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Double excitations

% Electron excitations in one-electron picture
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Excitation energies in TDDFT

* Dyson-like response equation
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ﬁ;ojection in transition space

% Casida’s equations
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Excitation energies in TDDFT

* Dyson-like response equation
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ﬁ;ojection in transition space

% Casida’s equations
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* only singly-excited configurations
X n. eigenvalues=n. single-excitations
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Reduced space — w-dependence

¥ m X m eigenvalue problem — lower-dimensional one

S C = (w— D) 'C
( 1)(61 es = (w— D) :261 S+ Ci(w — D)"'Cyles = wey

02 D €2
K(w)

* Many-body hamiltonian —— “one-particle” hamiltonian

X Multiple-excitation space —> single-excitation space
(D in double excitation space, S in single-excitation space (Casida’s within ALDA))

* Fourpoint BSE — two-point TDDFT (fze(w) even if the BSE kernel can be static)




Bethe-Salpeter equation

L(1,2,1',2") = Ly(1,2,1',2") + Lo(1,4,1,3)=(3,5,4,6)L(6,2,5,2)

Lo(1,2,1,2") = —iG(1,2)G(2,1')

5%(3, 4)

=(3,5,4,6) = 0(3,9)3(5,6)v(3, 6) + i77

x(1,2) = L(1,2,1,2)




Bethe-Salpeter equation

L(1,2,1,2) = Lo(1,2,1",2") + Lo(1,4,1', 3)2(3, 5,4, 6)L(6, 2,5, 2)

Lo(1,2,1,2") = —iG(1,2)G(2,1')

=(3,5,4,6) = 6(3,4)8(5, 6)v(3, 6) + Zgggz ‘;;

x(1,2) = L(1,2,1,2)

Y =GW
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Bethe-Salpeter equation

* Two-particle propagator
L(1,2,1,2)) = —G(1,2,1',2') + G(1,1)G(2,2))

* 1-particle GF G(1,2) = —i(N|T[(1)yT(2)]|N)

¥z-particle GF G(1,2,17,2') = (=i)2(N|T[w(1)w(2)wT (2)yT (1)]|N)
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G(T = [(tl -|—t1/)/2 — (t2 -|—t2/)/2],7'1 =11 — 11,7y = 19 —tgl)

G. Csanak, H. S. Taylor, and R. Yaris, Adv. At. Mol. Phys., 7, 289, (1971)



Bethe-Salpeter equation

% BSE




Bethe-Salpeter equation

% BSE




Bethe-Salpeter equation

% BSE

X BSEwith=2=v—W

% BSE with Wo(t —t')
X3=X6
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t1=t @ o=ty — trh@ o=ty —I_ t1=©(3=x4 e §)@tz=tz,
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X4=X5 X2

L(tl = tg) = L(w)




Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X

. g
[v/ d—wL(w,dJ,w") — —wW(w’ — &)L(w,@,w”)}
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Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X

de da
[v/ %L(w,@,w”) — %W(wl — JJ)L(W,@,W”)]

*Independent quasiparticle response function

Lo(w,w,w") = 21id(w — "G + w/2)G(W" —w/2)

X One-particle Green’s function

B Pn (1) P}, (T2)
Clo,eaw) =) o e e

n




Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X

de da
[v/ %L(w,@,w”) — %W(wl — JJ)L(W,@»W”)]

*Independent quasiparticle response function

Lo(w,w,w") = 21id(w — "G + w/2)G(W" —w/2)

X One-particle Green’s function

B Pn (1) P}, (T2)
(w1, ,w) = Z BT feen — o

Self-energy dynamical effects neglected




Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X

. g
[v/ d—wL(w,dJ,w") — —wW(w’ — &)L(w,@,w”)}
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Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X
dw

5
[v/ %L(w,@,w”) — %W(wl — CD)L(W,@»W”)]

W(w) ~W(w=0)
x I}(w) = l~}0(w) + I}O(w)Kz(w)




Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X

dw dw
L o AN I~ L ~ /!
[v/_Qw (w, @, w") - W(w —&)L(w,0,w )]

L(w) = Lo(w) + Lo(w) K L(w)
* ’Iwo-particle Hamiltonian

i(nllnl)(ngnQ/) - /dﬂ?ldﬂizdiﬁfdiﬁzfi(xl,3?2,331'7562';00)(/5;1(551)(/5711/ ($1')¢n2/ (552’)@*12(372)




Bethe-Salpeter equation

* BSE in frequency space
L(w,w,w") = Lo(w,w,w") —iG(w + w/2)G(W —w/2) X

o [ oteae) - [ W - a)Lw5.e")

L(w) = Lo(w) + Lo(w) K L(w)
* ’Iwo-particle Hamiltonian
i(n1/n1)(n2n2/) = /dﬂ?ldxzdivydiﬁzfi(iﬂly$2,5L‘1',562'500)(/5;1(551)(/5711/ (371')¢n2/ (55'2')@;2(372)
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S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);E. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)



Bethe-Salpeter equation

*¥ Excitonic Hamiltonian

2p,reso coupling
HQp,ea:c _ < [H(vc)(v c’) K(Uc)(c’v’)] )

coupling . 2p,reso
Keyeron)”  ~Hwew e

(ve)(c’v’

2p,exc (n2n2 ) _ (ny/n1)
ST — = wrA)

S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);E. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)



Bethe-Salpeter equation

*¥ Excitonic Hamiltonian

2p,reso coupling
HQp,ea:c _ ( [H(vc)(v c’) K(’UC)(C/’U/)] )

coupling ] _[ 2p,reso

(Uc)(c’v’) (ve)(v'ce’)

2p,exc (ngn /) (n /77,1)
(nym1)(nany) T = W A '

ATV g (21) ¢ (z1)

i B w) = Z
(331,332,56‘1 y L2 7(«0) S: [ S: wy —w + mszgn(enl, Enl)

AN Lnings
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S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);E. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)




Bethe-Salpeter equation

*¥ Excitonic Hamiltonian

2p,reso coupling
HQp,ea:c _ ( [H(vc)(v c’) K(’UC)(C/’U/)] )

coupling ] _[ 2p,reso

(Uc)(c’v’) (ve)(v'ce’)

2p,exc A(”2”2’) = W) A(”l’”l) Static kernel
(7’1,1/ nl)(n2n2/)

\/‘ * only singly-excited configurations

* n. eigenvalues=n. single-excitations

- A(n1/n1)¢n1 (xl) (:Cll)
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S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);E. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)




Bethe-Salpeter equation

¥ Excitonic Hamiltonian: W (w)

H(erf;/eif)(ngny)(("J}‘)Ag\n2n2/)(c‘b\) — W)\Af\nllnl)(ub\)

2p,exc

H(nllnl)(n2n2/) (WA) — (€n1 —€ny, )5n1/ no 5n1n2/ _I'(fnl/ _fnl) [U(nl/ ni)(nangs ) — W(nl/ ni)(nangs) (wk)}

G. Strinati, Rev. Nuovo Cimento 11, 1, (1988)



Bethe-Salpeter equation

¥ Excitonic Hamiltonian: W (w)

H(qujif)(mny)(WA)A&”W?’)(WA) — W)\Ag\nllnl)(w)\)

2p,exc

H(nllnl)(n2n2/) (WA) — (Enl —€ny, )5n1/ no 5n1n2/ _I'(fnl/ _fnl) [’U(nl/ ni)(nangs ) — W(nl/ ni)(nangs) (wk)}

* w-dependent screening

[ dw

~ 1 1
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G. Strinati, Rev. Nuovo Cimento 11, 1, (1988)



Bethe-Salpeter equation

¥ Excitonic Hamiltonian: W (w)

H2p,e:cc (W)\>Ag\n2n2,)(w>\> — CU)\Ag\nllnl)(W)\)

(nyrm1)(nengs)

2p,exc

H(nlxnl)(n2n2/)( A) — (6n1—6n1/)5n1/n2 N1 Ny (fnl/ fnl) [U(nlznl)(ngnQ/) - W(nlznl)(nan/)(wA)}

* w-dependent screening

dw 1 1
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G. Strinati, Rev. Nuovo Cimento 11, 1, (1988)



Bethe-Salpeter equation

¥ Excitonic Hamiltonian: W (w)

H(erf;/eif)(ngny)(("J}‘)Ag\n2n2/)(c‘b\) — W)\Af\nllnl)(ub\)

2p,exc

H(nllnl)(n2n2/) (WA) — (€n1 —€ny, )5n1/ no 5n1n2/ _I'(fnl/ _fnl) [U(nl/ ni)(nangs ) — W(nl/ ni)(nangs) (wk)}

* w-dependent screening




Bethe-Salpeter equation

¥ Excitonic Hamiltonian: W (w)

H2p,e:cc (u))\)Ag\n2n2,)(W>\) — CU)\Ag\nllnl)<W)\)

(nyrm1)(nengs)

2p,exc

H(nllnl)(n2n2/)( A) — (6n1_6n1/)5n1/n2 N1 Ny (fnl/ fnl) [U(nl/nl)(ngnQ/) - W(nl/nl)(ngnzx)(wk)}

* w-dependent screening
w Ag\vc) statch*(v ¢'),static

Wnn YOy, — Y(norni)(nangs norni)(ve a v'¢")(nonqs
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A(vc) statch*(’U ¢'),static

A/ Py
+Z Z /U(nQ/nl)(vc) wir;atzc_ —U(5'¢") (nanyr)

W BRI (€ng — €ny,) 11




Strategy

. Solve the H»°** A7) = ), A7 ™) with a static

(nyrmi)(neng ) " A

screening Wethe

static

. Build the polarizability x(w) from the eigenvaluesws
and eigenvectors A3 ***

. Build the screening W(w) = v+ vx(w)v

. Solve the H?*** (wa)AT2"2) (wy) = wr A ™ (wy) with

(ny/mni)(nangys)

this frequency-dependent screening




A simple model 1.

* 'Two-electron system

Eigenvalue eq.

| (v1el) (vicl)
U T & T | Aevc + V(ve)(ve) — W(vc)(vc) (w) U(UC)(UC)~ A=wA
1) le l VU(wve)(ve) A\ T U(ve)(ve) — W(vc)(vc) (w)




A simple model 1.

* 'Two-electron system

Eigenvalue eq.

| (vTel) (v]cl)
c (U Tc T) | AN V(ve)(ve) — W(vc)(vc) (w) U(ve)(ve) A=wA
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[Vive> \, (ng)mqfc)
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Singlet W™ = A€ye + 20(uoe)(we) — Wiy (ueyr AT = V2 ( 1 )

Tl‘iplet w;tatlc Aevc W(Svtg)t(zsc), Agtatic — < ].1 )




A simple model 1.

* 'Two-electron system

Eigenvalue eq.

| (vTel) (v]cl)
c (U Tc T) | AN V(ve)(ve) — W(vc)(vc) (w) U(ve)(ve) A=wA
v % ‘ (?} le l) VU(wve)(ve) A\ T U(ve)(ve) — W(vc)(vc) (w)

Vv

1 /1
Singlet Wit = Aeye + 20(ue) (we) — Wiiﬁf(’ﬁcp Affene = 7 ( 1 )

Triplet static static static __
P wy = Aeve = Wipey(neys Az =

%[U(CC) (ve) V(ve) (cc)]

static
W — Wy — Ae€ye

(wstatic

, _
= 20(ue) (we) + V(ee)(ww))” >> BR[V(ce)we)V(we)ov)] \ W ipe)(we) (W) = V(ee)(wv) T 2

double-excitation \
static

Singlets w1 = Acye + 2V(ve)(ve) ~ V(er)(wo) W3 = 2A€pc + 2V(ve)(wve) = Wine)(ve)




A simple model 1.

* 'Two-electron system

Eigenvalue eq.

| (vTel) (v]cl)
c (U Tc T) | AN V(ve)(ve) — W(vc)(vc) (w) U(ve)(ve) A=wA
v % ‘ (v le l) VU(wve)(ve) A\ T U(ve)(ve) — W(vc)(vc) (w)

Vv

1 /1
Singlet Wit = Aeye + 20(ue) (we) — Wiiﬁf(’ﬁcp Affene = 7 ( 1 )

Triplet static static static __
P wy = Aeve = Wipey(neys Az =

%[U(CC) (ve) V(ve) (cc)]

static
W — Wy — Ae€ye

(wstatic

, _
= 20(ue) (we) + V(ee)(ww))” >> BR[V(ce)we)V(we)ov)] \ W ipe)(we) (W) = V(ee)(wv) T 2

double-excitation \
static

Singlets w1 = Acye + 2V(ve)(ve) ~ V(er)(wo) W3 = 2A€pc + 2V(ve)(wve) = Wine)(ve)

Tl'iplets wa = A€ye — U(ce)(vv)




A simple model 1.

* 'Two-electron system

Eigenvalue eq.

| (vTel) (v]cl)
c (U Tc T) | AN V(ve)(ve) — W(vc)(vc) (w) U(ve)(ve) A=wA
v % ‘ (v le l) VU(wve)(ve) A\ T U(ve)(ve) — W(vc)(vc) (w)

[Vive> \, (squ)mfc)

1 /1
Singlet Wi = Ave + 2000y we) = Wingy(veyy AT = 7 ( 1 )

Triplet static static static __
P wy = Aeve = Wipey(neys Az =

%[U(CC) (ve) V(ve) (cc)]

static
W — Wy — Ae€ye

static

(@™ — 20(ue) (ve) + Vee)wv)” >> BR(ce) vy Vworwn)] \ Wine)(we) (W) = V(e (ww) T 2

double-excitation \
static

Singlets w1 = Acye + 2V(ve)(ve) ~ V(er)(wo) W3 = 2A€pc + 2V(ve)(wve) = Wine)(ve)

Triplets Wy = Aefvc — U(ce) (vw) Wq *AEUC + 2,0(”6)(”0) W(S;g)t(zgc)




A simple model 1.

* One-electron system

C

v

%

Vi >

[Aevc ~F Bwe)ue) = W(UC)(UC) (w)} A=wA Eigenvalue eq.



A simple model 1.

* One-electron system

[Aevc ~F Bwe)ue) = W(UC)(UC) (w)} A=wA Eigenvalue eq.

.

static static
ve)(ve)? A =1l




A simple model 1.

* One-electron system

[Aevc ~F Bwe)ue) = W(UC)(UC) (w)} A=wA Eigenvalue eq.

-

Vi >

static __ static static __
w = Aé€ye + V(ve)(ve) — W’Uc)(vc)7 A =1

%[U(cc) (ve)VU(ve) (cc)]

static

2 1 _
(w = U(vc)(vc) " U(cc)(vv)) >> 4§R[®(cc)(vc)v(vc)(vv)] W(Uc)(vc) (CU) — /U(CC)(UU) + W — wstatic — AGUC

w1 = A€y + U(ve)(ve) — Y(cee)(vv)




A simple model 1.

* One-electron system

[AEUC + V(ve)(ve) — W(Uc)(vc) (w)} A=wA Eigenvalue eq.

-

Vi >

static __ static static __
w = Aé€ye + V(ve)(ve) — W’Uc)(vc)7 A =1

§R[U(cc) (ve)VU(ve) (cc)]

static

2 1 _
(w = U(vc)(vc) " U(cc)(vv)) >> 4§R[®(cc)(vc)“(vc)(vv)] W(Uc)(vc) (CU) — /U(CC)(UU) + W — wstatic — AGUC

tatic

w1 = A€y + U(ve)(ve) — Y(cee)(vv) wy = 2A€yc + Y(we)(ve) — W(SUC)(UC)




A simple model 1.

* One-electron system

[Aevc ~F Bwe)ue) = W(UC)(UC) (w)} A=wA Eigenvalue eq.

-

Vi >

static __ static static __
w = Aé€ye + V(ve)(ve) — W’Uc)(vc)7 A =1

§R[U(cc) (ve)VU(ve) (cc)]

static

2 1 _
(w = U(vc)(vc) " U(cc)(vv)) >> 4§R[®(cc)(vc)v(vc)(vv)] W(Uc)(vc) (CU) — /U(CC)(UU) + W — wstatic — AGUC

w1 = A€y + U(ve)(ve) — Y(cee)(vv) w2 XQAG’UC + Y(we)(ve) — W(Sgg)t(l’gc)

Self-screening




Where does the self-screening
come from???

* Self-screening problem

iy, — h(1)] G(1, 2) — / d35(1,3)G(3,2)

—

Vi >

W. Nelson et al., Phys. Rev. B 75, 032505 (2007)



Where does the self-screening
come from???

* Self-screening problem

[i0;, — h(1)]G(1,2) — /dSZ(l,S)G(S,Q) =4(1,2) h(1)=-V?/2+U(1) +va(1)

—

[vi> HF— 21,2 =iG(,2)v(1T,2) Z¢n 1)k (z2)v(21, 22)

W. Nelson et al., Phys. Rev. B 75, 032505 (2007)



Where does the self-screening
come from???

* Self-screening problem

[i0;, — h(1)] G(1,2) — /dSZ(l 3)G(3,2) = 6(1,2) h(1)=-V?/2+U(Q)+vu(1)

—

[vi> HF— 21,2 =iG(,2)v(1T,2) qun 1)k (z2)v(21, 22)

i0, +V2/2-U(1)] G(1, 2)—/ dzzv(z1,73) [P(z3)9" (v3) — dz3)¢™ (23)] G(1,2) = 6(1,2)

W. Nelson et al., Phys. Rev. B 75, 032505 (2007)



Where does the self-screening
come from???

* Self-screening problem

iy, — h(1)] G(1, 2) — / d35(1,3)G(3,2)

—

[vi> GW—= 2 =i[Gv+ GW — )]

W. Nelson et al., Phys. Rev. B 75, 032505 (2007)



Where does the self-screening
come from???

* Self-screening problem

iy, — h(1)] G(1, 2) — / d35(1,3)G(3,2)

—

[vi> GW—= 2 =i[Gv+ GW — )]

Self-screening

W. Nelson et al., Phys. Rev. B 75, 032505 (2007)



Where does the self-screening
come from???

* Second order self-energy and kernel*




Where does the self-screening
come from???

* Second order self-energy and kernel*

é» M X

\> No extra poles WHY?




Conclusions

* A frequency-dependent kernel can create extra poles in
the response function

* W (w) creates double excitations...
* ...and spurious solutions...

* Vertex corrections needed




From BSE back to TDDF1

* The frequency-dependent xc kernel

fue(1,2) = £iD(1,2) + f2(1,2)

L. V. Tokatly, et al. Phys. Rev. B 65, 113107 (2002); F. Bruneval, at al. Phys. Rev. Lett. 94, 186402, (2005) ; M. Gatti, et al. Phys. Rev. Lett. 99, 057401, (2007)



From BSE back to TDDF1

* The frequency-dependent xc kernel

fre(1,2) = f3(1,2) + f32(1,2)

F0(1,2) = xx5(1,2) — x5 (1, 2)

= —ixg ' (1,5)G(5,3)G(4,5) op(2)

L. V. Tokatly, et al. Phys. Rev. B 65, 113107 (2002); F. Bruneval, at al. Phys. Rev. Lett. 94, 186402, (2005) ; M. Gatti, et al. Phys. Rev. Lett. 99, 057401, (2007)



From BSE back to TDDF1

* The frequency-dependent xc kernel

fre(1,2) = f3(1,2) + f32(1,2)

F0(1,2) = xx5(1,2) — x5 (1, 2)

15)G(5,3)G(4, 5)

ﬁZ/csa —

(2)(1,2) ~ —xo1(1,5)Lo(1,4,1,3)W(3,4)Lo(3,2,4,2) x5 - (6,2)

6p(2)

L. V. Tokatly, et al. Phys. Rev. B 65, 113107 (2002); F. Bruneval, at al. Phys. Rev. Lett. 94, 186402, (2005) ; M. Gatti, et al. Phys. Rev. Lett. 99, 057401, (2007)



From BSE back to TDDF1

* The frequency-dependent xc kernel

d /d 1 d ///d"’
fxc(w):—xal(w)[/ it Lg(w,w',w”)/ - wW(w'—JJ)LO(w,Jz,w’”)]
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From BSE back to TDDF1

* The frequency-dependent xc kernel
o) = 5" @)| [ 8 Lo ) [ LW
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Y sere AN G (01) pe(wr ) o () P () G EotatEe
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Wy (x5, z6,w) = U($575E6)+ZU($5»331’)[

A
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P. Romaniello et all. to be submitted



From BSE back to TDDF1

* The frequency-dependent xc kernel

% This work
zc =A
fro(@) = A -

B

_ wstatic s (Ec _ Ev)

* N. Maitra et al.

~

~ B
foelw) = A+ w— (Hpp — Hoo)

P. Romaniello et all. to be submitted; N. Maitra et al. J. Chem. Phys. 120, 5932 (2004)



