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Does diffusion mechanism favour the emergent scenario of the universe?
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In the present work, the flat FLRW Universe has been modelled with cosmic matter

in the form of diffusive barotropic fluid. The diffusive fluid undergoes dissipation due to

diffusion mechanism in the form of cosmological scalar field φ. From the perspective of non-

equilibrium thermodynamics, the evolution equations of the universe have been formulated.

By a suitable choice of the cosmological scalar field, emergent scenario of the universe has

been obtained.

Diffusion can be considered as one of the basic macroscopic forces in nature. Several physical and

biological processes are caused due to diffusion. Some well known examples of dynamical processes (in

physics) are heat conduction, Brownian motion and various transport phenomena [1–4] in biological

systems where diffusion is the driving mechanism . The random collisions between the particles of the

system and those of the background is caused due to diffusion mechanism at the microscopic level.

On the other hand, random effects are averaged at the macroscopic scale and diffusion is characterised

by heat equation or Fokker-Planck equation . Although there is a wide variety of phenomena having

diffusive behaviour, still there does not exist a consistent diffusion theory in general relativity. However

from cosmological point of view, it is speculated that diffusion may have a basic role in the evolution

dynamics of the large scale structure formation of the universe. Further, in standard cosmology,

galaxies are assumed as point particles of a fluid, undergoing velocity diffusion [1–5].

To consider diffusion in general relativity, one has to consider macroscopic continuum description

provided by the Fokker-planck equation. So, in diffusive process, the energy - momentum tensor is

not covariantly conserved (i.e. ∇µT
µν 6= 0), rather it satisfies the Fokker - Planck equation, namely

[1–5]

∇µT
µν = 3σJν , (1)

where σ(> 0) is the diffusion constant and Jν , the current density of the matter satisfies

∇µJ
µ = 0. (2)

Thus one can not have usual Einstein equations i.e. Rµν −
1

2
Rgµν = Tµν for diffusive process, due to

Bianchi identity. The simplest modification of the Einstein equation is to introduce two interacting
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matter components of which one is the usual diffusive fluid having conservation (non-conservation)

equation given by equation (1) while the simplest choice for the other component (in analogy with

cosmological constant) is a cosmological scalar field. so the modified Einstein field equations take the

form

Rµν −
1

2
Rgµν + φgµν = Tµν , (3)

where the scalar field φ has the evolution equation [1–4] (dimension factor in φ has been chosen to be

unity for convenience.)

∇µφ = 3σJµ, (4)

and Tµν satisfies the above Fokker - Planck equation (given by equation (1)).

Here 3σ measures the energy transferred from the scalar field to the matter per unit time due

to diffusion. Note that in vacuum or in the absence of diffusion, the above modified Einstein field

equations (3) become Einstein equations with a cosmological constant while in general equation (3)

may be termed as Einstein equations with variable ‘cosmological constant’.

The above diffusion process is usually termed as kinetic model with microscopic velocity of the

fluid particles undergoing diffusion. Here the diffusion mechanism takes place on the tangent bundle

of the space time and as a result Lorentz invariance of the space-time is preserved. Now choosing the

cosmic fluid as perfect fluid, one has the energy-momentum tensor

Tµν = ρuµuν + p(gµµ + uµuν) (5)

with current density Jµ = nuµ. Here n is the particle number density of the fluid. uµ is the four velocity

of the fluid. ρ and p are the energy density and thermodynamic pressure of the fluid respectively.

Now projecting equation (1) along the fluid 4-velocity uµ and on the hyper surface orthogonal to uµ ,

one gets [1–4]

∇µ(ρu
µ) + p∇µu

µ = 3σ.n (6)

and

(p + ρ)uµ∇µu
ν + (uµuν + gµν)∇µp = 0, (7)

Here equation (7), the Euler equation does not change due to diffusion process as diffusion force

acts along the matter flow. It is to be noted that there are several diffusion models in the

literature namely for unification of dark energy and dark matter from diffusive cosmology

see ref. [6]. Ref. [7] deals with transition between bouncing hyper-inflation to ΛCDM from
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diffusive scalar fields while unified DE-DM with diffusive interactions and interacting

diffusive unified dark energy and dark matter from scalar fields can be found in ref.[8]

and [9] respectively. In particular, a Lagrangian formulation of diffusion mechanism can

be found in ref. [6].

In the background of homogeneous and isotropic flat FLRW model, the modified Friedmann equa-

tions with diffusion dynamics take the form,

3H2 = ρ+ φ (8)

and

2Ḣ = −(ρ+ p) (9)

Now equation (3) for the present geometry simplifies to

na3(t) = constant, i.e. n = n0a
−3. (10)

Hence the modified matter conservation equation (1) for the matter field (5) takes the form,

ρ̇+ 3H(p + ρ) = σn0a
−3 = σ0a

−3 (11)

which on integration yields

ρ = a−3(1+ω)



ρ0 +

t
∫

t0

σ0a
3ωdt



 . (12)

Here ω =
p

ρ
, is the constant equation of state parameter of the fluid. ρ0 is the energy density at

reference epoch of time t = t0 and a(t0) = 1. n(t0) = n0 is assumed. Now eliminating ρ between

equations (8) and (9), one gets the cosmic evolution equation as

2Ḣ + 3(1 + ω)H2 = φ(1 + ω) (13)

On the other hand, the above modified Friedmann equations (i.e. equations (8) and (9)) for diffusive

mechanism can be rewritten as,

3H2 = ρd , 2Ḣ = −(ρd + pd + πd) (14)

while the conservation equation(11) becomes

ρ̇d + 3H(ρd + pd + πd) = 0, (15)

with ρd = ρ + φ, pd = p and πd = −φ . Thus interacting two fluid system in diffusion

mechanism [10] is equivalent to a single dissipative fluid in Einstein gravity. Here dissipation
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is chosen in the form of bulk viscous pressure πd. Further one may consider the above dissipative

pressure (i.e. bulk viscous pressure) due to non-equilibrium thermodynamics with particle creation

mechanism. In fact, for adiabatic thermodynamic process, the dissipative pressure πd is related linearly

to the particle creation rate Γd as [11, 12]

πd = −
Γd

3H
(ρd + pd). (16)

Using the 1st friedmann equation in (14) of equivalent Einstein gravity into the above equation (16)

with pd = p = ωρ and πd = −φ, the cosmological scalar field is related to the particle creation rate as

Γd =
3Hφ

3H2(1 + ω)− ωφ
. (17)

Hence the present interacting diffusive mechanism [10] with cosmological scalar field can

be considered as non-equilibrium thermodynamic description of Einstein gravity with

particle creation formalism.

To overcome the classical singularity of Einstein gravity, cosmologists propose two

models namely the bouncing Universe or the emergent Universe. In the present work, for

non-singular solution we shall consider the model of emergent scenario as it is very much

relevant as pre-inflationary era. An emergent Universe [12–18] is a modelled Universe

with no time like singularity having static Einstein era in the infinite past (i.e. t → −∞).

The present work examines whether emergent scenario is possible or not in the present

cosmological scalar field diffusion mechanism. In order to have a cosmological solution

one may choose phenomenologically the form of φ as

φ = 3αH, (18)

with α, a constant. Using this choice of φ in the field equations (8),(9)and (11) one gets

σ0a
−3 = −3αḢ, (19)

which shows that α and σ0 are of same sign (due to Ḣ < 0).

For this choice of φ, the solutions of the cosmic evolution equation (13) yield the form of Hubble

parameter and scale factor as,

(i) For α ≥ H0 :

H =
α

1 +
(

α
H0

− 1
)

e−
3
2
α(1+ω)(t−t0)

, (20)

a =





(

α
H0

− 1
)

+ e
3
2
α(1+ω)(t−t0)

(

α
H0

− 1
)

+ 1





2
3(1+ω)

(21)
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(ii) For 0 < α < H0 :

H =
α

1−
(

1− α
H0

)

e−
3
2
α(1+ω)(t−t0)

, (22)

a =





(

1− α
H0

)

− e
3
2
α(1+ω)(t−t0)

(

1− α
H0

)

− 1





2
3(1+ω)

(23)

and

(iii) For α < 0 :

H =
|α|

1−
(

|α|
H0

+ 1
)

e−
3
2
α(1+ω)(t−t0)

, (24)

a =





e
3
2
α(1+ω)(t−t0) −

(

|α|
H0

+ 1
)

1−
(

|α|
H0

+ 1
)





2
3(1+ω)

. (25)

Here H0 is the value of H at reference epoch of time t0 .

For α < 0, the above cosmological solution (25) has a big-bang singularity at the epoch,

ts = t0 −
2

3(1 + ω)|α|
ln

(

1 +
|α|

H0

)

. (26)

Note that α < 0 (i.e. σ0 < 0) is not physically realistic, so we shall present the above

solution for α < 0 only for mathematical completeness.

Again for 0 < α < H0, big-rip singularity exists for the cosmological solution (23) at the epoch,

ts = t0 +
2

3(1 + ω)α
ln

[(

1−
α

H0

)]

. (27)

In the case H0 < α, the cosmological solution (21) has no singularity at any real time.

Clearly, this solution [(20) , (21)] yields the Emergent scenario as it follows the following criteria

[12] :

H → 0 , a →

[

α−H0

α

]
2

3(1+ω)

when t → −∞ (28a)

H → 0 , a →

[

α−H0

α

]
2

3(1+ω)

when t << t0 and (28b)

H ∼ α , a ≃

[

H0

α

]
2

3(1+ω)

exp [α(t− t0)] when t >> t0 (28c)

So evidently the explicit solution for emergent scenario should be in the form (also considering ,

α = H0 + δ with δ ≥ 0) :

H(E) =
(H0 + δ)H0

H0 + δe−
3
2
(H0+δ)(1+ω)(t−t0)

(29a)

and a(E) =

[

δ +H0e
3
2
(H0+δ)(1+ω)(t−t0 )

H0 + δ

]
2

3(1+ω)

(29b)
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under the diffusive non-singular scalar field ,

φ = 3(H0 + δ)H. (30)

The nature of corresponding particle creation rate can be found from equation (17) as,

Γd =
3H

1− (1 + ω)(1 − H
α
)
. (31)

(a) (b)

(c) (d)

FIG. 1. Evolution of different physical parameters namely (a) Scale factor a (top left), (b) Hubble

parameter H (top right), (c) Cosmological scalar field φ (bottom left), (d) Particle creation rate

Γd (bottom right) for ω = −0.5, α = 0.9, t0 = 1 with three different values of H0 : 0.5, 0.4, 0.3.

.
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(a) (b)

FIG. 2. Evolution of different thermodynamic parameters namely (a) Energy density

ρ (left) and (b) Temperature T (right) as a functions of time t and barotropic index

of the fluid ω for H0 = 0.5, t0 = 1 with δ = 0.4.

Further, one can write down the evolution equation (13) as the evolution of Hubble parameter with

the scale factor as

dH

da
+

3

2
(1 + ω)

H

a
=

3

2
α(1 + ω)

1

a
, (32)

which on integration gives

H = α− δ(1 + z)
3
2
(1+ω), (33)

where z is the amount of cosmological red shift

(

z =
1

a
− 1

)

. Now introducing the dimensionless

density parameter, Ω =
ρ

ρc
with ρc =

3H2

8πG
, the critical density, the above equation can be written as

H2

H2
0

= ΩΛ0 +ΩM (1 + z)3(1+ω) +ΩMP (1 + z)3(1+ωMP ) (34)

where ΩΛ0 =

(

1 +
δ

H0

)2

, ΩM =

(

δ

H0

)2

, ΩMP = 2
δ

H0

(

1 +
δ

H0

)

and ωMP =
(

ω−1
2

)

with ΩΛ0 +

ΩM + ΩMP = 1. From equation (34) one can see that as z → −1 i.e. a → ∞, the present model

approaches ΛCDM model. The evolution of the instantaneous equilibrium temperature of a system

under non-equilibrium thermodynamic prescription can be written as [11] ,

Ṫ

T
+ ω (3H − Γd) = 0. (35)

In the emergent scenario, one has (integrating equation (35))

T = T0(1 + z)3ωeβω(t−t0) (36)
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where T0 is the present measured value of temperature (at t = t0) and β is a constant. So, equations

(34) and (36) represent the Hubble parameter and temperature respectively in terms of today’s mea-

sured value. The time evolution of a, H, φ and Γd has been exhibited graphically in figure 1. Also

the variation of thermodynamic parameters namely energy density ρ and temperature

T with time (t) and with equation of state parameter ( ω) of the cosmic fluid have been

shown in a 3d plot in figure 2.

DISCUSSION

The present work is an attempt to examine whether emergent scenario of the Universe is possible

under diffusive process. Considering kinetic model of the diffusion process, cosmological scalar field

is chosen linearly to the Hubble parameter to obtain emergent scenario of the cosmic evolution and

their variations with respect to time and equation of state parameter have been shown

graphically (3d plot) in figure 2. Different thermodynamic parameters like energy density and

temperature also have been determined under emergent scenario.

Further it has been established that such scalar field diffusion process corresponds to the particle

creation mechanism [11, 12] in the non-equilibrium thermodynamic description. It is interesting to

note that, for the non-singular particle creation process, [see equation (31)] the barotropic index of

the fluid can be restricted to ω < 0 in the present scenario. Also for non-singular solution,

the cosmological scalar field is chosen phenomenologically as proportional to the Hubble

parameter and the proportionality constant is found to be positive. Finally, this work

establishes that the dissipative processes like diffusion, particle creation etc. may correspond to the

evolution pattern of the universe as per the present observation. For future works, it may be attempted

to find the Lagrangian formulation of such non-equilibrium thermodynamic phenomena to study the

microscopic behaviour of the universe.

ACKNOWLEDGEMENTS

The author SM acknowledges UGC for awarding Research fellowship and SC thanks Science and

Engineering Research Board (SERB),India for awarding MATRICS Research grant support (File no.

MTR/2017/000407).

[1] S. Calogero, JCAP 11, 016 (2011) doi:10.1088/1475-7516/2011/11/016 [arXiv:1107.4973 [gr-qc]].

http://arxiv.org/abs/1107.4973


9

[2] J.Franchi, Y.Le Jan. Relativistic diffusion and Schwarzschild Geometry. Comm. Pure Appl. Math.,60:187-

251,2007.

[3] Z. Haba, Class. Quant. Grav. 27, 095021 (2010) doi:10.1088/0264-9381/27/9/095021 [arXiv:0909.2880 [gr-

qc]].

[4] J.Hermann. Diffusion in the general theory of relativity. Phys. Rev. D, 82:024026,2010.

[5] S. Calogero, J. Geom. Phys. 62, 2208-2213 (2012) doi:10.1016/j.geomphys.2012.06.004 [arXiv:1202.4888

[gr-qc]].

[6] D. Benisty, E. Guendelman and Z. Haba, Phys. Rev. D 99, no.12, 123521 (2019) [erratum:

Phys. Rev. D 101, no.4, 049901 (2020)] doi:10.1103/PhysRevD.99.123521 [arXiv:1812.06151

[gr-qc]].

[7] D. Benisty and E. I. Guendelman, Int. J. Mod. Phys. A 33, no.20, 1850119 (2018)

doi:10.1142/S0217751X18501191 [arXiv:1710.10588 [gr-qc]].

[8] D. Benisty and E. I. Guendelman, Int. J. Mod. Phys. D 26, no.12, 1743021 (2017)

doi:10.1142/S0218271817430210

[9] D. Benisty and E. I. Guendelman, Eur. Phys. J. C 77, no.6, 396 (2017)

doi:10.1140/epjc/s10052-017-4939-x [arXiv:1701.08667 [gr-qc]].

[10] S. Calogero and H. Velten, JCAP 11, 025 (2013) doi:10.1088/1475-7516/2013/11/025

[arXiv:1308.3393 [astro-ph.CO]].

[11] S. Chakraborty and S. Saha, Phys. Rev. D 90, no.12, 123505 (2014) doi:10.1103/PhysRevD.90.123505

[arXiv:1404.6444 [gr-qc]].

[12] S. Chakraborty, Phys. Lett. B 732, 81-84 (2014) doi:10.1016/j.physletb.2014.03.028 [arXiv:1403.5980 [gr-

qc]].

[13] G. F. R. Ellis, J. Murugan and C. G. Tsagas, Class. Quant. Grav. 21, no.1, 233-250 (2004)

doi:10.1088/0264-9381/21/1/016 [arXiv:gr-qc/0307112 [gr-qc]].

[14] G. F. R. Ellis and R. Maartens, Class. Quant. Grav. 21, 223-232 (2004) doi:10.1088/0264-

9381/21/1/015 [arXiv:gr-qc/0211082 [gr-qc]].

[15] E. Guendelman, R. Herrera, P. Labrana, E. Nissimov and S. Pacheva, Gen. Rel. Grav. 47,

no.2, 10 (2015) doi:10.1007/s10714-015-1852-1 [arXiv:1408.5344 [gr-qc]].

http://arxiv.org/abs/0909.2880
http://arxiv.org/abs/1202.4888
http://arxiv.org/abs/1812.06151
http://arxiv.org/abs/1710.10588
http://arxiv.org/abs/1701.08667
http://arxiv.org/abs/1308.3393
http://arxiv.org/abs/1404.6444
http://arxiv.org/abs/1403.5980
http://arxiv.org/abs/gr-qc/0307112
http://arxiv.org/abs/gr-qc/0211082
http://arxiv.org/abs/1408.5344


10

[16] A. Bose and S. Chakraborty, Phys. Dark Univ. 30, 100740 (2020)

doi:10.1016/j.dark.2020.100740 [arXiv:2011.04649 [gr-qc]].

[17] S. Bhattacharya and S. Chakraborty, Class. Quant. Grav. 33, no.3, 035013 (2016)

doi:10.1088/0264-9381/33/3/035013 [arXiv:1601.03816 [gr-qc]].

[18] A. Banerjee, T. Bandyopadhyay and S. Chakraborty, Grav. Cosmol. 13, 290-292 (2007)

[arXiv:0705.3933 [gr-qc]].

http://arxiv.org/abs/2011.04649
http://arxiv.org/abs/1601.03816
http://arxiv.org/abs/0705.3933














This figure "r3ep.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1


This figure "r3p.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1


This figure "rz.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1


This figure "t3ep.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1


This figure "t3p.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1


This figure "temperature.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1


This figure "tz.png" is available in "png"
 format from:

http://arxiv.org/ps/2302.07096v1

http://arxiv.org/ps/2302.07096v1



	Does diffusion mechanism favour the emergent scenario of the universe?
	Abstract
	 Discussion
	 Acknowledgements
	 References


