
AIP Advances 11, 015223 (2021); https://doi.org/10.1063/5.0036261 11, 015223

© 2021 Author(s).

Diverse novel analytical and semi-analytical
wave solutions of the generalized (2+1)-
dimensional shallow water waves model
Cite as: AIP Advances 11, 015223 (2021); https://doi.org/10.1063/5.0036261
Submitted: 03 November 2020 • Accepted: 10 December 2020 • Published Online: 08 January 2021

 Yuming Chu,  Mostafa M. A. Khater and  Y. S. Hamed

ARTICLES YOU MAY BE INTERESTED IN

Some optical soliton solutions to the perturbed nonlinear Schrödinger equation by
modified Khater method
AIP Advances 11, 025130 (2021); https://doi.org/10.1063/5.0038671

Accurate sets of solitary solutions for the quadratic–cubic fractional nonlinear Schrödinger
equation
AIP Advances 11, 055105 (2021); https://doi.org/10.1063/5.0050624

Dispersive long wave of nonlinear fractional Wu-Zhang system via a modified auxiliary
equation method
AIP Advances 9, 025003 (2019); https://doi.org/10.1063/1.5087647

https://images.scitation.org/redirect.spark?MID=176720&plid=1857063&setID=378289&channelID=0&CID=683467&banID=520740869&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=b199dc9a1699d095151e69aa161c89367dfa542f&location=
https://doi.org/10.1063/5.0036261
https://doi.org/10.1063/5.0036261
http://orcid.org/0000-0002-0944-2134
https://aip.scitation.org/author/Chu%2C+Yuming
http://orcid.org/0000-0001-8466-168X
https://aip.scitation.org/author/Khater%2C+Mostafa+M+A
http://orcid.org/0000-0002-0365-0282
https://aip.scitation.org/author/Hamed%2C+Y+S
https://doi.org/10.1063/5.0036261
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0036261
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0036261&domain=aip.scitation.org&date_stamp=2021-01-08
https://aip.scitation.org/doi/10.1063/5.0038671
https://aip.scitation.org/doi/10.1063/5.0038671
https://doi.org/10.1063/5.0038671
https://aip.scitation.org/doi/10.1063/5.0050624
https://aip.scitation.org/doi/10.1063/5.0050624
https://doi.org/10.1063/5.0050624
https://aip.scitation.org/doi/10.1063/1.5087647
https://aip.scitation.org/doi/10.1063/1.5087647
https://doi.org/10.1063/1.5087647


AIP Advances ARTICLE scitation.org/journal/adv

Diverse novel analytical and semi-analytical wave
solutions of the generalized (2+1)-dimensional
shallow water waves model

Cite as: AIP Advances 11, 015223 (2021); doi: 10.1063/5.0036261
Submitted: 3 November 2020 • Accepted: 10 December 2020 •

Published Online: 8 January 2021

Yuming Chu,1,2 Mostafa M. A. Khater,3,4,a) and Y. S. Hamed5,6

AFFILIATIONS

1Department of Mathematics, Huzhou University, Huzhou 313000, China
2Hunan Provincial Key Laboratory of Mathematical Modeling and Analysis in Engineering, Changsha University of Science

and Technology, Changsha 410114, China
3Department of Mathematics, Faculty of Science, Jiangsu University, 212013 Zhenjiang, China
4Department of Mathematics, Obour Institutes, 11828 Cairo, Egypt
5Department of Mathematics and Statistics, College of Science, Taif University, P. O. Box 11099, Taif 21944, Saudi Arabia
6Department of Physics and Engineering Mathematics, Faculty of Electronic Engineering, Menoufia University,

Menoufia 32952, Egypt

a)Author to whom correspondence should be addressed:mostafa.khater2024@yahoo.com

ABSTRACT

This article studies the generalized (2 + 1)-dimensional shallow water equation by applying two recent analytical schemes (the extended
simplest equation method and the modified Kudryashov method) for constructing abundant novel solitary wave solutions. These solutions
describe the bidirectional propagating water wave surface. Some obtained solutions are sketched in two- and three-dimensional and contour
plots for demonstrating the dynamical behavior of these waves along shallow water. The accuracy of the obtained solutions and employed
analytical schemes is investigated using the evaluated solutions to calculate the initial condition, and then the well-known variational itera-
tional (VI) method is applied. The VI method is one of the most accurate semi-analytical solutions, and it can be applied for high derivative
order. The used schemes’ performance shows their effectiveness and power and their ability to handle many nonlinear evolution equations.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0036261

I. INTRODUCTION

In recent years, the shallow water (SW) wave phenomenon
has emerged as a particularly attractive candidate for studying and
investigating the dynamical and physical behavior of the bidirec-
tional propagating water wave surface and the flow below a pressure
surface in a fluid.1–3 A set of hyperbolic nonlinear partial differential
equations is formulated to demonstrate the shallow water wave
attitude.4,5 These hyperbolic equations in the unidirectional form
are derived by Adhémar Jean Claude Barré de Saint-Venant as
a model of transient open-channel flow and surface runoff.6,7

Consequently, these equations are called Saint-Venant equations
that can be seen as a contraction of the two-dimensional (2-D)
shallow water equations.8,9 In addition, the famous Navier–Stokes
equations, also considered a member of shallow water wave

equations, are employed when the horizontal length scale is some-
what higher than the vertical length scale and mass conservation
ensures that the vertical velocity scale of the fluid is small when
compared to the horizontal speed scale.10–12 Moreover, the (2 + 1)-
dimensional Kadomtsev–Petviashvili–Benjamin–Bona–Mahony
equation belongs to this hyperbolic set.13–16 The shallow water
wave’s applications are distinct in various fields such as electro-
magnetic theory, astrophysics, electrochemistry, fluid dynamics,
plasma physics, acoustics, and cosmology.17–19 Many mathematical
techniques have been formulated to evaluate analytical, semi-
analytical, and numerical solutions of these equations such as
B-spline schemes, Khater methods, the auxiliary equation method,

the exponential expansion method, the well-known (Ψ′
Ψ
)-expansion

methods, the Kudryashov method, the direct algebraic equation
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method, the Adomian decompositionmethod, the iterationmethod,
and the sech-tanh expansion method.20–24 All these schemes have
been employed for many nonlinear evolution equations. Many
computational, semi-analytical, and numerical solutions have been
constructed, but unfortunately, one solution cannot be applied for
all nonlinear evolution equations; hence, the search for a unified
method still continues. The great revolution in computer technology
is the most helpful tool in this study; however, this technology is
only used to discover new techniques, and no one has used it to
check the accuracy of the schemes derived already.25,26

This article studies the (2+ 1)-dimensional SW equation, which
is given by27–29

Sx x x t + s1 Sx Sx t + s2 St Sx x − Sx t − s3 Sx x ≙ 0, (1)

where si(i ≙ 0, 1, 2, 3) are the arbitrary constants to be evaluated
and S ≙ S(x, y, t) is a function of space and time, which describes
a bidirectional propagating water wave surface. Employing the
wave transformation S(x, y, t) ≙ Q(ψ), ψ ≙ x + y + λ t, where λ is
the wave velocity, and integrating the result once with zero con-
stants of the integration convert Eq. (1) into the following ordinary
differential equation:

Q
′′′ + s1 + s2

2
(Q′)2 − λ + s3

λ
Q
′ ≙ 0. (2)

Using the homogeneous balance principles and the auxiliary
equations for the extended simplest equation (ESE) and modi-
fied Kudryashov (MK) methods,30–33 that is, F ′(ψ) ≙ l1 + l2 F(ψ)+ l3 F(ψ)2 & Y′(ψ) ≙ ln(k)(Y(ψ)2 −Y(ψ)), where l1, l2, l3, and k
are the arbitrary constants to be constructed later, in Eq. (2) gives
n ≙ 1. Thus, the general solutions of Eq. (2) are formulated in the
following forms:

Q ≙ ⎧⎪⎪⎪⎨⎪⎪⎪⎩
∑n

i≙−n ai F(ψ)i ≙ a1 F(ψ) + a−1
F(ψ) + a0,∑n

i≙0 ai Y(ψ)i ≙ a1 Y(ψ) + a0, (3)

where ai, (i ≙ −2,−1, 0, 1, 2) are the arbitrary constants.
The remaining sections of this article are organized as fol-

lows: Section II applies the above-mentioned analytical and semi-
analytical schemes to the nonlinear (2 + 1)-dimensional SW equa-
tion for explaining the accuracy of each analytically employed
scheme. Section III discusses the obtained solutions and the shown

figures and tables. Section IV gives the conclusion of the whole
paper.

II. ACCURACY OF COMPUTATIONAL SOLUTIONS

Applying the ESE and MK methods to Eq. (2) to construct
the computational solutions of the (2 + 1)-dimensional SW equa-
tion then using these solutions to evaluate the initial and boundary
conditions that allow applying the VI method are carried out as
follows.

A. ESE method’s solutions

Employing Eq. (3) in the ESE method’s framework gets the val-
ues of the above-mentioned parameters as follows:

For family I,

a−1 →
12l1

s1 + s2 , a1 → 0, λ→
s3

l22 − 4l1l3 − 1 .
For family II,

a−1 → 0, a1 → − 12l3

s1 + s2 , λ→
s3

l22 − 4l1l3 − 1 .
Thus, the computational solutions of the (2 + 1)-dimensional SW
equation are constructed as follows:

For l2 ≙ 0, l1l3 > 0, we get
SI,1(x, y, t) ≙ a0 + 12

√
l1l3 cot(√l1l3(η + s3t−4l1l3 − 1 + x + y))

s1 + s2 ,

(4)

SI,2(x, y, t) ≙ a0 + 12
√
l1l3 tan(√l1l3(η + s3t−4l1l3 − 1 + x + y))

s1 + s2 ,

(5)

SII,1(x, y, t) ≙ a0 − 12
√
l1l3 tan(√l1l3(η + s3t−4l1l3 − 1 + x + y))

s1 + s2 ,

(6)

SII,2(x, y, t) ≙ a0 − 12
√
l1l3 cot(√l1l3(η + s3t−4l1l3 − 1 + x + y))

s1 + s2 .

(7)
For l2 ≙ 0, l1l3 < 0, we get

SI,3(x, y, t) ≙ a0 − 12
√−l1l3 coth(√−l1l3( s3t−4l1l3 − 1 + x + y) ∓ log(η)

2
)

s1 + s2 , (8)

SI,4(x, y, t) ≙ a0 − 12
√−l1l3 tanh(√−l1l3( s3t−4l1l3 − 1 + x + y) ∓ log(η)

2
)

s1 + s2 , (9)

SII,3(x, y, t) ≙ a0 − 12
√−l1l3 tanh(√−l1l3( s3t−4l1l3 − 1 + x + y) ∓ log(η)

2
)

s1 + s2 , (10)
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SII,4(x, y, t) ≙ a0 − 12
√
−l1l3 coth(√−l1l3( s3t

−4l1l3 − 1
+ x + y) ∓ log(η)

2
)

s1 + s2
. (11)

For l1 ≙ 0, l2 > 0, we get
SII,5(x, y, t) ≙ a0 + 1

s1 + s2

⎛⎜⎜⎜⎜⎜⎝
12l2

⎛⎜⎜⎜⎜⎜⎝
1

l3e

l2
⎛
⎜
⎝
η +

s3t

l22 − 1
+ x + y

⎞
⎟
⎠
− 1

+ 1

⎞⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎠
. (12)

For l1 ≙ 0, l2 < 0, we get
SII,6(x, y, t) ≙ a0 + 1

s1 + s2

⎛⎜⎜⎜⎜⎜⎝
12l3

⎛⎜⎜⎜⎜⎜⎝
1 −

1

l3e

l2
⎛
⎜
⎝
η +

s3t

l22 − 1
+ x + y

⎞
⎟
⎠
+ 1

⎞⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎠
. (13)

For 4 l1 l3 > l22, we get
SI,5(x, y, t) ≙ a0 − 24l1l3

(s1 + s2)(l2 −√4l1l3 − l22 tan(12
√

4l1l3 − l22(η + s3t

l22 − 4l1l3 − 1
+ x + y))) , (14)

SI,6(x, y, t) ≙ a0 − 24l1l3

(s1 + s2)(l2 −√4l1l3 − l22 cot(12
√

4l1l3 − l22(η + s3t

l22 − 4l1l3 − 1
+ x + y))) , (15)

SII,7(x, y, t) ≙ a0 −
6
√

4l1l3 − l22 tan(12
√

4l1l3 − l22(η + s3t

l22 − 4l1l3 − 1
+ x + y))

s1 + s2
+

6l2

s1 + s2
, (16)

SII,8(x, y, t) ≙ a0 −
6
√

4l1l3 − l22 cot(12
√

4l1l3 − l22(η + s3t

l22 − 4l1l3 − 1
+ x + y))

s1 + s2
+

6l2

s1 + s2
. (17)

1. Semi-analytical solutions

Applying the variational iteration method34 to Eq. (1)
with the initial condition SI(x, y, 0) ≙ 2 − tanh(x + y) & SII(x, y, 0)≙ 2 − coth(x + y) according to Eqs. (9) and (11) gives the following
solutions:

SI,1(x, y, t) ≙ 2 − tanh(x + y)(6tsech2(x + y) + 1), (18)

SI,2(x, y, t) ≙ 2 − tanh(x + y)(12tsech2(x + y)
× (9tsech2(x + y) − 3t + 1) + 1), (19)

SI,3(x, y, t) ≙ 2 − tanh(x + y)(18tsech2(x + y)
× (8t2 + 6tsech2(x + y)(30tsech2(x + y)
− 20t + 3) − 6t + 1) + 1), (20)

SII,1(x, y, t) ≙ coth(x + y)(6tcsch2(x + y) − 1) + 2, (21)

SII,2(x, y, t) ≙ 2 − coth(x + y)(12tcsch2(x + y)
× (9tcsch2(x + y) + 3t − 1) + 1), (22)

SII,3(x, y, t) ≙ coth(x + y)(18tcsch2(x + y)
× (8t2 + 6tcsch2(x + y)(30tcsch2(x + y)
+ 20t − 3) − 6t + 1) − 1) + 2. (23)

B. MK method’s solutions

Employing Eq. (3) in the MK method’s framework gets the
values of the above-mentioned parameters as follows:

a1 → −
12 log(k)
s1 + s2

, λ→
s3

log2(k) − 1 .
Thus, the computational solutions of the (2 + 1)-dimensional SW
equation are constructed as follows:
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S(x, y, t) ≙ a0 − 12 log(k)
(s1 + s2)⎛⎜⎜⎝1 ± k

s3t

log2(k) − 1 + x + y⎞⎟⎟⎠
. (24) 1. Semi-analytical solutions

Applying the variational iteration method to Eq. (1) with the

initial condition S(x, y, 0) ≙ 4 − 12 log(10)
10x+y+1 based on Eq. (24) gives the

following solutions:

S1(x, y, t) ≙ 4((10x+y + 1)2(10x+y + 1 − 3 log(10)) − 3t log3(10)10x+y(10x+y − 1))
(10x+y + 1)3 , (25)

S2(x, y, t) ≙ 2⎛⎜⎝−
3t log3(10)10x+y(10x+y − 1)(t log2(10)(−10x+y+1 + 100x+y + 1) + 4(10x+y + 1)2)

(10x+y + 1)5 −

6 log(10)
10x+y + 1

+ 2
⎞⎟⎠, (26)

S3(x, y, t) ≙ 1(10x+y + 1)7 (2(t log3(10)10x+y(−t2 log4(10)(57 10
x+y
− 57 10

4(x+y)
+ 10

5(x+y)

− 151 2
2x+2y+1

25
x+y
+ 151 2

3x+3y+1
125

x+y
− 1) − 9t log2(10)(11 10

x+y
− 11 100

x+y

+ 1000
x+y
− 1)(10x+y + 1)2 − 18(10x+y − 1)(10x+y + 1)4) + 2(10x+y + 1)6 (10x+y + 1 − 3 log(10)))). (27)

FIG. 1. Solitary wave solutions, Eq. (9), in (a) three-dimensional, (b) two-dimensional, and (c) contour plots.

FIG. 2. Solitary wave solutions, Eq. (11), in (a) three-dimensional, (b) two-dimensional, and (c) contour plots.
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FIG. 3. Variational iteration method solutions in (a) three-dimensional, (b) two-dimensional, and (c) contour plots for Eq. (23).

FIG. 4. Variational iteration method solutions in (a) three-dimensional, (b) two-dimensional, and (c) contour plots for Eq. (23).

FIG. 5. Solitary wave solutions Eq. (24) in (a) three-dimensional, (b) two-dimensional, and (c) contour plots.
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FIG. 6. Variational iteration method solutions in (a) three, (b) two, and (c) contour plots for Eq. (27).

FIG. 7. Absolute error along ESM and variational iteration methods (a) for Eq. (9) and (b) for Eq. (11) while (c) shows the absolute error along MK and variational iteration
methods.

III. RESULTS’ INTERPRETATION

This section discusses the obtained results of this research
paper. This research applied two recent computational schemes
(ESE and MK methods) to the (2 + 1)-dimensional SW equation
and constructed abundant novel analytical solutions that show the
flow’s dynamical behavior through shallow water waves. Figures 1,
2, and 5 show periodic kink, singular, and cone waves in two-
and three-dimensional and contour plots of Eqs. (9), (11), and
(24), respectively, when [a0 ≙ 7, η ≙ 1, l1 ≙ 3, l3 ≙ −3, s1 ≙ 18, s2≙ −12, s3 ≙ 4 & a0 ≙ 7, η ≙ 1, l1 ≙ 3, l3 ≙ −3, s1 ≙ 18, s2 ≙ −12, s3≙ 4& a0 ≙ 4, k ≙ 5, s1 ≙ 3, s2 ≙ 1, s3 ≙ 2]. However, the main goal
of this paper is not just obtaining a novel solution of the shallow
water wave model, but it also aims to determine the accuracy of
both employed schemes by applying the AD and VI methods. Thus,
these two semi-analytical schemes have been employed based on
the evaluated analytical solutions. The accuracy of each of the ESE
and MK methods has been explained through Tables I–III and
Figs. 3, 4 and 6 while the matching between the computational and
semi-analytical solutions is illustrated in Fig. 7. Thus, it has been
demonstrated that the obtained solution via the MKmethod is more
accurate than that obtained by the ESE method.

IV. CONCLUSION

This article has successfully applied three computational and
semi-analytical schemes to the (2 + 1)-dimensional SW equation
that is used as a shallow water wave model. Many novel computa-
tional solutions have been obtained, and some of them have been
demonstrated by two- and three-dimensional and contour plots.
The accuracy of the obtained results and the used computational
schemes has been explained. The matching between computational
and numerical solutions has been illustrated by two-dimensional
plots.
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