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DOMAIN DEFORMATIONS AND EIGENVALUES OF THE
DIRICHLET LAPLACIAN IN A RIEMANNIAN MANIFOLD

AHMAD EL SOUFI AND SAID ILIAS

ABSTRACT. For any bounded regular domain 2 of a real analytic Rie-
mannian manifold M we denote by A\ (Q2) the k-th eigenvalue of the
Dirichlet Laplacian of 2. In this paper, we consider A\ as a functional
on the set of domains of fixed volume in M. We introduce and investi-
gate a natural notion of critical domain for this functional. In particular,
we obtain necessary and sufficient conditions for a domain to be critical,
locally minimizing or locally maximizing for A;. These results rely on
Hadamard type variational formulae that we establish in this general
setting.

As an application, we obtain a characterization of critical domains
of the trace of the heat kernel under Dirichlet boundary conditions.

1. Introduction

Isoperimetric eigenvalue problems constitute one of the main topics in spec-
tral geometry and shape optimization. Given a Riemannian manifold M, a
natural integer k and a positive constant V', the problem is to optimize the
k-th eigenvalue of the Dirichlet Laplacian, considered as a functional on the
set of all bounded domains of volume V of M.

The first result in this subject is the famous Faber-Krahn Theorem [14],
[20], originally conjectured by Rayleigh, stating that Euclidean balls min-
imize the first eigenvalue of the Dirichlet Laplacian among all domains of
given volume. Extensions of this classical result to higher order eigenvalues,
combinations of eigenvalues, as well as domains of other Riemannian mani-
folds or subjected to other types of constraints, have been obtained during
the last decades, and a very rich literature is devoted to this subject (see, for
instance, [2], [3], [4], [5], [8], [9], [10], [11], [18], [25], [26], [30], [35], [36], [37]
and the references therein).

A fundamental tool in the proof of many results concerning the first Dirich-
let eigenvalue is the following variation formula, known as Hadamard’s formula
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(see [17], [15], [32], [33]):

d B 9"
£A1(Q€)|E:0 = — \/OQO v <ay) dO',

where A\ (£2:) stands for the first Dirichlet eigenvalue of the domain €., %
denotes the normal derivative of the first normalized eigenfunction ¢ of the
Dirichlet Laplacian on ¢ and v is the normal displacement of the bound-
ary induced by the deformation. This formula shows that a necessary and
sufficient condition for a domain 2 C R™ to be critical for the Dirichlet first
eigenvalue functional under fixed volume variations is that its first Dirichlet
eigenfunctions are solutions of the following overdetermined problem:

Adp = A (Q)¢ in Q,

¢ =0 on 09,
|g—f| =c¢ on 09,

for some constant c. Since the first Dirichlet eigenfunction does not change
sign in Q, it follows from the well known symmetry result of Serrin [34] that
¢ is radial and (2 is a round ball. Therefore, Euclidean balls are the only
critical domains of the Dirichlet first eigenvalue functional under fixed volume
deformations.

Notice that Hadamard’s formula remains valid for any higher order eigen-
value A\ as long as A, () is simple. However, when A\ (f2) is degenerate, a
differentiability problem arises. Our first aim in this paper (see Section 3) is
to overcome this problem and introduce a natural and simple notion of critical
domain. Indeed, using perturbation theory of unbounded self-adjoint opera-
tors in Hilbert spaces, we will see that, for any deformation €., analytic in
e, of a domain € of a real analytic Riemannian manifold M, and any natural
integer k, the function € — A\;(€Q.) admits left-sided and right-sided deriva-
tives at € = 0. Of course, when (2 is a local extremum of A\, these derivatives
have opposite signs. This suggests to define critical domains of A\, to be the
domains 2 such that, for any analytic volume-preserving deformation 2. of
, the right-sided and left-sided derivatives of \;(£2.) at & = 0 have opposite
signs. That is,

d d
%Ak(QE)L:O‘* X %Ak(ge)’azo— < 07

which means that A, (Q:) < Ap(Q) +o(g) or Ap(2:) > A\ (Q:) +o(e) as e — 0.

After giving, in Section 2, a general Hadamard type variation formula, we
derive in Section 3 necessary and sufficient conditions for a domain 2 of the
Riemannian manifold M to be critical for the k-th Dirichlet eigenvalue func-
tional under volume-preserving domain deformations. For instance, we show
(Theorem 3.3) that if  is a critical domain of the k-th Dirichlet eigenvalue
under volume-preserving domain deformations, then there exists a family of
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eigenfunctions ¢1, ..., ¢, satisfying the following system:
Ap; = M (Q) ¢y in Q, for all i < m,
(1) ¢; = 0 on 012, for all i < m,

s, (%) =1 on 00,

Moreover, this necessary condition is also sufficient when either A (Q2) >
A—1(2) or Ag(2) < Agy1(9), which means that Ag(€2) corresponds to the
first one or the last one in a cluster of equal eigenvalues. On the other hand,
we prove that if Ap(2) > Ap—1(Q) (resp. Ag(2) < Ag+1(N)) and if Q C M is a
local minimizer (resp. maximizer) of the k-th Dirichlet eigenvalue functional
under volume-preserving domain deformations, then A\ () is simple and the
absolute value of the normal derivative of its corresponding eigenfunction is
constant along the boundary 02 (Theorem 3.1).

The final section deals with the trace of the heat kernel under Dirichlet
boundary conditions, defined for a domain 2 C M by

Ya(t) = / H(t,z,x)vg = Ze_)"“(ﬂ)t,

Q E>1
where H is the fundamental solution of the heat equation in £ under Dirichlet
boundary conditions. Luttinger [23] proved an isoperimetric Faber-Krahn-like
result for Y (¢) considered as a functional on the set of bounded Euclidean
domains; that is, for any bounded domain 2 C R™ and any ¢ > 0, one has
Ya(t) < Yo« (t), where Q* is an Euclidean ball whose volume is equal to that
of Q.

For any smooth deformation 2. of €2, the corresponding heat trace function
Y. (¢) is always differentiable w.r.t. ¢ and the domain © will be called critical
for the trace of the Dirichlet heat kernel at time ¢ if, for any volume-preserving
deformation €. of 2, we have

d

de
After giving the first variation formula for this functional (Theorem 4.1), we
show that a necessary and sufficient condition for a domain €2 to be critical
for the trace of the Dirichlet heat kernel at time ¢ is that the Laplacian of the
function @ — H(t,x,2) must be constant along the boundary 9 (Corollary
4.1).

Using the Minakshisundaram-Pleijel asymptotic expansion of Y (¢), one can
derive necessary conditions for a domain to be critical for the trace of the
Dirichlet heat kernel at every time ¢ > 0. For instance, we show that the
boundary of such a domain necessarily has constant mean curvature (Theorem
4.2).

Thanks to Alexandrov type results (see [1], [24]), one deduces that when
the ambient space M is Fuclidean, hyperbolic, or a standard hemisphere, then

Yo(t)] 0.

e=0 =
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geodesic balls are the only critical domains of the trace of the Dirichlet heat
kernel at every time ¢ > 0 (Corollary 4.3).

2. Hadamard type variation formulae

Let Q be a regular bounded domain of a Riemannian oriented manifold
(M, g). We will denote by g the metric induced by g on the boundary 952 of
Q. Let us start with the following general formula:

PROPOSITION 2.1. Let (g.) be a differentiable variation of the metric g.
Let ¢ C C*°(Q) be a differentiable family of functions and A. a differentiable
family of real numbers such that, for all e, ||¢c||12(q,q.) =1 and

{Agg@ = A inQ,

¢ =0 on oR.
Then,
d /
el = [ ooy
1
—— [ (400 do0 + 3865 9.y,
where h := d%gsygzo, Al = d%Ags .o and (,) is the inner product induced by

g on the space of covariant tensors.

Proof. For simplicity, let us introduce the following notations:

d d
._ ._ r_ % I =
Ai=ho, @i=do, ¢ = b, A= A

Differentiating the two sides of the equality Ay ¢. = A.¢. we obtain
ANop+A¢ =N+ Ag'.
After multiplication by ¢ and integration we get
/ PN pv, +/ dAY vy =N +)\/ dP'vg.
Q Q Q

Integration by parts gives

"o / ¢, 0¢’
/S]¢A¢UQA\/S2¢¢vg+/BQ(8l/¢ 81/(725)7_)9.

o / /%_ % _
A—/Q¢A¢Ug+/69<¢ay 3u)vg'

It is clear that the boundary integral in this last equation vanishes (since
¢ =0 on 99N). In conclusion, we have

(2) N = /Q oA o,

Thus,
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Now, A’ is given by (see [4])
1 -
(3) N§= (D29, h) ~ (do,6h -+ ),

where h is the trace of h w.r.t. g (that is, h = (g,h)). Integration by parts
yields

() | etas.anye, =5 [ (06 hio,
= / (do ® dp + ¢D*¢, hyv,
Q

and

- 1 (-
(5) [ otav.diy, =5 [ s,
Combining (2), (3), (4) and (5) we obtain

1
N =~ [ (oo do+ [ASg. W,
Q
which completes the proof of the proposition. O

In the particular case of domain deformations, Proposition 2.1 gives rise to
the following variation formulae.

COROLLARY 2.1.  Let Q. = f(2) be a deformation of Q. Let ¢. € C*=()
and A. € R be two differentiable curves such that, for all e, ||¢c| 120, ,9) = 1
and

Ap. = Ao in S,
¢ =0 ondN..

d 9o\ >
o= v (5)

where ¢ = ¢y andv = g (d%fE |€:0, 1/) is the normal component of the variation
vector field of the deformation €..

Then,

Proof. Let us apply Proposition 2.1 with g. = fg and ¢e = pe0 Je- Indeed,

one can easily check that H(Z)E||L2(Q’gs) =1, Ay e = Ac¢pe in Q and ¢ = 0 on
0f). Hence,

d 1
(6) A== (@00 do+ a0 g1y,

with ¢ := ¢9 = ¢ and h = & *g|6=0 = Ly g, where Ly ¢ is the Lie derivative

de’ €

of g w.r.t. the vector field V = d%f5|520.
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Expressing Ly g in terms of the covariant derivative VV of V' and integrat-
ing by parts, we obtain

/ (dé © d, Ly gYv, = / Lvg(Vé, Vo), =2 / (VosV, Vv,
Q Q Q
- /Q div((V, V) V), +2 / (V, V) Adu, — 2 / D26(V, V),

:2/ <Vv¢>—vg+A/ (V,V¢*)v —2/D2 (V,V)v,,
o0
with A := Ag, and

1
1/ A¢2<gaﬁvg>”9
Q

1 .
§/QA¢2d1vva
:)\/ ¢2diVvaf/ Vo[ div Vi,
Q Q
= [ (AW 96 +20%6(V,90)) v,
Q
+ [ (0 = [90R) (Vi
o
Substituting this in (6), we get
d o9
o= [ {20905+ Ve At o

Since qb is identically zero on the boundary, we have at any point of 92,
2
Vo = 1/ In particular, |V¢|? = (%) and

op %
v 61/

d B J¢
£A5‘E:0——/ <8y> 'Ug. ‘:l

3. Critical domains

(V.Vo) = (V,v)
Thus,

Throughout this section, the ambient Riemannian manifold (M, g) is as-
sumed to be real analytic.

3.1. Preliminary results and definitions. Let ) be a regular bounded
domain of a Riemannian manifold (M, g). An analytic deformation (€2.) of £
is given by an analytic 1-parameter family of diffeomorphisms f. : @ — Q.
such that f.(092) = 9Q. and fy = Id. Such a deformation is called volume-
preserving if the Riemannian volume of €, w.r.t. the metric g does not depend
on €.
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The spectrum of the Dirichlet Laplacian A, on €. will be denoted
SpD (AgaQs) = { )\1,s < )\2,5 § S >\k,s T + o0 }

The functions € — M\ are continuous, but not differentiable in general,
except for A ., which is always differentiable since it is simple. Nevertheless,
as we will see below, the general perturbation theory of unbounded self-adjoint
operators enables us to show that the function A . admits right-sided and left-
sided derivatives at € = 0. In the sequel, a family of functions ¢. € C*>°(.)
will be called differentiable (resp. analytic) w.r.t. ¢, if this property holds for
6.0 f. €C=(Q).

LEMMA 3.1.  Let A € Sp,_ (Ag,Q) be an eigenvalue of multiplicity p of the
Dirichlet Laplacian in 2. For any analytic deformation Q. of ) there exist
p families (Aie)i<p of Teal numbers and p families (¢;c)i<p C C=(Q) of
functions, depending analytically on e and satisfying, for all e € (—eg,e9) and
forallie{l,...,p}:

(a) Ai,O =\
(b) The family {¢1.c,- -+ ,dpe} is orthonormal in L*(Qe,g) .
(C) We have A ¢i,5 = Ai,e¢i,s m st
@i =0 on 09Q..

The proof is based on the perturbation theory of unbounded self-adjoint
operators in Hilbert spaces. Results concerning the differentiability of eigen-
values and eigenvectors have been first obtained by Rellich [31] and later by
Kato [19] in the analytic case. Many results were also obtained under weaker
differentiability conditions (see, for instance, [21], [22] for recent contributions
to this subject). However, even a smooth curve € — P. of self-adjoint oper-
ators may lead to noncontinuous eigenvectors w.r.t. € (see Rellich’s example
[19, Chap. II, Example 5.3]). Since we need to differentiate eigenvectors w.r.t.
€, we imposed analyticity assumptions in order to obtain analytic curves of
operators.

Proof of Lemma 3.1. In order to work in the framework of perturbation
theory, we first need to modify our operators so that they all have the same
domain. Indeed, for any € we set g. = fZg and denote by A, the Laplace
operator of (€, g.). Clearly, we have

Sp, (Ag, ) = Sp, (A, Q).

Notice that since f. depends analytically on € and g is real analytic, the curves
€ — ¢. and, hence, € — A., are analytic w.r.t. €.

The operator A, is symmetric w.r.t. the inner product in L?(€,g.), but
not necessarily w.r.t. the inner product in L?(£2,g). Therefore, we need to
introduce a conjugation as follows. Let U. : L?(Q,g) — L?(Q,g.) be the
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unitary isomorphism given by

where |g| = det(g;;) is the determinant of the matrix (g;;) of the components
of g in a local coordinate system. We define the operator P- to be

PE:Ue_loAaan.

Therefore, we have Sp_ (P:,Q) = Sp_ (A., ) and, if v. € C>°(Q) is an eigen-
function of P, then ¢. = U.(v:) o fo1 € C*(£.) is an eigenfunction of A,
with the same eigenvalue. Again, since for all €, (M, g.) is real analytic, the
curves ¢ — U, and ¢ — P. are analytic. The result of the lemma then follows
from the Rellich-Kato theory applied to € — P-. O

Now, let us fix a positive integer k and let Ay .,..., A, be the family of
eigenvalues associated with Ay by Lemma 3.1. Using the continuity of A .
and the analyticity of A;. w.r.t. €, we can easily see that there exist two
integers ¢ < p and j < p such that

{Am if£ <0,

Ab . —
e AL if e >0,

5

Hence, Ay . admits left-sided and right-sided derivatives with
d d

de ’f»a‘e:tﬁ = dEAjvE}e:o

and
d

d
de ke |5:0_ -

£A176|8:0.

DEFINITION 3.1. The domain 2 is said to be “critical” for the k-th eigen-
value of the Dirichlet problem if, for any analytic volume-preserving deforma-
tion €. of 2, the right-sided and left-sided derivatives of Ay . at € = 0 have
opposite signs, that is,

d

d
dE/\kvs|5:0+ X %A’fﬁk-:o— <0.

It is easy to see that

d d

die)\kﬁ’s:OJr S 0 S dis)\k’EL::O* — )\k,s S )\k,O + 0(5)
and

d a

dig/\k,a|€:()f de /\k,e|6:0+ — /\k,e > /\k,O + 0(5)-
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Therefore, the domain € is critical for the k-th eigenvalue of the Dirichlet

problem if and only if one of the following inequalities holds:
Ake < Ak + o(e),

Mee > Ao + 0(e).

REMARK 3.1. Suppose that for an integer £ we have A\ < Agy1. Then,
for sufficiently small ¢, we will have

/\k,s = max Ai,87
i<p

where Ai.,...,Ap . are the eigenvalues associated to Ay by Lemma 3.1 (in-
deed, Aj o = A < Agga for any 1 < i <p). Hence,
d d
e Akele=0- < dfgx\k,e|5:0+-
In particular, €2 is critical for the functional Q +— A\ (Q) if and only if
d

d
%Ak,SLSZO_ <0< %Ak),€|€:0+

(or, equivalently, Ag . < A0+ 0(€)).

Similarly, if Ax_1 < Ak, then, for sufficiently small ¢,

Ake=minA; .
i<p

and p p
%)\k,s|€:0+ < E )\k,5|€:0—~

LEMMA 3.2.  Let A € Sp,_ (Agy, Q) be an eigenvalue of multiplicity p of the
Dirichlet Laplacian in Q and let us denote by Ey the corresponding eigenspace.
Let Q. = f-(Q) be an analytic deformation of Q and let (A ¢)i<p and (¢ie)i<p
C C*®(9.) be as in Lemma 3.1. Then A} := %ALELZO, s A = d%APvEL:O

are the eigenvalues of the quadratic form q, defined on the space Ex C L*(£, g)

by )
_ 0¢
w0 == [ (5)

where v =g (d%f€|5:07 u). Moreover, the L%-orthonormal basis ¢1.0, -+ ,bp.o
diagonalizes q, on E.

Proof. For simplicity, we set

d
g- = f1g. A= ZA | A= Ao, b= oo, Afi=
From Ay_(¢i.) = Aie(di,e) we deduce

AN+ Ay = Njdi + N @)

d
digAiﬂE ‘E:O.
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We multiply by ¢; and integrate to get

/Q¢jA’¢ivg+/Q¢jA¢§Ug :A§/9¢i¢jvg+)\/ﬂ¢i¢§vg~

Integration by parts gives (since ¢; = ¢; = 0 on 012)

[ sasdivg =x [ o,

/Q%'A'(bivg ZAQ/Q@%%-

It follows that the L2-orthonormal basis ¢1, - - - , ¢, diagonalizes the quadratic
form ¢ — [, 9A’¢v, on Ej, the corresponding eigenvalues being Af, - - - A
As we have seen in the proof of Corollary 2.1, this last quadratic form coincides
with g, on Fj. O

Therefore

Any wvolume-preserving deformation Q. = f.(Q) induces a function v :=
g(d%fE |E=0, v) on 0N satistying fBQ vvg = 0 (indeed, this last integral is, up to
a constant, equal to d% vol(€2.) |€:0). In the sequel, we will denote by Ag ()
the set of regular functions on 9Q such that | 9 Vg = 0. The following
elementary lemma will be useful in the proof of our main results.

LEMMA 3.3. Let v € Ag(0Q). Then there ezists an analytic volume-
preserving deformation Q. = f.(Q) so that v = g(d%ff|5=0’ v).

Proof. Let U C M be an open neighborhood of 2 and let ¥ and # be smooth
extensions to U of v and v, respectively. For e sufficiently small, the map
ve(z) = exp, €0(z) v(x) is a diffeomorphism from Q to ¢.(2). Moreover,
since (M,g) is real analytic, the curve ¢ — ¢, is analytic w.r.t. . The
deformation ¢.(€2) is not necessarily volume-preserving. However, let X be
any analytic vector field on U such that fQ div Xvy # 0 and denote by (4)¢ the
associated 1-parameter local group of diffeomorphisms. The function (¢,¢) —
F(t,e) = vol(y: o () satisfies £ F(0,0) = [,divXv, # 0. Applying
the implicit function theorem in the analytic setting, we get the existence of a
function t(e) depending analytically on e € (—n, ), for some 1 > 0 sufficiently
small, such that F(t(¢),e) = F(0,0), for all ¢ € (—n,n). The deformation
fe = Vi(e) © e is clearly analytic and volume-preserving. Moreover, one has

#(0) = — 4 vol(p= ()] __, _ _fQ divov v, _ Joq v vg o
% vol('yt(Q)) ’t:o fQ div X’Ug faﬂ <X, V> Ug
Therefore, for all x € 012,
d doc(z
Efg(x)L:O =t'(0)X (z) + (z) ’5:0 =v(z)v(z). O

de
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3.2. Critical domains for the k-th eigenvalue of the Dirichlet
Laplacian. In the sequel, we will denote by A; the k-th eigenvalue of the
Dirichlet problem in €2 and by Fj the corresponding eigenspace.

In the following results, a special role is played by the eigenvalues A\ sat-
isfying A\ > Ag—1 or Ay < Ag+1. This means that the index k is the lowest
or the highest one among all indices corresponding to the same eigenvalue.
Let us start with the following necessary condition that must be satisfied by
any locally minimizing or locally maximizing domain. Here, a local minimizer
(resp. maximizer) for the k-th eigenvalue of the Dirichlet Laplacian is a do-
main () such that, for any volume-preserving deformation 2., the function
€ — Mg, admits a local minimum (resp. maximum) at € = 0.

THEOREM 3.1. Let k be a natural integer such that N\ > Ag—1 (resp.
Ak < Aey1) and assume that Q is a local minimizer (resp. local mazimizer)
for the k-th eigenvalue of the Dirichlet Laplacian. Then A is simple and
the absolute value of the normal derivative of its corresponding eigenfunction
is constant on 9. That is, there exists a unique (up to sign) function ¢
satisfying

A = A\ in Q,
¢=0 on 09,
|g—f| =1 on 0Q.

Proof. Suppose that A\ > A1 and let Q. = f.(Q) be a volume preserving
analytic deformation of Q. Let (A;¢)i<p and (¢ie)i<p be families of eigen-
values and eigenfunctions associated to A according to Lemma 3.1. Since
Ai o = A > Ag—1, we have, for sufficiently small €, for continuity reasons,

Ai,s > >\k—1,s-

Hence,
Ai,a > )\k,s .

As the function ¢ — A, . admits a local minimum at ¢ = 0 with A;o =
Ak,0 = A, it follows that the differentiable function € — A; . achieves a local
minimum at € = 0 and that %Am’s:O = 0. Applying Lemma 3.2, we deduce
that the quadratic form g, is identically zero on the eigenspace FEj, where
v = g(d% fe}gzo,u). The volume-preserving deformation being arbitrary, it

follows that the form g, vanishes on Fj for any v € Ag(992) (Lemma 3.3).
2
Therefore, for all ¢ € Ej and for all v € Ag(092), we have [, v (g%) vy =0,

which implies that % is locally constant on 0f) for any ¢ € FEj. Now, if
¢1 and ¢o are two eigenfunctions in Ej, one can find a linear combination
¢ = a¢1 + Boo so that % vanishes on at least one connected component
of Q. We apply the Holmgren uniqueness theorem (see, for instance, [27,
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Theorem 2, p. 42], and recall that (M, g) is assumed to be real analytic) to
deduce that ¢ is identically zero in €2 and that A\ is simple.

To finish the proof, we must show that, for all ¢ € Ejy, \%\ takes the
same constant value on all the components of 992. Indeed, let ¥; and X,
be two distinct connected components of 9Q and let v € Ag(99Q) be the
function given by v = vol(X2) on ¥y, v = —vol(¥1) on ¥y and v = 0 on

2
the other components. Then the condition [, P (g—f) vg = 0 implies that

(8) 1, = ()|
ov ¥ \ov 3o

Of course, the same arguments work in the case Ay < A\gi1. O

The criticality of the domain 2 for the k-th eigenvalue of the Dirichlet
Laplacian is closely related to the definiteness of the quadratic forms ¢, in-
troduced in Lemma 3.2 above, on the eigenspace Ej. Indeed, we have the
following theorem:

THEOREM 3.2. Let k be any natural integer.

(1) If Q is a critical domain for the k-th eigenvalue of the Dirichlet
Laplacian, then, for all v € Ag(09), the quadratic form q,(¢) =

2
— Joqv (%) vg s not definite on Ej,.
(2) Assume that A\ > Ag—1 or Mg < Apg1, and that, for all v € Ag(09),

2
the quadratic form q,(¢) = _faszv (g—f) vg is not definite on Ej.
Then  is a critical domain for the k-th eigenvalue of the Dirichlet
Laplacian.

Proof. (1) Consider a function v € Ay(0N2) and let Q. = f.(£2) be an ana-
lytic volume-preserving deformation of £ so that v := g(dl6 fe ’5:0’ v) (Lemma
3.3). Let (A;c)i<p and (¢;c)i<p be families of eigenvalues and eigenfunc-
tions associated to A according to Lemma 3.1. As we have seen above, there
exist two integers i < p and j < p so that d%)‘kvf‘g:m = %Ai,gtzo and
d%)\k,glszm = dieAJ}EL:o' The criticality of €2 then implies that disAiaE’s:O X
d%AJ"E’g:o < 0. Applying Lemma 3.2, we deduce that the quadratic form
q» admits both nonnegative and nonpositive eigenvalues on Ej, which proves
assertion (1).

(2) Assume that Ay > A\g—1 and let Q. = f(Q) be a volume-preserving
deformation of . Let (A;¢)i<p and (¢; ¢)i<p be families of eigenvalues and
eigenfunctions associated to Ay according to Lemma 3.1. As we have seen in

Remark 3.1, we have, for sufficiently small e, A . = min;<, A; .. Hence,

d od
%Ak15|5:0+ = anSlZI} %Aiﬁ‘a:o



DOMAIN DEFORMATIONS AND EIGENVALUES OF THE LAPLACIAN 657

and

d d
% /\k’5|a:0— = I?Sa;( £A176|E:0.

Now, the nondefiniteness of ¢, on Ej means that its smallest eigenvalue is
nonpositive and its largest one is nonnegative. According to Lemma 3.2, this
implies that

d . d
£>\kf€|e:0+ = rzngllr)l %Aiﬁ‘s:O <0
and
d d
dig )\k’E}EZO* = IPSB;S( disAi’E‘s:O 20,
which implies the criticality of the domain €.
The case A\ < Ag+1 can be handled similarly. O

The indefiniteness of ¢, for any v € Ay(9Q) can be interpreted intrinsically
in the following manner:

LEMMA 3.4. Let k be a natural integer. The following two conditions are
equivalent:

(i) For all v € Ap(0R), the quadratic form gq, is not definite on E},.
(ii) There exists a finite family of eigenfunctions (¢;)i<m C Eji satisfying

m 2
Z (%?) =1 onof.

i=1

Proof. To see that (ii) implies (i), it suffices to notice that, for any v €
Ap(09)

Sao=-5 [ o(2) = [ -0

i<m i<m

Therefore, ¢, is not definite on E¥.

The proof of “(i) implies (ii)” uses arguments similar to those used in the
case of closed manifolds by Nadirashvili [25] and the authors [12]. Let K be
the convex hull of {(%)2, ¢ € Ep} in C*°(092). Then we need to show that
the constant function 1 belongs to K.

Let us suppose, to the contrary, that 1 ¢ K. Then, from the Hahn-Banach
theorem (applied to the finite dimensional vector space spanned by K and 1
and endowed with the L2(9€),g) inner product), there exists a function v €
C>(09) such that [, v vz >0 and, for all ¢ € Ey,

90\
22 . <o.
/aszv(aV> vg =0
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Hence, the zero mean value function

1
Yo =T So1(09) /aﬂ v %
satisfies, for all ¢ € Ey,

8 2
i@ == [ 0 (50) v
3 96\° 1 96\ ?
“/m“(av> RRTETS) /8/8 (6) Vs
1 06\
= Sol(09) /3 v s /@ <a> v

2
with f 20 (g—‘f) vg > 0 for any nontrivial Dirichlet eigenfunction ¢ (due to the

Holmgren uniqueness theorem). In conclusion, the function v, € Ay(99) is
such that the quadratic form g, is positive definite on E}, which contradicts
condition (i). O

A consequence of this lemma and Theorem 3.2 is the following result:

THEOREM 3.3. Let k be any natural integer.
(1) IfQ is a critical domain for the k-th eigenvalue of the Dirichlet Lapla-
cian, then there exists a finite family of eigenfunctions (¢;)i<m C Ei
2
satisfying > iy (%‘f/) =1 on 09, that is, the functions (¢;)i<m are
solutions of the following system:

Ap; = A in Q, for all i < m,
¢i =0 on 09, for all i < m,

Py (%(;:/)2 =1 on 9.

(2) Assume that Ay > Ag—1 or A\ < Apt+1 and that there exists a finite

2
family of eigenfunctions (¢;)i<m C Ei such that >"\", (83(;:,

stant on 0). Then the domain S is critical for the k-th eigenvalue of
the Dirichlet Laplacian.

18 con-

COROLLARY 3.1. Assume that A\ is simple. The domain Q is critical
for the k-th eigenvalue of the Dirichlet Laplacian if and only if the following
overdetermined Pompeiu-Schiffer type system admits a solution:

Ad = A in Q,
¢ =0 on 09,
1221 =1 on 0N

ov
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3.3. Nonexistence of critical domains under metric variations. In
this subsection, we point out the inconsistency of the notion of critical domains
w.r.t. metric variations under the Dirichlet boundary condition. Indeed, if
ge is an analytic variation of the metric g, then we can associate to each
eigenvalue Ay, of the Dirichlet problem in Q analytic families (A; ¢ )i<p, C R and
(ie)i<p C C*(Q) (where p is the multiplicity of Ax) satisfying, for sufficiently
small e:

(1) (¢ie)i<p is L*(Q, gc) orthonormal.

(2) Forallie{1,...,p}, Aip = Ak

Ay bie = Nieiin 2,
¢ie =0 on 0.

Therefore Ay . admits left-sided and right-sided derivatives at ¢ = 0, and we
can mimic Definition 3.1 to introduce the notion of critical domain for the
k-th eigenvalue of the Dirichlet problem w.r.t. volume-preserving variations
of the metric. Using Proposition 2.1 and arguments similar to those used
above (see also [12], [25]), we can show that, if the domain (€2, g) is critical
for the k-th eigenvalue of the Dirichlet problem, then there exists a family of
eigenfunctions ¢, ..., ¢, € Fj satisfying

(3) For all i <p,

m
(7) > dei @ de; = g.

i=1

Now, if we consider only volume-preserving conformal variations g. of g

(that is g. = e g with fQ a?/Qvg = vol(€2, g)), then the necessary condition
(7) for (2,g) to be critical w.r.t. such variations becomes > ;" ¢? =1 in Q.
As the eigenfunctions of the Dirichlet Laplacian vanish on the boundary 0%,
this last condition can never be fulfilled by functions of Ey. Thus, we have
the following result:

PROPOSITION 3.1.  There is no critical domain (€2, g) for the k-th eigen-
value of the Dirichlet Laplacian under conformal volume-preserving variations
of the metric g.

4. Applications to the trace of the heat kernel

This section deals with critical domains of the trace of the heat kernel under
the Dirichlet boundary condition.

Recall that the Dirichlet heat kernel H of (€2, g) is defined to be the solution
of the following parabolic problem:

(% - Ay)H(t7x7y) = 07
H(vaay) = 5xa
for all y € 0, H(t,z,y) =0,
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Its trace is the function
Y(t) = / H(t,xz,x)v,.
Q

The relationship between this kernel and the spectrum of the Dirichlet Lapla-
cian is given by
H(t, z, y) = Z e_/\kt¢k (x)¢k (y)a
E>1

where (¢)>1 is an L?(Q, g)-orthonormal family of eigenfunctions satisfying

Agp = A9 in Q,
¢k =0 on 0.

Therefore
(8) Y(t) = Z ekt

E>1

Let Q. be a smooth deformation of  and let Y.(t) = > ;- e~ Mt be
the corresponding heat trace function. Unlike the eigenvalues, the function
Y.(t) is always differentiable in e and the domain Q will be called critical for
the trace of the Dirichlet heat kernel at time t if, for any volume-preserving
deformation Q. of Q, we have

d

digyé(t)‘s:() =0.
From the results of Section 3 above, one can deduce the variation formula for
the heat trace. For this, we need to introduce the mixed second derivative
dsH(t)|; of H at the point z, defined as the smooth 2-tensor given by

2

dsH(t)|.(X, X) = 82—%H (t,c(a), c(8))] y—s_o>

where ¢ is a curve in {2 such that ¢(0) = z and ¢(0) = X. It is easy to check
that

dsH(t) = e Mdgy @ dey.
k>1
THEOREM 4.1. Let Q. = f:(Q) be a volume-preserving deformation of ).
We have, for allt >0,
iY(t)‘ ——t/ vdgH(t)(v V)’U-—E/ vAH(t,x,x)vg
de € e=0 20 S ’ g_2 . s Ly g

where v = g(d%fs‘sz()’ v).
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Proof. The formula of Theorem 4.1 can be derived from the first variation
formula of the heat kernel given in the paper of Ray and Singer [28, Propo-
sition 6.1]. However, at least in the case where the ambient manifold is real
analytic, it can also be obtained as an immediate consequence of Hadamard’s
type formula of Section 2, thanks to the relation (8) above. Indeed, in this
manner we obtain, for all ¢ > 0,

d _ At o1 \”
%Ys(t)kzo = tZe /é)QU <5n/> Vg,

k>1

where (Mg, ¢r) are as above. To get the desired formula for Y. (t) it suffices to
notice that

2
dsH(t)(v,v) = Y e oy @ dgy,(v,v) = > e (%) . -

k>1 k>1
An immediate consequence is the following result:

COROLLARY 4.1.  The following conditions are equivalent:

(i) The domain § is critical for the trace of the Dirichlet heat kernel at
the time t under volume-preserving domain deformations.
(ii) AH(t,x,x) is constant on the boundary OS.
(iii) For any positive integer k and any L*(82, g)-orthonormal basis ¢1, - - ¢p

2
of the eigenspace Ey of Ay, ZKP (%d::) is constant on 0S).

Recall that if p is an isometry of (€, g), then, for all x € Q and for all ¢ > 0,
H(t,p(z),p(x)) = H(t,x,z). In particular, if 2 is a ball of R"™ endowed with
a rotationally symmetric Riemannian metric g given in polar coordinates by
g = a*(r)dr? + b*(r)do?, where do? is the standard metric of the unit sphere
Sn=1, then H(t,z,z) is radial (that is, depends only on the parameter 7).
Therefore, the function AH (¢, x,x) is also radial and hence constant on the
boundary of the ball.

COROLLARY 4.2.  Let g be a rotationally symmetric Riemannian metric on
R™. The geodesic balls centered at the origin are critical domains for the trace
of the Dirichlet heat kernel under volume-preserving domain deformations.

In particular, geodesic balls of Riemannian space forms are critical for the
trace of the Dirichlet heat kernel under volume-preserving domain deforma-
tions.

The Minakshisundaram-Pleijel asymptotic expansion of the trace of the
heat kernel also provides information about the geometric properties of ex-
tremal or critical domains. Indeed, it is well known that there exists a sequence
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(a;);en of real numbers such that for sufficiently small ¢ > 0, we have

Y(t) = (4nt) 2N " ayth/?
k>0

with (see, for instance, [6], [7])
ap = VOI(Qvg)7

a1 = 7? vol(09, g),

1
agz{/ scalgvg—|—2/ trAvg},
6 /o o9

as = vr / (—16scaly, —7(tr A)* + 10| A]* + 8py (v, v)) vy ¢,
192 1 /o0

where scal, and p, are, respectively, the scalar and Ricci curvatures of (€, g),
A is the shape operator of the boundary 99 (i.e., for all X € ToQ, A(X) =
Dxv) and tr A is the trace of A (i.e., (n—1)-times the mean curvature of 9).

An immediate consequence of these formulae is the following: Suppose that
for any domain ' having the same volume as Q we have Y/ (t) < Yq(t), for
all ¢ > 0. Then vol 9" > vol 9. Consequently, we have the following result:

PROPOSITION 4.1. If the domain 2 mazimizes Y at every time t > 0
among all domains of the same volume, then € is a solution of the isoperi-
metric problem in (M, g), that is, for all Q' C M such that vol Q = vol Q' we
have vol 99 > vol 0€).

Another consequence of the Minakshisundaram-Pleijel asymptotic expan-
sion is the following result:

THEOREM 4.2. If the domain € is a critical domain of the trace of the
Dirichlet heat kernel at every time t > 0, then 0X) has constant mean curva-
ture. If in addition the Ricci curvature (resp. the sectional curvature) of the
ambient space (M, g) is constant in a neighborhood of Q, then tr(A?) (resp.
tr(A3)) is constant on 9.

Proof. Let Q. = f:(2) be a volume-preserving variation of Q and let us
denote for any € by (a;)i>0 the coefficients of the asymptotic expansions of
Y.(t). Since d%YE(t)L:O = 0, we have for any i > 0, d%ai’g‘ezo = 0 (see, for
instance, [16] for an analytic justification for this last assertion). In particular,
d% V01<895)’5:0 = 0 for any volume-preserving variation of Q. This property
is known to be equivalent to the fact that the mean curvature of 0fQ is constant
(see, for instance, [29]).
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Now, let us suppose that the Ricci curvature of (M, g) is constant in a
neighborhood of 2. Then for any small € we have

age = % {scalg vol(€.) + 2/ (tr Ae) vg}

0.
-1 scalg vol(Q2) + 2/ (trAc)vg ¢ -
6 9.

Hence, we have (see, for instance, [29])

i/ (tr Ac) vg|__ :/ (Agv — p(v,v)v — (tr A*)v) vg
de Joq. =0 Jaa
+ %/ trA (divg VT 4o trA) Vg,
19)

where V = i{; g = VUV + VT on the boundary 0. Since faQ vvg = 0 and

tr A and p(v,v) are constant on JS2, we have
d 1 5
d—gagE’E:O =3 /BQ(trA Jvug = 0.

It follows that tr A% is constant on OX).
As before, we have

d NG d ) d )
lema = 305 (7l [, AT vt 10 Ly [ ),
but
4 (tr A.)? Vvg|._y = 2/ tr A (Agv — p(v,v)v — (tr A*)v) vg
de Joq. ==0 o9

+ L / (tr A)? (divy VT + v tr A) v,
2 Joa

since tr A, tr A2 and p(v,v) are constants. Thus,

d
d 10y / tr Ag vg.
o9

e %ele=0= o3 el

After some straightforward but long computations we obtain, using the fact
that the sectional curvature is constant in a neighborhood of Q and that tr A
and tr A2 are constant,

d 3
d—€a375|520 =c /agtrA vvg =0,

where c is a constant. This proves that tr A is constant. O
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Alexandrov’s Theorem [1] shows that in the Euclidean space the geodesic
spheres are the only embedded compact hypersurfaces of constant mean cur-
vature. This theorem was extended to hypersurfaces of the hyperbolic space
and the standard hemisphere(see [24]). Since the boundary of a critical do-
main of the trace of the heat kernel is an embedded hypersurface of constant
mean curvature, we have the following corollary:

COROLLARY 4.3. Let (M,g) be one of the following spaces:

e The Euclidean space.
e The hyperbolic space.
e The standard hemisphere.

Then a domain Q of (M, g) is critical for the trace of the Dirichlet heat kernel
if and only if Q is a geodesic ball.
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