that f(i) > f(i + 1). Define:

pl@) = p(2) = 3 0,

i:f(1)>0

We always choose a collection of cycles € (or paths &) such that p(%)
(respectively p(£?)) is minimum. Notice if |C;| > [(v; — £)n| for all 4, then
|C] < [(7i+€)n] for all 1 < ¢ < ¢. Since we will assume the graph does
not contain the desired collection of cycles, we may assume f(1) > ¢n so
p(H) > t"</t1 Identical statements hold for paths as well.
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Let £ be the smallest integer such that f(k) — f(k + 1) > Sn. Since
f(1) > $n, we know k exists and [Cy| < yn. Let Z be the collection of
cycles {C;}F_| and let & = € \ 4. Again, identical definitions are assumed
for paths.

We now restate Lemma 2 in two forms which are appropriate to our
current situation. Lemma 7 takes a collection of cycles containing chosen
vertices and, given certain conditions, shows the existence of a collection
which is closer, in some sense, to the desired cycle partition. Lemma 8
accomplishes the same task for paths with chosen endpoints.

Lemma 7 Let t > 3 be an integer and 1,7z, ...,V positive real num-
bers having 21;:1 v =1,0 < e <min{%} and hy > 0. For sufficiently
large n, let G be a graph of order n having §(G) > %H For every
X = {z1,29,...,2:} C V(G), if G contains a collection of cycles €
C1,Cy, ..., Ct with z; € C; such that e(, B) > hin?, then cither (%)

<
tIne/t or there exists a collection of cycles €' with u(€") < w(€). O

Lemma 8 Let t > 3 be an integer and v1,7%z, ...,V positive real numbers
having St vi =1, 0 < € < min{Z%} and hy > 0. For sufficiently large
n, let G be a graph of order n having 6(G) > % For every X =
{z1, 22, ..., T, Y1, Yo, - .-y} S V(Q), if G contains a collection of paths &P =
P, Py, ..., P with P, = x;,...,y; such that e(o/, %) > hin?, then either
w(2) < e/t or there eists a collection of paths 2" with u(2') < u(2).
O

The proofs of these lemmas are identical to the proof of Lemma 2 except
we use Lemmas 5 and 6 respectively to absorb vertices into the cycles and
paths.

If there are many edges between the collections of paths, we apply Lem-
mas 7 or 8. Conversely, if there are very few edges between the parts of a
bipartition of the V(G), then we apply the following lemmas. The proofs of
these lemmas are similar to the proof of Lemma 3.

Lemma 9 Let t > 3 be an integer and v1,%s, ...,V positive real numbers
having Z;‘i:l v =1,0<e<min{%} and hy > 0. For sufficiently large n, let

21



G be a graph of order n having 6(G) > %H If V(G) admits a partition into
two sets A and B with e(A, B) < 526’83 then for every X = {x1,xq,..., 2} C
V(G), there exzists a collection of cycles € with u(€¢) <t/ O

Lemma 10 Let t > 3 be an integer and vy, 72, ...,V positive real numbers
having St vi = 1, 0 < € < min{%} and hy > 0. For sufficiently large
. n+[1.5t]—1 .
n, let G be a graph of order n having §(G) > 2 If V(G) admits
a partition into two sets A and B with e(A, B) < {55 then for every X =
{z1,29,. .., 20, Y1,Y2, .. .,y } € V(G), there exists a collection of paths &

with p(22) < e/t O

The following lemmas provide a starting structure similar to Lemma 4.
Lemma 11 provides a spanning collection of cycles each containing a chosen
vertex and each of order a positive fraction of n. Lemma 12 provides a
spanning collection of paths with the chosen endpoints each of order a positive
fraction of n. Once again, the proofs of these lemmas are almost identical to
the proof of Lemma 4 above.

Lemma 11 Let t > 3 be an integer and for sufficiently large n, let G be a
graph of order n having 6(G) > "= For every set X = {x1,2s,...,2,} C
V(G), there exists a spanning collection € of vertex disjoint cycles C; with

x; € C; such that |C;| > (m)n foralll <i<t. d
2t

Lemma 12 Let t > 3 be an integer and for sufficiently large n, let G be a

graph of order n having §(G) > % For every set X = {x1,29,..., 2}

C V(G), there exists a spanning collection € of vertex disjoint cycles C; with

x; € C; such that |C;| > (m)n forall1 <i<t. O
2t

Finally we prove the main results of this section.

Theorem 8: Lett > 3 be an integer and ~y1,72,...,V: be positive real
numbers having >_, v = 1 and 0 < € < min{%}. For sufficiently large
n, let G be a graph of order n having §(G) > %H For every set X =
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{z1,29,...,2¢} C V(G), there exists a spanning collection € of vertex dis-
joint cycles C; with x; € C; such that (v; — e)n < |Ci| < (v + €)n for all
1 < <t. Furthermore, this condition is sharp.

Proof: First apply Lemma 11 to get a spanning collection of cycles each
containing one vertex of X. Let € be such a collection with p(%) minimum

and suppose (%) > t/"/*1. Define &/ and % as above. If e(o/, B) > %,
then we apply Lemma 7 to contradict the choice of €. If e(«7, B) < %,

then we apply Lemma 9 to construct the desired cycle system directly. [

Theorem 9: Lett > 3 be an integer and 71,7, ...,V be positive real
numbers having 2;1 7 =1 and 0 < e < min{%}. For sufficiently large n,

let G be a graph of order n having 6(G) > % For every set X =
{z1, 29, ..., 20, y1,Y2, .-,y } € V(G) of 2t vertices, there exists a spanning
collection P of vertex disjoint paths P; = (x4,...,y;) such that (v; — e)n <
|Pi| < (7 +€)n for all 1 < i <t. Furthermore, this condition is sharp.

Proof: First apply Lemma 12 to get a spanning collection of paths
Tiy ...,y for 1 <i < t. Let & be such a collection with p(2?) minimum and

suppose j() > tI"</tl. Define &7 and % as above. If e(</, B) > iﬁ;, then

we apply Lemma 8 to contradict the choice of &2. If e(f, B) < %, then

we apply Lemma 10 to construct the desired path system directly. U
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