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Abstract

This paper is concerned with the distributions of the m-spacings of order
statistics associated with a sample from a two-parameter gamma
population when the shape parameter is a positive integer. We prove that
the m-spacings have finite mixture distributions with negative
components, each of which in turn has a finite gamma mixture distribution.
We write the probability density function of the m-spacings in closed form
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and provide a Mathematica code for the implementation.
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1. Introduction:

Let X4,X,, -+, X, be a random sample of size n and
X1y X2+ Xm) be the corresponding order
statistics, where X1y < X(z) <+ < X(y). Define the

(m) _
Di,n -
Xi+m) — X for 0 <i<i+m <n. By convention,

m-spacings (or spacings of order m) by

we set Xy = 0 and Dé_lg = X()-
The random variables Di(’?) are called the m-

spacings between order statistics (cf. Kamps, 1995).
Order statistics and their spacings play an important
role in mathematical statistics and other fields of
applied probability. These spacings can be used to
characterize some distributions like the uniform and
(cf. Pyke, 1965;
Ahsanullah, 1978). They are very important in
statistical inference. For example, they are used in
goodness-of-fit testing (cf. Beirlant, 1985; Del Pino,
1979),
Beirlant, 1997), and in testing for uniformity (cf.
Cressie, 1976). In particular, gamma spacings play

exponential  distributions

nonparametric entropy estimation (cf.
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an important role in reliability, communication
systems, queueing applications, and other areas in
the engineering discipline.

For various properties of order statistics, the reader

may refer to Arnold et al.
(1992); David (1981). Spacings and their properties
are deeply reviewed in Pyke

(1965). One also can refer to DasGupta (2011) for
more information about spacings.

This work generalizes a work done by Riffi (2016).
The problem we tackle in this paper is determining

the distributions of the Di(lr:),s when the population

of the sample is G(«, ), where a = 1,2, ... and f is
any strictly positive real number. We will show that

the Di(iln)'s have finite mixtures with negative

components, each of these components in turn has a
traditional finite gamma mixture distribution. That
is, we will show that the probability density function

(pdf) ofl)i(’r:) is given by
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m—1
fpm () = Z 8™ e (), (1.1)
o k=0
where
e (r)
(a=1)(n—-i-k) (1.2)
= D Wl
=0

5,5'”) is an integer, fj(r|a;, B) is a gamma pdf of shape
and scale parameters a; and pj, respectively, and
Wo, W1, -, Wig—1)(n—i—k) denote mixture proportions or
weights that satisfy the constraint:0 <w; <1 and
Yjw; =1

The representation (1.1) can be helpful in studying the
moments and other properties and behaviours of the
m-spacings.

2.  FINITE MIXTURES WITH NEGATIVE
COMPONENTS
A d-dimensional random vector X = (Xq, X5, ..., X;,) is
said to follow a g-component finite mixture
distribution, if its pdf f (x) can be written as

g

) = ) wifix), 1)
i=1

where the f;(x) are densities and w; are nonnegative
quantities that sum to 1; that is,

0<w;<LVi=1,..,gandi=Y] w; =1
(2.2)

The quantities wy,..,w, are called the mixture

proportions or
McLachlan, 2000).

weights (cf.

n!

In the representation (1.1), it turns out that some of the
6,5"1) are negative integers. This means that some of the

components of the mixture are negative. Therefore, we
adopt the notion of finite mixtures with negative

components introduced in Zhang
(2005) to suitably describe the distributions of Di(;?).

If we cancel the nonnegative constraint of mixture
weights in (2.2), the mixture in (1.1) becomes a finite
mixture with negative components.

3. THE DISTRIBUTION OF D{»’

The random variable X is said to follow a gamma
distribution with shape and scale parameters a > 0
and f >0, respectively, written for short as
X ~ G(a, B), if the probability density function (pdf) of
X is given by

r@p o

< oo,

0<x

fi() = 1)

where I'(a) = fooo t* 1e~tdt is the gamma function at
a>0.

The cumulative distribution function (cdf) of
X ~G(a,B) att > 0is given by
y(a,t/B)
Fx(t) = —F—~— (3.2)

r@ -~

where y(a,t/B) = fot/ﬁ x®*le *dx is the lower
incomplete gamma function evaluated at (a, t/f3).

Let X4, X;, ..., X, be a random sample of size n from a
gamma distribution G(a, ) with shape and scale
parameters a and S, respectively.

Recall that the joint pdf of the ith and jth order
statistics X(;) and X(;),1 <i<j<mn, is given by (cf.
DasGupta, 2011)

FEOfOIFH(x)

fij(x,y) =

(—DIG—1=-D)!(n—))!

(3.3)

X [F(y) —F)V T 1= FO)I" 7,
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for —co < x <y < 00,

Whenj =i+ m, (3.3) reduces to

n! -
im0 ) = T Drar == O OF T 0IF )
— F(x)]™ 1 (3.4)
X [1=F)m
It follows from (3.4) that the pdf of Di(::) atr > 0 is then the integral
o T108) = [ fisem G+ 1) (3.5)
in 0

Theorem 3.1. The pdf of Di(;?) is a finite weighted sum of gamma pdfs with rate parameters j
and scale parameters f/(k+n—i—m+1), for j=12,..,m—-1, i=01,..,n—1, and
k=01,.., m-—1;ie,

fpam (1)
’ Np+tngta—-1
- 2, 2. 20
a1+"'+aa+1=i—1 b1+"'+ba=n—i—m C1+"'+Ca+ h=0
dy+-+dg=m—1
x( i—1 )(n—i—m)( m-—1 ) (3.6)
aq,0Qz, o, Qgeq1/ \b1, by, ..., by /) \Cyq, ..., Co, dq, ..., dyg
y (nb +ng+a— 1) (=)'l (g + 1.+ h+a)
h 040,004 (g +n — i+ 1)Natncth+a
X .r.m,+17d+a—h—1B—nb—nd+h+ae—(yd+n—i—m+1)r/3’
where
a+1 a+1 a
Vo= ) auma= ) (1=2)a,0, = | [(- 1, (3.7)
=2 =3 1=2
a a a
Yo =) by =) (1= Db 8, = | [ D, (38)
=1 =2 =2
a (24 [24
Ve= D cume=) (1= Depbe = | [a-1=, (3.9)
=1 =2 1=2
a a [24
yg = Zdl,nd - Z(l —1)d, 0, = 1_[([ — 1), and (3.10)
=1 =2 =2
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S=n!B2¢/T(a)*(m—1D!'(n—i—m)!(i—1). (3.11)

Proof. We use the following expansion of y (&, x), namely,

a-1
y(a,x) =T(a) [1 —e™* Z %] (3.12)

=

when a = 1,2, ... (cf. Temme, 1994; Gradshteyn et al., 2000; Gautshi, 2003). Then we expand

sums by using the Multinomial Theorem, namely, for a positive integer k and a non-negative
integer n,

b.
x.7,

m

by, by, .., b ) 1

k
b1+b2+"'+bk=m ]=1

and then we use integration by parts and mathematical induction.

Hence, for X ~ G(a, 8), the cdf of X is

a-1 i
Fy(x) = vx/p) 1—e */B Z /B and

I'(a) 4 i!
= . (3.13)
a,(x+r x+r t
P { CACL T/ )N ) (G +1)/B)
I'(a) 4 il
=0
Substituting in (3.4), we getfori = 1,2,...,n—1
(m-1)x 2x+r (n—i—-m)(x+7r)
fiiom@x+1)=6x"Tx+1r)*te F e Foe B
k i—1 k n—i-m
6 (56
(-5 ) (55
k=0 k=0 ' (3.14)
/a—l <£)k a—-1 (x +r ;
B —r/B B
% Z ke Z K ’
k=0 k=0
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where § = n! 724 /(T(@)?*(m— D! (n—i —m)! (i — 1.

()
51: 1—e B T

k=0

(1)a1(_e—x//3')az (_%e—x/ﬁ)a3

(al, az, ..., aa+1>

a1+a2+"'+aa+1:i—1

xa-1 ~ Aa+1
“(-a=mr=e) 519)

= Z (— 1)a2+a3+»~+a,,[)r1 ( i—1 )

a,as,..,Qa
a1+a2+"'+aa+1:i—1 =2 rratl

e~ (aztaz+aqy)x/B xA3t2ast+(@-1)ag4y
X (1!)a3 (2!)a4 (3!):15 ((0{ — 1)!)aa+1 ﬂa3+2a4+---+(a—1)aa+1
B i—1 (—1)YaxNag~Ya*/B
B Z (‘11; Az ey aa+1> g fMa '

a1+a2+"'+aa+1=i—1

where
a+1 a+1 a
Ya = Zauna = Z(l—Z)ClL,Ha =1_[(l_1)!(h+1_ (3.16)
=2 =3 =2
Similarly,
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(55

= 2 )0 ()

by+by+-+bg=n—i-m
b b
x+1)%\° 4l \ P
W (DTN (G .
21 (@ —DIpe1
()
b1+b2+...+ba=n_i_m bl' b2) . ba
(x -|- r)b2+2b3+...+(a_1)ba 1
X (1NHbz(2Nb3(3N)ba ... ((a — 1)!)Pa phz+2bs+:+(a=1)bg

(n—i—m )(x+r)’7b
by, by, ...,b,) 6,1 °

b1+b2+---+ba=n—i—m

where

1y = ;(1 —1)b, 6, = [2[([ LY (3.18)

Similarly,

5= 0 e eddyndy)
3=
Y €1,C2, o, Cq,dq,d, ..., dy
C2 a-1\Ca
L (o
1! (a—1)!
d a-1y %a
e—r/B(x’#) ’ e~ T/B (x"#)

_ B ) (3.19)
1! (a —1)!

x (e T/B)"

_ ( m-—1 )
B C1,Cg, e, Coqrdq,dy, ..., dy

c1+tegtdit+dg=m—1
(=1)YaxNee~Yar/B (x 4 r)na

gcﬁnCHdﬁnd ,

where

[24 a a
Ne = Z(t — e, 0, = 1_[(! — 1)y, = Z d,, (3.20)
=2 1=2 =1
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a a
Ta = ) (1= D0 = | Jee= e
=2 =2

In the same way, we can write

Np+ngta—1
(x + 7)lo*nata=1 — Z ("b + ”dh+ = 1) bt ata—h-1 (3.21)
h=0

Therefore,

(m-1)x 2x+r (n—i—-m)(x+r)
fiizm@xx+1r)=6x*te F e F e

Nptngta—1 .
Z Z Z Z ( - )
a;,as, ..., a
a1++agp1=i—1by++bg=n—i-m  C1t+cq+ h=0 122y = R+l (3.22)

di++dg=m—1

X(n—i—m)( m—1 )(nb+r]d+a—1)
by, by, ..., bg/ \Cq, vy Cqyde, e, dg h

(=1)YaxMag=Va*/B 1 (—1)YaxNce~Yar/B

xhrnb+nd+a—h—1
Qaﬁna Qbﬁﬂb ecﬁncedﬁnd '

Integrating with respect to r over (0, ), we get the pdf ofDl.(Zl) as

fpam ()

oy oy

a;+-+agi1=i—1 by+-+bg=n—i-m  C1t+Cqt
dy++dg=m—1

Np+ng+a-1 (3.23)

y Z ( i—1 )(n—i—m)( m-—1 )
aq,Qy, ., Qgie1/ \D1, by, ..., by \Cq, ..., Cq, A1, -, dyg

(—1)Ya*Yag=Yar/Bynp+nata=h-1

Np + Na +a-1
8 ( h ) HaGbGCHd,B’?a+77b+77c+nd I(T),
where
I(r)
= J xna+nc+h+6{—1 e_(m'l'ya—l)X/Be—(2x+T)/ﬁe—(n-i_m)(x+r)/ﬁdx
’ (3.24)
= F(na +n.+ h
+ a)(B/ (Vg + 1 — i + 1))TatNcth+ag=—(n=i-m+ )1/
Therefore,
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fpam ()
Di,n
NptNgta—1
a1+"'+aa+1=i—1 b1+"'+ba=n—i—m Cit++cot+ h=0

di+-+dg=m—1

( i—1 )(n—i—m)( m-—1 )
X
Qq,Qaz, ., Agy1/ \b1, by, ..., bg/ \Cq, ..., Cq,dq, ..., dg

y (nb +1g +a— 1) (=14l (g +nc + h+ a)
h Qaebeced(ya +n—i+ 1)77a+77c+h+“
% T.nb+nd+a—h—1ﬁ—r]b—r]d+h+ae—(yd+n—i—m+1)r/ﬁ.

(3.25)

Remark 3.1. For dealing with finite sums of gamma random variables, one may refer to
Moschopoulos (1985); Paris (2011).

Theorem 3.2. The m-spacing Di(rrr:) has a finite mixture distribution with negative components,
each of which in turn has a finite gamma mixture distribution. That is,

m—1

fom @B =) 8 e, (3.26)
Ln k=0
where

(a—1)(n—i-k)

e () = z Wi fr(Flan Bu), (3.27)
h=0

6,57”) is an integer, f,(r|an, fr) is a gamma pdf of shape and scale parameters a; and S,

respectively.
Proof. Let M{™ () = £ om (")l y=m—1-k. Then
Ln

M ()
Np+tngta—-1
- ). ) EDIN
aj++agy1=i—1 bi+-+bg=n—i-m 1+ t+cq=k h=0
di+-+dg=m-1-k
( i—1 )<n—i—m)( m—1 ) (3.28)
X
aq,Qz, o, Qgeq1/ \b1, by, ..., by / \Cq, ..., Cq, dq, -, dyg

y (7717 +ng+a- 1) (DYear (g + e +h + @)
h 0,0,0.0,4(Vq + 1 — i+ 1)Tatncthta
X rnb+nd+a’—h—1'3—17b—nd+h+ae—(n—i—k)r/B_

Note that max (1) = (@ —1)(n —i—m) and, when yy =m—1—k, max(ny) = (a —1)(m —
1 — k), because the maximum value of 1, in this case is attained at d; = d, - =d,_; = 0 and
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dy,=m—1—k. In this casen; = (a —1)d, = (@ — 1)(n — i — k). This implies that h ranges
fromOto (¢ —1)(n—i—k);ie,h=01,..,(a—1D(n—i—k).

By the same reasoning, for each value of k, the power of r ranges from O to (&« — 1)(n — i — k).
Note also that, wheny; =m—1—kanda; + -+ agyq =i—1,7, =i —1— ay. Therefore,

(1)t = (— 1K (—1) = /(=1)% = (=R (1),

Therefore, we can write M ,Em) (r)as

MM ()
(a—1)(n—-i-k)
1
- C ) ). ), @
h=0 aj++agy1=i—1 by+-+bg=n—i-m c1t+cq=k
dq++dg=m—1-k

x( i—1 )(n—l—m)( m—1 ) (3.29)
aq,Qy, e, Qgeq1/ \b1, by, .., by/ \Cq, ..., Co,dq, ..., dyg

y (nb +ng+a— 1) (=1)Ye*Valr(n, +n. +h+ a)

h Qagbgcgd(ya +n—i+ 1)T)a+T)c+h+06

B —Np—Ngth+a

X. (—) Ve~ (=i=iT/B,
T

Therefore,
(a—1)(n—i-k)
M () = Z o™ (hyrhe=(=i-ior/B, (3.30)
h=0
and
m-1 (@-1)(n—i-k)
fpmm(r) = Z Z ,Em) (Wrhe-(—i=kr/B (3.31)
o k=0 =0

where qb,gm) (h) is the coefficient of r*e~(i=k)7/B in (3.29)and h = 0,1, ..., (@ — 1) (n — i — k).

In fact,
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1
o=l Y Sy
a,+-+agy1=i—1 by+:-+bg=n—-i—-m c1t++cg=k
di+-+dg=m—1-k
i—1 n—i—m m-—1 (3.32)
J )( ) )
aq,ay, o, Qgyq1/ \D1, by, o, by /) \Cq, .., Coy de, -, Ay

9 (nb +nata- 1) (=D)Y* e (g + ne + b + @)~
h 040,0.04(Vq + 1 — i + 1)Natncthta

Let 6,57”) = fooo M,‘gm) (r)dr. We will see in the next section that 8,£m) is a nonzero integer for all
m=12,..,n—1landk=0,1,.. m—1.

Now, let C,Em) (=M k(m) )/ 6,5"1), then we have

m-—1
fpm () = Z 5™ M (), (3.33)
Ln k=0
(a—1)(n—-i-k)
ey = Y e e it/ 5™, (3:34)
h=0

It’s clear from the definition of C,Em) that
fooo C”',Em) (r)dr = 1 and that C,Em) (r) has
a gamma mixture distribution, because
for each fixed k,
q,’),gm) (h)rhe‘(”‘i‘k)r/ﬁ/c?,gm) is a gamma
pdf with shape parameter ap =h+1
and scale parameter [, =f(/(n—i—
k), where h=01,..,(a—1Dn—-i-
k). The weights (or proportions) of the
mixture are obtained by integrating
each term of (refsum) with respect to r
on the positive real line. They turn to be

wp =

h+1
() e w/
5. (3.35)
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1. COMPUTING ¢{™

Although it is very tedious to deal with
,Em) directly, we can write it in a way

that enables us to concisely and easily

calculate the ratio ¢l£m) /¢,§€), for

k <£ <m. This can be achieved by

making use of the assumption that

M,Em), and consequently both of C,Em)

and d),gm), is obtained by letting
yg=m-—1-k.

So,lety; =m —1—kin (3.19). Then
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S, = (=1)m-1-kg=(m=1-Ir/p Z ( m—1
C1)

c1+-+cg=k
di+-+dg=m-1-k

12 T1G2)

(m—-1)!

o Cordp,y e

— (_1)m—1—ke—(m—1—k)r/ﬂ

c1t+-+cg=k
di+-+dg=m-1-k

1625 G L(G5)

j=1 j=1

d;

k

a—1 .
= (—1)m-1kg=(m-1-k)r/p (m - 1) (x/B)’
k , J!
Jj=0
1 \ m-1-k
((x+1)/B)

il

j=0 s
Going back to the joint pdf of X(;,,y and X;), we can write it as

fiivm (@, x + 1) = (—1)m-1-kgxa-1(x
+ 1)@ L~ (n=i+Dx/B o~ (n-i=k)r/B

i-1
m-—1 o (x/ﬁ)
x( k ) /ﬁZ
a1 n—-i—-1-k a1 ) k
y (<x+r)/ﬁ)f (x/B)
j=0 j=0 ]!

Therefore,

50 UG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0
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fiitm(,x +71)
. m-—1
— (—1\ym—1-k §,—(n—i-k)r/p
(—1)m1kge ( . )

a1+"'+aa+1=i—1 b1+"'+ba=n—i—1—k

npta—1 . 1 ) 1 "
i— n—i—1-—
<2 2| )( ) 3
R S| ai, Ay, ., Agy1/ \ by, by, ..., by
y ( k )(nb +a-— 1) (—1)Yarfpta-h-1
C1,C2) ey Cq h 0,0,0.BMatbnc

X xMatNcth+a=1,—(q+n-i+1)x/B

Note also that wheny; =m—1—kanda; + -+ apy1 =i—1,y, =i —1—a,. In this
case we have

(_1)ya+m—1—k — (_1)m+i—k(_1)—a1/(_1)2 — (_1)m+i—k(_1)a1_

Finally, M,Em) (r) is the integral of f; ;1 , (x, x + 1) with respect to x over (0, ).

M (r)
1 (a—1)(n—i-k)
. . m—
_ (—1ym+i-kg —(n—1—k)r//3< ) Z Z
-1 e k '
h=0 a;+-+agy1=i—-1

9 Z 2 ( i—1 )(n—t—l—k) (4.4)
aq,Qaz, ..., g1/ \ by, by, ..., by

by+-+bg=n—i-1-k c;+---+co=k

y ( k ) ((a - Dn—i-— k)) (—1)%rh
C1)Cpy ey Cq h 0,0,0.811
XT(Ma +1p +h+a)(1/(Vq + 1 — i + 1))Tatlcthta

Therefore,

()

o) TS

a1++ag41=i—1 by +++bg=n—i—1—k ¢y +--+cq=k

x( i—1 )<n—i—1—k>< k ) (4.5)
aq,Qy, ey g1/ \ by, by, ..., by J \Cq,Cq, ..., Cy

y ((“ -Dn—-i- k)) DI +nc+h+a)p™" !
h 0,0,0.(y, + n — i + 1)Natncth+a
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We wrote a Mathematica code in Appendix A.1 for computing ¢,Em) (h).

Remark 4.1. Note that for k =0,1,..,m —1 and k < £ < m, the quotient qb,gm)/q.')g)
reduces to

m YY) - Dim—i— 8!
¢S) S m=-D!(n—i-m)! —1*k(5D
(n—i—&)(f—1—k)
nm—i—-m)(m—-1-k)!

= (-1

Note that although ¢,Em) as introduced in (4.5) is a function of h, the quotient qblgm) /qbg)
is a constant depending only on i, k, m, and n. It does not depend on h appearing in (4.5).

In particular,

(m) . .
0 _ (—qym-t n—i—-1)! _ (—ymt (n—z—l)I
¢él) (n—i—m)(m—-1)! m—1
5. SPACINGS IN TERMS OF SPACINGS ,1}(71’:)
OF LOWER ORDERS ’ n—i—j\/m—j
. . (m) — (_1)m+k—1
In this section, we express M, (r) of m-—j k—j+/

(3.30) in terms of f ) (r), where
in (5.2)
0<k<m-—1and1<j<m We start

with the following theorem.

Proof. If we look at (;blgm) as a function of
Theorem 5.1. For each m, J\/[k(m) (risa B, we can write (5.10) as
linear combination of fD(j) n),j=
in

1,2, ...,m. Thatis,

M ()
k+1

=) A fop@, k51
=1

=01,..,m—1,

where
m—1 (@—1)(n—i—k)

1 m —(n—i—
@ =20 ) $Bme o (53)
k=0 h=0

It follows from (5.3) that
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1 (a-1)(n-1)
fpm@) == Z o (B/r)e=DT/B (k= 0 when m

h=0
= 1)
(a-1)(n~-0)

= % Z (¢él)/¢(m)) (pém) (ﬁ/r)e—(n—i)r/ﬁ

h=0
(a 1(n-1)

= (6" /88™) Z o™ (8

Jr)e- (- ‘)r/ﬁ (d)(gl)/(pém) is free of h)

= (60708 ) M ().
Similarly,
1(a—1)(n—i)
o @ =7 > @ e
" o0
1 (a—1)(n—-i-1)
2 —(n—i—
R S Y (o el
=0
1(a—1)(n—i)
= (62765™)= > B (/e irs
j=0
1 (a—1)(n—-i-1)
+H(@P/0) 2 Y e e imors

j=0

= (667 /0™ ) Mg () + (67 /6™) ™ ().

By induction on %, it follows that

(f ) ({’ )
fDi(.Q (T‘) - ¢(m)

(m)
o (m) —M; () +-

&)
¢e 1
t’—l

-1 (0
9
_ (m)
= > LM,
Jj=07j

M (m) 1()

Note that when £ = m, (5.6) becomes
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fpm(r) =M M) + Mm@ + o+ I ). (5.7)

Solving (5.6) simultaneously in Mo(m) (r),Ml(m) (r),...,and Mk(m) (r) gives (5.1).

To prove (5.2), we proceed by induction on k making use of Remark ?. For k = 0, we
have

My ) = 10 f p (), (5.8)
where
(m) ;
/l(m) _ (1) = (—1ym1 (n—i—1)!
— N (n—i—m)
by m-D!I(n—i—m)! (5.9)
= (-1 (n —i— 1)
B m—i
and (k ]+1) = 1whenk =0andj = 1.So (5.2) is true for k = 0.

Assume that (5.2) is true for k = 0,1, ..., m — 2. We need to prove that it is also true for
k =m — 1. Now,

M) =f, (1) = M () — M (r) —

( . (5.10)
m
2(1).
The coefficient offD(,) (r)inM 1(1") is
my _ (m) (m) (m)
A == (A0 4200 4 2 )
m-2
=— Z /1(’")
k=j—1
_("Ti) m+k( m—j )
=" )ka A VO (5.11)

m—j—-1

(e S, o ()
e o M)

as required, where we have used the identity (cf. Boardman, 2004)
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> v (3) = (")
h=0

withM=m—j—1,andN:m—j.Notethat(ij_fl)= 1whenk =m—1.

Corollary 5.1. Let 6,5"1) be the integral of]\/[k(m) (r) with respect to r over (0, ). Then
k+1

(m) _ (m)
5" =)
=

(5.13)
— : 1k+m+1(m_1)(n_i_1> : k
= (- )(-1) P | G VGRS Y O
Proof. We integrate both sides of (5.1) with respect to r over (0, o).
o k+1 o k+1
o = [ 3 @y = [ A f =y 200 (514)
0 e~ Jo in .
j=1 j=1

as required.

Remark 5.1. It is clear from (5.13) that S,Em) # 0.
Example 5.1. Let a=2,m=3,i=2,n=7, and § > 0. We use Mathematica (see
Appendix A.2) to implement the computations. Then

fpe @ = M52 @) + M7 @) + M7 (), (5.15)
where
_sr _sr _sr _sr
3) 95r°e B 14005r*e B 94175r3¢ B 8792600r%e B
M () = + S i
496 10298 24018 15126343
5r 5r
281982875re B N 88897385¢ A
6353046032 63530468
_ar _ar _ar
6400r*e B 84300r3e B 3829625r%e #B
MP @) = - — —
1 102945 24014 5042153
_ar _ar
236910655r # 88897385 F
317652352 31765238 ' "

M2 (r)
3r 3r

3r 3r
7442513 F N 362550r%e F | 639461457 B , 88897385¢ B
- 14406p* 1680743 21176822 635304603

Note that 6. = 6,6 = —15,and 6> = 10,

Example 5.2. By definition, the range of a random sample of size n is p~D

1n

=Xm) —
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X(l); i.e, i=1 and m =n — 1. For simplicity, let « =2,n=5m =4, and i = 1. For

example,

_er _2r _2r
612r%e B 6276re B 2832e B
125p3 62582 6258

_2r _2r _2r (5.16)
102r%e B 1046re B 472¢ B

12585 62587 ' 6258

4
MmO (r) = -

Note that 62(4) (r)is
_2r _2r _2r
102r%e B 1046re B 472e¢ F (5.17)

1256 62587 ' 6258

e () =

Here, (@ — 1)(n—i—k) = (1)(5-1-2) =2 and 67 = 1,6 = 4,6 = —6, and

6354) = 4. The three weights corresponding to 62(4)(r) are wy = 236/625,w; =

523/1250, and w, = 51/250. The functions ¢.” (k) for h = 0,1, and 2 are ¢S¥(0) =

—612/12583, Y (1) = —6276/62582, and ¢\ (2) = —2832/6258.

Note that ¥f_o 6. = 1 and Yiaw =1

Example 5.3. In Example 2, M2(4) (r) can be expressed in terms of lower spacings as
20 = A2 + 100D + 1D, (519

where () = =3,28) = -2, and 2§ = —1. Here, 8{* = 21 + 25 + 2{) = 6.
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Appendices
A. MATHEMATICA CODE

A.1. Computing ¢§‘m) (h)

The following code can be used to compute (;b,gm) (h) when the sample size is n, the scale parameter is beta, and the
shape parameter is alpha.

phi[alpha_k_, m_, i_ n_]:= Module[{A, AP, AA, B, BB, F, FF, delta, TA, TB, TC},
AP= Sum|[Subscript[a, u], {u, 2, alpha + 1}];

A= Sum|[(u-2)Subscript[a, u], {u, 3, alpha + 1}];

AA= Product[((u-1))"Subscript[a, u+1], {u, 2, alpha}];
B=Sum{[(v-1)Subscript[b, v], {v, 2, alpha}];

BB= Product[((v-1)!)*Subscript[b, v], {v, 2, alpha}];

F= Sum|[(w-1)Subscript[c, w], {w, 2, alpha}];

FF= Product[((w-1)!)"Subscript[c, w], {w, 2, alpha}];

delta = (-1)*(m+i-k) E*(-((( n-i-k) r)/beta))

( n'beta”(-2 alpha)/(Gamma[alpha]”*2 (m-1)! (n-i-m)! (i-1)!))Binomial[m-1, k];
TA = Table[{Subscript[a, u], 0, i-1}, {u, 1, alpha+1}];

TB = Table[{Subscript[b, v],0, n-i-1-k},{v, 1, alpha}];

TC= Table[{Subscript[c, w], 0, k}, {w, 1, alpha}];
Expand[Sum[Boole[Sum[Subscript[a, u],{u, 1, alpha+1}] ==i-1 &&
Sum|[Subscript[b, v],{v, 1, alpha}] == n-i-1-k &&

Sum|[Subscript[c, w],{w, 1, alpha}] == k] delta Binomial[B +alpha-1, h]
(((-1)"*Subscript[a, 1] r*(B+alpha-h-1))/(AA BB FF beta”(A+B +F)))
Gamma[A+F+h+alpha](beta/(n-i+1+AP ))*(A +F +h+alpha)

Multinomial @@ Table[Subscript[a, u], {u, 1, alpha+1}]

Multinomial @@ Table[Subscript[b, v], {v, 1, alpha}]

Multinomial @@ Table[Subscript[c, w], {w, 1, alpha}],##]&@@ Union[TA, TB, TC]]]

A.2. Computing f_ow (1)
The following code can be used to compute f (™ (r) when the sample size is n, the scale parameter is beta, and the
in

shape parameter is alpha.

pdf[alpha_ k_, m_, i_, n_]:= Module[{A, AP, AA, B, BB, F, FF, delta, TA, TB, TC},
AP= Sum|[Subscript[a, u], {u, 2, alpha + 1}];

A= Sum[(u-2)Subscript[a, u], {u, 3, alpha + 1}];

AA= Product[((u-1)!)"Subscript[a, u+1], {u, 2, alpha}];
B=Sum{[(v-1)Subscriptl[b, v], {v, 2, alpha}];

BB= Product[((v-1)!)*Subscript[b, v], {v, 2, alpha}];

F= Sum[(w-1)Subscript[c, w], {w, 2, alpha}];

FF= Product[((w-1)!)"Subscript[c, w], {w, 2, alpha}];

delta = (-1)*(m+i-k) E*(-((( n-i-k) r)/beta))

( n!beta”(-2 alpha)/(Gammalalpha]*2 (m-1)! (n-i-m)! (i-1)!))Binomial[m-1, k];
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TA = Table[{Subscript[a, u], 0, i-1}, {u, 1, alpha+1}];

TB = Table[{Subscript[b, v],0, n-i-1-k},{v, 1, alpha}];

TC= Table[{Subscript[c, w], 0, k}, {w, 1, alpha}];
Expand[Sum[Sum[Boole[Sum[Subscript[a, u],{u, 1, alpha+1}] ==i-1 &&
Sum|[Subscript[b, v],{v, 1, alpha}] == n-i-1-k &&

Sum[Sum[Subscript[c, w],{w, 1, alpha}] == k] delta

Binomial[B +alpha-1, h]

(((-1)"Subscript[a, 1] r*(B+alpha-h-1))/(AA BB FF beta”(B -h-alpha)))
Gamma|A+F+h+alpha](n-i+1+AP )*-(A +F +h+alpha)

Multinomial @@ Table[Subscript[a, u], {u, 1, alpha+1}]

Multinomial @@ Table[Subscript[b, v], {v, 1, alpha}]

Multinomial @@ Table[Subscript[c, w], {w, 1, alpha}],##]&@@
Union[TA, TB, TC],{h, 0, (alpha -1)(n-i-k)}]]], {k, 0, m-1}]
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