DOMINANT RATIONAL MAPS
IN THE CATEGORY OF LOG SCHEMES

ISAMU IWANARI AND ATSUSHI MORIWAKI

ABSTRACT. Kobayashi-Ochiai’s theorem says us that the set of dominant ra-
tional maps to a complex variety of general type is finite. In this paper, we
give a generalization of it in the category of log schemes.
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INTRODUCTION

In the paper [4], Kobayashi and Ochiai proved that the set of dominant rational
maps to a complex variety of general type is finite. This result was generalized
to the case over a field of positive characteristic by Dechamps and Menegaux [2].
Furthermore, Tsushima [7] established finiteness for open varieties over a field of
characteristic zero. In this paper, we consider their generalization in the category
of log schemes. As we know, logarithmic geometry is a general framework to cover
compactification and singularities in degeneration. The most typical example of
these mixed phenomena is a logarithmic structure on a semistable variety. Actually,
we deal with a log rational map on a semistable variety with a logarithmic structure.
The following finiteness theorem is the main theorem of this paper:

Theorem A (Finiteness theorem). Let k be an algebraically closed field and My,
a fine log structure of Spec(k). Let X and Y be proper semistable varieties over k,
and let Mx and My be fine log structures of X and Y over My respectively such
that

(X, Mx) — (Spec(k), My) and (Y, My) — (Spec(k), My)
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are log smooth and integral. We assume that (Y, My) is of log general type over
(Spec(k), My,), that is, det(Q§//k(log(My/Mk))) is a big line bundle on'Y (see Con-
ventions and terminology 10). Then, the set of all log rational maps

(¢7h) : (X7 MX) - (Y7 MY)
over (Spec(k), My,) with the following properties (1) and (2) is finite:

(1) ¢ : X --» Y s a rational map defined over a dense open set U with
codim(X \ U) > 2, and (¢,h) : (U, Mx|,) — (Y, My) is a log morphism
over (Spec(k), My,).

(2) For any irreducible component X' of X, there is an irreducible component

Y’ of Y such that $(X') C Y’ and the induced rational map ¢ : X' --+ Y’
is dominant and separable.

As an immediate corollary of the above theorem, we have the following:

Corollary B. Let X be a proper semistable variety over k and Mx a fine log
structure of X over My, such that (X, Mx) — (Spec(k), M) is log smooth and
integral. If (X, Mx) is of log general type over (Spec(k), My), then the set of
automorphisms of (X, Mx) over (Spec(k), M) is finite.

Here let us give a sketch of the proof of Theorem A. For this purpose, we need to
deal with the classical case and the non-classical case. In the case where M, = k*
and X and Y are smooth over k (the classical case), we can use the similar argu-
ments as in [2]. Actually, we prove it under the weaker conditions (cf. Theorem 7.1).
However, if M}, is not trivial (the non-classical case), we have to determine a local
description of a log structure. Indeed, we have the following theorem:

Theorem C (Local structure theorem). Let X be a semistable variety over k and
Mx a fine log structure of X over My such that (X, Mx) — (Spec(k), My) is log
smooth and integral. Let us take a fine and sharp monoid Q with My = Q x k*.
For a closed point x € X, there is a good chart (Q — My, P — Mx z, Q — P) of
(X, Mx) — (Spec(k), M) at x, namely,

(a) @ — My/k* and P — Mx z/O% ; are bijective.

(b) The diagram

Q — P

! !

My —— Mx;
18 commutative.
(c) k®wo) k[P] — Ox z is smooth.
Moreover, using the good chart (Q — My, P — Mx z,Q — P), we can determine
the local structure in the following ways:
(1) If mult,(X) =1, then Q — P splits and P ~ Q x N" for some r.
(2) If mult,(X) = 2, then we have one of the following:
(2.1) If Q@ — P does not split, then P is of semistable type over Q.
(2.2) If Q@ — P splits, then char(k) # 2 and @X@ is camonically isomorphic
to k[Xq,..., X,]/(X? — X3).
(3) If mult,(X) > 3, then Q@ — P does not split and P is of semistable type
over Q).
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For the definition of a monoid of semistable type, see §2.

By using the above local structure result, we can see the rigidity of log morphisms
over the fixed scheme morphism, namely, we have the following:

Theorem D (Rigidity theorem). Let X and Y be semistable varieties over k and
let Mx and My be fine log structures of X and Y over Mj respectively such
that (X, Mx) and (Y, My) are log smooth and integral over (Spec(k), My). Let
Supp(My /My,) be the union of Sing(Y) and the boundaries of the log structure of
My over My, that is,

Supp(My /M) ={y € Y | M}, x Oy, — My g is not surjective}.

Let ¢ : X — Y be a morphism over k such that ¢(X') € Supp(My /My) for
any irreducible component X' of X. If (¢,h) : (X,Mx) — (Y, My) and (¢, 1) :
(X, Mx) — (Y, My) are morphisms of log schemes over (Spec(k), My), then h = h/'.

By virtue of the rigidity theorem, the non-classical case can be reduced to the
classical case, so that we complete the proof of the theorem.

Finally, we would like to express our sincere thanks to Prof. Kazuya Kato for
telling us the fantastic finiteness problem.

Conventions and terminology. Here we will fix several conventions and termi-
nology for this paper.

1. Throughout this paper, we work within the logarithmic structures in the sense
of J.-M Fontaine, L. Illusie, and K. Kato. For the details, we refer to [3]. All log
structures on schemes are considered with respect to the étale topology. We often
denote the log structure on a scheme X by Mx and the quotient My /O% by Mx.

2. We denote by N the set of natural integers. Note that 0 € N. For I =
(a1,...,an) € N, we define Supp(I) and deg(I) to be

Supp(I) ={i|a; >0} and deg(l)= Zai.
i=1

The i-th entry of I is denoted by I(7), i.e., I(i) = a;. For I, J € N, a partial order
I > J is defined by I(i) > J(i) for all i = 1,...,n. The non-negative number g
with gZ = ZI(1) + - -- 4+ ZI(n) is denoted by gem(I).

3. Here let us briefly recall some generalities on monoids. All monoids in this
paper are commutative with the unit element. The binary operation of a monoid
is often written additively. We say a monoid P is finitely generated if there are
P1,---,Pn such that P = Np; 4+ -+ 4+ Np,.. Moreover, P is said to be integral if
x+2z=y+zfor x,y,z € P, then x = y. An integral and finitely generated
monoid is said to be fine. We say P is sharp if  +y = 0 for z,y € P, then
x =y = 0. For a sharp monoid P, an element x of P is said to be irreducible if
x =y + z for y,z € P, then either y = 0 or z = 0. It is well known that if P
is fine and sharp, then there are only finitely many irreducible elements and P is
generated by irreducible elements (cf. Proposition A.1). If k is a field and P is a
sharp monoid, then M = @ ¢ p\ (0} k - @ forms the maximal ideal of k[P]. This
M is called the origin of k[P]. An integral monoid P is said to be saturated if
nr € P for x € P9" and n > 0, then = € P, where P9" is the Grothendieck group
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associated with P. A homomorphism f : @ — P of monoids is said to be integral
if flq)+p=f(¢d)+p for p,p’ € P and q,¢" € Q, then there are ¢1,g2 € @ and
p” € P such that ¢ +q1 = ¢ + g2, p = f(q1) +p" and p’ = f(g2) +p”. Note
that an integral homomorphism of sharp monoids is injective. Moreover, we say
an injective homomorphism f : Q — P splits if there is a submonoid NV of P with
P = f(Q) x N. Finally, let us recall a congruence relation. A congruence relation
on a monoid P is a subset S C P x P which is both a submonoid and a set-theoretic
equivalence relation. We say that a subset T' C S generates the congruence relation
S if S is the smallest congruence relation on P containing T'. Let S be an equivalent
relation on P. It is easy to see that P — P/S gives rise a structure of a monoid on
P/S if and only if S is a congruence relation.

4. Let P and @ be monoids and let f : N — P and g : N — @ be homomorphisms
with p = f(1) and ¢ = ¢g(1). Let P xy @ be the pushout of f : N — P and
g:N—Q:

N —— Q

! !

P — PxyQ@Q
We denote this pushout P xy Q by P x(, q) Q-

5. Let k be a field and R be either the ring of polynomials of n-variables over k,
or the ring of formal power series of n-variables over k, that is, R = k[X1,..., X,]
or k[Xy,...,X,]. For I € N" we denote the monomial Xll(l) XA by X1.

6. Let P be a monoid, p1,...,p, € P and I € N". For simplicity, > -, I(i)p; is
often denoted by I - p.

7. Let (X, Mx) be alog scheme and « : Mx — Ox the structure homomorphism.
Then, a(Mx) \ {zero divisors of Ox} give rise to a log structure because

0% C a(Mx) \ {zero divisors of Ox }.

a(Mx) \ {zero divisors of Ox} is called the underlining log structure of Mx and is
denoted by M%. Let f : (X, Mx) — (Y, My) be a morphism of log schemes such
that one of the following conditions is satisfied:

(1) X —Y is flat.

(2) X and Y are integral schemes and X — Y is a dominant morphism.
Then we have the induced morphism f*: (X, M%) — (Y, My).

8. Let X and Y be reduced noetherian schemes. Let ¢ : X --» Y be a rational
map. We say ¢ is dominant (resp. separably dominant) if for any irreducible
component X’ of X, there is an irreducible component Y’ of Y such that ¢(X’) C Y’
and the induced rational map ¢ : X’ --» Y’ is dominant (resp. dominant and
separable). Moreover, we say ¢ is defined in codimension one if there is a dense
open set U of X such that ¢ is defined over U and codim(X \ U) > 2.

Let f: X — T and g : Y — T be morphisms of reduced noetherian schemes. A
rational map ¢ : X --» Y is called a relative rational map if there is a dense open
set U of X such that ¢ is defined on U, ¢ : U — Y is a morphism over T (i.e.,
f=g-¢)and X;NU #£@forallt €T.
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9. Let k be an algebraically closed field and X a reduced algebraic scheme over
k. We say X is a semistable variety if for any closed point x € X, the completion
Ox , at z is isomorphic to the ring of the type k[X1,..., X,]/(X1--- X)).

10. Let k be an algebraically closed field. Let X be a proper reduced algebraic
scheme over k and H a line bundle on X. We say H is very big if there is a dense
open set U of X such that H°(X, H)® Ox — H is surjective on U and the induced
rational map X --» P(H?(X, H)) is birational to the image. Moreover, H is said
to be big if H®™ is very big for some positive integer m.

1. EXISTENCE OF A GOOD CHART ON A GENERALIZED SEMISTABLE VARIETY

Let k£ be an algebraically closed field and X an algebraic scheme over k. We say
Xisa generalized semistable variety if, for any closed point x of X, the completion
Ox 4 of Ox , is isomorphic to a ring of the following type:

E[Ty,..., T/ (T4, ..., TA),

where Ay,..., A; are elements of N¢\ {0} such that A;(j) is either 0 or 1 for all
i,7 (cf. Conventions and terminology 2 and 5). Note that a generalized semistable
variety is a reduced scheme (cf. Lemma 1.6).

Let My and Mx be fine log structures on Spec(k) and X respectively. We
assume that (X, My) is log smooth and integral over (Spec(k), My ). Since the map
x — x" on k is surjective for any positive integer n, we can see that M) — M,
splits. Thus, there are a fine and sharp monoid @ and a chart g : @ — Mj, such
that Q — M, — M, is bijective.

Next, let us choose a closed point x of X. In the case where X is a generalized
semistable variety, we would like to construct a chart 7p : P — Mx ;z together with
a homomorphism f : Q — P such that P — My ; — M x ; is bijective, the natural
morphism X — Spec(k) xy(q) Spec(k[P]) is smooth and the following diagram is

commutative:

Q# P

o | |~

Mk Ee— MX@.

Then, the triple (Q — My, P — Mx 3,@Q — P) is called a good chart of (X, Mx) —
(Spec(k), My) at x. For this purpose, we need to see the following theorem.

Theorem 1.1. Let p: (X, Mx) — (Y, My) be a log smooth and integral morphism
of fine log schemes. Let x € X andy = p(z). Let k be the algebraic closure

of the residue field at x and n : Spec(k) — X L5 Y the induced morphism. If
X xy Spec(k) is a generalized semistable variety over k, then the torsion part of
Coker(ﬂgjjg — M%f) is a finite group of order invertible in Ox 5.

Proof. Let us begin with the following lemma.

Lemma 1.2. Let (X, Mx) be a log scheme with a fine log structure. Then, we have
the following:
(1) Let m : P — Mx]|y be a local chart of Mx on an étale neighborhood U.
Then, for x € U, the natural map P/w‘l((’);j) — M x z is bijective.
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(2) Let k be a separably closed field and n : Spec(k) — X a geometric point.
Then, the natural homomorphism Mx ; — n*(Mx) is an isomorphism,
where x s the image of n.

Proof. (1) The surjectivity of P/m~*(O% ;) — M x z is obvious. Let us assume
that 7(a) = (b) mod O ;. Then, there is u € O% ; with m(a) = 7(b) - u. Since
7 : P — Mx]| is a chart, we have the natural isomorphism

P Xﬂ'fl(O;zj) O;{,f L’ MX:E

Thus, there are o, 8 € 771 (0% ) such that

(a,1) + (, (@) ™) = (byu) + (B, 7(B) 7).
In particular, a + a = b+ 3. Thus, a = b mod 7T71(03<(@).

(2) Let P — Mx be a local chart around = and a : P — Ox the induced
homomorphism. Note that Mx is isomorphic to the associated log structure P®.
Let o : P — k be a homomorphism given by the compositions:

P %5 Oxz — K(T) < k,

where k(Z) is the residue field at z. Then, by [3, (1.4.2)], n*(Mx) is the associated
log structure of o’ : P — k. Therefore, we get the following commutative diagram:

P p— P

| |

Mxz — 1*(Mx).
On the other hand,
a€a (0% ;) < ala) € O ; <= a(a) # 0 in K(T)
e a/(a) £0 < aca (k).

Therefore, o' (0% ;) = o' "1 (k*). Thus, (1) implies (2). O

Let us go back to the proof of Theorem 1.1. We denote X Xy Spec(k) by X'.
Then, we have the following commutative diagram:

X 17 x

‘| I
Y 1 — Spec(k).
Note that the natural morphism 7’ : Spec(k) — X' gives rise to a section of
w1+ X' — Spec(k). Let 2’ be the image of '. We consider the natural commutative
diagram:
Mxz — 01*(Mx)x, 7 — 0" (7 (Mx))

I I I

Myz; —— n'(My) —— n'(My)
By (2) of Lemma 1.2,

MY,Q — n*(My) and ﬁ*(MX)X/j/ — 0" (7*(Mx))
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are bijective. Moreover, since n'*(7*(Mx)) = (- 7')*(Mx), the composition

Mxz — 0" (Mx) xr g — 1" (1" (Mx))

is also bijective. Thus, we can see that

Mx;z — ﬁ*(MX)X’@’
is an isomorphism. Moreover, (X', 7*(Mx)) — (Spec(k),n*(My)) is smooth and
integral. Thus, we may assume that ¥ = Spec(k), X is a generalized semistable
variety over k and x is a closed point of X.

Clearly, we may assume that p = char(k) > 0. We can take a fine and sharp
monoid @ with My, = @ x k*. Let f : Q@ — Mxz and f:Q— M x z be the
canonical homomorphisms.

Let us choose ti1,...,t, € Mxz; such that dlog(t1),...,dlog(t,) form a free
basis of Qﬁ(/k@(log(MX/Mk)). Then, in the same way as in [3, (3.13)], we have the

following:

(i) If we set Py = N" x @ and a homomorphism 7 : P, — Mx z by
mi(ar, ..., ar,q) = arty + -+ arty + f(q),

then there is a fine monoid P such that P D Py, P9"/P}" is a finite group of
order invertible in Ox z and that m : P| — Mx ; extends to the surjective
homomorphism 7 : P — Mx z. Moreover, P gives a local chart around
. Here we have the natural homomorphism h : Q — P; <— P. Then, the
following diagram is commutative:

Q — "~ p

l 5

My —— Mx 3.
(ii) The natural morphism g : X — Spec(k) Xspec(kjQ)) Spec(k[P]) is étale
around x.
Let p1,...,pe be all irreducible elements of M x ;z not lying in the image Q —
M x z. Let us choose py, . ..,p. € Mx z such that the image of p; in M x ; is p;. Let
a: Mx — Ox be the canonical homomorphism. We set z; = a(p;) fori =1,...,e.
Then, we have the following:

Claim 1.3.1. z; # 0 in Ox z for all i.

Since # : P — Mx;z — Mx; is surjective, there are p},...,p, € P with
7(p}) = pi. Let us choose u1,...,u, € P such that the kernel of P9" — Mﬁ;i is
generated by uq,...,u,. Note that 7w(u;) € (’))X(j and P is generated by p},...,p.,
Uy, ..., uq and h(q) (¢ € Q). Let us consider a non-trivial congruence relation

Ip'+J-u+th(q)=1"p'+J u+h(d),
where I,I' € N, J, J' € N% q,¢' € Q, Supp(I) N Supp(I’) = 0 and Supp(J) N
Supp(J’) = @ (See Conventions and terminology 6). Let

$: k(21,20 UL, Ud] = k @yiq k[P
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be the natural surjective homomorphism given by ¢(Z;) = 1®p} and ¢(U;) = 1®u;.
Then, the kernel of ¢ is generated by elements of the type

Blg)-z"- U’ —B(g)- 2" U7,

where

0 ifg#0.
Here note that -5+ f(q) =I' - p+ f(¢') and p;’s are irreducible. Thus,
Bla)-2"-U7 - B(d)- 2" - U

is equal to either

+71. U7 (deg(I) > 2)
or

zU.u?l —z0 U7 (deg(I) > 2, deg(I') > 2).

Therefore,

Ker(¢) C (Z1,...,2,)%.
Now let us consider a natural homomorphism

g R=k[Zy,...,Z,,Ur,...,Uy]/ ker(¢) — Ox z.

Note that g*(Z;) = v; - z; and ¢*(U;) = a(m(u;)), where v; € Ox z and Z; and U;
are the classes of Z; and U; in k[Zy,...,Z,,Ui,...,U,|/ ker(¢) respectively. Let

y = g(&). Then, since 7(u;)’s are units, we can set y = (0,...,0,¢1,...,¢,), where
——
ks
c1,-..,¢q € K*. Since g is étale, g* : Ry, — Ox z is injective. Thus, if z; = 0, then

Z; € Ker(9)k[Z1,...,2Z,,Us,..., U]y This is a contradiction because
Ker(¢)k[Z1,..., Ze, Uty .. Udly € (Z1y . Z0)%k[ 21, ooy 20y Usy o Uy

Note that Mx z is generated by p1,...,pe, (9;},5c and the image of @ in Mx z,
so that, from now on, we always choose t1,...,t. from elements of the following
types:

piv (u€Ox,, i=1,....e) and v (ve€Ox,).

We set x; = a(t;) fori=1,...,r.

Claim 1.3.2. (a) x{*---z% # 0 for any non-negative integers as, ..., a,.
’ ’
a a . .
(b) If xf*---alr = zy* ---xr" for non-negative integers as,...,a,,ay,...,a,,
/ /
then (as1,...,a,) = (a},...,al).

Let T; be an element of k ®yq) k[P] arising from e; = (0,...,1,...,0) € N" (i-th
standard basis of N"), namely, T; = 1 ® ¢;. As in the previous claim, let us choose
Uy, ..., ug € P such that the kernel of P9" — M%i is generated by u1,...,u,. Let
P’ be the submonoid of PY9" generated by +e1,...,*e., *u1,...,+tu, and P.

First, let us see that f: Q — 7(P’) is integral. We consider an equation
p—T-e+flg)=p —I' e+ f(d),
where p,p' € Mx .z, ¢,¢ € Q and I, I’ € N". Then,
p+Ie+flg)=p +1e+f(d).
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Thus, since Q — MX@ is integral, there are ¢1,q2 € @ and x € P such that

g+ a1 =4¢ +q,
p+1'-e=flq)+x

pPH+I-e=flg)+x

Therefore,

pr-I-e=flg)+e-(I+TI)-¢

which shows us f : Q — 7(P') is integral.

{p—l-e=f(cn)+w—(1+f’)'e

Next let us see that the natural homomorphism v : Q x Z" — P’ given by
v(q,I) = f(q) + I - e is integral. For this purpose, let us consider an equation

z+v(gI)=2"+v(d,I),
where z,2' € P', q¢,¢' € Q and I,I' € Z". Then, in 7(P’), we have
T+l-e+flq=3+1 e+ f(q).
Thus, there are q1,¢q2 € Q, y € P' and J,J' € Z* such that
9+t a =4 +a

x+T-e=v(q1,0)+J - u+y
2 +T1T-e=v(gp,0)+J  uty.

Therefore, using the equation +v(q,I) = ' +v(¢’,I'), we can see that J-u+y =
J' -u+y. Thus,

r=v(gp,—I)+2z and ' =v(gp,-I')+z
for some z € P’ and
v(g,I) +v(q, —I) =v(qg+q1,0) = v(¢' + ¢2,0) = v(¢', I') + v(gz, = T").

Thus, we can see that v : Q x Z" — P’ is integral.
Therefore, by [3, Proposition (4.1)], k[P’] is flat over k[Q x Z"]. Moreover, since

k ®piq) k[P'] = (k @r(q) klQ x Z7]) @rigxzr kI,
the following diagram
Spec(k @k k[P']) ———  Spec(k[P’])

l l

Spec(k ®gq) k[@Q x Z"]) ——— Spec(k[Q x Z'])
is Cartesian. Therefore,
Spec(k @) k[P']) — Spec(k Qo) k[Q x Z"]) = Spec(k[Z"])
is flat. In particular,
B K[Z'] = k @) KIQ x Z7] — k @yq) k[P

is injective because k[Z"] is a integral domain. Further, 8(Y;) =T; fori=1,...,r,
where k[Z"] = k[YE, ... Y,F].

T
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Let U be an étale neighborhood at = and V' a non-empty open set of Spec(k @4 q)
E[P]) such that V = ¢g(U) and g : U — V is étale. Moreover, we set W =
Spec(k @) k[P']). Then, W is an open set of Spec(k ®yq) k[P]), i.e.,

W = {t € Spec(k ®kg) k[P]) | Ti(t) #0 Vi (1®u;)(t) #0Vj}.
Let W be the closure of W. Note that

Spec(k @xj) k[P]) =
Wu{lh =0}U---U{T, =0}U{l®u; =0}U---U{l®@u, = 0}.
Moreover, if we set y = ¢(z), then (1 ® u;)(y) # 0 for all j because 7(u;) € O% ..
Note that the local ring (k ®g(q) k[P])y is reduced because g* : (k ®xjq) k[P]), .
Ox z is étale. Therefore, if y ¢ W, then T; = 0 in (k ®y¢) k[P]),. This contradicts
to Claim 1.3.1 because ¢g*(T}) = z;. Thus, y € W. Let us consider

v k[ZT] 2, Ow — Ownv Og-1(wnv)-

Then, v(Y;) = x;. Further, ~ is injective because 8 and ¢g* are injective and k[Z"]
is an integral domain. Thus, we get the claim.

Here we choose t1,...,t, € Mx z with the following properties:

(1) t; is equal to either p;u (u € Ox z) or a unit v for all 4.
(2) dlog(t1),...,dlog(t,) form a free basis of Qﬁ(/kyf(log(MX/Mk)).

(3) If we replace the non-unit t; ¢ O% ; by a unit t; € O% ;, then
dlog(t1),...,dlog(t,),. .., dlog(t,)
do not form a free basis of Qﬁc/k@(log(MX/Mk)).

Claim 1.3.3. For a non-unit t; and u € O)X(j,
dlog(t1),...,dlog(tu),...,dlog(t,)
form a free basis of Qﬁ(/k@(log(MX/Mk)).
We set dlog(u) = fidlog(ti) + --- + frdlog(t,). If fi € O%,, then dlog(t;)
belongs to a submodule generated by
dlog(u),dlog(ty),...,dlog(ti—1),dlog(tit1),. .., dlog(t,).

Thus, dlog(u),dlog(t1), - ,dlog(ti—1),dlog(ti+1), - ,dlog(t,.) form a basis, so
that f; belongs to the maximal ideal of Ox z. Therefore,

dlog(t;u) = (1 + f;)dlog(t;) + Z fidlog(t;).
J#i
and 1+ f; € O% ;. Thus, we get the claim.

Renumbering ¢4, ... ,t,., we may assume that
{t1,...,ts} = {t; | t; is not a unit}

Claim 1.3.4. Let aq,...,as,a},...,a), be non-negative integers such that either a;
or aj is zero for alli. Foru € (’))X(@, if

’ ’
ai as __ ay as
xl ...xss_uxl ...xs’

thenal:...:aszallz...:a/s:() and u=1.
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We assume the contrary. Let us choose a non-negative integer k such that
a; = p*b; and a} = p*¥, for all i and that

gem(by, ..., bs, b, ... L)

is prime to p. Then, by Lemma 1.4, there is v € O% . with

x?l . e :L-S 4
Moreover by our construction, replacing v by v~! if necessarily, we can find b}
prime to p. Thus, there is v/ € O% . with v'% = v. Hence if we replace t; by v't;,

then we have 2{' - -- 2% = x{* ---z3°. Therefore, by Claim 1.3.2 and Claim 1.3.3,
a1 = dal,...,as = al, which implies that a1 = --- = a5 =a} = --- = a,, = 0. This
is a contradiction.

Claim 1.3.5. t1,...,ts are linearly independent over Z in Coker(Q9" — Mﬁgi).

We assume that a non-trivial relation ajt; + -+ + asts = 0 (a1,...,a5 € Z) in
Coker(Q9" — M?fj) Let ¢; be the class of t; in M x z. Then, ait;+- - +asts = f(q)
for some ¢ € Q9. Renumbering t1,...,ts, we may assume that a;,...,a; > 0 and
a+1,---,as < 0. Thus, we have

bity + -+ bt + flq1) = bipatipr + -+ + bsts + flgo)

for some ¢1,q1 € Q, where by = a1,...,bp = a; and biy1 = —aj41,...,bs = —as.
Since f is integral, there are ¢3,q4 € Q, v € Mx ; and u, v’ € O% . with

G1+q=q¢+q
biti +---+ bty = f(g3) +x+u
bisitipr + -+ bsts = fqu) +x + /.

Thus, if g3 # 0, then xlil ---x% =0, which contradicts to Claim 1.3.2. Therefore,
q3 = 0. In the same way, g4 = 0. Thus, we get

bity + -+ bty = bigatipr + -+ bsts +vg
for some vy € O ;. Thus, ! --~a:?’ = vom?ff .- z% . Therefore, by Claim 1.3.4,

by =---=b =b41 =---=bs=0. This is a contradiction.

Let A: P9" — M‘ng be the natural surjective homomorphism and
X' Coker(Q9" — P") — Coker(Q¥" — MY ;)
the induced homomorphism. Then, by using Claim 1.3.5, if we set
T = Coker (Zt; @ - - - ® Zt, — Coker(Q" — PI"))

and

T’ = Coker (Ztl @ P Zty — Coker(QI" — H?&)) ;
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then we have the following commutative diagram:

0 —— Zt1 ®---®Zt, —— Coker(Q9" — PI") T 0
errojection l)\’ l

0 —— Zt1 ®---®Zty; —— Coker(QI" — Migi) T 0
0 0 0

Here T is a torsion group of order prime to p. Therefore, we get our assertion. O

Lemma 1.4. Let X be a generalized semistable variety over an algebraically closed
field k of characteristic p > 0 and = a closed point of X. Let Ox z be the local ring
at = in the étale topology. Let H and G be elements of Ox z and u € O)X(,j. If

HP" w =GP, then there is v € 0%, with (Hv)P" = GP".

Proof. By Artin’s approximation theorem, it is sufficient to find v in @X’f.
Since X is a generalized semistable variety, we can set

Oxp = k[T1,..., T.]/ (T4, ..., T,
where Al, - Al € N¢ \ {O} We set

Q= U +N°), ©= Ne\U i +N°) and X ={I € ©|p|A(i) Vi}.

Then, any elements of O x,z can be uniquely written as a form
Z OqTI.
Ies
We set u = ;cxa;T! and H =Y, byT". Moreover, we set
= Z a;TT and o’ = Z arTr.
Iexy I¢%y

Then, u = ' + " and there is a unit v with v?" = «’. Thus, H? v = (G- Hv)pk
Therefore,

o moy = (L) (5
Iex I¢%,
Even if we delete the terms 77 with J € €, the left hand side of the above equations
consists of the terms 7/ with J € ¥ and the right hand side does not contain the

terms T with J € £j. Thus, (G — Hv)?" = 0. O

As a corollary of Theorem 1.1, we have the following existence of a good chart
of a log morphism.

Corollary 1.5. Let X be a generalized semistable variety over an algebraically
closed field k. Let My, and Mx be fine log structures on Spec(k) and X respectively.
We assume that (X, Mx) is log smooth and integral over (Spec(k), My). Let Q be
a fine and sharp monoid with My, ~ Q x k* and mg : Q@ — M), the composition of

Q — Qx kX (g (g,1)) and Q x kX = My. Moreover, let x be a closed point
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of X. Then, there is a fine and sharp monoid P together with homomorphisms
mp: P — Mxjz and f : Q — P such that a triple (7q : Q — My, np : P —
Mx s, [:Q — P) is a good chart of (X, Mx) — (Spec(k), My) at x, namely, the
following properties are satisfied:

(1) The diagram

Q# P

o | |~

My ——— Mx;z
18 commutative.
(2) The homomorphism P — Mx z — M x z is an isomorphism.
(3) The natural morphism g : X — Spec(k) Xspec(k[Q)) SPec(k[P]) is smooth in
the usual sense.

Proof. This is a corollary of Theorem 1.1, Proposition A.2 and Proposition A.3.
O

Finally let us consider the following lemma, which is needed to see that a gener-
alized variety is a reduced scheme.

Lemma 1.6. Let k[Ty,...,T.] be the ring of formal power series over k. Let
A1, ..., A; be elements of N¢\ {0} such that A;(j) is either 0 or 1 for all i,j. Let
I be an ideal of k[T1,...,T.] generated by TAr,... T4 . Then, I is reduced, i.e.,

VI=1.

Proof. We prove this by induction on e. If e = 1, our assertion is obvious, so
that we assume that e > 1. Let f € v/I. Then, there is n > 0 with f™ € I. It is easy
to see that there are a1, ...,a. € K[T1, ..., Ti—1,Tit1,...,Te] and b € k[T1, ..., T.]
with

f=a1+Tas+-+T-Tiqa;+-+Ty - Toqac+T - T.b.
Then, f(0,Ts,...,T.) = a1 € k[Tz,...,T.]. If 1 € Supp(A4;) for all 4, then
f(0, T, ..., T,)" = 0.
Thus, a1 = 0. In particular, a; € I. Otherwise,

ot = f(0.Ts,....,T)" € > TYK[Dy,... . T.].

1¢Supp(A;)
Thus, by hypothesis of induction, a; € I. Therefore, (f — a;)™ € I. Note that
(f —a1)(11,0,T5,...,T.) = Tias. Thus, in the same way as before, we can see

that Tyas € I. Hence, (f — a1 — Tyas)™ € I. Proceeding with the same argument,
Ty---T;_1a; € I for all i. On the other hand, T --- T, € I. Therefore, f € I. O

2. MONOIDS OF SEMISTABLE TYPE

In this section, we consider a monoid of semistable type. First of all, let us give
its definition. Let f : Q — P be an integral homomorphism of fine and sharp
monoids with @ # {0}. We say P is of semi-stable type

(Ta lvplv <+« Dr, 4o, lerlv RN} br)

over @ if the following conditions are satisfied:
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(1) r and [ are positive integers with r > 1, p1,...,pr € P, g0 € Q \ {0}, and
bi+1,-..,b, are non-negative integers.

(2) P is generated by f(Q) and p,...,p,. The submonoid of P generated by
P1y--.,pr in P, which is denoted by N, is canonically isomorphic to N",
namely, a homomorphism N" — N given by (t1,...,t.) — > . t;p; is an
isomorphism.

(3) We set A;, B € N" as follows:

Ar=(1,...,1,0,...,0) and B=(0,...,0,bi41,...,b).
l r—1 l
Then, A;-p = f(qo) + B -p, ie, pr +---+p = f(qo) + D5, bipi (cf.
Conventions and terminology 6).
(4) If we have a relation

I'p=fl@)+J-p (I,JEN)

with ¢ # 0, then I(i) > 0 for alli =1,...,1 (cf. Conventions and terminol-

ogy 2).
Remark 2.1. In the case where | = 1, by using (2) of the following proposition,
we can see P = f(Q) x Npy x --- x Np,.. Conversely, if P has a form f(Q) x N"~!
and @ # {0}, then P is of semistable type in the following way: Let gy be an
irreducible element of @ and p; = f(qo). Let e; be the standard basis of N"~1. We
set p; = (0,e;,-1) for ¢ = 2,...,7r. Then, since @ is sharp, Np; ~ N. Thus, the
submonoid generated by p1,...,p, in P is isomorphic to N". Finally, let us consider
a relation ), a;p; = f(q) + >, cipi with ¢ # 0. Then,

f(a1q0) + Z aipi = f(q¢+ c190) + Z CiPi-
i>2 i>2
Thus, a1qo = q¢ + c1qo. Hence, if a; = 0, then ¢ = 0. Therefore, a; > 0.

First, let us see elementary properties of a monoid of semistable type.

Proposition 2.2. Let f: Q@ — P be an integral homomorphism of fine and sharp
monoids. We assume that P is of semi-stable type

(Ta lapla <y DPr, 4o, bl+17 RN} br)
over Q. Then, we have the following:

(1) Let I-p= f(¢)+J-p (I,J € N") be a relation with ¢ #0. Then, ¢ = nqo
for some n € N. Moreover, if Supp(I) N Supp(J) = 0, then I = nA; and
J =nB.

(2) Let us consider two elements

f+T-p and f(¢)+T -p
of P such that there are i and j with 1 <i,j <l and T(i) =T'(j) =0. If
fQ+T-p=f(d)+T -p theng=q and T =T".

(3) Let U (resp. V) be the submonoid of P generated by p1,...,p; (resp. f(Q)
and pry1,...,pr). Then, U ~N' V ~Qx N~ and the natural homomor-
phism

U X(Ayp, f(qo)+B-p) V—P
is bijective (cf. Conventions and terminology 4).
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Proof. (1) First we assume that Supp(7) N Supp(J) = . We set
n=min{I(1),...,I(l)} and I' =1—nA,.
Then, I'(i) = 0 for some ¢ with 1 <i<land I-p=nA;-p+ 1 -p. Thus,
f(ngo) + (nB+1')-p=f(g)+J - p.
Therefore, since f : Q — P is integral, there are ¢1,¢2 € @ and T' € N" such that
ngo +q1 = q+qo,
(nB+1I')-p=f(a)+T p and J-p=f(g)+T p.

Note that (nB + I')(i) = 0 for some ¢ (1 < ¢ < l). Thus, ¢ = 0. Moreover,
since {1,...,1} € Supp(I), we have Supp(J) C {l + 1,...,r}, so that ¢o = 0.
Therefore, g = ngp and (nB+I') - p = J - p. In particular, nB + I’ = J. Note that
(nB+1')(i) =1'(¢) and J(¢) =0for i =1,...,I. Thus, I'(1) =---=1'(1) = 0. We
assume that Supp(I’) # (. Let us choose ¢ € Supp(I’). Then, i > [ and J(i) =
Thus, nB(i) + I'(i¢) = 0, which implies I’(4) = 0. This is a contradiction. Hence,
I’ = 0. Therefore, ¢ = nqy, I =nA; and J = nB.

Next let us consider a general case. We define T' € N” by T'(i) = min{I(4), J (i)},
and weset I'=T—T and J'=J —T. Then, I'-p= f(q) + J' - p and Supp(I’) N
Supp(J’) = 0. Thus, we can see ¢ = nqq for some n € N.

(2) Since f : Q@ — P is integral, there are g1,92 € Q and h € Np; + --- + Np,.
such that T-p= f(q1) + h, T'-p= f(q2) + hand g+ q¢1 = ¢’ + g2. Here T(i) =0
for some ¢ = 1,...,l. Thus, ¢ = 0. In the same way, g = 0. Therefore, ¢ = ¢'.
Hence T -p=T"-p

(3) By (2), it is easy to see that U ~ N! and V ~ @Q x N"=!. Let us choose
I,I'J,J" € N" such that Supp(I),Supp(I’) C {1,...,1} and Supp(J), Supp(J’) C
{l+1,...,r}. Tt is sufficient to see that if

I'p+fl@+J-p=I" p+fld)+J p
for some q, ¢’ € @, then
(I-p, fl@+T-p)~ T p, fld)+ ] p)
in U X(A,.p, f(qo)+Bp) V- We set
n=min{I(1),...,I()} and n' =min{l'(1),...,I'(])}.
Moreover, we set T =1 —n/A; and T/ = I’ — n/A;. Then
(T+J+nB) p+ flg+ng) =T +J +n'B) - p+ f(d +n'qo).
Thus, by (2), T+J+nB=T"+J +n'B and q + ngo = ¢’ + n’qo. In particular,
T =T and J 4+ nB = J' 4+ n'B. Therefore, since (A;-p, 0) ~ (0, f(g0) + B - p),
(I-p, fl)+J-p)=(T+ndi)-p, flg)+J-p)
T-p, fla+nq)+(J+nB)-p)
T p, fld"+n'q)+ (J +n'B) p)
(T"+n'Ay) - p, f(d)+ T p)
I op £+ 7).

~

~ (
= (
(
= (
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Remark 2.3. By the above properties, k ®@jq) k[P] is canonically isomorphic to
kX1, ..., X/ (X1 X)).
The converse of the above remark holds under a kind of assumptions of P.

Proposition 2.4. Let k be a field and f : Q@ — P an integral homomorphism of
fine and sharp monoids with Q # {0}. Let R be the completion of k ®@yq) k[P] (k
is a k[Q]-module via the canonical homomorphism Q — {0}) at the origin and m
the maximal ideal of R. We assume the following:

(1) f: Q — P does not split, i.e., there is no submonoid N of P with P =

f(Q)x N.
(2) Let R = R[Ty,...,T.] be the ring of formal power series over R and m’

the mazimal ideal of R'. Then, R’ is reduced, dimy, m’/m’2 =dimR +1
and dim R'/K' = dim R’ for all minimal primes K’ of R’.
Let p1,...,pr be all irreducible elements of P which is not lying in f(Q). Let | be
the number of minimal primes of R. Then, after renumbering p1,...,p., P is of
semi-stable type

(T, l7p17 -« s Pr,qo, bl+17 RN b’!)
over Q for some qo € Q \ {0} and by41,...,b; € N.
Proof. Let us consider a natural homomorphism
H:QxN — P
given by H(q,T) = f(¢) + T - p. Since f : Q@ — P is integral, the system of
congruence relations of H is generated by
{Ix-p=flax) + Ix P}ens
where for each A € A, qx € Q and I, Jy € N” with Supp(I) N Supp(Jy) = 0. Let
¢ : k[X1,...,X,] — R be the homomorphism arising from
kEIN"] =k Qk[Q] kElQ xN'] — k ) k[P].
Then, the kernel of ¢ is generated by
I J
{X = Blon)x A}AeA’

1 i#8=0
mw_{Oﬁﬂ¢0

Let m be the maximal ideal of R. Then, it is easy to see that R is reduced,
dimy m/m? = dim R + 1 and dim R/K = dim R for all minimal primes K of R.
Let M be the maximal ideal of k[X;,...,X,]. Here p;’s are irreducible. Thus,
deg(I) > 2 if gy # 0, and deg(Zy) > 2 and deg(Jy) > 2 if ¢» = 0. Hence,
Ker(¢) C M?2. Therefore,

dimg m/m? = dimy, M/(M? 4 Ker(¢)) = dimy, M/M? =r,

which says us that = dim R + 1. Since R is reduced, Ker(¢) = y/Ker(¢). Thus,
we have a decomposition

where 3 is given by

Ker(¢p) =Ki1n---NK,
such that K;’s are prime, K; ¢ K, for all i # j and each K; corresponds to a
minimal prime of R. Note that dimk[Xy,...,X,]/K; = r — 1 for each i. Here
k[X1,...,X,] is a UFD. Thus, each K;’s are generated by an irreducible element,
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so that we can see that there is f € k[Xy,...,X,] with Ker(¢) = (f). Here we
claim the following;:

Claim 2.4.1. There is A € A with g\ # 0.

We assume the contrary. Let N be a submonoid of P generated by p;’s. Let us
see that

@) +n=f(d)+n" (6,4 €Qnn'€N) = qg=¢q, n=n"
Since f : @ — P is integral, there are qi1,q2 € Q and n” € N such that n =
flg)+n", n' = f(g2) +n” and g+ ¢1 = ¢’ + g2. Here g\ = 0 for all A € A. We can

see g1 = g2 = 0. Thus, n = n' = n” and ¢ = ¢/. This observation shows us that
P = (@ x N, which contradicts to our assumption.

By the above claim, Ker(¢) contains an element of the form X?». Note that
f is a factor of X'*, R is reduced and R contains [ minimal primes. Thus, after
renumbering pi,...,p,, we can set f = X;---X; = X®. Next we claim the
following:

Claim 2.4.2. ¢, # 0 for all A € A..

We assume that there is A € A with ¢y = 0. Then, X; - - - X; divides X — X/,
This is impossible because Supp(Zy) N Supp(Jy) = 0.

By the above claim, we can see that N is isomorphic to N". Moreover, Ker(¢)
is generated by {XI* }AeA. Thus, there is A € A with I, = A;. Hence, we have a
congruence relation A; -p = f(qo) + B - p.

Finally, let us consider a relation

Ip=flg)+J-p
with ¢ # 0. Then, X! is an element of Ker(¢). Thus, I(i) > 0 for alli =1,...,1.
O

3. LOCAL STRUCTURE THEOREM ON A SEMISTABLE VARIETY

The purpose of this section is to prove the following local structure theorem of
a smooth log structure on a semistable variety.

Theorem 3.1. Let k be an algebraically closed field and My a fine log structure
of Spec(k). Let X be semistable varieties over k and Mx a fine log structures
of X. We assume that (X, Mx) is log smooth and integral over (Spec(k), My).
For a closed point x € X, let (Q — My, P — Mx z,Q — P) be a good chart of
(X,Mx) — (Spec(k), My) at x, that is, Q — My and P — Mx z are bijective
homomorphisms of fine and sharp monoids, k @yq k[P] — Ox z is smooth and the

following diagram
Q —— P

l l

My —— Mxz
is commutative. Then, we have the following:
(1) If mult,(X) = 1, that is, x is a reqular point, then @ — P splits and
P~ Q xN" for somer.
(2) If mult,(X) =2, then we have one of the following:
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(2.1) If @ — P does not split, then P is of semistable type over Q.
(2.2) If Q — P splits, then char(k) # 2 and Ox , is canonically isomorphic
to
k[[le s 7X7‘]]/(X12 - X22)
More precisely, let p1,...,p, be all irreducible elements of P not lying
in the image of Q — P, and let a be the compositions of

P— Mxz— Oxz— @X,z'
Then, after renumbering p1,...,p,, the isomorphism
Bk[Xy,... X ]/ (X2 = X3) = Ox.a

is given by B(X; mod X? — X3) = a(p;) for all i.
(3) If mult,(X) > 3, then Q@ — P does not split and P is of semistable type
over Q.
(4) If mult,(X) > 2 and P9" is torsion free, then Q — P does not split and P
1s of semistable type over Q.
In particular, if Mx is saturated, then, for all x € X, P is a monoid of semistable

type over Q.

In order to prove the above theorem, we need several preparations. First, let us
consider a log smooth monoid on a smooth variety.

Proposition 3.2. Let k be a field and f : Q — P an integral homomorphism of
fine and sharp monoids (note that Q might be {0}). Let R be the completion of
k @) k[P] (k is a k[Q]-module via the canonical homomorphism Q — {0}) at the
origin and R[Ty,...,T.] the ring of formal power series over R. If R[T,...,T¢]
is reqular, then there are a nonnegative integer r and a homomorphism g : N* — P
such that the homomorphism

h:QxN — P
given by h(q,z) = f(q) + g(x) is bijective.
Proof. First of all, note that R is regular. Let pi,...,p, be all irreducible
elements of P which are not lying in f(Q). Then, we have a homomorphism g :
N" — P given by g(n1,...,n;) = Y i_, nip;. Thus, we get h: @ x N” — P as in

the statement of our proposition. Clearly, & is surjective. Then, since f: @Q — P
is integral, the congruence relation is generated by a system

{In-p=flgn) +JIxPhyens
where gy € Q and I, J) € N" with Supp(7,) N Supp(Jy) = @ for each A\. Then, the
kernel K of
E[X:,....X,] — R
is generated by
{XIA — Bla) X }/\EA )

_J1 ifg=0
ﬂ(q)—{o if g 0.

where 3 is given by
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Using the fact that p;’s are irreducible, we can see that K C M?, where M is the
maximal ideal of k[X1,..., X,]. Let m be the maximal ideal of R. Then,

m/m? = M/(M? + K) = M/M?>.

Thus, dimg m/m? = r. On the other hand, if we have a congruence relation, then
K # {0}. Thus, dim R < r. Therefore, K = {0}, which means that h is injective.
O

In order to proceed with our arguments, let us see elementary facts of the ring
E[Xq, ..., X,]/ (X — X0y,

Proposition 3.3. Let k be a field and k[X1,...,X,] the ring of formal power
series of n-variables over k. Let Iy and Jy be elements of N™ such that Supp(Ip) N
Supp(Jo) =0, In # (0,...,0) and Jy # (0,...,0). Here let us consider the ring

R=k[Xy,...,X,]/(XT — X70).

The image of X' in R is denoted by x'. Then, we have the following:

(1) The multiplication of X; in R is injective.

(2) ForI,J € N" and h € R, if x! = x'h and I # J, then either I > Iy or
I>Jy (¢f. Conventions and terminology 2).

(3) Let u and v be units of R. For I,J € N, if x'u = 2”v, then u = v and
ol =27,

(4) ForI,J € N let us set I = I'+alp+bJy and J = J' +a' I+ Jy such that
a,b,a’ b/ € N and that I' % Iy, I' # Jo, J' # Iy and J % Jo If ! = 7,
then I' =J and a+b=ad +V.

(5) If gem(Ip) and gem(Jo) are coprime, then X0 — X7 s irreducible in
k[X1,...,Xn] (¢f. Conventions and terminology 2).

Proof. (1) Clearly X; and X0 — X7 are coprime. We assume that X;g = 0

for some g € R. Then, there is h € k[X1, ..., X,] such that X;g = (X0 — X7o)h.
Thus, g is divisible by X0 — X/ which means that g = 0 in R.

(2) We set X! — X7h = (XTo — X7J0)g. Moreover, we set
h=> arX" and g=> brX".
T T
Then, we have

X' =D "apXTH =3 " bp Xt N " pp x ot
T T T

Since I # J, the term X! does not appear in dor arXT*7. Thus, the term X'
must appear in either > . by X+ or 3", bp X 70T Thus, we get (2).

(3) We set
a=max{k e N| I-klp > (0,...,0)} and b=max{keN|I-kJy> (0,...,0)}.

Moreover, we set I’ = I —aly — bJy. Then, I' € N, I' * Iy and I' # Jy. In
the same way, we can find o’ and b’ such that if we set J' = J — da'Iy — V' Jy, then
J eN" J % 1Iyand J' # Jy. Thus,

’ ! ’ ’
ol = ol 2@l g1 g T — I @+
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because 20 = 270, In order to see u = v, we may assume that a’ + & > a + b.
Then, by (1), we have

1‘1/ _ .’EJ/-HIO(’U/’U,),
where | = (¢’ +b') — (a +b). Thus, by (2), we have I’ > J' + lIy. Since I' % Iy,
we can see | = 0. Hence, I’ > J'. On the other hand, 27" = 2’ (u/v). Thus, by
(2), J' > I'. Therefore, we get I’ = J’, so that we can obtain v = v, which implies

LEI = .’L"].

(4) First, 2/ = 27" - 20000 and 27 = 27" . @+ Clearly, we may assume
that o/ +b > a +b. Thus, /' = g7 @' +V'~a=0lo  Therefore, by (2), I' >
J'+ (@ + b —a—b)ly. Here I' # Iy. Thus, a+b=a' + 1V, so that I’ > J" and

2’ =27, By using (2) again, we have J’ > I’. Therefore, I' = J'.

(5) First, we need the following lemma:

Lemma 3.4. Let T be a fine and sharp monoid such that T9" is torsion free. Then,
k[T] and the completion k[T] at the origin are integral domains.

Proof. First of all, it is well known that if o is a finitely generated cone in
Q™ with 0 N —o = {0}, then there is an isomorphism ¢ : Q® — Q™ such that
¢(0) € Q%,. Thus, we can find an injective homomorphism ¢ : T9" — Z™ such
that Coker(t) is finite and ¢(T') € N”, where n = tk(T9"). Thus, k[T] — k[N"] =
k[X1,...,X,] and k[T] — k[N"] = k[ X4,..., X,]. O

Let us go back to the proof of Proposition 3.3. Let N be the monoid arising
from monomials of k[ X1, ..., X,,]/(XTo— X 7). Then, k[N] = k[X1, ..., X,]/(XTo—
X70). By the above lemma, it is sufficient to show that N9" has no torsion. We
assume the contrary, that is, (J;S/a:T)n = 1 and 2°/2T # 1, where Supp(S) N
Supp(T) = 0 and n > 1. Then, 2™ = 2"T. Thus, by (4), there is L € N and
a,b,a’, b € N such that nS =L+ aly+bJy, nT =L+ad'Ily+bJy, LF Lo, L% Jo
and a +b = a’ + V. Since Supp(S) N Supp(7T) = 0, we have L = 0. Hence either
b=0,a =0o0ra=0,b0 =0. Considering 27 /2%, we may assume that b = 0
and a’ = 0. Therefore, we get nS = aly and nT = aJy. Here there are integers
t1, .oy tn, th, ..., T, such that

tlfo(l) i tnlo(n) + tlljo(l) + - t;LJ()(n) =1.
Thus,

n n n n
a=> talp(i)+ > tialo(i) =n (Z tiS(i) + ) tQT(i)) .
i=1 i=1 i=1 i=1
Hence a = nl for some [ € N. Thus, S =1Iy and T = [Jy. Then,
2% /2T = (mlo/x‘jo)l =1
This is a contradiction. O

Corollary 3.5. We assume that k is algebraically closed. Let Iy and Jy be elements
of N™ such that deg(ly) > 1, deg(Jy) > 1 and Supp(lp) N Supp(Jy) = 0. We set
g = gem(gem(Ip), gem(Jy)), Io = gI)), and Jy = gJ§. Then,

X — X7 = (xTo — xT0) (X0 — ¢X70)...(XTo — 971 X%)
is the irreducible decomposition of X' — X70, where ¢ is a g-th primitive root of
the unity.
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Proof. It is sufficient to show that X% — ¢?X7 is irreducible. Changing coor-
dinates Xy,..., X, by c1X1,...,¢,X,, we can make XTo — x7J0 of X0 — CiXJC/).
Thus, by (5) of Proposition 3.3, we have our corollary. O

Corollary 3.6. We assume that k is algebraically closed. Let Iy and Jy be elements
of N™ such that deg(lp) > 1, deg(Jo) > 1 and Supp(ly) N Supp(Jy) = 0. If

E[X1,..., X, ]/ (X0 — X0

is isomorphic to the ring of the type k[T, ..., T.]/(T1---T;) (I > 2), then char(k) #
2 and there are i,j € {1,...,n} such thati # j and X1 — XJo = X2 — X]z.

Proof. 'We set g = gem(gem(lp), gem(Jp)), Ip = gl and Jy = gJ§. Then, by
the above corollary,

xTo _ xJo — (Xlé _ XJé)(XIé _ CXJS) . (XI‘/’ _ CgleJé)
is the irreducible decomposition of X% — X70 where ¢ is a g-th primitive root of
the unity. Since k[X1,..., X,]/(XT — X70) is reduced, char(k) does not divide
g. Here k[T1,...,T,]/(Ty ---T;) has [-minimal primes, so that ¢ = . Moreover,
since every irreducible component is regular, either X Iy or X0 is linear. Clearly,
we may assume that X710 is linear, namely, X% = X; for some i. Let m be the
maximal ideal of k[ X1, ..., X,,]/(X — X 7). Let V be a vector subspace of m/m?
generated by z; — 270, x; — Cx‘lé, ey T — Cl’lx‘jé. Then, we must have dimy V =1
because
E[X1,..., X, ]/ (XTo — XT0) ~ k[T,..., T,]/(Ty--- T)).

If deg(Jj) > 2, then dim; V' = 1. This contradict to the fact [ > 2. Thus,
deg(J)) = 1, so that X7 = X, for some j. In this case, dimy V' < 2. Therefore,
g=1=2. O

Proposition 3.7. Let k be a field, N a fine and sharp monoid, and kE[N] the
completion of k[N] at the origin. Let « : N — k[N] be the canonical homomor-
phism. Let p1,...,p, be all irreducible elements of N and h : N — N the natural
homomorphism given by h(a1,...,a,) = > i_, a;p;. Let ¢ : k[Xq,...,X,] — k[N]
be the homomorphism induced by h. Let R’ = k[N][X1,...,X.] be the ring of
formal power series over k[N] and m' the mazimal ideal of R'. We assume that
R’ is reduced, dimy m//m’* = dim R’ + 1 and dim R'/K’ = dim R’ for all minimal
primes K' of R'. Then, we have the following.

(1) The kernel of ¢ is generated by an element of the form X' — X7o such
that Io, Jo € N", deg(Ip) > 2, deg(Jy) > 2, Supp(lo) N Supp(Jy) = 0 and
gem(gem(ly), gem(Jy)) is not divisible by char(k).

(2) Renumbering of p1,...,pr, we assume that

Supp(lp) € {1,...,1} and Supp(Jo) C{l+1,...,r}.

Let U (resp. V) be the submonoid of N generated by pi,...,p; (resp.
Piats---0r). Then, U~N' V ~ N~ and the natural homomorphism

U Xyp, Jop) V=N

is bijective (cf. Conventions and terminology 4).
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Proof. (1) Let us consider all relations

{I/\ “p=Jy 'p}AeA

in N, where I, Jyx € N” and Supp(I,) N Supp(Jy) = 0 for all A. Then, the kernel
of ¢ is generated by

(xBxh)

Let m be the maximal ideal of k[N]. Then, it is easy to see that k[N] is reduced,
dimy m/m? = dim k[N] +1 and dim k[N]/K = dim k[N] for all minimal primes K
of k[N]. Let M be the maximal ideal of k[X7,...,X,]. Since p;’s are irreducible,
deg(I,) > 2 and deg(Jy) > 2. Thus, Ker(¢) C M?. Therefore,

m/m? = M/(Ker(¢) + M?) = M/M?.

Then, in the same way as in the proof of Proposition 2.4, there is f € k[ X1, ..., X,]
with Ker(¢) = (f). We set X/ — X/» = fuy for all A € A. If uy is not a unit for
every A € A, then X» — X/» ¢ f. M. Thus, there is A € A such that wuy is a unit.
Hence we get (1).

(2) By using (4) of Proposition 3.3, it is easy to see that U ~ N! and V ~ N"—{,
Let I,I',J,J" € N" such that

Supp(I),Supp(I’) C {1,...,l} and Supp(J),Supp(J’) C{l+1,...,r}.

It is sufficient to see that if I-p+.J-p = I'-p+.J'-p, then (I-p, J-p) ~ (I'-p, J'-p) in
UX(IO-p, Jo-p) V.Weset I =T+aly, I' =T +d'Iy, J=S+bJyand J' = S+ Jy
such that a,a’,0,0’ e Nand T 2 Iy, T 2 Ip, S # Jo and S” 2 Jy. Then, by (4) of
Proposition 3.3, we can see that T+ S =T7"+ 5" and a+b = a’ +b'. In particular,
T =T and S = S’. Therefore, since (I - p, 0) ~ (0, Jo - p),

(I-p, J-p)=(T+al) p, (S+0bJo)-p)~ (T p, (S+(a+tb)o)-p)
=(T"-p, ('+ (@ +b)Jo) p)~ (T +dly) p, (S +0bJy)-p)
:(I/'pa J/p)

Let us start the proof of Theorem 3.1. This is a consequence of all results in §2
and §3. Indeed, if x & Sing(X), then our assertion holds by Proposition 3.2. Thus,
we may assume that z € Sing(X).

We assume that Q — P split, so that P ~ @ x N for some N. Then,

k Qk[Q] k[P] ~ k[N].

Since k[N] — Ox is smooth, k[N][X1, ..., X.] is isomorphic to the ring of the type
E[Ty,...,T,]/(Ty---T1). Thus, by Corollary 3.6 and Proposition 3.7, char(k) # 2
and [ = 2. Moreover, if P9" is torsion free, then N9" is torsion free. Thus, k[N]
is an integral domain by Lemma 3.4. This is a contradiction. Therefore, if P9" is
torsion free, then Q — P does not split.

If @ — P does not split, then we get our assertion by Proposition 2.4. O
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4. RIGIDITY OF LOG MORPHISMS

In this section, we consider a uniqueness problem of a log morphism for the fixed
scheme morphism, which is one of main results of this paper.

Theorem 4.1. Let k be an algebraically closed field and My a fine log structure
of Spec(k). Let X and Y be semistable varieties over k, and Mx and My fine log
structures of X and'Y respectively. We assume that (X, Mx) and (Y, My) are log
smooth and integral over (Spec(k), My). We set

Supp(My /M) ={y € Y | M}, x Oy ; — My g is not surjective}.

Let ¢ : X — Y be a morphism over k such that ¢(X') € Supp(My /My) for
any irreducible component X' of X. If (¢,h) : (X, Mx) — (Y, My) and (¢, 1) :
(X, Mx) — (Y, My) are morphisms of log schemes over (Spec(k), My,), then h = h'.

Proof. This is a local question. Let us take a fine and sharp monoid @ with
M = @Q x k*. Let = be a closed point of X and y = f(x). Let us choose étale
local neighborhoods U and V at x and y respectively with f(U) C V. Moreover,
shrinking U and V enough, by Corollary 1.5, we may assume that there are good
charts

(Q = My,m:P— Mx|y,f:Q— P)

and

(Q — My,n' : P — My|V,f' :Q — P
of (X, Mx) — (Spec(k), M) and (Y, My) — (Spec(k), M}) at = and y respectively.
Let 7 : Px (Q)X(,i — Mx zand 7 : P'x O)X/’g — My 5 be the natural homomorphisms
induced by 7 and 7’. Note that 7 and 7" are isomorphisms. Let H : P’ x Og , —
Px0Ox ;and H': P'x Oy, — P x O% ; be homomorphisms of monoids such that
the following diagrams are commutative:

H'

P'x Oy, 2, pPx 0%z P'x Oy, —— Px0x,
. [ I
My —r Mx z My 4 AN Mx z
/| B }
Oyy -, Ox.z Oyy _*, Oxz

Here a and o’ are the canonical homomorphism. By abuse of notation, « - # and
o - 7' are also denoted by « and o'. Then, a(p,u) = a(r(p)) - u and o' (p',u') =
o (7 () -

First we claim the following:

Claim 4.1.1. H(0,u) = H'(0,u) for allu € OF .

We set H(0,u) = (f(q) + >_i_; aip;i,v), where pi,...,p, are all irreducible el-
ements of P not lying in f(Q). Let us consider the above commutative diagram.
Then,

¢*(u) = ¢* (' (0,u)) = a(H(0,u)) = B(q)z}" - - zf"v,
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where z; = a(p;, 1) and 3 is given by

0 ifq#0.
Since ¢*(u) is a unit in Ox z and x1,...,2, are not units, we have ¢ = 0 and
ay =--+=a, =0. Thus, v = ¢*(u). Hence H(0,u) = (0,¢*(u)). In the same way,

we can see H'(0,u) = (0,¢*(u)). Therefore, H(0,u) = H'(0,u).
Next we claim
Claim 4.1.2. H(f'(q),1) = H'(f'(q),1) for all q € Q.

Let us consider homomorphisms
FrQ— Mys "5 P 0%, and J':Q— Myy = P/ x OF
f:Q— Mxz— PX Xz an f:Q—Myyz — x Oy ;-

Then, we can set f(q) = (f(q),7(¢)) and f'(q) = (f'(q),7'(¢)). Here, h and I’ are
homomorphisms over M. Thus the following diagrams are commutative.

H H'

P'x Oy, —— Px0Ox, P x0Op, —— PxO0x%,
A
My 4 ", Mx z My 4 . Mx z

I I I I
Q = Q. Q = Q

Thus,
H(f'(q),1) = H((f'(2),7' () + (0,7"(9)™")) = (f(@),7(9)) + (0,¢"(+(¢)) ")
= (f(@),7(a) - 9" (v (a))")
In the same way, we have H'(f'(q),1) = (f(q),v(q) - 9*(7/(¢))~!). Thus, we get

our claim.

From now on, we consider the following four cases:

(A) f:Q — P splits and f': Q — P’ splits.

(B) f:@Q — P does not split and f’ : Q — P’ splits.

(C) f:Q — P splits and [’ : Q — P’ does not split.

(D) f:Q — P does not split and f': Q — P’ does not split.
For each case, let Uy, -+ ,U; and Vi, - -+, Vi» be all irreducible components of U and
V respectively. Here since Sing(Y") C Supp(My /M}) and ¢(U;) € Supp(My /M),
for each j, there is a unique ¢ with ¢(U;) C V;. We denote this ¢ by o(j). Note that
we have a map o : {1,...,1} — {1,...,I'}. In the following, we give p1,...,p, € P
(vesp. pi,...,p., € P’) for each case (A), (B), (C) and (D) such that P (resp. P’)
is generated by f(Q) and p1,...,p, (resp. f(Q’) and pi,...,p.,). The last claim
is the following;:

Claim 4.1.3. H(p},1) = H'(p},1) for alli=1,--- 7.
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For this purpose, we fix common notation for all cases. We denote a(p;, 1) by
z; and o/(p}, 1) by y;. Here we set
where I;,I] € N, ¢;,q; € Q and u;,uj € Ox,. Then, since a(H(p},1)) =
6 (o (9], 1)) and a(H' (¢}, 1)) = ¢*(a/ (¢}, 1)), we have

(4.1.5) 0" (i) = Bla) - a" i = Blg)) - x'-u.
Let us begin with Case A.
(Case A): In this case, there are submonoids N and N’ of P and P’ respectively

such that P = f(Q) x N and P’ = f(Q) x N'. Let p1,...,p, (vesp. pi,...,pl.) be
all irreducible elements of N (resp. N'). By Theorem 3.1,

Supp(My /My) = {y1 =0} U--- U {y» = 0}.
around g. Thus,

O Wl = Bla) =" wily, = Ala) -2l | #0

for all j. In particular, ¢; = ¢; = 0 for all ¢ = 1,...,7’. Therefore,

I; Il I
U =2y

for all 4. Thus, by (3) of Proposition 3.3, u; = u} and z'* = z’i. Note that the
natural homomorphism k[N] — Ox z is injective. Thus, we get I, - p = I/ - p.
(Case B): In this case, there is a submonoid N’ of P’ such that P’ = f/(Q) x N'.
Let pi,...,p. be all irreducible elements of N’. Moreover, by Proposition 2.4, P
is of semistable type
(Ta l7pl7 -3 Pr,q0, bl+17 sy b’r)

over ). Renumbering Uy, ..., U;, we may assume that U; is defined by z; = 0. By
Theorem 3.1,

Supp(My /My) = {y1 =0} U--- U {y,» = 0}.
around y. Thus

Qb*(yi)‘Uj _ 6(%) el ui|Uj = ﬁ(q;) xI: u; . #0

for all j. In particular, ¢; = ¢} = 0 and I;(j) = I/(j) = 0 for j = 1,...,l. Further
since Oy, 5 is a UFD, we can see that I; = Ij. Moreover, u;|;, = gy, for all j.
Thus, u; = uj. Therefore, H(p},1) = H'(p;,1) forall i =1,... 7.

(Case C): There is a submonoid N of P such that P = f(Q) x N. Let p1,...,p,
be all irreducible elements of N. Moreover, by Proposition 2.4, P’ is of semistable
type

(' U0y, D 40, Uiy -5 by)
over Q. Renumbering V7, ..., V), we may assume that V; is defined by y; = 0. Note
that
Supp(My /M) = Sing(Y) U{yr41 =0} U--- U {y = 0}
around y. Therefore, if i # o(j), then ¢*(y¢)|Uj # 0. Thus, we can see ¢; = ¢, =0
for i # o(j).
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First, we consider the case where o(1) = --- = o(l) = s. Note that s <!’. Then,
fori # s, ¢; = ¢, = 0. Thus, zli -u; = zli -uj for all i # s. Therefore, in the same
way as in Case A, we can see

ILi-p=1I-p and wu; =
for all ¢ # s. On the other hand, we have the relation pj + ---+ p}, = f'(¢)) +
> sy bipi. Therefore, we have H(p/,1) = H'(p,1).

Hence, we may assume that #(o({1,---,1})) > 2. In this case, we can conclude

that ¢; = ¢ = 0 for all . Therefore, in the same way as in Case A, we can see

Ii-p=1I-p and wu; =
for all 4.
(Case D): By Proposition 2.4, P and P’ are of semistable type
(r, L1y sy o, bigr, .-, 0p) and (P U DY, D0, by -5 D)

over (). Renumbering Uy,...,U; and Vi, ..., Vi, we may assume that U; is defined
by z; = 0 and V; is defined by y; = 0. Note that

Supp(My /My) = Sing(Y) U{yr41 =0} U--- U {y = 0}
around y. Therefore, if i # o(j), then ¢*(y¢)|Uj # 0. Thus, we can see ¢; = ¢, =0
and I;(j) = I;(j) = 0. Moreover, since Oy, z is a UFD, considering ¢*(yi)|Uj, we
can see that
L =1I; and wly, = uily,

Gathering the above observations, we get the following: For all ¢ = 1,--- |7’ and
j=1,..., 1 with i # o(j),

I,L y = I/ 1 p— 0’
(4.1.6) (4) =L (5)
L =1,

ui|Uj = u;|Uj .
Let us see that for all 1 > I,
g =q; =0, uy = uy, I; =1I.
Note that if ¢ > I’, then ¢ # o(j) for all j =1,...,I. Thus, we get ¢; = ¢} = 0 and

I; = I}. Moreover, “i|Uj = u’i|Uj for all j =1,...,1. Thus, u; = u}. Therefore,
(4.1.7) H(pi,1) = H'(p},1) for all i > 1.
First, we consider the case where o(1) = --- = o(l) = s. Then, for i # s,
¢i=q =0, 1 =1I.
Moreover, for all j =1....,l and ¢ # s, u,—|U7 = u§|Uj. Therefore, u; = u} for i # s.

Thus, H(p},1) = H'(p,1) for all i # s. On the other hand, we have the relation
P+ 4Dy = F(dh) + ;00 bipl. Therefore, we have H(pl,1) = H'(p, 1).
Hence, we may assume that #(o({1,---,1})) > 2. In this case, we can conclude
that
=q=0 I=1I
for all . Moreover, “i‘Uj = u;|Uj ifi # o(j). Since pi+--+py = f'(q0)+D_;51 Vipi,

H(py + - +pp, 1) =H'(p) + -+ pj, 1).
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Thus, considering the O ;-factor, we find
Ly =l
Moreover, if we set S; = {1,...,1}\ o~1(i), then S; US; = {1,...,1} for all i # i’
Further, if we set v; = u;/u}, then
vi---vp =1 and vi|U7 =1 forallj€ S;andalli=1,...,0.

Therefore, using the following Lemma 4.2, we have v; = 1 for all ¢ = 1,...,1".
Hence, we can see H(p},1) = H'(p;,1) for i =1,... 1. O

Lemma 4.2. Let k be a fields, R = k[X1,..., Xn]/(X1---Xi) and A ={1,...,1}.
Let mj : R — R/X;R be the canonical homomorphism for j € A. Let Si,...,Ss be
subsets of A with S; U Sy = A fori #1'. Moreover, let uy,...,us be units in R. If
ur---us =1 and, for each i, mj(u;) =1 for all j € S;, thenu; =--- =u, = 1.

Proof. TIf S;, = @ for some ig, then S; = A for all 4 # iy. Thus, u; = 1 for all
1 # ip because
m X xm:R—R/X1Rx---xR/X|R
is injective. Then, u;, = 1. Therefore, we may assume that S; # ) for all 7.
For a monomial X" --- X% the support with respect to A is given by
Supp, (Xt - Xan) ={i € A a; > 0}.

For a subset S of A, let I's be the set of formal sums of monomials X{*--- X2~
with Suppy (X7 -+ X2n) = S. Note that I'y = k[X;41,...,Xn]. Then,

E[Xy,..., X.] = @ Is.
SCA
Moreover, the natural map @g¢-, I's — R is an isomorphism as k-vector spaces.
We denote the image of I's in R by I's. For fg € I's and fss € T'sr, fg- fsr € Tsug
if SUS'C A, and fs- for =0if SUS =A.
Here we set u; = > g fi,s, Wwhere f; g € I's. Then, for all j € S;,
Wj(ui) = Z fi,S = 1
JESCA

Thus, f;9 =1 and f; g =0 for all S # @) with j ¢ S. Therefore, if we set

A;={SCA|S;, CS},

u; =1+ Z fis-

SeA;
Since S; U Sy = A (i #£1i'), for S € A; and S’ € Ay with @ # ', we can easily see
(1) SUS’ = A and (2) S # 5. Thus, using the above (1), we obtain

we can write

urcug =14 Y fis.

i=1 SeA;

Moreover, using the above (2), we can find f; ¢ = 0. Thus, we get u; = 1 for all
1. O
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Remark 4.3. If we do not assume the condition
“¢(X') € Supp(My /Mjy,) for any irreducible component X’ of X”

in Theorem 4.1, then the assertion of the theorem does not hold in general. For
example, let us consider A} = Spec(k[X]). Let M be a log structure associated
with a : N x N — Ek[X] given by

alab) = X" ifa=0
10 ifa#0.

Further, let f : N — N x N be a homomorphism defined by f(a) = (a,0). Then,
(A}, M) is log smooth and integral over (Spec(k),N x k*). Here let us consider a
morphism ¢ : A} — A} induced by a homomorphism ¢ : k[X] — k[X] given by
¥(X) = 0. Then, ¢(A}) = Supp(M/N x k*). Moreover, we consider a homomor-
phism
h:NxN—-=NxN

defined by h(1,0) = (1,0) and h(0,1) = (ag,bo) (ag > 0). Then, it is easy to see
that the following diagrams are commutative:

NxN —" NxN NxN " NxN
] [ d L
N —— N KX] —%— k[X]

Thus, (¢,h) : (A}, M) — (A}, M) is a log morphism over (Spec(k),N). On the
other hand, we have infinitely many choices of ag and by.

5. LOG DIFFERENTIAL SHEAVES ON A SEMISTABLE VARIETY

Here, let us consider a log differential module on a semistable variety.

Proposition 5.1. Let k be an algebraically closed field and My, a fine log structure
of Spec(k). Let X be a semistable variety over k and Mx a fine log structure of
X. We assume that (X, Mx) is log smooth and integral over (Spec(k), My). Let

v: X — X be the normalization of X and Mg the underlining log structure of
v*(Mx), that is, Mg = v*(Mx)" (cf. see Conventions and terminology 7). Then,

()Z',MX) is log smooth over (Spec(k),k*) and Q% (log(Mg/k*)) is isomorphic to
v (log(Mx /My)).

Proof. First of all, there is a fine and sharp monoid @ with M, = Q x k*. Let
a: Mx — Ox and o : v*(Mx) — O be the canonical homomorphisms. For a
closed point x € X, let (mg : Q — My,mp: P — MX7m’f : @ — P) be a good
chart of (X, Mx) — (Spec(k), My) at v(z). Here we consider three cases:

(A) v(x) is a smooth point of X.

(B) v(z) is a singular point of X and f: @ — P splits.

(C) v(z) is a singular point of X and f : Q — P does not split.

Claim 5.1.1. ()Z',M;() — (Spec(k), k™) is log smooth at x.
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(Case A): In this case, v(x) = x. Then, by Theorem 3.1, P = f(Q) x N".
Let e; be the i-th standard basis of N” and T; = 1 ® e; in k ®q) k[P]. Then,
K[Ty,...,To)(r,.... 1) — Ox,z is smooth. Therefore, adding indeterminates T} 41, ..., Ty,
we have
h . k[Tl, e aTr,Tr-&-l; . aTn](Th.A.,Tn) — OX@

is étale. We set t; = a(mp(e;)) fori =1,...,r. Then, t1,...,t,. form a part of local
parameters of Ox ; because h(T;) = ¢; for ¢ = 1,...,r and h is étale. Moreover,
Mz . is generated by t1,...,t, and O% ;. Thus, we get our assertion.

(Case B): In this case, by Theorem 3.1, char(k) # 2, P = f(Q) x N and N is a
monoid such that
K[N] = k[Ty,...,T,]/ (T} - T3).
Moreover, adding indeterminates 751, ..., Th+1,

hek[Ty, .., T Trirs oo Tl emy,i /(T = T5) — Ox v

is étale. We set t; = a(wp(T;)) for i = 1,...,r. Changing the sign of 7p(T3), we
may assume that X at z is the component corresponding to ¢; = t5. Note that

h(T;) = t; for i = 1,...,r. Thus, Mg _ is generated by ts,...,t, and O% ., and
ta,...,t, form a part of local parameters of O _. This shows us our assertion.

(Case C): In this case, by Theorem 3.1, P is of semistable type
(P 1, D1s ey Pry G0y Cltts - -+ 5 Crr)
over (). Then, we have
k ®rq k[P = k[T, ..., T,]/(T1---T).

via the correspondence 1 ® p; < T;. Adding indeterminates Ty11,...,Tnt1, We
have

k[Tla e aTT‘7T7‘+1, e )Tn+1](T1,.‘.7Tn+l)/(Tl e I"l) - Ox’m

is étale. We denote a(mp(p;)) by t; for i = 1,...,r. Renumbering pq,...,p,, we

may assume that the component X at z is given by t; = 0. Note that h(7T;) = ¢t; for
i=1,...,7. Thus, Mg _ is generated by ts,...,t, and O% ;, and t,...,t, form a
part of local parameters of O .. Hence, we get our assertion.

Next we claim the following:
Claim 5.1.2. Fora € Mg _, there is b € v*(Mx)z with o/ (b) = a. Moreover, b®1
is uniquely determined in v*(Mx)3" ®@z O ..

The existence of b is obvious, so that we consider only the uniqueness of b. We

use the same notation as in Claim 5.1.1 for each case.

(Case A): We set a = u-t{" - -t (u € Ox ; and ay,...,a, € N). In order to
see the uniqueness of b, we set b = (f(q),b1,...,b.,v) (¢ € Q, b1,...,b. € N and
vE C’))X(i) Then, o/(b) = 6(q) - v - tlil - tbrwhere f3 is given by

_J1 ifg=0
ﬂ(q){o if g 0.

Thus, ¢ =0, v =wu and (by,...,b.) = (a1,...,a.).
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(Case B): We can set a = u-t52 -+ t% (u € O)X?,z and ag, ..., a, € N). Moreover,
we set b= (f(q), TP - T¢2--- Tt v) (g€ Q, by,...,b, € Nand v € (’))X?j) Then,
o/ (b) = B(q) -v-th b2 ¢bs ... tbr . Thus,

q=0,v=u,ay ="0by + by and (b3,...,b.) = (as,...,a,).
Therefore, for b/ = (f(q’),le/1 -TQb/? . ~T7E’/T,U/), if o/ (b) = &/ (V') = a, then
b="0'+(0,(T»/T1)%,1)
in v*(Mx)2" for some c € Z. Here char(k) # 2 and (T»/T1)? = 1. Hence, b®@ 1 =
V' ®1in v (Mx)§ ®z Ox ;.
(Case C): Weset a = u-t52 -+t (u € O}X?i and ag,...,a, € N). Let us see

the uniqueness of b. Let us set b = (f(q) + 2::1 bipi,v) (¢ € Q, b1,...,b, € N
and v € O}X} i) Then, o/ (b) = B(q) - v -t ---tbr. Thus, ¢ = 0, v = u, by = 0 and

(ba,....by) = (a2, ..., ay).
By Claim 5.1.2, there is a natural homomorphism
v Qi (log(Mg /k*)) — Q% (log(v* (Mx) /My))-
Moreover, we have a natural homomorphism
v v (2 (log(Mx /My))) — Qg (log(v* (Mx ) /M)
Claim 5.1.3. ~ and ' are isomorphisms.
(Case A): In this case, 7/ is an isomorphism around z. We set t; = h(T})

for j = r+1,...,n. Then, dlog(t1),...,dlog(t,),dt,11,...,dt, form a basis of
Q% Log(Mg /k*)). Moreover, dlog(e1), ..., dlog(er), dtrq1,. .., dt, form a basis
of Q%i(log(u*(MX)/Mk)). On the other hand, y(dlog(t;)) = dlog(e;) for i =
1,...,r and y(dt;) = dt; for j =r+1,...,n. Thus, v is an isomorphism around z.
(Case B): We set t; = h(T}) for j =r+1,...,n+ 1. Then,
dlog(tg), ‘. ,dlog(t,.), dt7-+1, ey dtn+1

form a basis of Q% _(log(Mg/k*)). Moreover, y(dlog(t;)) = dlog(T;) for i =
2,...,7 and y(dt;) = dtj for j = r+1,...,n+ 1. Let N’ be the submonoid
of N generated by Tb,...,T,. Then, we can see that N9 = N'" x (T1/Ts),
(T1/T2)* = 1 and N" = N"~1. Thus, if we set M’ = f(Q) x N' x O% _, then the
natural homomorphism 1

Q%@(log(M’/Mk)) — Q%@(log(u*(Mx)/Mk))

is an isomorphism because char(k) # 2. Moreover, M’ is log smooth over Mj.
Therefore, Qlf _(log(v*(Mx)/My)) is a free Og  -module whose basis is

dlog(Ty), . ..,dlog(T,),dlog(t,+1), . - -, dlog(tni1)-

Thus,  is an isomorphism. On the other hand, we can choose

dlog(Tz), ..., dlog(T;), dlog(tr41), - ., d1og(tny1)

as a basis of v*Q% (log(Mx /My))z. Thus, 4/ is also an isomorphism.
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(Case C): We set t; = h(T}) for j =r+1,...,n + 1. Then,
dlog(tg), . ,dlog(tr), dtr+1, ey dtn+1
forms a basis of Q% (log(Mg/E*)). Moreover, y(dlog(t;)) = dlog(p;) for i =

T

2,...,r and ~(dt;) - dtj for j =r+1,...,n+ 1. Let P’ be the submonoid of P
generated by f(Q) and pa, ..., p,. Then, since

pr= st )+ )+ Y e
i>1
we have P'9" = P97, Thus, if we set M’ = P’ x O)XZ » then the natural homomor-
phism 1

0% ,(log(M'/My)) — Q% (log(v* (Mx)/My))

is an isomorphism. Moreover, since P’ = f(Q) x N" =1, we can see M’ is log smooth
over Mj,. Therefore, Q% ,og(v*(Mx)/My)) is a free Og -module whose basis is

dlog(pz), ..., dlog(p,),dlog(t,11), - .., dlog(tn+1).

Thus, 7 is an isomorphism. On the other hand,

dlog(pQ)a ERRR) dlog(pT)a dlog(tT‘-‘rl)a R dlog(tn+1)

is a basis of v*Q% (log(Mx /My))z. Thus, 4/ is also an isomorphism. O

6. GEOMETRIC PRELIMINARIES

6.1. Relative rational maps. Let k& be an algebraically closed field, X and Y
proper algebraic varieties over k, and T a reduced algebraic scheme over k. Let
D X X, T --»Y x; T be a relative rational map over T', namely, there is a dense
open set U of X xj T such that ® is defined over U, ® : U — Y X T is a morphism
over T and for all t € T, U N (X x {t}) # 0. In this subsection, we consider the
following proposition.

Proposition 6.1.1. Letk, X, Y, T and ®: U — Y xi T be the same as above.

(1) {t €T'| @|xyyy is dominant} is closed.

(2) {t €T | @|xyyy is separably dominant} is locally closed.

(3) We assume that X is normal. Let Dx and Dy be reduced divisors on X
and Y respectively. For a rational map ¢ : X --+ Y, we denote by Xy the
maximal open set over which ¢ is defined. Then,

{teT | (®lyp) (DY) € Dx on Xay |

is constructible.
(4) Let Z be a subvariety of Y. Then, {t € T' | @[y, (4, (X) C Z} is closed.
(5) Let h: F — G be a homomorphism of locally free sheaves on X X3 T such
that hy : Fy — Gy is not zero for everyt € T. Then,

{t € T'| the image of hy : Fy — Gy is rank one}

1s closed.
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Proof. (1) Let Z be the closure of ®(U) and p: Z — T the projection induced
by Y xx T — T'. Since Z is proper over T, it is well know that the function T — Z
given by t — dim Z; is upper semicontinuous. Moreover, dim Z; < dimY and the
equality hold if and only if Z; =Y. Thus, we get (1).

(2) By virtue of (1), we may assume that ®|y, , is dominant for all ¢ € T
In this case, we need to prove that it is open. Then, this can be easily checked
by Lemma 6.1.2 and the following fact: Let L be a finitely generated field over a
field K. Then, dimp, Q}J/K > tr.degy (L) and the equality holds if and only if L is
separable over K.

(3) First we assume that T is normal. We may assume that U is maximal.
Then, since X X T is normal, codim(X x {t} \ U) > 2 for all t € T. Thus,
(@) '(Dy) € Dx on Xaly,, if and only if (®l(xxfepno) (Dy) € Dx.
Here we set W = @~ 1(Dy x;,T)\ Dx xx T on U. Let ¢ : W — T be the projection
induced by X xxT — T. Then, t & q(W) if and only if(@\(XX{t})mU)’l(Dy) C Dy,
which proves our assertion by Chevalley’s lemma.

Next we consider a general case. Let m : T — T be the normalization of T.
Then,

{t S T | ((I)|X><{t})71(DY) g DX on Xq)IXx{t}}

{f €T | ((I)|Xx{£})_1(DY) C Dx on X‘I’\Xx{i}})

VS

=7
Thus, we get (3).

(4) Let W be the Zariski closure of ®1(Z x; T). Then, Pl x4y (X) € Zif and
only if X x {t} = W;. Since W is proper over T, it is well known that the function

Ty, — Z given by t — dim W, is upper semicontinuous. Moreover, dim W; < dim X
and the equality hold if and only if W; = X. Thus, we obtain (4).

(5) Let K be the function field of X. Let us consider homomorphisms F ®; K —
G ®y K. Since hy # 0 for all t € T, we have (5) by Lemma 6.1.2. O

Lemma 6.1.2. Let K[X,...,X,] be the r-variable polynomial ring over a field K
and k an algebraically closed subfield of K. Let I be an ideal of k[X1,...,X,] and
A(Xy,...,X,) an n X m-matriz whose entries are elements of

K[Xy,...,X,]/IK[Xy,..., X,].
Then, the function given by
E"2DV(I) 3 (t1y...,t,) —rtkA(tr,...,t,) €EZ
is lower semi-continuous, where
V() ={(z1,...,z.) €K | f(z1,...,2,) =0Vf €I}

Proof. Clearly we may assume that I = {0}. Considering minors of the matrix
A(Xq,...,X,), it is sufficient to see the following claim:

Claim 6.1.2.1. For fi1,...,fi € K[X1,...,X,], the set
{(l‘l,...,l‘T) ck” | fl(xl,...,xr) == fl(l‘l,...,l‘r) :0}

is closed.
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Replacing K by a field generated by coefficients of fi,..., f; over k, we may
assume that K is finitely generated over k. Since k is algebraically closed, K
is separated over k. Thus, there are T1,...,Ts of K such that T7,...,Ts are alge-
braically independent over k and K is a finite separable extension over k(T7, ..., Ts).
By taking the Galois closure of K over k(T1,...,Ts), we may assume that K is
a Galois extension over k(T%,...,Ts). For f = > ,a;X! € K[Xy,...,X,] and
o € Gal(K/k(Th,...,Ts)), we denote Y, o(ar) X! by f°. Here, we set

F; = 11 i

c€Gal(K /k(Ty,...,Ts))
fori=1,...,l. Then, Fy,..., F; € k(Ty,...,T))[X1,...,X,] and, for (21,...,2,) €
k",
Fi(z1,...,2,) =0 <= fi(z1,...,2,)=0
for i = 1,...,0. Indeed, if F;(z1,...,2,) = 0, then f7(x1,...,2,) = 0 for some
o € Gal(K/k(Ty,.. )) which 1mphe5
0=0"Yf (21, . 20)) = filx1,...,2,).

By the above observation, we may assume that K = k(71,...,7Ts). By multiplying
some ¢(T1,...,T,) € k[T1,...,Tg] to f;, we may further assume that

fiooo, i€ k[T, ..., TJ[Xq, ..., X, ]
We set

fi= ZCZ;JTJ (cig € k[Xy1,...,X,])
J

fori=1,...,l. Then, for (zi,...,x,) € k",
filzr,...,2p) =0 <= ¢ g(x1,...,2,) =0 V.
Thus,

{(x1,...,z,) €E" | fi(x1,...,2,) =0 Vi}
:{(Ila"'axr)ekr|Ci,J(I17"'7IT):O Vlaj}

Therefore, we get the claim. O

6.2. Geometric trick for finiteness. Let k be an algebraically closed field. Let
X be a proper normal variety over k and Y a proper algebraic variety over k. Let
FE be a vector bundle on X and H a line bundle on Y. We assume that there is
a dense open set Yy of Y such that HO(Y, H) ®; Oy — H is surjective over Yj.
Let ¢ : X --» Y be a dominant rational map over k. Let X, be the maximal
open set of X over which ¢ is defined. We also assume that there is a non-trivial
homomorphism 6 : ¢*(H) — El|y . Then, since codim(X \ Xy) > 2, we have a
sequence of homomorphisms

H(Y,H) — H°(Xy4,¢"(H)) — H°(X4, E) = H'(X, E).
We denote the composition of the above homomorphisms by
5(¢,0) : H(Y,H) — H°(X, E).

Then, we have the following.
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Lemma 6.2.1. Let L be the image of

HO(Y, H) @), Ox 2898 pox By @, 0x —— E.

Then, the rank of L is one and the rational map
¢': X > P(H(Y, H))
induced by H°(Y, H) ® Ox — L is the composition of rational maps

Pl

x -2y M ey, HY),

namely, ¢’ = ¢|p| - ¢.
Proof. Considering the following commutative diagram:

HO(Y, H) @, Ox, 2222 [ox By @, Ox,

! !

¢ (H) e Ely, .

we can see that 6 gives rise to an isomorphism

6" (H)lx,00-1(v0) — Llxyne-1(x0) -
Moreover, the rational map Xy --» P(H°(Y, H)) given by H*(Y,H) ®; Ox, —
¢*(H) is ¢yp| - ¢. Thus, the rational map ¢’ : X --» P(H®(Y,H)) induced by
H°(Y,H) ®; Ox — L is nothing more than the composition of rational maps

¢
x -2y " pEO Y, BY).

O
From now on, we assume that H is very big, that is, the morphism Yy, —
P(HO(Y, H)) induced by H°(Y, H) @ Oy, — Hly, is a birational morphism. Let

C be a subset of Raty(X,Y) (the set of all rational maps of X into Y over k). We
assume that for all ¢ € C,

(1) ¢ is a dominant rational map, and
(2) we can attach a non-trivial homomorphism 6, : ¢*(H) — E)| x, 10 ¢, where
X, is the maximal Zariski open set of X over which ¢ is defined.

As before, we have an homomorphism

B(9.0) - H'(Y,H) — H°(X, E).
We denote the class of 3(¢,0,) in P(Homy(H(Y, H), H*(X, E))Y) by v(¢).
Lemma 6.2.2. For ¢, € C, if v(¢) = v(¢), then ¢ = 1.

Proof. By our assumption, there is a € k* with a3(¢) = B(v). Hence, we have
the following commutative diagram:

HO(Y, H) @), Ox 22089 pox By, Oy —— E

| [ xa | xa

HO(Y,H) ® Ox LGADLLLN H(X,E)®, Ox —— E



DOMINANT RATIONAL MAPS IN THE CATEGORY OF LOG SCHEMES 35

Let Ly (vesp. Ly) be the image of HY(Y, H) @, Ox — E in terms of 3(¢,0,) (resp.
B(1,0y)). Then, the above diagram gives rise to a commutative diagram

HO(Y,H) Qr Ox — Ly

H e

HO(Y,H) Qr Ox —— Lw.
Let ¢/ : X -—» P(H°(Y, H)) and v’ : X --» P(H°(Y, H)) be the rational maps in-
duced by H)(Y, H)®,Ox — Ly and H°(Y, H)®,Ox — Ly respectively. Then, by
the above diagram, we can see ¢/ = v’. Hence, we get our lemma by Lemma 6.2.1.
O
Next we consider the following proposition.

Proposition 6.2.3. Let T be a connected proper normal variety over k, and
(I):XXkT——~)YXkT

be a relative rational map over T (cf. Conventions and terminology 8). Let f :
XxpT — T and g:Y xi, T — T be the projections to the second factor respectively,
and letp: X X, T — X and q: Y X, T — Y be the projections to the first factor
respectively. We assume that there are an open set Ty of T and a non-trivial
homomorphism © : ®*(q*(H)) — p*(E)|y such that, for allt € Ty, ®|y,y €C
and the class of B(®;,0,) in P(Hom,(H(Y,H), H*(X,E))Y) is v(®;), where U
is the maximal open set over which ® is defined. Then, there is ¢ € C such that
b = (]5 X ldT

Proof. Since X xj, T is normal, we may assume that codim((X x; T)\U) > 2.
Here we have a homomorphism

HO(Y, H) ®4 O = g.(¢*(H)) — (flp)«(®*(¢*(H))) -2 (fly)« (0" (E)).

We claim that the natural homomorphism f,(p*(E)) — (f|y)«(*(E)) is an iso-
morphism. Indeed, if W is an open set of T', then
(flo)«0*(E)(W) = HO(U N (X x5 W), p*(E)).
Note that codim((X x; W)\UN(X x;; W)) > 2. Thus, H*(UN(X x;,, W), p*(E)) =
H°(X x; W,p*(E)). Hence we get a homomorphism
B:HYY,H)®, Or — H'(X,E) ® Or.

Here, T is proper and irreducible. Hence, there is 3y € Homy(H°(Y, H), H°(X, E))
such that 8 = By ® id. This means that S(®:, ©;) = Fy. Thus, by Lemma 6.2.2,
there is ¢ € C such that ®; = ¢ for all ¢t € Tj). Therefore, we get our proposition. O

Finally, let us see the following proposition.

Proposition 6.2.4. There are a closed subset T of P(Homy (H° (Y, H), H*(X, E))Y)
and a relative rational map ® : X x;; T --+Y X, T over T such that if we consider
v :C — P(Homy (H®(Y,H), H°(X, E))V), then v(C) C T and Pl (o)} = ¢-

Proof. We set P = P(Homy(H°(Y, H), H’(X, E))V). Then, there is the canon-
ical homomorphism

Homy, (H°(Y, H), H°(X, E))" @, Op — Op(1),
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which gives rise to a universal homomorphism
B:HY,H)®, Op(—1) — H(X,E) @, Op,
that is, for all ¢t € P, the class of
B« HO(Y, H) @, (Op(—1) @ k(t)) — H*(X, E)
in P coincides with ¢, where x(t) is the residue field of Op at t. Here we consider
the composition of homomorphisms

h: HO(Y,H) Rk OP(—l) R Ox @HO(X,E) Rk Op @ Ox — E®, Op

on X xy P. Then, by (5) of Proposition 6.1.1, if 77 is the set of all ¢ € P such that
the image of h; is of rank 1, then 77 is closed. Let L be the image of

hly, : HO(Y, H) ®), Op, (1) ®, Ox — E ® Or,.
Then, we have the surjective homomorphism
HO(Y, H) R OXXle — L ®OX><le OXXle(l)'

Let Uy be the maximal Zariski open set of X x; 77 such that L is invertible over
U;. Here, note that, for all t € Ty, Uy N (X Xg {t1}) # 0. Thus, we get a relative
rational map

Oy X x, Ty -+ P(HY(Y, H)) x, T}

over T} (cf. Conventions and terminology 8). Let Y7 be the closure of the image of
#1m(Y). By (4) of Proposition 6.1.1, the set

T={teTi|(P1)(X)C Y1}
is closed. Hence we obtain a relative rational map
Dy X X1, T --2 Y7 X3 T,
which gives rise to a relative rational map
DX x, T -->Y x;, T.

By our construction, this rational map has the following properties: For all t € T,
let 3 : H*(Y, H) — H°(X, E) be the homomorphism modulo k* corresponding to
t € P, and L; the image of

HY(Y,H)® Ox — H°(X,E) ® Ox — E.

Here, the rank of L; is one. Thus, we have a rational map ¢; : X --» P(H°(Y, H))
induced by H*(Y, H) ® Ox — L;. Then, ¢;(X) C Y7 and the following diagram is
commutative:

By s
x— oy
k Aﬂ
Y

Therefore, by Lemma 6.2.1, ® : X X T --+ Y X T is our desired relative rational
map. O
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7. FINITENESS THEOREM OVER THE TRIVIAL LOG STRUCTURE

Let k be an algebraically closed field and let X and Y be proper normal algebraic
varieties over k. Let Dx and Dy be reduced divisors on X and Y respectively. Let
Mx and My be fine log structures of X and Y respectively such that

Mx :jX*(O;<(\DX) NOx and My C jy*(O;;\Dy) N Oy,

where jx and jy are natural inclusion maps X \ Dx — X and Y \ Dy — Y
respectively. Then, for a rational map ¢ : X --» Y, ¢ extends to (X, Mx) —
(Y, My) if =1(Dy) C Dx. We assume that (X, Mx) and (Y, My) are log smooth
over (Spec(k), k). Note that if X is smooth over k, then the log smoothness of
(X, Mx) over (Spec(k), k™) guarantees that My = jX*((’))X(\DX) NOx for Dx =
Supp(Mx/O%) (cf. Theorem 3.1). Moreover, we assume that (Y, My ) is of log
general type over (Spec(k), k), namely, det Qi-(log(My /k*)) is big. Thus, there
is a positive integer m such that det Q1 (log(My /k*))®™ is very big. Here we set

H = det Q3 (log(My /k*)®™ and E = Sym™(AY™Y QL (log(Mx /EX))).

Then, if ¢ : (X,Mx) --+ (Y,My) is a rational map, then we have a natural
homomorphism

05 6" (H) — Ely, .
where X, is the maximal open set over which ¢ is defined. Moreover, if ¢ is

separably dominant, then 64 is non-trivial. Let SDRat((X, Mx), (Y, My)) be the
set of separably dominant rational maps (X, Mx) --» (Y, My) over (Spec(k), k™).

Theorem 7.1. SDRat((X, Mx), (Y, My)) is finite.
Proof. First we need the following lemma.

Lemma 7.2. Let T be a smooth proper curve over k and ® : X x3; T --»Y X3 T
a relative rational map over T (cf. Conventions and terminology 8). If there is a
non-empty open set Ty of T such that for all t € Ty, Py is separably dominant and
&, (Dy) C Dx, then there is a rational map ¢ : X --» Y with ® = ¢ x idyp.

Proof. First of all, by Proposition 6.1.1, for all ¢t € T, <I)|Xx{t} X -2 Y is
dominant. Let us take a effective divisor D on X such that

-1
(I)|X><{t} (DY) € DxuUD

for all ¢ € T\ Tp. By using de-Jong’s alteration [1], there are a smooth proper
variety X’ and a separable and generically finite morphism p : X’ — X such that
p~1(Dx U D) is a normal crossing divisor on X’. Let Dx/ = u~}(Dx U D) and
My, = jX'*(O;(’\DX/) N Ox-, where jx: : X' \ Dy, — X' is the natural inclusion
map. Then, (X', Mx-) is log smooth over (Spec(k), k*). We set ® = & - (u x idr).
Then, for all t € T, (I)/|)_<1x{t} (Dy) C Dx:. Moreover, for all t € Ty, (I)/|Xx{t} is
separably dominant. Thus, in order to prove our lemma, we may assume that for
all t € T, @[y (Dy) C Dx.

Let f: X xxT — T and g : Y x; T — T be the projections to the second
factor respectively, and let p: X X T — X and ¢ : Y X3 T — Y be the projections
to the first factor respectively. Let U be the maximal open set over which & is
defined. Then, we have a rational map (X xi T,p*(Mx)) --+ (Y xy T, q*(My))
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and (X xj T,p*(Mx)) and (Y x, T, ¢*(My)) are log smooth over (T,05). Thus,
there is a non-trivial homomorphism
©:9%(¢"(H)) — p*(E)ly -

Therefore, we get our lemma by Proposition 6.2.3. O

Let us go back to the proof of Theorem 7.1. If ¢ € SDRat((X, Mx), (Y, My)),
then we have the non-trivial homomorphism

Oy : 0" (H) — E|X¢'
Thus, by Proposition 6.2.4, there is a closed subset T of
P(Homy (H°(Y, H), H*(X, E))Y)
and a relative rational map ® : X x; T --+» Y x; T over T such that if we consider
7 : SDRat((X, Mx), (Y, My)) — P(Homy (H°(Y, H), H*(X, E))"),

then
’V(SDRat((Xv MX); (Ya MY))) cr

and (I>|XX{V(¢)} = ¢. Note that « is injective by Lemma 6.2.2. Let 77 be the set

of all t € T' such that ®|y,, is separably dominant and (I)|;(1><{t} (Dy) C Dx.
Then, by Proposition 6.1.1, T3 is constructible. Let 75 be the Zariski closure of
Ty. If dimT5 = 0, then we have done, so that we assume that dim 75 > 0. Then,
there is a proper smooth curve C and 7 : C' — T3 such that the generic point of
C goes to T1 via w. Moreover, we have a rational map ¥ : X x, C --+ Y X C
induced by X X, T5 --» Y X Ts. By our construction, there is an open set Cy of C'
such that for all t € Cp, Y|y, o, is separably dominant and \Il|;(1X (y Dy) € Dx.
Thus, by Lemma 7.2, there is a rational map ¢ : X --» Y with ¥ = ¢ x id.
We choose x1,xo € C with 7(x1) # 7(x2) and 7(x1),7(x2) € Ty. Then, we have
o1, 02 € SDRat((X, Mx), (Y, My)) with v(¢1) = w(z1) and v(¢2) = 7(x2). Since
v is injective, ¢1 # ¢2. On the other hand,

Y= ‘I’|Xxk{a;,-} = (I)|X><k{7r(a:i)} = o

for each ¢. This is a contradiction. O

8. THE PROOF OF THE FINITENESS THEOREM
In this section, let us consider the proof of the finiteness theorem in general.

Theorem 8.1. Let k be an algebraically closed field and My, a fine log structure of
Spec(k). Let X andY be proper semistable varieties over k, and let Mx and My be
fine log structures of X and Y respectively. We assume that (X, Mx) and (Y, My)
are integral and smooth over (Spec(k), My). If (Y, My) is of log general type over
(Spec(k), My,), then the set of all separably dominant rational maps (X, Mx) --»
(Y, My) over (Spec(k), My) defined in codimension one is finite (see Conventions
and terminology 8).

Proof. First we need the following lemma:

Lemma 8.2. Let Y be a semistable variety over k and H a line bundle on Y.
Let Y' be an irreducible component of the normalization of Y and p:Y' — 'Y the
natural morphism. If H is big, then p*(H) is big.
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Proof. Let m be a positive integer m such that H®™ is very big. Let V be the
image of HO(Y, H®™) — HO(Y', u*(H®™)). Then, we have the following diagram:

Y =Y - — = = P(H'(Y, H®™))
\\ \\\\
A ™ A
N P(V)
\\ /’\
~ |
Sa

P(HO(Y', f*(H®™)))

Let Y7 and Y be the image of Y/ --» P(V) and Y’ --» P(H(Y’, u*(H®™)))
respectively. Then,

k(Y') = k(Y1) C k(Y2) C k(Y").
Thus, we can see that Y/ --» Y5 is birational. O

Let us go back to the proof of Theorem 8.1. Let X;,..., X, and Y7,...,Y; beir-
reducible components of the normalizations of X and Y respectively. Moreover, let
fi: X » X and g; : Y; — Y be the canonical morphisms. We set Mx, = f*(Mx)"
and My, = g;(My)" (cf. see Conventions and terminology 7). Then, by Proposi-
tion 5.1, (X;, Mx,) and (Y}, My,) are integral and log smooth over (Spec(k), k).
Further, by Proposition 5.1 again,

O, (log(Mx,)) = f; (2 (log(Mx /My)))
and

QL. (log(My,)) = g7 (2% (log(My-/My,))).
Thus, by the above lemma, (Y}, My,) is of log general type over (Spec(k), k) for
every j. We denote the set of all separably dominant rational maps (X, Mx) --»
(Y, My) defined in codimension one over (Spec(k), My) by

SDRat((X, Mx), (Y, My)).
Moreover, the set of all separably dominant rational maps (X;, Mx,) --» (Y}, My;)
over (Spec(k), k™) is denoted by

Then, we have a natural map

U : SDRat((X, Mx), (Y, My)) — [[ ]SDRat((Xi, Mx,), Y@, My, )
oceS(r,s)i=1
as follows. Here S(r,s) is the set all maps from {1,...,r} to {1,...,s}. Let
(¢,h) € SDRat((X, Mx), (Y, My)). Then, for each i, there is a unique () such
that the Zariski closure of ¢(X;) is Y, ;). Then, we have (¢|x. ,hi): (Xi, Mx,) —
(Yo(i), My, ,)) (cf. Conventions and terminology 7). By Theorem 7.1,
is finite for every i, j. Therefore, it is sufficient to see that ¥ is injective. Let us pick

up (¢, h),(¢',h') € SDRat((X, Mx), (Y, My)) with U(¢) = U(¢'). Then, clearly,
¢ = ¢'. Thus, by Theorem 4.1, we have h = h'. O
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APPENDIX

In this appendix, we consider several results, which are well known facts for
researchers of log geometry. It is however difficult to find references, so that for
reader’s convenience, we prove them here. First, let us consider irreducible elements
of a fine and sharp monoid.

Proposition A.1. Let P be a fine and sharp monoid. Then, P is generated by
wrreducible elements and there are finitely many irreducible elements of P.

Proof. In this proof, the binary operation of P is written by product. We define
a vector subspace M of Q[P] to be

M = @ Q.

zeP\{1}

Here we claim M is a maximal ideal of Q[P]. For x € P and 2’ € P\ {1}, we have
x -2’ € P\ {1} because P is sharp. This shows us that M is an ideal. Moreover,
Q[P]/M ~ Q. Thus, we get the claim. We set R = Q[P]as (the localization at
M) and m = MQ[P]y;. Note that (1),,»,m"™ = {0} because R is a noetherian local
ring. Moreover, since P is integral, the natural map P — R is injective and z # 0
in R for all x € P.

For z € P, we define deg(x) to be

deg(z) = max{n e N|z € m"}.

Then, it is easy to see that deg(z) = 0 if and only if x = 1 and deg(z - y) >
deg(x) + deg(y) for x,y € P. We say x is decomposable by irreducible elements if
there are irreducible elements p1,...,ps such that x = p; - - - ps. Here we set

¥ ={z € P\ {1} | z is not decomposable by irreducible elements}.

We would like to show ¥ = (). We assume the contrary. Let us choose x € ¥ such
that deg(x) is minimal in {deg(y) | y € ¥}. Then, z is not irreducible, so that we
have a decomposition x = y-z (y # 1 and z # 1). Then, deg(x) > deg(y) + deg(z),
deg(y) # 0 and deg(z) # 0. Thus, deg(y), deg(z) < deg(z), which implies y, z € X.
Therefore, y and z are decomposable by irreducible elements. Thus, so does .
This is a contradiction.

Next, let us see that we have only finitely many irreducible elements. Since P
is finitely generated, there is a surjective homomorphism h : N* — P. Let p be an
irreducible element of P. Let us choose I € N™ such that h(I) = p and deg([) is
minimal in {deg(J) | h(J) = p}. Here we claim that I is irreducible in N". We
suppose I = I' + 1" (I' # 0 and I” # 0). Then, h(I') - h(I") = p. Here p is
irreducible. Thus, either h(I') = 1 or h(I"") = 1, which means that either h(I') = p
or h(I") = p. This is a contradiction because deg(I"),deg(I") < deg(I). Therefore,
I is irreducible. Note that an irreducible element of N™ has a form (0,...,1,...,0).
Hence, we have only finitely many irreducible elements. O

Finally, let us consider two propositions concerning the existence of a good chart
of a smooth log morphism (cf. [6]).

Proposition A.2. Let (¢, h) : (X, Mx) — (Y, My) be a morphism of log schemes
with fine log structures. Let x € X and y = ¢(x). We assume the following:
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(1) The homomorphism hy : My; — Mx z induced by hy, : My — My z
is injective and the torsion part of Coker(hd" : Mfffg — ﬁg;@) is a finite
group of order invertible in Ox z.
(2) There is a splitting homomorphism s, : My’g — My 5 of the natural homo-
morphism py : My 3 — My 5, that is, p, - s, = idqyz, -
Then, there is a splitting homomorphism s, : M x z — Mx z of the natural homo-
morphism p, : Mx z — MX@ such that p, - s, = idﬁx,i and the following diagram
18 commutative: ~
My SN Mxz

h
Myyz —— Mxz

Proof. First of all, note that Coker((’);(@ — ¢*(My)z) = My 5. Moreover,
sy Myg =5 Myg — ¢"(My)s
gives rise to a splitting homomorphism of ¢*(My )z — My,j.
Let us consider the following commutative diagram:

0 —— Ox

Yo — (M) —— My, —— 0

| |

0 —— O%; —— MY, —— My; ——0,
which gives rise to
Hom(ﬁ%i,M%i) _ Hom(ﬁigi,iﬁ:@) L TN Extl(ﬁigj,0§7j)
l J,’Yl l)\

HOm(Mg,T,g, Mg(?:i) - Hom(ﬁgffga Mg)l(r,az) L Ext' (Mg/r,gv O;(,:E)

[ [ |
797 % r ——gr —=——gr Fy —gr
Hom(MY,gvﬁb (MY)gE ) —— Hom(MY,gngf,g) —2 Ext' (MY,ng;(,f)'
By using the diagram

——gr hg" =g
My; —— Mx;

79" A v
My ; —— My ;,

we can see that ~; (idﬁg(rj) = hJ" and 'yz(idﬁgg) = hJ". Note that the exact
sequence
0—0%; = ¢ (My)d — My, —0
splits by s'y". Thus,
A6 (idypgy ) = S2(m (idgzgy ) = d2(v2(idggyr ) = 05 (idgzyr ) = 0.
On the other hand, by our assumption, we can see that
Ext'(Mxz/My,z, Oxz)=0.
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Thus, we obtain that X is injective. Therefore, 51(idﬁ§,i) = 0. Hence, we have a
splitting homomorphism s : Mﬁf@ — MY, of MY, — Mx ;.

Here we claim that s(Mx z) € Mx ;. Indeed, let us choose a € My z. Then,
there is b € Mx z with p,(b) = a. Since p;(s(a)) = a, there is ¢ € O% ; such that
s(a) = b+cin MY . Here b,c € Mx z, which implies s(a) € Mx ;.

Therefore, we get a diagram

h
Myz; —— Mxz.

Our problem is that the above diagram is not necessarily commutative. By our
assumption, for all a € My, there is a unique u € O% _ such that s(hy(a)) + u =
hz(sy(a)). We denote this u by p(a). Thus, we have a homomorphism p97 : Mg/fg —
0% .. Here we consider an exact sequence

0— Mégy — M%f — M&T’f/ﬂgffg — 0,
which gives rise to
Hom (MY ;, 0% ;) — Hom(My 5, 0% ;) — Ext' (MY /My ;, 0% ) = {0}.
Thus, there is v € Hom(ﬁgg,i,(?;()i) with v - h9" = p9". Here we set s, = s + v.
Then,
sa(ha(a)) = s(ho(a)) + v(ha(a)) = s(ha(a)) + p(a) = ha(sy(a).

Thus, we get our desired s,. O

Proposition A.3. Let (¢, h) : (X, Mx) — (Y, My) be a smooth morphism of log
schemes with fine log structures. Let us fix x € X and y = ¢(x). We assume
that there are (a) étale neighborhoods U and V' of x and y respectively, (b) charts
mp: P — Mx|, and mg : Q@ — My|,,, and (c) a homomorphism f : Q — P with
the following properties:

(1) p(U)CV. - -

(2) The induced homomorphism P — Mx z and Q — My are bijective.

(3) The following diagram is commutative:

f

< P

o | |

h
MY|V _ MX|U-

Then, the canonical morphism g : X —Y Xgpeczjo)) SPec(Z[P]) is smooth around
x in the classical sense.

Proof. We consider the natural homomorphism
a : Coker(Q9" — P9") ®z Ox z — Qﬁc/yﬁj(log(MX/My)).

Let us begin with the following claim:
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Claim A.3.1. « is injective and gives rise to a direct summand of
O /y,o (log(Mx /My)).

In the same way as in [3, (3.13)], we can construct a chart 7p/ : P’ — Mx z and
an injective homomorphism f’: Q — P’ with the following properties:

(i) The torsion part of Coker(Q9" — P’9") is a finite group of order invertible
in OX@.
(ii) The following diagram is commutative:

Q —L— P

ma | |7

Myy; ——— Mx ;.
(iii) The natural homomorphism
o : Coker(QY" — P"") @z Ox.z — Qﬁ(/yj(log(MX/My))

is an isomorphism. Moreover, there are t1,...,t, € P’ such that a subgroup
generated by t1,...,t, in Coker(Q9" — P'9") is a free group of rank r and
its index in Coker(Q9" — P'9") is invertible in Ox z. In particular,

dlog(mpr(t1)), ..., dlog(mp (7))
form a free basis of Q% . (log(Mx /My)).
Considering the commutative diagram
Q —— My; «——— Q
T
Pl —— Mxz; «—— P,

we have a surjective homomorphism X : P/ — P with X\ f/ = f. Thus, we obtain
the natural surjective homomorphism

B : Coker(Q9" — P'gr) ®z Ox 5 — Coker(QY" — P9") ®z Ox z.

Hence, we have the following commutative diagram:

Coker(Q9" — P'9") @7 Ox z — Q%(/Y,i(log(MX/MY))

Coker(Q9" — P9") @z Ox z
In order to see the claim, it is sufficient to see that v = 3-a’ “Laisan automorphism
on Coker(Q9" — P9") ®z Ox z because (0 - o N (471 = id. Here we set
wp(t;) = piu; (p; € P, u; € O)X(i) for i = 1,...,r. Let us consider the natural
surjective homomorphism
0 : Uy y,z (log(Mx /My)) @z k(T) —
Coker(ﬂgfié — Mf;i) ®z k(Z) ~ Coker(Q" — PI") ®z k(T)
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given by dlog(a) — a®1 as in [3, (3.13)]. This is nothing more than (3-a’~')®k(z).
Indeed,

(8- /") (dlog(mp (t:))) = B(t:) = ps
0(dlog(mp:(t;))) = ti = pi mod O% ;.
On the other hand, we have the natural map
a ® k(Z) : Coker(QI" — PI") @z k(ZT) — Qk/y’i(log(MX/My)) ®z K(T)
given by a®1 — dlog(a), which is a section of . Therefore, y®k(Z) = id. Thus, by
Nakayama’s lemma, ~ is surjective, so that + is an isomorphism by [5, Theorem 2.4].

We set X' =Y Xgpec(zjq)) SPec(Z[P]). Let ¢ : X' — Spec(Z[P]) be the canonical
morphism and Mp the canonical log structure on Spec(Z[P]). We set Mx: =
¢*(Mp). Let o the origin of Spec(Z[P]) and 2’ = (y,0). Then, Mx: z = O%, 5 X P.
Here, Qﬁ(,/Y@, is generated by {d(1®x)},ez(p),- Thus, there is a natural surjective
homomorphism

Coker(Q7" — P9") @z Ox+ a0 — Vx. y 5 (log(Mx: /My)).
Therefore, we have a surjective homomorphism
Coker(Q9" — P9") @z Ox.z — g*(xs vy, (log(Mx: /My))).
Thus, by the claim,
9" (/v 20 (log(Mx: [My))) — Qi jy 5 (log(Mx /My))
is injective and g*(Qﬁf,/y’i,(log(MXf/My))) is a direct summand of

Oy 2 (log(Mx /My)).
Therefore, by [3, Proposition (3.12)], ¢ is a smooth log morphism. Moreover, note
that g*(Mx/) = Mx. Thus, g is smooth in the classical sense. O
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