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Doppler-Resilient Orthogonal Signal-Division
Multiplexing for Underwater Acoustic
Communication

Tadashi Ebihara, Member, IEEE, and Geert Leus, Fellow, IEEE

Abstract—Underwater acoustic (UWA) channels are char-
acterized by a severe spread in time and frequency, and are
usually labeled as “doubly spread channels.” In this paper, we
propose Doppler-resilient orthogonal signal-division multiplexing
(D-OSDM), to provide a highly reliable communication envi-
ronment in doubly spread channels for UWA communication.
D—OSDM multiplexes several data vectors in addition to a pilot
vector, and preserves orthogonality among them even after prop-
agation through doubly spread channels, under the assumption
that the channel can be modeled by a basis expansion model
(BEM). We describe the signal processing steps at the transmitter
and the receiver for D-OSDM, and evaluate its performance by
both simulations and experiments. To generate a doubly spread
channel, a test tank with a wave generator is employed. The ob-
tained results suggest that D-OSDM can provide low-power and
high-quality UWA communications in channels with large delay
and Doppler spreads; for example, D-OSDM succeeds to achieve
a block error rate (BLER) of 10~ while BEM-based orthogonal
frequency-division multiplexing (OFDM) has a BLER floor of
10~2 in the experiments. Equivalently, D-OSDM can reduce the
signal power required for communications to achieve the same
BER significantly. Overall, it was found that D-OSDM can be-
come a powerful communication tool for underwater operations.

Index Terms—Doppler, multipath underwater

acoustic (UWA) communication.

channels,

I. INTRODUCTION

NDERWATER ACOUSTIC (UWA) communication

enables a wireless link in an underwater environment by
the transmission of acoustic waves, and provides flexible wide
area communication in an underwater environment. Recently,
UWA communication has become an essential necessity for
underwater operations, such as oceanographic observation and
offshore development, and the scope of its application is still
growing. For example, oceanographic observation systems
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utilize UWA communication to establish a point-to-point data
link (e.g., from a sensor on the seafloor to a buoy on the sea
surface). However, new underwater projects become more
complicated. For instance, to monitor the dynamic behavior of
the ocean environment, multipoint measurements are gathered
and UWA communication is adopted to establish a complicated
communication network between the sensors (e.g., there are
a number of sensors on the seafloor and underwater vehicles
act as hubs of the underwater network [1]-[6]). As a result,
UWA communication makes a significant contribution to
the development of underwater applications. Moreover, the
communication quality, reliability, and speed of UWA commu-
nication are important factors to determine the performance of
the application. As a result, the design of the physical layer is
an important issue, as well as the development of the network
layer.

From the viewpoint of physical layer design, the UWA
channel is a challenging environment to provide a reliable
link. UWA channels, especially shallow-water ducts, are char-
acterized by a severe spread in time and frequency. Induced
by severe multipath propagation, the channel suffers from a
large delay spread giving rise to intersymbol interference (IST).
Moreover, the motion of the communication platform and the
sea surface generates a Doppler shift for every propagation
path, generally resulting in a large Doppler spread. This IST and
Doppler spread can cause errors and affect the communication
quality. Because the signal bandwidth is much larger than the
inverse delay spread, and the sound speed in underwater is
far smaller than the light speed used in radio, the effect of the
ISI and Doppler spread in UWA communication can become
several orders of magnitude greater than the one in radio com-
munication, hence, these phenomena serve as a barrier to UWA
communication.

As aresult, communication systems based on two major mod-
ulation techniques, single-carrier and multicarrier modulation,
have actively been researched to cope with delay and Doppler
spread. For single-carrier communication, the use of an adap-
tive equalizer [e.g., a decision feedback equalizer with a recur-
sive least squares algorithm (RLS-DFE)] has been found ef-
fective to cope with the ISI [7], [8], and a channel tracker can
counteract the large Doppler spread [9], [10]. The use of error
correction coding, such as Turbo coding, has also been demon-
strated to improve the communication quality [11]. For mul-
ticarrier communication, orthogonal frequency-division multi-
plexing (OFDM) has attracted a lot of attention due to the low
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receiver complexity [12], where a Doppler shift correction has
been found useful to cope with the Doppler spread [13], [14], as-
suming that all propagation paths have the same frequency shift.
Moreover, large Doppler spreads can be handled by a basis ex-
pansion model (BEM)-based signal design and the use of Turbo
coding [15]-[20].

On the other hand, we have focused on another scheme for
UWA communication: orthogonal signal-division multiplexing
(OSDM) [21]-[23]. OSDM is a block transmission technique
for a single user; it multiplexes several data vectors—a pilot
signal as well as messages—into a single data stream and
provides reliable channel sensing. The basic signal structure
is compatible with the chip-interleaved block spread code-di-
vision multiple-access (CIBS—-CDMA) system [25]. We found
that OSDM with a multichannel receiver is attractive for UWA
communication in terms of communication quality; in a static
channel and for a realistic complexity, it achieves a far better bit
error rate (BER) performance compared to other schemes, such
as a single-carrier system based on RLS-DFE or a multicarrier
system based on OFDM [26]. However, the performance of
OSDM drops in a dynamic channel due to the Doppler spread,
and it is highly desirable if we can suppress such a performance
degradation in doubly spread channels.

In wireless mobile systems, the idea of orthogonal multiple
access has been proposed [27]. Orthogonal multiple access is
a block transmission technique for multiple users and its basic
signal structure is an adaptation of CIBS—-CDMA. This tech-
nique preserves mutual orthogonality among the users, even
after propagation through doubly spread channels under the as-
sumption that the channel can be modeled by a BEM. However,
this method requires perfect channel information at the receiver,
prior to receiver processing.

In this paper, we propose Doppler-resilient OSDM
(D-OSDM), to provide a viable alternative offering a highly
reliable communication environment for UWA communication
under delay and Doppler spread. D-OSDM is a combina-
tion of the OSDM technique and orthogonal multiple access
which are perfectly complementary; orthogonal multiple ac-
cess provides OSDM the robustness to Doppler spread, while
OSDM provides orthogonal multiple access accurate channel
sensing. Moreover, we also propose a D-OSDM receiver with
frequency-domain oversampling, based on the idea presented
n [19]. We design D-OSDM to utilize the full energy spread
in the frequency domain if the channel is modeled as a BEM,
and evaluate its performance by both simulations and test-tank
experiments. Section II introduces the D-OSDM scheme fol-
lowing an overview of the BEM channel model. Sections III
and IV evaluate the performance of D-OSDM by simulations
and experiments. Section V presents our conclusions.

Notation: We use upper/lower bold face letters to denote
matrices/row vectors, and define z[i] as the ith element of the
vector z starting with index 0. (-)* and (-)T denote conju-
gate transpose and transpose, respectively. Positive real num-
bers, integer numbers, and positive integer numbers are defined
as RT,Z, and ZT, respectively. Orx ¢, Fn, and Iy represent
the R x C all-zero matrix, the N x N inverse discrete Fourier
transform (IDFT) matrix, and the M x M identity matrix, re-
spectively. W¥, . represents an element of the IDFT matrix,

where Wk, = exp[2nv/—1k/(MN)] and k € Z. Z rep-
resents a cyclic shift matrix of size N x N, and

010 .- 00
001 .- 00
Zy=c: oo oo
000 -~ 01
100 -+ 00

II. DOPPLER-RESILIENT OSDM

A. Communication in Doubly Spread BEM Channels

At first, we review communication over doubly spread chan-
nels that can be modeled by a BEM. We consider a block data
transmission using a discrete-time baseband model. Suppose a
transmission message is modeled by the complex-valued 1 x
M N vector z, where M € ZT and N € Z™. A transmitter pads
L € 77 zeros to the tail of this message [called zero-padding
(ZP)] and transmits it over the channel with rate 1/7° € R™,
where it will be distorted by a delay and Doppler spread. We
assume that the received signal can be represented by a linear
combination of delay- and Doppler-shifted copies of the trans-
mitted signal. More specifically, we will adopt a BEM [27], [28]
with maximum (discrete) delay spread and maximum (discrete)
Doppler shift bounded by L and @Q € Z™, respectively. In this
case, the received sequence at sampling rate 1/7°, represented
by the 1 x (M N + L — 1) vector y, can be represented as

Q
y==x Z H,A;+7n
q=-Q
where 7 is the additive noise. In (1), the MN x (MN +L—1)
matrix H, and the (MN + L — 1) x (MN + L — 1) matrix
A, respectively, describe the effects of the delay and Doppler
shifts. In detail, we can write

Q)

hog hig hog 0 o 0
00 hog  hig hi g
(@)
Ay = diag (Wi, Wiy, - WHAN29) 3)

where h; 4 represents the channel impulse response at Doppler
scale g, and by , = O for! < O and! > L. The diagonal compo-
nents of A, introduce a Doppler shift of ¢/ (M NT'), where T €
R is the time-domain resolution. Note that there is only a small
difference between BEM and real channels; the Doppler shifts
are discretized in a BEM channel, whereas most real Doppler
spread channels have a continuous Doppler spectrum. However,
such a BEM modeling error can be kept very small in most prac-
tical situations [29]. Moreover, our experiments and simulations
show that D-OSDM, whose design is based on a BEM channel,
achieves a good communication quality even in real Doppler
spread channels as well as in simulated channels with a contin-
uous Doppler spectrum.

The scope of our study is to provide a new communication
technique by estimating »; ,(I = 0,1,...,M — 1 and ¢ =
-Q,-Q + 1,...,Q) and performing equalization. Note that
although the channel length is limited to L, we will always
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Fig. 1. Block diagram of D-OFDM at the transmitter and the receiver.

TABLE 1
PARAMETERS USED FOR THE DESIGN OF D-OFDM AND D-OSDM
Message length M
Total number of messages per group P
Total number of groups U
Maximum Doppler shift Q
Maximum delay spread L
Block length MN L
Spectral efficiency (bit/s/Hz) berate MPU/ (MN + L)
D-0SDM without frequency-domain oversampling O (M?)
Receiver complexity D-OSDM with frequency-domain oversampling O (M?)
D-OFDM with frequency-domain oversampling O (M)

"N = (14 2Q)+ U (P +2Q), bis the number of bits per symbol, and crate is the code rate.

estimate M/ > L time-varying channel taps. Therefore, we
focus on nonsparse channel estimation [e.g., using least squares
(LS)] in our paper. In the following section, we first review the
BEM-based OFDM scheme of [19], and call this Doppler-re-
silient OFDM (D-OFDM) in this paper. Then, we introduce
our D-OSDM design at the transmitter and the receiver, also
adopting doubly spread BEM channels.

B. Review of D-OFDM

Fig. 1 shows a block diagram of the D-OFDM operations.
Table I shows the parameters used for the design of D-OFDM,
where ) and L are determined based on the physical channel
environment. First, let us consider the data matrix

_ (. T AT T T
Xm_(p 702Q><M717t0,07$t0,17"'7
T T T T

xto,quOzQvamtl.mxﬂ,p---7

T T T T
Ty po1y 02gxars -5 0200 To—1,0

4)

where p is a pilot vector of length M and =y, , is the transmis-
sion message (v = 0,1,...,U —landp = 0,1,...,P — 1,
with P € Z* and U € ZT). Note that N = (1 + 2Q) + U(P
+2Q)). Each &, ;, contains a different message whose elements

T T
Tipr—1,15--- "’tU 1,P— 1702QXA/[)

are modulated symbols [e.g., by quadrature phase-shift keying
(QPSK)] expressed as complex numbers.

The transmitter calculates the transmitted block signal x by
reading X ,, columnwise and applying the A N -point IDFT ma-
trix, and finally it pads L zeros to z, as shown in Fig. 1. Fig. 2
shows the structure of a D-OFDM block (sample rate 1/T') in
the time—frequency domain, when M = 2, P = 2, U = 2, and
Q =1 (N = 11). As shown in the figure, there are M N sub-
carriers, M comb-type pilot subcarriers, AU groups of P data
subcarriers, and the remaining subcarriers are null subcarriers
on either side of the pilot subcarriers and data subcarrier groups.
Although the data subcarriers are facing intercarrier interference
(ICY) in Doppler spread channels, the receiver can measure the
channel impulse responses under Doppler shift from the pilot
subcarriers and null subcarriers on either side of the pilots. As
such, it can obtain the transmitted message by channel equaliza-
tion. From Fig. 2, it is also clear that the quadruple (M, P,U, Q)
determines the block length and the spectral efficiency. The
block length and the spectral efficiency of D-OFDM are also
shown in Table I.

The receiver pads zeros to the received sequence ¥ to turn it
into a vector of length 24/ N and applies the 2A4 N-point DFT
matrix (frequency-domain oversampling with an oversampling
factor of 2). In the equalization process, the receiver obtains P
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Fig. 2. Structure of the transmitted signal (D—-OFDM) in the time—frequency
domain, when M = 2, P =2, U =2,and @ = 1.

message symbols from 2P + 4@ — 1 oversampled subcarriers
(they correspond to P + 2@ subcarriers in Fig. 2). When the
receiver employs K hydrophones, the receiver obtains P mes-
sage symbols from K (2P + 4Q — 1) oversampled subcarriers
by using LS for all MU groups. In this case, the total com-
plexity of D-OFDM with frequency-domain oversampling be-
comes O(M).1

C. D-OSDM Operation at the Transmitter

Fig. 3 shows a block diagram of the D-OSDM operations.
Table I again shows the parameters used for the design of
D-OSDM. The transmitter calculates the transmitted block
signal & by reading X, row-wise and applying a specific
transformation matrix, and finally it pads L zeros to z, as shown

'We assume that we obtain a from b = aC using LS, where a, b, and C are a
vector of length «, a vector of length 3, and a matrix of size a X 3, respectively.
In this case, the complexity (the number of multiplications) of computing CC*
and (CC*) ! becomes O(a?3) and O(a?), respectively. Since @ < 3, the
total complexity to calculate & = bC*(CC*) ! is O(a?3). Hence, the com-
plexity to obtain P message symbols from K (2P + 4Q — 1) oversampled
subcarriers by using LS becomes O{P3). However, since M > P, the total
complexity (calculating LS for all MU groups) becomes O(M ).

in Fig. 3. In more detail, the transmitter reads X, row-wise
resulting in a vector of length M IV, given by

Tm = (P, 01x20M, %40, 01x2007, 11, 01x 2005 - - -

)

01x20M> %01, 01x20M)

where 2, is a group of messages

Tty = (ztu.(h Ttu,ls- - 7$tu,P71)

and as before
N=(1+2Q)+U(P +2Q).

Then, the transmitter applies the transformation matrix F'y &
I 3; to zy,, and obtains a single transmitted data stream of length
M N, z, according to

x=2,(Fn & Ip). (6)

By applying the transformation matrix, each element of p and
x,, appears periodically in both the time and frequency domains
with appropriate guard bands. Finally, the transmitter performs
ZP oflength L to &, and the zero-padded sequence is transmitted
over the channel.

To better understand what kind of signals are transmitted
over the channel, we investigate = in the time—frequency
domain. If we calculate z using (6), it is clear that every
symbol (element of p and z,,) is modulated by a Dirac
train (each element of the train corresponds to a specific row
of the IDFT matrix) with N pulses separated in time by A
samples. If we calculate the spectrum (DFT transform) of z,
the output becomes (7), shown at the bottom of the page, where
Fr = (Wons Wit Wil =), Expression (7) shows
that every symbol also appears as a Dirac train in the frequency
domain, but now with M pulses separated in frequency by N
samples. This way, D-OSDM fully exploits the time—frequency
diversity of the channel. In D-OSDM, the pilot and data vectors
are repeated in both time and frequency and every symbol is
modulated on a waveform that occupies an A x N lattice in
the time—frequency domain.

Fig. 4 shows the structure of z in the time—frequency domain,
when M =2, P =2,U =2,and @ = 1 (N = 11). As shown
in the figure, there are M N subcarriers in the frequency do-
main; M pilot subcarriers and U groups of P data subcarriers
periodically appear M times in the spectrum of z. By inserting
zero vectors in between the vectors ., in the precoding process
[see (5)], there are ¢ null subcarriers (guard bands) on either
side of the pilot subcarriers and data subcarrier groups. Note

2Py =2u(Fn @ 1y)Fyy

T T
fo Onrxy Orrxt [
T
Omx1  fi Oprx1 Oprxa
= mm
: : "
Oarx1 Oarxa Fvor Oarxa

Orrx1 Fl-yn Onsx1 Onrx1

Onrx1 Orx1 Sl nne Orrx1
(N

f(ljw,l)N,l Onrx1 Onrx1 fin_1
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Fig. 3. Block diagram of D-OSDM at the transmitter and the receiver.
that D-OSDM for P = 1 and = 0 corresponds to the ex- W: A%V lattice for the symbol x9,0101
isting OSDM [26]. From Fig. 4, it is also clear that the quadruple AFrequency
(M, P,U, Q) determines the block length and the spectral effi- o\
ciency, as for D-OFDM. We can increase the spectral efficiency | |--------=- Promsmooes A S TR
(effective data rate) by increasing both P” and U, in exchange for X1 Xnq1 | X1 .
communication quality, but an increase of P is more effective X0 X0 | o X110 .
than the one of U as we will illustrate in Section HI-B. |} Lo J_::ﬂ __________ [ f“lc
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D. D-OSDM Operation at the Receiver ! AR : Lo
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sent the effect of UWA channel spread in time and frequency ¥ Pl p__l |7 | :)
using a BEM. The receiver obtains an estimate of every trans- 0 MT 2MT MNT Time (s)

mitted message &, , by applying a transformation matrix and
performing channel equalization, as shown in Fig. 3. The re-
ceived data stream g can be expressed as in (1). The receiver
then applies the transformation matrix A(F73 & I ) ony as

YA(Fy @ In)

= (zp,O—)Q7ZO7 21y (8)

!
SEU 1,2p, Qo 1)+

where ' = nA(F% © Ir) and

Tun

A =
(I 1011y (MN-L+1))

represents the overlap—add operation. Note that zp 00, 24,
and 2z, _go__1 are vectors of length (1 + Q)M, (P
+ 2Q)M, and QM, respectively. The output sequence
Zp = (Zp_0——1,%po—q) corresponds to the time- and
frequency-spread sequence of p (zp_g—»—1 and zp 050
correspond to the Doppler scale from —) to —1 and from
0 to Q, respectively). z, also corresponds to the time- and

Fig. 4. Structure of the transmitted signal (D-OSDM) in the time—frequency
domain, when M =2, P =2, U = 2,and Q = 1.

frequency-spread sequence of xy,, with a Doppler scale from
—@ to . In detail, the relationship between z, and p can be
expressed as

)

where C,, 4 (n = 0,1,..., N — 1) is the channel matrix ex-
pressed in

2, =p(Co,—q,Co,qy1,---,Coq) +1,

Cn,q
ha.q Wiinhig L'VIE/%\FI)QhM—l,q
Wiinhog VVIE%V—I)Q}LM—QA

Wy har-14
Wz(\%v—l)qh(),q

(10)

Wﬁnth WﬁnWI?JNh&q
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and #;, is a part of #'. The relationship between z, and ;.
can be expressed as in (11), shown at the bottom of the page,
where ' = (1 4+ 2Q) + u(P + 2Q). C, is a matrix of size
PM x M(P + 2Q) and %/, is a sum of two noises, part of %’
and the channel measurement noise (if an estimated channel is
used). From (9) and (11), it is clear that D-OSDM preserves the
orthogonality among p and x,, even after propagation through
a doubly spread BEM channel. The proof of (9) and (11) can
be found in Appendix A. We would now like to show how the
receiver obtains the received message Zr,, p.

In D-OSDM, the pilot vector p is shared by both
the transmitter and the receiver. The receiver first cal-
culates (8) and obtains the channel impulse response
hy, = (hog h1g,-.. har—14) by solving (9). Because each
element of C,, , in (11) is a product of the channel impulse
response hy 4, Wy™, and W}, y, the receiver can obtain C,, ,
for all n and q. Finally, the receiver obtains z,,, by solving (11).

In the above paragraph, we ignored the effect of additive
noise for simplicity. However, in case we include the noise, (9)
and (11) need to be solved using LS. When we perform OSDM
communication with a single transmitter and receiver, this can
result in a noise enhancement. This is because the condition
number of the channel matrix C in (11) sometimes becomes
large which results in a boost of the noise. To avoid such prob-
lems, the use of a multichannel receiver is attractive, as is the
case for normal OSDM [26]. More specifically, in that case, the
receiver employs K hydrophones (K € Z1), and obtains K
received sequences, y°, 9, ..., y% 1. The receiver calculates
a product of y* and A(F @ I) forall k (k = 0,1,..., K
— 1), obtains zf and z¥, and finally obtains ., by solving
(zo 2h .. ,szl)

wur u

= Ty (Gg,Ci,...,Cf’l) + (S, B

My (12)

in an LS sense, where (C°,C%,...,C5 1) is a matrix of
size PM x KM(P + 2@Q). In this case, the receiver obtains
a vector of length M P, z,, from a vector of length K M (P
+Q), (22, 2L, ..., zK-1) by using LS for all U groups. Hence,
the receiver complexity becomes (M ?), as shown in Table 1.
We found that the condition number of (C2,C2,...,CX 1)
drastically decreases as A increases. In the simulations and
experiments that we will carry out in Sections III and IV, we
use a multichannel receiver with K = 3.

E. D-OSDM Operation at the Receiver With
Frequency-Domain Oversampling

As shown in Section II-A, in total, M N + L — 1 samples y
are obtained which contain useful information about the current

block. However, the receiver in Section II-D does not utilize all
the information available per block; it utilizes only M N sam-
ples, yA, for equalization. In this section, we improve the per-
formance of the receiver, based on the frequency-domain over-
sampling idea proposed in [19].

The receiver obtains an estimate of every transmitted mes-
sage Z,p by applying a frequency-domain oversampling
and performing channel equalization, as shown in Fig. 3. The
received and frequency-domain oversampled signal of length
2M N, y, can be expressed as

7= (4,01 unv—111)) Fiun (13)
Q
=% Y HyZsjy +1i
q=—Q

(14)

where Z is a vector of length 2M N given by

T

T (Fn @ Ing, Oprn s a N ) F o s v

and I:Iq is a matrix of size 2M N x 2M N, given by

H, = diag[(hg, 01,20 (n 1)) Finrn]

) LT . AT LT
= dlag(hqfo vhofy, ... vhquMNq) (15)

with

- , o —(M—1)r
f.= (WSMNJVZAIN""’VVzAgIN ) )

and, finally
(16)

1= (01 mun—1+1)) Fipnn-

Note that (15) and Zg’j’MN represent the effect of channel
delay spread (pointwise multiplication of the spectrum of
channel delay spread on ) and Doppler shift (element shift
in the frequency domain), respectively, and the ambient noise
17} is colored by padding zeros on 7. Fig. 5 illustrates the
structure of y when M = 2,P = 2,U = 2,Q = 1, and
h, = (1,0,0,...,0). As described in (39) in Appendix B,
the spectrum of p, g, Zt1, . . . , ey —1 in T interfere with each
other (ICI) after frequency-domain oversampling. However,
we assume that the ICI beyond the direct subcarrier neighbors
can be neglected, as done in the D-OFDM case [19]. As shown
in this figure, now we have 2M N samples in the frequency
domain from M N + L — 1 useful samples, and the spectra of
P, Tt0, Tr1, - - - s ey —1 do not interfere with each other even
after propagation through doubly spread channels, if we neglect
small ICI.

Zy = (ztu707mtu,17 ce >$tu.P71)
Cn’,fQ Cn’,fQ-‘rl Cn’,Qfl Cn’,Q OJMXM OAMXJVI
Opmxm Crnigi,-0 Croiig-2 Cuii0-1 Chii,0 Onr st ,
X . . . . + 17,
Orrxnme Oprsna Omsxnm  Cwiyr-1—g Cuwipr—1,-0Q+1 Crnir 10

= Iﬂtucc —+ nlu

(11)
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by 1/(2MNT).

The receiver merges oversampled subcarriers on ¥ as

g(Mp7MtO7A'It17 HR) »Mthl)

= (b;cv :’:Oa :15“-7 EUfl) (17)
where M, and M, are matrices of size 2M N x M (4Q) + 1)
and 2MN x M[2(P 4 2Q) — 1], and they are used to merge
subcarriers that carry information about p and z,,, respectively,

as shown in Fig. 5. More specifically, we have

0 Igi1 0Op; 0.2 Op.r-1
0 0 gy lign Lig+1
M,=1 : 0 0 0o .- 0
0 : : : - :
Ly 0 0 0 o0
(18)
Otu.O Otu,l Otu,l\lfl
Iypiagyrr Topy20)+1 Iy piag)+1
M., = 0 0 0
0 0 0
(19)

and

ﬁpﬁm' = 0(m’N72)><(4Q+1), m' = 1,2,....M—1

Otum = OfmN-2[140+u(P12Q)]} x 2(P+20) 1] -

In this case, the relationship between b}, and p can be approx-
imated as
B hQ)P e+ 'ﬁpc'

B.=(h 0.h g1, (20)

T

Moreover, the relationship between b,

approximated as

and x, can also be

b}c‘cu = zt'uHCU« + ﬁtcu (21)

where 7, is a part of 7}, and 7}, is a sum of two noises: part of
7 and the channel measurement noise (if an estimated channel is
used). P, and H.,, are matrices of size M (2Q+1) x M (4Q+1)
and M P x M (2P + 4Q — 1), respectively, and all elements of
P. and H_, are known information (each element of P, is a
product of p and rows of the IDFT matrix, and each element of
H, is a product of h, and rows of the IDFT matrix). The proof
of (20) and (21) can be found in Appendix B. We would now like
to show how the receiver with frequency-domain oversampling
obtains the received message x,,, .
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The receiver first performs frequency-domain oversampling
using ZP and DFT by computing (13), merges oversampled sub-
carriers by computing (17), and obtains h, by solving (20). Be-
cause each element of H,, is a product of the channel impulse
response h, and rows of the IDFT matrix, the receiver can ob-
tain H, for all u. Finally, the receiver obtains z,, by solving
(21). When the receiver employs K hydrophones, the receiver
calculates %, %", ..., 9" 1, obtains by’; and b, for all k, and
finally obtains z,,, by solving

(bES,u,bziu.,-.-,biii‘l) =y, (HY HY,, .. HE )
+ (Mews ews - - - Tlhen ) - (22)

Note that the noise in (22) is colored, because #,., con-
sists of three colored noises: ambient noise, residual ICI,
and channel measurement errors. Although this would mo-
tivate a weighted LS approach, we still solve (22) in an
unweighted LS sense for simplicity. In the following sections,
we show that the D-OSDM receiver with frequency-domain
oversampling is superior to the D-OSDM receiver without
frequency-domain oversampling, even if the noise is col-
ored. In the multiple hydrophone case, the receiver obtains a
vector of length M P, x4, from a vector of length KM (2P
4+ 4Q — 1), (B2, b, .. BEE ), by using LS for all U
groups. Hence, the receiver complexity becomes O(M?),
as shown in Table 1. Note, however, that the complexity of
the D-OSDM receiver with frequency-domain oversampling
doubles compared to the D—OSDM receiver without fre-
quency-domain oversampling. However, we can utilize all the
information available per block. Hence, the performance of
the D-OSDM receiver with frequency-domain oversampling
is expected to be superior to that of the D-OSDM receiver
without frequency-domain oversampling.

F. Characteristics of D-OSDM

In this section, we present the characteristics of D-OSDM,
by comparing it to D-OFDM. The advantages of D-OSDM
over D-OFDM are the low dynamic range of the transmitted
signal and a better communication quality, in exchange for re-
ceiver complexity. Fig. 6 shows the peak-to-average power ratio
(PAPR) of D-OSDM and D—OFDM. The D-OSDM signal is
a sum of one pilot data vector and PU data vectors, hence,
the maximum PAPR of D-OSDM becomes PU + 1. On the
other hand, the D-OFDM signal is a sum of M pilot sym-
bols and M PU data symbols, which results in a large PAPR,
as shown in Fig. 6. As a result, D-OSDM is attractive com-
pared to D-OFDM in terms of PAPR, which can result in a
signal-to-noise ratio (SNR) gain in practical situations where
the nonlinearity of the power amplifier at the transmitter should
be avoided.

Moreover, in heavy multipath channels, the channel fre-
quency characteristics face severe fading at specific frequencies
of subcarriers. In D-OFDM, the complex-valued data symbols
are assigned to specific subcarriers, hence, if the channel fre-
quency characteristic has a null at a subcarrier, the associated
information may be lost due to the low SNR on that subcarrier,
a drawback that comes with the advantage of a low complexity

10° T T T T

PAPR (dB)

Fig. 6. PAPR of D-OSDM and D-OFDM, when M = 63, P = 1,U =1,
and @ = 1.

at the receiver. Different from D-OFDM, the pilot and data
subcarriers appear M times in D-OSDM, hence, D-OSDM
exploits the full diversity of the channel and we can avoid a
low SNR scenario at specific pilot/data subcarriers for a similar
channel environment. Because there is a nonlinear relationship
between the SNR and BER, the communication quality of
D-OSDM is expected to be better than that of D-OFDM in the
same environment.

However, the receiver complexity of D-OSDM with fre-
quency-domain oversampling becomes M? times larger than
that of D-OFDM with frequency-domain oversampling, as
shown in Table I. This is because D-OSDM has to solve a
large-size problem [as shown in (12) and (22)] compared to
D-OFDM.

III. PERFORMANCE EVALUATION BY SIMULATIONS

A. Simulation Environment

We first evaluate the performance of D-OSDM under doubly
spread channels by simulations. Table II shows the parameters
used in the simulations. We consider three cases.

Case 1) We compare the performance of normal OSDM and
D-OSDM, under the same block length, data rate,
and signal bandwidth, to illustrate the benefits of
D-OSDM. The parameters are designed to make the
block length as small as possible in order to mini-
mize the effect of the Doppler spread.

Case 2) We consider the use of a larger value of P and U for
D-OSDM, to check the relationship between the ef-
fective data rate and the resilience against Doppler
spread. A Reed—Solomon (RS) code is employed
to compare different D-OSDM schemes under the
same effective data rate. Based on the results ob-
tained in Case 1), we only consider the receiver with
frequency-domain oversampling.

Case 3) We compare the performance of D-OSDM and
D-OFDM, under the same block length, data rate,
and signal bandwidth. As in Case 2), an RS code is
employed. Based on the results obtained in Cases
1) and 2), we choose P = 1 and use the receiver
with frequency-domain oversampling.
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TABLE II
PARAMETER SETTINGS FOR THE SIMULATIONS AND EXPERIMENTS
Type Parameters Coding Performances
M 189 Block length (ms): 87.6
P 1 Modulation: QPSK (& =2)
OSDM Q 0 Turbo Code rate cp.te: 1/3
o 1 Dala rate (kbps): 1.4
Case 1), L 60 Signal bandwidth (kHz): 5
M 63 Block length (ms): 87.6
D-OSDM P 1 Modulation: QPSK (b = 2)
oo i | @ 1 N/A | Code rate cyae’ I
oversampling U 1 Data rate (kbps): 14
L 60 Signal bandwidth (kHz): 5
P=1 P=2 P=3
Block length (ms): 87.6 100.2 1128 U=
M 63 1632  201.0 2388 U =3
D-OSDM P | 1,23 Modulation: 16QAM (b = 4)
Case 2), ﬁ'cqucgﬁ]domain Q 1 RS Code rate ¢ 4/5 715 1/3 U=1
oversampling U 1,3 815 1/3 4/15 U=3
L 60 Data rate (kbps): 2.3 2.3 2.2 U=1
24 2.5 2.5 =3
Signal bandwidth (kHz): 5 5 5
D-0SDM M 63 Block length: 87.6 ms
b. Sﬁ:)m P 1 Modulation: 16QAM (b = 4)
Case 3). with Q 1 RS Code rate a0 445
frequency-domain | [7 1 Data rate (kbps): 2.3
oversampling I 60 Signal bandwidth (kHz): 5

The receiver is assumed to have three hydrophones (K = 3).
The performances of the communication schemes are evaluated
by calculating the relationship among the maximum Doppler
shift f4, the energy per bit to noise power spectral density ratio
Ey /Ny, and BER [in Case 1)] or the block error ratio (BLER)
[in Cases 2 and 3)]. The normalized Doppler shift fq M NT is
also provided as well as the maximum Doppler shift. In the sim-
ulations, £, /Ny is defined as 02 /(02 Dyate), Where 02, 02, and
D, are the power of the received sequence without noise, the
power of the noise that is added to the received sequence, and
the data rate shown in Table II, respectively.

For the simulations, we use an equivalent baseband model,
whose time-domain resolution 7" is 0.2 ms. The channel impulse
response is assumed to be Rayleigh-distributed, exponentially
decaying (0.66 dB per tap in power), with a maximum delay
spread of 12 ms, resulting in L = 60 taps. The channels from the
transmitter to all the hydrophones are assumed to be mutually
independent. The channel Doppler spread is modeled by a bell-
shaped function

_ Va
wfd{1+a(fid)}’

where a is a positive scalar and assumed to be 9 in this paper.
The message consists of random, QPSK-modulated symbols.

S(f)

lfI < fa (23)

After calculating the effect of the delay and Doppler spread,
Gaussian noise is added to the signal, and the demodulation pro-
cesses are carried out.

B. Simulation Results

We evaluate the performance of D-OSDM from two view-
points. First, the relationship between the maximum Doppler
shift fq and BER/BLER is presented to show the robustness of
D—OSDM to doubly spread channels. Then, the relationship be-
tween E; /Ny and BER/BLER is studied to illustrate the perfor-
mance of D-OSDM in practical scenarios.

Let us first focus on a performance comparison between
D—OSDM and normal OSDM [Case 1)]. Figs. 7 and 8 show the
relationship between f4 and BER and the relationship between
E /Ny and BER for D-OSDM and normal OSDM, respectively.
It can be seen that D-OSDM in doubly spread channels achieves
a better performance than OSDM in a high-SNR environment,
somewhere above 20 dB (Fig. 7), and in a large-Doppler-spread
environment, somewhere above 10 Hz (Fig. 8). On the other
hand, OSDM achieves a better performance when E;/Ny is
less than 20 dB and the maximum Doppler shift is less than
10 Hz [Figs. 7(c) and 8(a)]. This means that D-OSDM works
effectively under doubly spread channels in high-SNR environ-
ments, but OSDM remains attractive when the SNR is low and
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Fig.7. Relationship between the maximum Doppler shiftand BER insimulation
[Case 1)]:(a) Ey /No =30dB;(b) E, /No =20dB;and(c) E» /Ny =10dB.

fa 1s small. Let us also compare the performances of D-OSDM
without frequency-domain oversampling and D-OSDM with
frequency-domain oversampling. It can be seen from Figs. 7
and 8 that D-OSDM with frequency-domain oversampling
exceeds D-OSDM without frequency-domain oversampling for
all scenarios [10 < FE; /Ny <30(dB)and0 < fq <45 (Hz)].
This means that we can improve the performance of D-OSDM
using frequency-domain oversampling because we can utilize all
the information available per block, as discussed in Section II-E.
Hence, we adopt D-OSDM with frequency-domain oversam-
pling in the remainder of this section.
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Fig. 8. Relationship between E, /Ny and BER in simulation [Case 1)]: (a)
maximum Doppler shift of 10 Hz; (b) maximum Doppler shift of 15 Hz; and
(c) maximum Doppler shift of 20 Hz.

Let us next focus on a performance comparison among dif-
ferent D-OSDM schemes [Case 2)]. Figs. 9 and 10 show the re-
lationship between f4 and BLER as well as the relationship be-
tween F, /Ny and BLER for D-OSDM with frequency-domain
oversampling (P = 1,2, and 3, and, U = 1 and 3), respec-
tively. Focusing on the U = 1 case (solid line), it can be seen
that D-OSDM (P = 1) in doubly spread channels achieves a
better performance than D-OSDM (P = 2 and 3) in a high-SNR
environment, somewhere above 20 dB (Fig. 9), regardless of f4
(Fig. 10). D-OSDM (P = 2 and 3) sometimes exceeds (P = 1)
in a low-SNR environment, however, BLER remains more than
10~2 which is not sufficient for practical communication. Fo-
cusing on the U = 3 case (dotted line), it can be seen that
D-OSDM (P = 1) in doubly spread channels achieves a better
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lation [Case 2)]: (a) E» /No = 30 dB; (b) E»/No = 20 dB; and (¢) E5»/No =
10 dB.

10

performance than D-OSDM (P = 2 and 3) in a high-SNR en-
vironment, as for the I/’ = 1 case. However, it can also be seen
that the performance of D-OSDM (U = 3) does not exceed
that of D-OSDM (U = 1), especially in a large Doppler spread
environment. Therefore, D-OSDM (P = 1) works well under
Doppler spread and can provide reliable communication even
in doubly spread channels, and is therefore a rational choice for
practical UWA communication (e.g., when the required BLER
is less than 1073).

We also would like to investigate the performance difference
between D-OSDM and D-OFDM [Case 2)]. Figs. 11 and 12
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Fig. 10. Relationship between Ej; /Ny and BLER in simulation [Case 2)]: (a)
maximum Doppler shift of 10 Hz; (b) maximum Doppler shift of 15 Hz; and (c)
maximum Doppler shift of 20 Hz.

show the relationship between fy4 and BLER and the relation-
ship between FEj; /Ny and BLER for D-OSDM and D-OFDM,
respectively. It is shown that D-OSDM in doubly spread chan-
nels achieves a better performance than D-OFDM under the
same circumstances. More specifically, to achieve a BLER of
103, D—OSDM can handle a maximum f4 that is about 20 Hz
larger (about 1.5 larger in normalized Doppler shift) compared
to D-OFDM (see Figs. 11(a) and (b)). As a result, D-OSDM
achieves a BLER of 1072 in a high-SNR environment when fg4
is less than 20 Hz (Figs. 12(a) and (b)) although D-OFDM has
a BLER floor around 1072, In Fig. 12(c) both D-OSDM and
D-OFDM have a BLER floor, but BLER of D-OSDM is about
1/10th compared to that of D-OFDM. This performance differ-
ence is attractive because this means that D-OSDM can provide
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lation [Case 3)]: (a) E»/No = 30 dB; (b) E» /N = 20 dB; and (¢) E» /Ny =
10 dB.

the same communication quality as D-OFDM but with a lower
signal power. Note that this increase of the power efficiency im-
proves as the required communication quality increases.

To conclude this part, D-OSDM is more attractive than
OSDM for UWA communication in doubly spread channels;
D-OSDM also works effectively under channels with large
delay and Doppler spreads in high-SNR environments, but
OSDM (with Turbo coding) remains attractive under channels
with a small Doppler spread or when the SNR is low. Moreover,
we found that D-OSDM with frequency-domain oversampling
and P = 1l and U = 1 is a rational choice for practical UWA
communication; it works well under Doppler spread and can
provide reliable communication even in doubly spread channels.

1 0{|

(b)

104 i i
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En /Ny (dB)
©
Fig. 12. Relationship between E; /Ny and BLER in simulation [Case 3)]: (a)

maximum Doppler shift of 10 Hz; (b) maximum Doppler shift of 15 Hz; and (c)
maximum Doppler shift of 20 Hz.

D—OSDM has also advantages over D-OFDM; D-OSDM can
handle a larger f4 or a smaller F;, /Ny compared to D-OFDM to
achieve the same BLER. What was found in these simulations
was that D-OSDM can achieve the same BER compared to
all other schemes but using a lower signal power, especially in
high-SNR environments with large Doppler spreads. Because
UWA modems are usually battery operated (e.g., since they are
mounted onunderwater vehicles that work as a hub in underwater
acoustic networks), the signal power reduction by D-OSDM is
attractive, since it increases the operation time. On top of this,
D-OSDM is characterized by a low PAPR.

IV. PERFORMANCE EVALUATION IN EXPERIMENTS

A. Experimental Environment

To evaluate the performance of D-OSDM in a realistic
environment, we conduct some experiments in a test tank,
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Fig. 14. Exemplary channel obtained from the experiment: (a) delay-Doppler representation; and (b) related channel impulse responses at different relative

Doppler shifts.

equipped with a wave generator. The moving surface (wave)
created by the wave generator is used to generate a dynamic,
doubly spread channel [see Fig. 13(a)]. The test tank has width,
height, and depth of 12000, 400, and 200 mm, respectively.
When the channel is static, the water level (WL) is set to 250
mm. When surface waves are generated, the wave length and
the wave height are 1090 and 90 mm, respectively. Since the
test tank has a wave absorber on the left-hand side, the wave
status is static throughout the experiments.

We place one transducer (Hla, Aquarian audio products,
Anacortes, WA, USA) and four hydrophones (H2a, Aquarian
audio products) in the test tank. They are tightly fixed so

that they do not move by the wave during the experiments.
Both the transducer and the hydrophones are connected
to a digital-to-analog/analog-to-digital (DA/AD) converter
(USB-6366, National Instruments, Austin, TX, USA), with a
sampling rate of 160 kHz, and work respectively as a transmitter
(Tx) and a receiver (Rx). Because there are four hydrophones at
Rx, we can calculate four BER/BLERSs from a single trial [the
number of combinations of three signals (K = 3) out of four].

Fig. 13(b) shows a channel impulse response obtained from
the experiments. This figure is obtained by transmitting a linear
frequency modulated signal (from 15 to 25 kHz) of length 8.5 s,
and by calculating the cross correlation between the transmitted
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and received signals, when there are no surface waves. The
power of the signal decays exponentially, and we can observe
two peaks, which respectively correspond to the direct signal
from the transducer and the reflected signal from the right-hand
side wall of the test tank. The channel delay spread, which de-
termines L, is assumed to be 12 ms, the point where the signal
power decays about 40 dB from its peak.

Fig. 13(c) (solid line) shows a Doppler spread profile, ob-
tained from the experiments. This figure is obtained by trans-
mitting a single tone of 20 kHz (corresponding to the carrier
frequency of the signal) for 0.84 s (corresponding to the period
of the surface wave) and by performing a Fourier transform of

the received signal. The obtained spectrum is clearly spread,
however, it also shows a sharp peak on the carrier frequency.
This is because there is a line of sight between Tx and Rx.
The transmitted signal originating from Tx propagates toward
Rx with refections from both the water surface and the floor of
the test tank, and Doppler shifts occur whenever the signal is
reflected at the water surface due to the movement of the sur-
face wave. However, the direct signal path from Tx to Rx and
the path from Tx to Rx via the right-hand side wall are not af-
fected by Doppler shifts, which results in a sharp peak of the fre-
quency spectrum at the carrier frequency. As a result, the exper-
imental conditions should be modeled as a combination of two
propagation models: a two-path Rayleigh fading channel with
no Doppler spread, and a multipath Rayleigh fading channel
with a Gaussian-shaped Doppler spread, as shown in Fig. 13(c)
(dotted line). The Gaussian-shaped Doppler spread function is
assumed to have a maximum Doppler shift of 20 Hz and a stan-
dard deviation of 8 Hz. The signal powers that propagate over
the two-path model and the multipath model are assumed to be
equal. This model matches the experimental results well, when
we perform simulations to confirm the experimental results, as
will be demonstrated in Section IV-B.

Fig. 14 shows an exemplary channel obtained from the
experiment. Fig. 14(a) shows the delay-Doppler representation
of the channel. This figure was obtained by transmitting a
D-OSDM signal (with M = 63, P = 1,U = 1,and @ = 9),
and calculating the channel impulse responses by (20) for
qg = —9,-8,...,9 from the received signal. The relative
Doppler shift [when we use the parameters in Table II, Case
3)] is also shown in this figure. As is clear from this figure,
the channel has a large Doppler spread in the frequency do-
main. Fig. 14(b) shows the related channel impulse responses
obtained by transmitting a D-OSDM signal (with M = 63, P
=1,U =1, and @ = 1), and calculating the channel impulse
responses by (20) for ¢ = —1, 0, and 1 from the received signal.
As shown in this figure, D-OSDM succeeds to extract the
channel impulse responses at different Doppler shifts, which are
related to the intersections of the delay-Doppler representation
in Fig. 14(a) at the relative Doppler shifts —1, 0, and 1.

In such an environment, we perform UWA communication
using D-OSDM, whose signal parameters are the same as in the
earlier simulations (see Table IT). However, in Case 2), we only
compare the performance of D-OSDM schemes with U = 1,
since the simulations showed that this choice achieves the best
results. The carrier frequency of the communication signal is set
to 20 kHz. As benchmarks, we also consider UWA communica-
tion using normal OSDM (with Turbo coding), and D-OFDM.
In D-OFDM, we use rectangular pulse shaping instead of
raised-cosine pulse shaping [19]. The performance of the com-
munication schemes is evaluated by calculating the relationship
between /Ny and BER, by changing the signal power. In the
experiments, /Ny is defined as (02 — 02) /(02 Dyate ), where
a2, 62, and D, are the power of the received sequence (with
noise), the power of the noise (observed signal when there is
no communication signal), and the data rate shown in Table II,
respectively. Simulations using the combination of the two
propagation models discussed earlier are also conducted to
confirm the experimental results.
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Fig. 16. Relationship between E5 /Ny and BER/BLER in simulation: (a) Case
1); (b) Case 2); and (c) Case 3).

B. Experimental Results

Figs. 15 and 16 show the relationship between Fy /Ny and
BER/BLER of D-OSDM, normal OSDM, and D-OFDM, ob-
tained by the experiment and simulation, respectively. Note that
the simulation results were obtained using the new model de-
scribed in Section IV-A.

We first focus on the performance comparison between
D—OSDM and normal OSDM [Case 1)] [Figs. 15(a) and 16(a)].
It can be observed that D-OSDM achieves a better performance
than normal OSDM in a high-SNR environment. For example,
D-OSDM achieves BER of 102 at Ey, /Ny of 14 dB, while
normal OSDM achieves the same BER at E;/Ny of only 17
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dB. It is also clear that D-OSDM with frequency-domain
oversampling exceeds D-OSDM without frequency-domain
oversampling. The simulation results also show the same
tendency as the experimental results.

We next focus on different D-OSDM schemes [Case 2)]
[Figs. 15(b) and 16(b)]. As also illustrated by the results of
Section ITI-B, we note that D-OSDM (P = 1) in doubly spread
channels achieves a better performance than D-OSDM (P = 2
and 3) in a high-SNR environment. This means that D-OSDM
(P = 1) works well under Doppler spread and can provide
reliable communication even in doubly spread channels, and
remains a rational choice for practical UWA communication.

We also compare D-OSDM with D-OFDM [Case 3)]
[Figs. 15(c) and 16(c)]. It is seen that D—-OSDM in doubly
spread channels achieves a better performance than D-OFDM
in high-SNR environments, somewhere above 20 dB, and
can improve BLER at the same FE;/Ny. More specifically,
D-OSDM achieves BLER of 10~3 when E;,/Ny = 30 dB,
although D—OFDM has a BLER floor around 10~ 2 in the ex-
periment. The simulation results also show the same tendency
as the experimental results.

In summary, as in Section III, D-OSDM is found to be
more attractive than normal OSDM and D-OFDM for UWA
communication in doubly spread channels, in exchange for
receiver complexity. Different from Section III, in this section,
the channel has a line-of-sight component, which allows us
to analyze the performance of D-OSDM in doubly spread
channels with line-of-sight conditions. We can conclude that
D-OSDM achieves a better performance than OSDM and
D-OFDM, and that it provides a reliable communication link
even in doubly spread channels with a line-of-sight component.
The simulation results conducted on this new channel model
match the experimental results well. The obtained results sug-
gest that D-OSDM can provide low-power and high-quality
UWA communication in realistic doubly spread channels.

V. CONCLUSION

We have proposed D-OSDM as a viable alternative offering
a highly reliable and flexible communication scheme for UWA
communication under delay and Doppler spread. D—-OSDM is
a combination of the OSDM technique and orthogonal multiple
access, which are perfectly complementary; orthogonal multiple
access provides OSDM the robustness to Doppler spread, while
OSDM provides orthogonal multiple access accurate channel
sensing. We have presented the required D-OSDM signal pro-
cessing steps both at the transmitter and the receiver, and we
have highlighted the characteristics of D-OSDM in comparison
to existing schemes. We have also evaluated the performance
of D-OSDM by both simulations and test-tank experiments.
The obtained results suggest that D-OSDM can provide a low-
power and high-quality UWA communication link especially
in channels with large delay and Doppler spreads; D-OSDM
improves /Ny compared to other communication schemes
to achieve the same BER in high-SNR environments. Because
most underwater systems are battery operated, D-OSDM is ex-
pected to be attractive because it can increase the lifetime of the
system. We believe that D-OSDM can become a powerful com-
munication tool for underwater operations.
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APPENDIX A
PROOF OF (9) AND (11)

Focusing on the left-hand side of (8), we can obtain

YA (Fy & In)

Q
=z | Y HA|AFyaIy)+n
q=-Q

Q
=&w (Fy @1In) Z H A ) (FyeIy)+1
q=—q

AL, = diag(VVR,, W, ..., Wﬁ“”q) (32)
Mg = diag (Wi, Wipyo- WL D). (33)

Ay oFy becomes a column-shifted DFT matrix as shown in

ALﬁqF *V
W wy 14
Wi Wyt Wyt

- N71:2+ N-1
I’VN( ) +( )q

(34

H—(,y](val)q W&(N71)+(N71)q

where (24) and AZ FN ®1?Réq0 bzcomes (35), shown at the bottom of the
H'q —H,A pa:ge. sa r*esu , (30) becomes
hog  hig harn-1,4 H (ArgFy © Arglu) y
harn—1,4 hog harN—2,4 @5) = diag(Co,4:C1,g:-- - CNn_1,0)Z /% (36)
: : : Finally, the right-hand side of (24) can be rewritten by using
h1,q ha,q ho,q
Ay = diag (Wi, Wi, W V7). 26) o
! ! *
Note that H', can be defined as (Fy @ Iu) ZQ H Ay | (Fy @ 1u)
g=—
H')=(Iy®Hyg)+(Zy @ Hyyg) 27 Q
_ . Mg
where Hy and Hiy, are the M x M matrices given by - Z diag(Co,q:Crg: -+ ON-1,4)Z3sn- (37)
=—Q
hO q hl q h'2Aq h]Wfl q
y ' ' ’ As a result
0 hO,q h'liq h]WfQ,q
HU7q = : (28) yA(F?V ®IM)
0 0 0 hqu = (Zp704,Q, 2021y .- ,ZU717ZP‘,Q%,1) + 17,
o 0 0 ho 4 Q
and = &Tm Z diag(CQq,Cl,q,...,CN,Lq)ZJ\Ag?V —‘r’f],
0 0 o -0 =-Q
hv1qg O 0 - 0 (38)
Hiq = : Do (29) " 4nd we can obtain (9) and (11) from (38) [the first M rows
ha.q hsq hag --- 0 correspond to (9) and the remaining rows correspond to (11)],
h14q haq hsq --- O which is the left-hand side of (8). That concludes the proof.
The right-hand side of (24) can be simplified by using
(Fny @ Inp)H' (A (Fy © Iyy) APPENDIX B
= H A (Fiy ® In) PROOF OF (20) AND (21)
= H(CI (AL @ ARrgq) (Fy ® In) We would like to see more details of g in (14). At first, we
=H, (AL Fy ® Ar ) (30) focus on the right-hand side of (14), #, where
where
F=2n(FN @I, Onnsnn)Fopy
HS = Fy Hy, + (FyZy)® Hy, 31) =2 (Fo, Pans o Paua 1) - (39)
WY AR, WRAR 4 WR AR,
W AR, Wy AR, Wy AR,
(AL oFy @ Argln) = T o o 3%)

W](VNfl)qAR .

’

ijg(Nfl)Jf(N*l)qAR?q

W/];(Nfler(N*l)qAR’q
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ﬁ'gm ~ 1s a matrix of size M N x 2N and (40), shown at the
bottom of the page, where

1
CR,C = N {1 ++v—1tan [(
Note that we assume that the ICI beyond the direct subcarrier

neighbors was neglected in (40). Now we can rewrite (39) as

(41)
(42)

—2R+C —N)rm
2N .

E=20m(Fn Iy, 0uNcun)Foyn
= (bo.0+Q,b1, b2, bar 1,00, 1)

where by _g— _1 and by g are vectors of length 2¢) and 2(N
— @), respectively, and

~T
by, gs-1= (01><(2Q71)7Pf2MN7100,2MN_1> (43)

~T ~T
boosq = (Pfo Pf1c01,01x020-1), 0,

B0,0: 0,811,050, - by 1),0,0). (44)

— =L 5 =R 5L
btu,?n = (OIX(QQfl) » Lo, 0,m o Tu,0,m: Loy 0,m =+ Lo,1,m»
5 =R &L R
Ty, 1,m» a’u,l,m + Iu72,m7 RS ‘Bu,l,Pflrn
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+1u,P71,ma Ly, P—1,m> lru,Pfljmv 01><(2Q71))

(47)
-1, ra
Lopm = Ituypng(anm)*lCg(“’p)‘zg(u’pml)il
~LT
= xtu,Png(U,P,m) (*9)
_ ~T
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~R ra
Lopm = Itu,png(U’P7m)+1Cg(u’p)’zg(u’p"m)Jrl
~RT
_ (50)

xt“wpfgz\v(u,p,m)
glu,p) =2Q+1+ (P +2Qu+p
gN(u7p7 m) =2mN + QQ(U,p).
Fig. 17 illustrates the relationship between Z and

bp,mabtu,m7b0,7Q—,\717b0,0—>Q9 and bm: when M = QaP
=2,U =2,and @ = 1. Now % can be expressed as

b,, and by, , are vectors of length 40) + 1 and 2P + 4Q — 1, Q
respectively, and y==z Z I:Iq—&q +7,
q=—Q
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We focus on specific subcarriers on g corresponding to by, ,,, and

iy

be.,.m, and call them b;m and b, ,,,, respectively. In this case,
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where Z§P+1 and Z§P+1 are matrices of size (2P + 1) x (2P
+ 1), and

v 0 0 0 0
b, ., can be expressed as 1 0 0 0
Zhpa= [0 00
by = (h g h g1, hQ) P + 1 1, (52) : Lo
00 --- 10
. . . 01 0 0
where P,,, is a matrix of size M (2Q + 1) x (4Q + 1), and we 00 1 0
have (53), shown at the bottom of the page, and 7,, ,,,, is a sum R e 55
of two noises: part of 47 and residual ICI. Moreover, bj,, ,,, can 2 ©5)
be expressed as 00 0 -1
o0 0 -0
btu m = (h*Q>h*Q+17"'7hQ) R AT ~T
' ¥ — &L 5
Xom = ngN(u;p,m)—l“Lu,p,m’ fgzv(u,pm)m“vpvm’
Xu,mZIQ“P+1 0M3<(4Q—2) Zj:TO . ,
Onrx1 Xowm Orrxaq 3 S anwpm) 1180 pms OMx(zP—z)) ngoﬂ} (56)
y Onrrxs Xoum 011 (40-5) and ),,, ,,, is a sum of two noises: part of 9 and ICL. Now (54)
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OnMx(1g-2) Xu_mngﬂ where H, ,, is a matrix of size MP x (2P + 4() — 1), and
+ Num (54) we have (58) and (59), shown at the bottom of the page. By
AT AT AT o\
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combining (52) for all m, we can obtain (20) as

(blr),m ;,17 s 7b1r:).Mfl)
=(h_g,h_041,- - ho)(Po, Py, ..., Par_1)
+ (ﬁpO?ﬁpl""?ﬁp]\lfl)
= b= (h g h g1, hQ) Pe+ it

Moreover, by combining (57) for all m, we can obtain (21) as

( zu.Ov zu,l‘/ e 7b€u,]\471)
- (wtu,Oy Tty ly--- 7$tu,P71)(Hu;O7Hu,17 s aHu,Mfl)
+ ('ﬁtu,mﬁtu,l? te 71~7tu,]\471)
= bioy, = TouHeu + ey

That concludes the proof.
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