Intelligent Control and Automation, 2013, 4, 217-226

o5 Scientific
http://dx.doi.org/10.4236/ica.2013.42026 Published Online May 2013 (http://www.scirp.org/journal/ica)

#3% Research

Domination in Controlled and Observed Distributed
Parameter Systems

L. Afifi*, M. Joundit, E. M. Magri', A. El Jai®
'Department of Mathematics and Computer Science, Faculty of Sciences Ain Chock,
University of Hassan II Casablanca, Casablanca, Morocco
’MEPS-Systems Theory, University of Perpignan, Perpignan, France
Email: larbi_afifi@yahoo.fr, l.afifi@fsac.ac.ma, meriemjoundi@yahoo.fr, magriclmostafa@hotmail.com, acj@univ-perp.fr

Received November 16, 2012; revised December 23, 2012; accepted January 7, 2013

Copyright © 2013 L. Afifi et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

ABSTRACT

We consider and we study a general concept of domination for controlled and observed distributed systems. We give
characterization results and the main properties of this notion for controlled systems, with respect to an output operator.
We also examine the case of actuators and sensors. Various other situations are considered and applications are given.
Then, we extend this study by comparing observed systems with respect to a control operator. Finally, we study the

relationship between the notion of domination and the compensation one, in the exact and weak cases.
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1. Introduction

This work concerns the systems analysis and more pre-
cisely a general concept of domination. This notion con-
sists to study the possibility of comparison or classifica-
tion of systems. It was introduced firstly in [1] for con-
trolled and observed lumped systems and then in [2] for a
class of distributed parameter systems. The developed
approach concerns separately the input and output op-
erators. Various results are given and illustrated by ap-
plications and examples. A duality between the two cases
is established. An extension of [2] to the regional case is
given in [3]. The regional aspect of this problem is moti-
vated by the fact that a system may dominates another
one in a region @, but not on the whole geometrical
support Q of the system.

Let us note that in the case of the dual notions of ob-
servability and controllability, the literature is very rich.
However, the purpose is different and generally, the main
problem is how to reconstruct the state of the considered
system or to reach a desired state, i.e. to study if a system
is (or not) observable or controllable.

In this paper, we consider and we study a more general
domination problem in the case of a class of controlled
and observed systems [4-6]. The developed approach
depends on the different parameters of the considered
systems, such their dynamics, their input and output op-
erators. Indeed, we consider without loss of generality, a
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class of linear distributed systems as follows
2(t)=Az(t)+Bu(t); 0<t<T
)]
2(0)=1z,

where A generates a strongly continuous semi-group
(s.c.s.g.) (S('[))t>0 onthestate Z. BeL(U,Z),

uel’(0,T;U); Z and U are respectively the state
and the control spaces, assumed to be Hilbert spaces. The
system (1) is augmented with the following output equa-
tion

y(t)=Cz(t) )
with C e,C(Z,Y) , Y is the observation space, a
Hilbert space. The operator A is the dynamics of the
system, the operators B and C are respectively the

input and output operators. The state z of the system at
time t is given by

z(t)=S(t)z, +Hu (3)
where
Hu =[S (t-s)Bu(s)ds @)
and the observation by
y(t)=CS(t)z, +CH,u (5)

The first problem consists to study a possible com-
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parison of controlled systems as system (1), with respect
to an output operator C. We give the main properties
and characterization results. The case of sensors and ac-
tuators is also examined. Illustrative examples and ap-
plications are presented and various other situations are
examined.

Then, an analogous study concerning the domination
of observed systems, with respect to an input operator
B, is given. Finally, we study the relationship between
the notion of domination and the compensation problem
[7.8].

2. Domination for Controlled Systems
2.1. Problem Statement and Definitions

We consider the following linear distributed systems

2,(t)=Az (t)+Bu(t); 0<t<T

(5) {z1(0)=zwez ©)
4,(t)=Az,(t)+Bu,(t); 0<t<T

(SZ) {ZZ(O):ZZ’OEZ (7)

where, for i=1,2; A is a linear operator generating a
scs.g (S (t))t>0 on the state space Z. B, e L(U,,Z),
u; € *(0,T;U;); U; is a control space. The systems
(S,) and (S,) are respectively augmented with the
output equations

(E)yi(t)=Cz(t)
The state of (S;) at the final time T is given by
7 (T)=8(T)z, +Huy, (®)

for i=1,2,CeL(Z,Y)

where
H;: LZ(O,T;Ui)—>Z

9
u, —>j;Si (T-s)Bu;(s)ds )

The corresponding observation at time T is given by
y; (T)=CS,(T)z,+CHu, (10)

The purpose is to study a possible comparison of sys-
tems (S,) and (S,) (or the input operators B, and
B, if A = A, ) with respect to the output operator C .

It is based on the dynamics A and A,, the control
operators B,, B, and the observation operator C .
Without loss of generality, one can assume that z,, =
2,,=0. We introduce hereafter the corresponding no-
tion of domination.

Definition 1. We say that

1) (S,) dominates (S,) (or the pair (A,B,) do-
minates (AzaBz)) exactly on [O,T], with respect to
the operator C , if

Im(CH, )< Im(CH,)
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2) (S,) dominates (S,) (or the pair (A,B;) do-
minates (A,,B,)) weakly on [0,T], with respect to the
operator C, if

Im(CH, ) < Im(CH,)
In this situation, we note respectively

(AB)Z(AB)
and (szBz)ffv(AnBJ

Let us give following properties and remarks :

1) Obviously, the exact domination with respect to an
output operator C , implies the weak one with respect to
C . The converse is not true, this is shown in [2] for
A=A and C=1).

2) If the system (S,) is controllable exactly (respec-
tively weakly), or equivalently

Im(H,)=Z (respectively Im(H,)= Z)

then (S,) dominates exactly (respectively weakly) any
system (82 ) , with respect to any output operator C .

3) In the case where A =A,, (S,) dominates (S,)
exactly (respectively weakly), we say simply that B,
dominates B, exactly (respectively weakly). Then, we
note

B, < B, (respectively B, <B, )
C

Hence, one can consider a single system with two in-
puts as follows

s) {z’(t)= Az(t)+Bu, (t)+Byu, (t); 0<t<T (

2(0)=2z,€Z th

augmented with an output equation
(E) y(t)=Cz(t)

In this case, the domination of control operators B,
and B,, with respect to the observation operator C, is
similar. The definitions and results remain practically the
same.

4) The exact or weak domination of systems (or op-
erators) is a transitive and reflexive relation, but it is not
antisymmetric. Thus, for example in the case where

= A,, for any non-zero operator B, #0 and a#0,
we have' Im(CH,(B))=Im(CH,(aB)), even if
B, #aB, for a=#1.

5) Concerning the relationship with the notion of
remediability [7,8], we consider without loss of general-
ity, a class of linear distributed systems described by the
following state equation

"H,(B,) denotes the operator H, corresponding to B, i.e. defined
T
0

by H,(B)u =[S, (T—5)Bu,(s)ds.

ICA



L. AFIFI

{i(t): Az(t)+Bu(t)+d(t); 0<t<T (12)

(0)=2z,
where d e L’(0,T;Z) is a known or unknown distur-

bance. The system (12) is augmented with the following
output equation

y(t)=Cz(t) (13)

The state z of the system at time T is given by
2(T)=S(T)z,+Hu+Rd
where
Rd = ['S(T -s)d(s)ds

If the system (12), augmented with (13), is exactly
(respectively weakly) remediable on [O,T], or equiva-

lently Im(CR)<Im(CH) (respectively Im(CR)c

Im(CH)), then B, dominates any operator B, ex-
actly (respectively weakly) with respect to the operator
C.

6) For C=1 and A =A,, one retrieve the particu-
lar notion of domination as in [2].

We give hereafter characterization results concerning
the exact and weak domination.

2.2. Characterizations

The following result gives a characterization of the exact
domination with respect to the output operator C .
Proposition 2. The following properties are equivalent
1) The system (S,) dominates exactly (S,) with
respect to the operator C .
2) For any u,el’(0,T;U,), there exists U e
L*(0,T;U,) such that

CH,u, +CH,u, =0 (14)

3) There exists y >0 such that for any feY', we
have

oz(x,t) o*z(xt)
ot - ox?
2(0,t)=2z(Lt)=0 in]0,T[
2(x,0) =z, (x) in ]0,1]

The operator M (a, ﬂ):aa—2+ Pl generates the
X
s.C.5.8. (S(a,ﬁ) (t))tZO
+00 n

ﬂ an 7[2 t
S(a,ﬂ) (t) Z= z Z<Z’ ¢nj >¢nj

n=1 j=1

where (¢,), , with ¢, (x)=

defined by

2 sm(nnx), is a complete
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| 272 (T _')C 0 2(0,TU,) _')C 0 2(0.TU;) (15)
Proof.

The equivalence between i) and ii) derives from the
definition.

The equivalence between ii) and iii) is a consequence
of the fact that if X,Y and Z are Banach spaces;
PeL(X,Z) and QeL(Y,Z), then

Im(P) < Im(Q)

if and only if, there exists y >0 such that for any
<7

2" eZ', wehave
|

where X', Y' and Z'
spacesof X, Y and Z.

Concerning the weak case, we have the following
characterization result.

Proposition 3.

The system (S,) dominates (S,) weakly, with re-
spect to C, if and only if

ker[ B/S; ()C" | ker[ B;S; ())C" ]

P*Z*

Q||

are respectively the dual

(16)

Proof.

Derives from the
Im(CH,)c Im(CH )
c ker(CH ).

It is well known that the choice of the input operator
play an important role in the controllability of a system
[4-6,9-11]. Here also, the domination for controlled sys-
tems, with respect to an output operator C, depends on
the dynamics A and particularly on the choice of the
control operators B;. However, even if B, =B, =B
(with the same actuator), the pair (Al,B) may domi-
nates (A,,B). This is illustrated in the the following
example.

Example 4. We consider the system described by the
one dimension equation

definition and the fact that
is equivalent to ker(CHl)*

+pBz(x.t)+g(x)u(t) in]0,1[x]0,T[

system of eigenfunctions of M (a,f) associated to the
cigenvalues 4 =y-pn’n’ (a,BeR).
For 7' €Z(0,1), we have
2
‘ (a.8) (t) z

LZ(O T'lR)

_ZJ-T 2 p-an’s? <Z,gon,->2<g,(pn,->2dt

a7

j=1
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Hence, if g=¢, (n,>1), Equation (17) becomes

- T 2/? an’n? 2
‘B S(a.ﬂ)( ) Lz 0.T:R) _nz_[ ’¢n0> dt
o’ o’
Let A1:M1,0 :W and AZ:Ml,ﬂ :W‘Fﬂl,

L#0.

The corresponding semi-groups, noted (S, (t))
( S, (t))tzo , are respectively defined by

Si(t)z _Z e tz<2 (/’nJ>¢m

n=1

t>0

and
= (p-ntx? n
S, (t)z:Ze( " )tz<z,¢nj>¢)m-
n=1 j=1

Then for B, =B, =B, with Bu=¢,u
)If >0, thenforany z' €Z', we have

| 1*(t) 2(0.T:R) _ZJ. e <*’¢“>2dt

< ZIOT ez(ﬂ,nznzy <Z*,(0n >2 dt

B's; (1) 2"

L2(0,T;R)

consequently, the pair (A,,B) dominates the pair
(A.B) exactly, and hence weakly.
2)If B<0, thenforany z"eZ',

B's: (t)z° MTR-zr N2 )
<zj e—Znnt< ’¢n> dt
:| 1"(t)z*2

L2(0,T;R)
Hence, the pair (A,B) dominates the pair (A,,B)
exactly (and weakly).
In the next section, we examine the case of a finite
number of actuators, and then the case where the obser-
vation is given by sensors.

2.3. Case of Actuators and Sensors

This section is focused on the notions of actuators and
sensors [4,8,10], i.e. on input and output operators. In
what follows, we assume that Z = L*(Q) and, without
loss of generality, we consider the analytic case where
A and A, generate respectively the s.c.s.g. (S, (t))t>0
and (S, (t))_, defined by ’

5, (1)2=3¢"Y (2.0, )0, (18)
n=1 j=1
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and

S,(t)z= Ze’”t2<z,wnj>wnj

n=1 j=1

(19)

where {gonj, j=L-r;n2 1} is a complete orthonor-
mal basis of eigenfunctions of A, associated to the real
cigenvalues (4, )n>1 such that 4 >4, >4, >---; 1 is
the multiplicity of 4,.

{l//nj ,i=1--,5;:n2 1} is a complete orthonormal ba-
sis of eigenfunctions of A,, associated to the real ei-
genvalues (7, )n>1 such that y, >y, >y, >---; s, is
the multiplicity of y, .

2.3.1. Case of Actuators
In the case where (S,) is excited by p zone actuators
(Qi,gi)lgigp ,wehave U =IR" and

Bu(t)-3 au (1)

(20)

, ,up)tr el? (O,T;IRP) and g, el’ (Q);
Q; =supp(g;) = Q. We have
BI*Z:(<gl’z>’“"<gp,2>)tr 21

By the same, if (S,) is excited by ¢ zone actuators
(D, h, )1<|< ,wehave U, =IR% and

1200

where U =(u1

B.v(t)= 3 hy (1) 22)
with v=(v.v,) e 2(0.T:IRY), hel*(Q),
D, =supp(h)cQ and
Bz"z:(<h1,z>,---,<hq,z>)tr (23)

As it will be seen in the next section, this leads to
characterization results depending on C and the corre-
sponding controllability matrix, and then on the ob-
servability one in the case where the observation is given
by a finite number of sensors. First, let us show the fol-
lowing preliminary result.

Proposition 5. We have

ker( B'S/ (.)C*)

:{HeY'/‘v’n eN'((Co.p,))

<j<n,

eker(M, )}
and

ker(B;S;(.)C")
= {6’ eY'/Vne N*’(<C*,9,1//nj >)15j§s e ker(Q, )}

where M and Q, are the corresponding controllabil-
ity matrices defined by
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and

Proof. We have

o500 0= S S (0 0.0
I<i<p

n=l1 j=1

Therefore, 0 e ker( B'S; (.)C*) if and only if

-+00 T

Zeﬁﬂtz<c*0,¢nj><gi,¢m>= 0;Vie{l,--,p},vt=0
n=l1 j=1

By analyticity, this is equivalent to

"

>(C0.04) (910 ) = 0: VN2 1, Wie {1, p}

=
or

B'S; (t)C"0=0<v,(0)eker(M,),vn>1
where

w@)=((c0,)

The proof of the second equality of the proposition is
similar.

The following result deriving from proposition 2,
gives characterizations of exact and weak domination in
the case of actuators.

Proposition 6.

1) (S,) dominates (S,) exactly with respect to the
operator C, if and only if there exists y >0 such that
forany €Y', we have

[:Ejemt JSZE:,<C*9: l//nj ><h| nl//nj >j

j=Ln

tsisafiiz(o,1;r9)
<y (Zeﬂmrz<c*9,(pﬂj><gp% >]
n=1 j=1 I<i<p Lz(o,T;R”)

2) (S,) dominates (S,) weakly with respect to the
operator C,ifand only if forany & €Y', we have

e ((C0.p,))

= [Vn c N*,(<C*9,y/m. ))

ekerMn}

I<j<r,

i € kerQn}
<js<s,

Let us note that if A = A,, the domination concerns
the operators B, and B,, and then the corresponding
actuators. This leads to the following definition.

Definition 7. If (S;) dominates (S,) exactly (res-
pectively weakly) with respect to the operator C , we say
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that (2.9 .ic, dominate (Di,hy),.., exactly (res-
pectively weakly) with respectto C .
In the usual case, the observation is given by sensors.

This is examined in following section.

2.3.2. Case of Sensors
Now, if the output is given by m sensors (E;, f,)__ .
we have

(z.1)

(z,'fm>

Cz= eR"

and

m
Co=>06f for 6eR"
=

We have the following proposition.
Proposition 8. (S,) dominates (S,) weakly with re-
spect to the sensors (E. f. )ISism , if and only if

1271

Mker(M,GY' ) = (ker(Q,RY) (24)
nx1 nx1

where G, and R, are the corresponding observability
matrices defined by

and
R, = (< fi Wi >)1sism;15jisn

Proof. (S;) dominates (S,) weakly with respect to
the sensors (Ei if and only if, for any
0=(6,)

> fi )lgigm ?
m

eR",

1<k<m

VneN*,(Zm:Hk<fk,¢nj>) eker(M,)
I<j<n,

i=1

implies that
vne N*,[ZHK (fovy ))
i=1

or equivalently, forany e R",

[¥n>1,0cker(M,G;)|=[¥n=1,0 cker(Q,G;)]

eker(Q,)

1<j<sy

we then have the result.

Let us give the following remarks.

DIf A=A ,wehave G, =R ,for n>1.

2) One actuator may dominates p actuators (p>1),
with respect to an output operator C (sensors).

3) In the case of one actuator and one sensor, i.e. for
p=g=1 and m=1, we have

M, =((9:00)5(9: 0, )

Q ((h"/’n1>""’<h"”"5n>)
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and
<fa¢7n1> <fv‘//n1>
' =| i | RT=| i
(f0m) (F¥m)
Then
.51 <[ So0u){ 1.0,
- 25)

Sn

QR! =[Z<h,wnj><f"//nj >J

j=1
4) In the case of a finite number of sensors, the exact

and weak domination are equivalent.

3. Application to Diffusion Systems

To illustrate previous results and other specific situations,
we consider without loss of generality, a class of diffu-
sion systems described by the following parabolic equa-

ET AL.

tion.
oz(x,t)
———==Az(xt)+g(x)u(t) Qx]o,T[

() {z(x0)=0 Q (26)

z(&4)=0  aQx]o,T[

where Q is a bounded subset of R" with a sufficiently

regular boundary 0Q=T; Z=L1(Q) and Az=Az

for zeD(A)=H?(Q)NH,(Q). (S) is augmented

with the output equation

(E) y(t)=Cz(t),0<t<T @7)

We examine respectively, hereafter the case of one and
two space dimension.
3.1. One Dimension Case

In this section, we consider the systems (S;) and (S,)
described by the following one dimension equations,
with Q=]0,a] and A=A =A.

oz, (x,t) 8’z (xt
Zétx ) Zéij" Ve g(x)ut) in Jo,ax]0.T]
(S,) <z (0,t)=z(at)=0  in]0,T[ (28)
7,(x,0)=0 in]0,a[
oz, (x,t) & t
208 T2 0N gu, 1) in J0.ofx]0T]
(S,) 12,(0,t)=2,(a,t)=0 in]0,T[ (29)
z,(x,0)= in]0,a]
A=A admits a complete orthonormal system of equation corresponding to a sensor (D,f),
eigenfunctions . associated to the eigenvalues
genfuncti (20 ) g (E) Y, (t)=(f.2,(1)). ;0<t<T (30)
n‘n . 2 . (nmnx (D)
Ay =——— with ¢ (x)=,[=sin| — |. . N .
a a a According to proposition 8, (€2,9) dominates (Q,h)

Each system (S) is augmented with the output

[Vn eN*,<g,(pn><f,gon> =OJ 3[Vn IS N*,<h,(/)n><f,(pn>= 0]

Let m,neN" such that m=n. We suppose that
(S,) and (S,) are respectively excited by the actuators
(Qp,) and (Q¢,).,ie. g=¢, and h=g, .

Then
e (Q,9) dominates (€,h) with respect to the sensor

(Q,gon) and
e (Q,h) dominates (,g) with respect to the sensor

(Q0,).

Copyright © 2013 SciRes.

with respect to the sensor (€, f ), if and only if,
(31

Let us also note that in the one dimension case, any
operators B, and B, are comparable. this is not al-
ways possible in the two-dimension case which will be
examined in the next section.

3.2. Two Dimension Case

Now, we consider the case where Q=10,1[x]0,1[ and
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the systems described by the following equations

oz, (%, y,t)

ot
(Sl) Z (X: Yat) =0
7,(x,y,0)=0 inQ

az, (X, y,t)

ot
(S,) 1z, (xy,t)=0
z,(x,y,0)=0 in Q

Here, we have Z =L° (Q) and Az =Az :6_22+6_22’
ox- oy
for ze D(A)=H?(Q)NH,(Q). A admits a comple-

te orthonormal system of eigenfunctions ((om’n )mn -

associated to the eigenvalues (ﬂm’n) v defined by

m,ne

Ao = —(m2 +n2)n2
’ (32)
Pn (X, Y) = 2sin (max)sin (nmy)

(S;) and (S,) are respectively augmented with the
output equations

(E)wn(t)= (< fi.2, (t)>L2(Dl) ’< £, 7, (t)>L2(D2))’ jo.7]

and

(E2 ) Y (t) - (< fi.2, (t)>L2(D1) ’< f,.2, (t)>|_2(DZ) )’ ]O,T[

Let us first note that: 200 =14% +2? =10 +10?, then
—200 is a double eigenvalue, corresponding to the ei-
genfunctions ¢,,,, and ¢, ,.

By the same, 250 =15 +5% =13 +9%, then 250 is
also a double eigenvalue, corresponding to the eigen-
functions ¢5,5 and @, ;.

The examples given hereafter show the following
situations :

e An actuator may dominates another one with respect
to a sensor.
e None of the systems does not dominates the other.

Example 9. In the case where g, =¢,,.9,=0,

h=0,h, =955, fi=p, and f,=p,,, wehave

Nker(M,GY)=R(0,1) and (ker(Q,Gy)={0} (33)

nxl1

where R(0,1) denotes the y-axis. Therefore (S,)
dominates (31) with respect to the corresponding out-

Copyright © 2013 SciRes.
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=Az, (X, y,t)+ 9, (% Y)u, (t)+9, (X y)u, (t) inQx]0,T[

= Az, (% Y, 1)+ h (% Y)v, (1) +h, (X, y)v, () inQx]0,T[

put operator C.
On the other hand, for g, =¢,,,09,=0, h =0,
h,=¢;,s and f =0, f,=0,;, wehave

Mker(M,GY) = {0}

nx1 (34)

and (ker(Q,Gy )=R(1,0)

nx1
where R(1,0) denotes the x-axis. Then (S;) domi-
nates (S,) with respect to the corresponding output
operator C.
Example 10. Now, for g, =¢,,.9,=0, h =0,

h, =014 f, =10 and f, =14, WE have

Mker(M,GY)=R(0.1)
nx1 (35)
and (ker(Q,Gy )=R(1,0)

nx1

Then none of the operators B, and B, does not do-
minates the other.

4. Domination of Output Operators

In this section, we introduce and we study the notion of
domination for observed systems (output operators) with
respect to an input one. We consider first a dual problem
where the control concerns the initial state, and then a
general controlled system.

4.1. A Dual Problem

In this section, we examine a dual problem concerning
the output operators and observed systems. We consider
the system
Z(t)=Az(t); 0<t<T
{ (t)=A2(1) o6

The initial state z, depends on an input operator B
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and is of the form z(0)=Bu,. We assume that A isa
linear operator with a domain D(A) dense in Z, a
separable Hilbert space, and generates a strongly con-
tinuous semi-group (S(t))t>0 on the state Z . Be
L£(U,Z), u,eU; U is a Hilbert space. The system
(S) is augmented with the following output equations

y, (t)=Cz(t);0<t<T (37)
Y,(t)=C,z(t); 0<t<T (38)
For i=1,2; the observations are given by

yi (t)=C,S(t)Buy; 0<t<T
We have Y, (.)=K;(.)u,, with

Ki=CS()B

Its adjoint operator is defined by

Kiy=|[ B'S"(1)C/y(t)dt

Noting B, =C/;
the dual systems

2,(t)= Az (t)+Bu; (t); 0<t<T
(57)

i=1,2; B=C" and considering

7,(0)=1z,
yi(D =Cz(t)
and

2(t)=Az(t);0<t<T

(S) 42(0)=Buy,

y; (1) =Ciz(t)

we obtain the following characterization result.
Proposition 11. Im(K;)<Im(K;) (respectively

Im(K; )< Im(K;)) if and only if, the controlled system

(S7) dominates (S;) exactly (respectively weakly).

From this general result, one can deduce analogous
results and similar properties to those given in previous
sections.

4.2. Domination of Output Operators
We consider the following linear distributed system
(s) 2(t)=Az(t)+Bu(t);0<t<T
z (0) =1
where A generates a s.c.s.g. (S (t))120

space Z; Bef(U,Z) and uel’(0,T;U); U is
the control space and the system (S) is augmented with
the output equations

(39)

on the state

y;i (1)=Ciz(t),0<t<T; i=12.
where C, elL(Z,Y); i=12; Y is an Hilbert space.
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The observation with respect to operator C; at the final
time T, is given by
y; (T)=C,S(T)z,+C;Hu (40)

We introduce hereafter the appropriate notion of do-
mination for the considered case.

Definition 12. We say that

1) C, dominates C, exactly with respect to the sys-
tem (S) (or the pair (A,B))on [0,T], if Im(C,H)c
Im(C/H).

2) C, dominates C, weakly with respect to the sys-
tem (S) (or the pair (A,B))on [0,T], if Im(C,H)c
Im(CH).

Here also, we can deduce similar characterization re-
sults in the weak and exact cases. On the other hand, one
can consider a natural question on a possible transitivity
of such a domination. As it will be seen, this may be pos-
sible under convenient hypothesis. In order to examine
this question, we consider without loss of generality, the
linear distributed systems with the same dynamics A

(A=A =A).

O
2,(t)=Az, (t)+Bu, (t);0<t<T

( 2) {22 (O)ZZZYO (42)

where A generates a s.c.s.g. (S(t)) _, on the state

t
space Z; B eL(U,,Z), B,eL(U,,Z), u e
L*(0,T;U,), u,el?(0,T;U,); U, and U, are two
control spaces. The systems (S,) and (S,) are aug-
mented with the output equations

(Ei):vii () =Cizi(t):i=12

(E.;)iypa(t)=Coz;(1):i=1.2

where C, € E(Z,Y) ,for i=1,2; Y isa Hilbert space.
The observations with respect to operator C, at the final
time T are respectively given by

Yii (T) =C;S (T ) 7, +CHy (43)

¥,.(T)=C,S(T)z,,+CH,u, (44)

By the same, the observations with respect to operator
C, attime T are given by

¥, (T)=C,S(T)z,+C,Hu, (45)

Yoo (T ) =C,S (T ) z,,+C,H,u, (46)

We have the following result deriving from the defini-
tions.

Proposition 13. If the following conditions are satis-
fied

1) B, dominates B, exactly (respectively weakly)
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with respect to operator C,,

2) C, dominates C, exactly (respectively weakly)
with respect to operator B,,

3) C, dominates C, exactly (respectively weakly)
with respect to operator B,
then B, dominates B, exactly (respectively weakly)
with respect to operator C,.

We examine hereafter, the relationship between the
notions of domination and compensation.

4.3. Domination and Compensation

In this section, we study the relationship between the
notions of domination and compensation [7,8]. We con-
sider without loss of generality, the following systems.

2,(t)= Az, (t)+d (t)+Bu,(t),0<t<T
(Sl) {Zl (0) = ZI,O (47)
() {iz ()= Az, (t)+d, (t)+B,u, (t),0<t<T )

(0)=12,,
where A generates a s.cs.g. (S(t) N
Z:Bel(U.Z), B eL(U,.Z): uel?(0.T:U,),
uzeL2(0,T;U) d, and d, eL(, ) U, and U,

are two control spaces. (S,) and (S,) are respectively
augmented with the output equations

(51) Y, (t) =Cyz (t)
(&) ¥, (t)=Cyz,(1)

The states of these systems at the final time T are
respectively given by

2,(T)=5(T)z,+H,u, +Hd, (49)

, on the state space

z,(T)=5(T)z, +H,u, + Hd,

where the operators H,; i=1,2 and H are defined
by

H:L2(0,T;U) > Z

(50)
U, — IOTS (T -s)Bu;(s)ds
H:L*(0,T;2)>2Z

: (51)

d— [ /S(T-s)d(s)ds

The corresponding observations are given by

Y.t (T)=CS(T)z,+CH,u, +CRd, (52)
¥, (T)=CS(T)z,+CH,u, +CRd, (53)

and Rf = Hf . First let us recall the notion of compensa-
tion.
Definition 14. The system (S,

) augmented with out-
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put equation (&) (or (S)+(&))is

1) exactly remediable on [0 T] if for any
d e L’ (O,T;Z) there exists U; € L’ (O T;U. ) such that
CHu, +Rd; =0, or equlvalently

Im(C;R) = Im(C;H;) (54)

2) weakly remediable on [0,T] if for any d, e
L*(0,T;Z) andany €>0, there exists u; € L*(0,T;U;)
such that ||Ci H,u, + Rd, || <€, or equivalently

Im(C;R) = Im(CH;) (55)

Here, the question is not to examine if a system is (or
not) remediable (for this one can see [7,8]), but to study
the nature of the relation between the notions of domina-
tion and compensation, respectively in the exact and
weak cases. We have the following result.

Proposition 15. If the following conditions are verified

1) (§)+(&) is exactly (respectively weakly) reme-
diable.

2) C, dominates C, exactly (respectively weakly)
with respect to the operator B, .

3) Im(C,R)cIm(CR) (respectively Im(C,R)c
Im(CR)).

then (S,)+(S,) is exactly (respectively weakly) re-
mediable.

We have the similar result concerning the output
domination and the remediability notion.

Proposition 16. If the following conditions are satis-
fied

1) (S)+(&) is exactly (respectively weakly) reme-
diable.

2) B, dominates B, exactly (respectively weakly)
with respect to the operator C,.

then (S,)+(&) is exactly (respectively weakly) re-
mediable.

Let us note that this section is a generalization of the
previous one where d(t) has the form B,u,(t). The
results can be applied easily to a diffusion system and to
other systems and situations.

REFERENCES

[1] L. Afifi, A. El Jai and E. M. Magri, “Domination and
Compensation in Finite Dimension Dynamical Systems,”
Applied Mathematical Sciences, Vol. 4, No. 49, 2008, pp.
2443-2457.

[2] L. Afifi, A. El Jai and E. M. Magri, “Weak and Exact
Domination in Distributed Systems,” International Jour-
nal of Applied Mathematics and Computer Science, Vol.
20, No. 3, 2010, pp. 419-426.
doi:10.2478/v10006-010-0031-5

[31 L. Afifi, N. Amimi, A. El Jai and E. M. Magri, “Regional
Domination in Distributed Systems,” Applied Mathe-
matical Sciences, Vol. 6, No. 19, 2012, pp. 913-924.

ICA


http://dx.doi.org/10.2478/v10006-010-0031-5

226

(4]

(3]

L. AFIFI

A. El Jai and A. J. Pritchard, “Sensors and Actuators in
Distributed Systems Analysis,” Ellis Horwood Series in
Applied Mathematics, J. Wiley, 1987.

R. F. Curtain and A. J. Pritchard, “Infinite Dimensional
Linear Systems Theory,” Lecture Notes in Control and
Information Sciences, Vol. 8, 1978.
doi:10.1007/BFb0006761

R. F. Curtain and H. J. Zwart, “An Introduction to Infi-
nite-Dimensional Linear Systems Theory,” Texts in Ap-
plied Mathematics, Springer-Verlag, New York, 1995.
doi:10.1007/978-1-4612-4224-6

L. Afifi, A. Chafiai and A. El Jai, “Regionally Efficient
and Strategic Actuators,” International Journal of Sys-
tems Science, Vol. 33, No. 1, 2002, pp. 1-12.

Copyright © 2013 SciRes.

[10]

(11]

ET AL.

doi:10.1080/002077202317216884

L. Afifi, A. El Jai and E. Zerrik, “Systems Theory: Re-
gional Analysis of Infinite-Dimensional Linear Systems,”
Presses Universitaires de Perpignan, 2012.

A. V. Balakrishnan, “Applied Functional Analysis,” Sprin-
ger Verlag, 1981.

L. Berrahmoune, “Localisation D’actionneurs pour la
Contrdlabilité de Systémes Paraboliques et Hyperboliques,”
Application par Dualité a la Localisation de Capteurs,
Thése de 3éme Cycle, Université Mohammed V, Rabat,
1984.

J. L. Lions, “Contrdlabilité Exacte, Perturbations et Stabi-
lisation des Systémes Distributes,” Masson, Paris, 1988.

ICA


http://dx.doi.org/10.1007/BFb0006761
http://dx.doi.org/10.1007/978-1-4612-4224-6
http://dx.doi.org/10.1080/002077202317216884

