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Double excitations
Electron excitations in one-electron picture

✴ open-shell ✴ closed-shell 

energy reasonspin-symmetry reason

E|i↑a↓〉 ! E|v↑v↓〉

⤹⤹⤹

M. E. Casida et al.,  Lect. Notes Phys., 706, 243-257 (2006), R. J. Cave et al., Chem. Phys. Lett., 389, 39 (2004)



Casida’s equations

Excitation energies in TDDFT

Dyson-like response equation

projection in transition space

(

A B

−B
∗
−A

∗

)(

X

Y

)

= ω

(

X

Y

)

Aiaσ,jbτ = δστδabδij(εaσ − εiτ ) + Kiaσ,jbτ

Biaσ,jbτ = Kiaσ,bjτ

Kiaσ,jbτ =

∫ ∫

ψ∗

iσ(r)ψaσ(r)

[

1

|r− r
′|

+ fστ

xc (r, r′,ω)

]

ψ∗

bτ
(r′)ψjτ (r′)drdr′

⤹

χ(x1, x2, ω) = χs(x1, x2, ω)+χs(x1, x3, ω)

[

1

|x3 − x4|
+ fxc(x3, x4,ω)

]

χ(x4, x2,ω)
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′|

+ fστ
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ψ∗
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ALDA
✴ only singly-excited configurations
✴ n. eigenvalues=n. single-excitations

⤹

χ(x1, x2, ω) = χs(x1, x2, ω)+χs(x1, x3, ω)

[

1

|x3 − x4|
+ fxc(x3, x4,ω)

]

χ(x4, x2,ω)



              eigenvalue problem         lower-dimensional onem×m

(

S C1

C2 D

) (

e1

e2

)

= ω

(

e1

e2

)

fxc(ω)

Reduced space  ω-dependence

✴ Four-point BSE             two-point TDDFT   (             even if the BSE kernel can be static)

✴ Multiple-excitation space             single-excitation space 
     (D in double excitation space, S in single-excitation space (Casida’s within ALDA))

[S + C1(ω −D)−1
C2]e1 = ωe1

e2 = (ω −D)−1
C2e1

✴ Many-body hamiltonian                “one-particle” hamiltonian 
   

K(ω)

{



Bethe-Salpeter equation

Ξ(3, 5, 4, 6) = δ(3, 4)δ(5, 6)v(3, 6) + i
δΣ(3, 4)

δG(6, 5)

L0(1, 2, 1′, 2′) = −iG(1, 2′)G(2, 1′)

χ(1, 2) = L(1, 2, 1, 2)

L(1, 2, 1′, 2′) = L0(1, 2, 1′, 2′) + L0(1, 4, 1′, 3)Ξ(3, 5, 4, 6)L(6, 2, 5, 2′)



Bethe-Salpeter equation

Ξ(3, 5, 4, 6) = δ(3, 4)δ(5, 6)v(3, 6) + i
δΣ(3, 4)

δG(6, 5)

L0(1, 2, 1′, 2′) = −iG(1, 2′)G(2, 1′)

Σ = GW

δΣ

δG
= W + G

δW

δG
! Wapproximations

W (t − t
′) " W δ(t − t

′)

χ(1, 2) = L(1, 2, 1, 2)

⤷

L(1, 2, 1′, 2′) = L0(1, 2, 1′, 2′) + L0(1, 4, 1′, 3)Ξ(3, 5, 4, 6)L(6, 2, 5, 2′)



Bethe-Salpeter equation

G(1, 2) = −i〈N |T [ψ(1)ψ†(2)]|N〉

G(1, 2, 1′, 2′) = (−i)2〈N |T [ψ(1)ψ(2)ψ†(2′)ψ†(1′)]|N〉
pp
hh
ph

Two-particle propagator

✴ 1-particle GF

✴2-particle GF

L(1, 2, 1′, 2′) = −G(1, 2, 1′, 2′) + G(1, 1′)G(2, 2′)

G(τ = [(t1 + t1′)/2− (t2 + t2′)/2], τ1 = t1 − t1′ , τ2 = t2 − t2′)

G. Csanak, H. S. Taylor, and R. Yaris, Adv. At. Mol. Phys., 7, 289, (1971)
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Bethe-Salpeter equation
✴ BSE

✴ BSE with Ξ = v −W
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x1                 x2′

x1′                          x2
x1′                 x2

x1

x3=x4

x1′ 

x3=x6

x4=x5

x2′

x2

= +Lt 1=t1′ t 2=t2′ t 1=t1′ t 2=t2′ t 1=t1′

t 3=t4=t 5=t6
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(      )

(      )

Bethe-Salpeter equation
✴ BSE

✴ BSE with Ξ = v −W

✴ BSE with W δ(t− t
′)

L(t1 − t2) → L(ω)



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]

L0(ω,ω′,ω′′) = −2π iδ(ω′
− ω

′′)G(ω′ + ω/2)G(ω′′
− ω/2)

G(x1, x2,ω) =
∑

n

φn(x1)φ
∗

n
(x2)

ω − εn + iηsign(εn − µ)

✴ One-particle Green’s function 

✴Independent quasiparticle response function



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]

L0(ω,ω′,ω′′) = −2π iδ(ω′
− ω

′′)G(ω′ + ω/2)G(ω′′
− ω/2)

G(x1, x2,ω) =
∑

n

φn(x1)φ
∗

n
(x2)

ω − εn + iηsign(εn − µ)

✴ One-particle Green’s function 

Self-energy dynamical effects neglected

✴Independent quasiparticle response function

⤷



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

W (ω) !W (ω = 0)

L̃(ω) = L̃0(ω) + L̃0(ω)KL̃(ω)⤹
[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

W (ω) !W (ω = 0)

L̃(ω) = L̃0(ω) + L̃0(ω)KL̃(ω)⤹

Two-particle Hamiltonian

L̃(n
1′n1)(n2n

2′ ) =

∫
dx1dx2dx1′dx2′L̃(x1, x2, x1′ , x2′ ;ω)φ∗

n1
(x1)φn

1′
(x1′)φn

2′
(x2′)φ∗

n2
(x2)

[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]



Bethe-Salpeter equation

BSE in frequency space

L(ω,ω′,ω′′) = L0(ω,ω′,ω′′) − iG(ω′ + ω/2)G(ω′
− ω/2)×

W (ω) !W (ω = 0)

L̃(ω) = L̃0(ω) + L̃0(ω)KL̃(ω)

S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);F. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)

⤹

Two-particle Hamiltonian

L̃(n
1′n1)(n2n

2′ ) =

∫
dx1dx2dx1′dx2′L̃(x1, x2, x1′ , x2′ ;ω)φ∗

n1
(x1)φn

1′
(x1′)φn

2′
(x2′)φ∗

n2
(x2)

L̃(n
1′n1)(n2n

2′ ) =
[

H2p
− Iω

]

−1

(n
1′n1)(n2n

2′ )
(fn2

− fn
2′

)

H
2p

(n
1′n1)(n2n

2′ )
= (εn1

− εn
1′

)δn1,n
2′

δn
1′ ,n2

+ (fn
1′
− fn1

)K(n
1′n1)(n2′n2)

⤹

L̃0(n
1′n1)(n2n

2′ ) =
δn

1′n2
δn1n

2′
(fn

1′
− fn1

)

ω − (εn1
− εn

1′
) + iηsign(εn1

− εn
1′

)

[

v

∫

dω̃

2π

L(ω, ω̃, ω′′)−

∫

dω̃

2π

W (ω′
− ω̃)L(ω, ω̃, ω′′)

]



Bethe-Salpeter equation

Excitonic Hamiltonian

H
2p,exc =

(

H
2p,reso

(vc)(v′c′) K
coupling

(vc)(c′
v

′)

−[Kcoupling

(vc)(c′
v

′)]
∗
−[H2p,reso

(vc)(v ′
c
′)]

∗

)

H
2p,exc

(n
1′n1)(n2n

2′ )
A

(n2n
2′ )

λ
= ωλA

(n
1′n1)

λ

S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);F. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)



Bethe-Salpeter equation

Excitonic Hamiltonian

H
2p,exc =

(

H
2p,reso

(vc)(v′c′) K
coupling

(vc)(c′
v

′)

−[Kcoupling

(vc)(c′
v

′)]
∗
−[H2p,reso

(vc)(v ′
c
′)]

∗

)

H
2p,exc

(n
1′n1)(n2n

2′ )
A

(n2n
2′ )

λ
= ωλA

(n
1′n1)

λ

L̃(x1, x2, x1′ , x2′ ,ω) =
∑

λλ′

[

∑

n1n
1′

A
(n

1′n1)
λ

φn1
(x1)φ

∗

n
1′

(x1′)

ωλ − ω + iηsign(εn
1′
− εn1

)
×

S−1
λλ′

∑

n2n
2′

A
∗(n2n

2′ )
λ′ φn2

(x2)φ
∗

n
2′

(x2′)(fn
2′
− fn2

)

]

⤹

S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);F. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)



Bethe-Salpeter equation

Excitonic Hamiltonian

H
2p,exc =

(

H
2p,reso

(vc)(v′c′) K
coupling

(vc)(c′
v

′)

−[Kcoupling

(vc)(c′
v

′)]
∗
−[H2p,reso

(vc)(v ′
c
′)]

∗

)

H
2p,exc

(n
1′n1)(n2n

2′ )
A

(n2n
2′ )

λ
= ωλA

(n
1′n1)

λ

L̃(x1, x2, x1′ , x2′ ,ω) =
∑

λλ′

[

∑

n1n
1′

A
(n

1′n1)
λ

φn1
(x1)φ

∗

n
1′

(x1′)

ωλ − ω + iηsign(εn
1′
− εn1

)
×

S−1
λλ′

∑

n2n
2′

A
∗(n2n

2′ )
λ′ φn2

(x2)φ
∗

n
2′

(x2′)(fn
2′
− fn2

)

]

Static kernel
✴ only singly-excited configurations
✴ n. eigenvalues=n. single-excitations⤹

S. Albretcht, Ph.D. thesis, Ecole Polytechnique, France (1999);F. Sottile, Ph.D. thesis, Ecole Polytechnique, France (2003)



Bethe-Salpeter equation

Excitonic Hamiltonian: W (ω)

G. Strinati, Rev. Nuovo Cimento 11, 1, (1988)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ)A

(n2n
2′ )

λ
(ωλ) = ωλA

(n
1′n1)

λ
(ωλ)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ) = (εn1

−εn
1′

)δn
1′n2

δn1n
2′

+(fn
1′
−fn1

)
[

v(n
1′n1)(n2n

2′ ) − W̃(n
1′n1)(n2n

2′ )(ωλ)
]



Bethe-Salpeter equation

Excitonic Hamiltonian: W (ω)

G. Strinati, Rev. Nuovo Cimento 11, 1, (1988)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ)A

(n2n
2′ )

λ
(ωλ) = ωλA

(n
1′n1)

λ
(ωλ)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ) = (εn1

−εn
1′

)δn
1′n2

δn1n
2′

+(fn
1′
−fn1

)
[

v(n
1′n1)(n2n

2′ ) − W̃(n
1′n1)(n2n

2′ )(ωλ)
]

✴ ω-dependent screening

W̃(n
1′n1)(n2n

2′ )(ωλ) = i

∫

dω

2π
W(n

1′n1)(n2n
2′ )(ω)

[

1

ωλ − ω − (εn
2′
− εn

1′
) + iη

+
1

ωλ + ω − (εn1
− εn2

) + iη

]



Bethe-Salpeter equation

Excitonic Hamiltonian: W (ω)

W = v + vχv

⤹

G. Strinati, Rev. Nuovo Cimento 11, 1, (1988)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ)A

(n2n
2′ )

λ
(ωλ) = ωλA

(n
1′n1)

λ
(ωλ)

W(n
1′n1)(n2n

2′ )(ω) = v(n
2′n1)(n2n

1′ )+
∑

λ

∑

ṽc̃,ṽ′c̃′

v(n
2′n1)(ṽc̃)

A
(ṽc̃),static

λ
A
∗(ṽ′

c̃
′),static

λ

ω − ω
static
λ

+ iη
v(ṽ′c̃′)(n2n

1′ )

−

∑

λ

∑

c̃ṽ,c̃′ṽ′

v(n
2′n1)(c̃ṽ)

A
(c̃ṽ),static

λ
A
∗(c̃′

ṽ
′),static

λ

ω + ω
static
λ

− iη
v(c̃′ṽ′)(n2n

1′ )

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ) = (εn1

−εn
1′

)δn
1′n2

δn1n
2′

+(fn
1′
−fn1

)
[

v(n
1′n1)(n2n

2′ ) − W̃(n
1′n1)(n2n

2′ )(ωλ)
]

✴ ω-dependent screening

W̃(n
1′n1)(n2n

2′ )(ωλ) = i

∫

dω

2π
W(n

1′n1)(n2n
2′ )(ω)

[

1

ωλ − ω − (εn
2′
− εn

1′
) + iη

+
1

ωλ + ω − (εn1
− εn2

) + iη

]



Bethe-Salpeter equation

Excitonic Hamiltonian: W (ω)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ) = (εn1

−εn
1′

)δn
1′n2

δn1n
2′

+(fn
1′
−fn1

)
[

v(n
1′n1)(n2n

2′ ) − W̃(n
1′n1)(n2n

2′ )(ωλ)
]

✴ ω-dependent screening

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ)A

(n2n
2′ )

λ
(ωλ) = ωλA

(n
1′n1)

λ
(ωλ)



Bethe-Salpeter equation

⤹

Excitonic Hamiltonian: W (ω)

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ) = (εn1

−εn
1′

)δn
1′n2

δn1n
2′

+(fn
1′
−fn1

)
[

v(n
1′n1)(n2n

2′ ) − W̃(n
1′n1)(n2n

2′ )(ωλ)
]

✴ ω-dependent screening

+
∑

λ′

∑

ṽc̃,ṽ′c̃′

v(n
2′n1)(ṽc̃)

A
(ṽc̃),static

λ′ A
∗(ṽ′

c̃
′),static

λ′

ωλ − ω
static
λ′ − (εn

2′
− εn

1′
) + iη

v(ṽ′c̃′)(n2n
1′ )

W̃(n
1′n1)(n2n

2′ )(ωλ) = v(n
2′n1)(n2n

1′ )+
∑

λ′

∑

ṽc̃,ṽ′c̃′

v(n
2′n1)(ṽc̃)

A
(ṽc̃),static

λ′ A
∗(ṽ′

c̃
′),static

λ′

ωλ − ω
static
λ′ − (εn

2′
− εn

1′
) + iη

v(ṽ′c̃′)(n2n
1′ )

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ)A

(n2n
2′ )

λ
(ωλ) = ωλA

(n
1′n1)

λ
(ωλ)



Strategy

1. Solve the                                                 with a static 
screening

2. Build the polarizability          from the eigenvalues      
and eigenvectors 

3. Build the screening 

4. Solve the                                                             with 
this frequency-dependent screening 

W
static

ω
static

λ

A
static

λ

χ(ω)

W (ω) = v + vχ(ω)v

H
2p,exc

(n
1′n1)(n2n

2′ )
A

(n2n
2′ )

λ
= ωλA

(n
1′n1)

λ

H
2p,exc

(n
1′n1)(n2n

2′ )
(ωλ)A

(n2n
2′ )

λ
(ωλ) = ωλA

(n
1′n1)

λ
(ωλ)



A simple model I.

Two-electron system Eigenvalue eq.




(v ↑ c ↑) (v ↓ c ↓)

(v ↑ c ↑) ∆εvc + v(vc)(vc) − W̃(vc)(vc)(ω) v(vc)(vc)

(v ↓ c ↓) v(vc)(vc) ∆εvc + v(vc)(vc) − W̃(vc)(vc)(ω)



 A = ωA



A simple model I.

ω
static

1 = ∆εvc + 2v(vc)(vc) − W static

(vc)(vc), Astatic

1 =
1
√

2

(

1

1

)

ω
static

2 = ∆εvc − W static

(vc)(vc), Astatic

2 =
1
√

2

(

1

−1

)

Singlet

Triplet 

Two-electron system Eigenvalue eq.

W
static

(vc)(vc)⤹





(v ↑ c ↑) (v ↓ c ↓)

(v ↑ c ↑) ∆εvc + v(vc)(vc) − W̃(vc)(vc)(ω) v(vc)(vc)

(v ↓ c ↓) v(vc)(vc) ∆εvc + v(vc)(vc) − W̃(vc)(vc)(ω)



 A = ωA



A simple model I.

ω
static

1 = ∆εvc + 2v(vc)(vc) − W static

(vc)(vc), Astatic

1 =
1
√

2

(

1

1

)

ω
static

2 = ∆εvc − W static

(vc)(vc), Astatic

2 =
1
√

2

(

1

−1

)

ω1 = ∆εvc + 2v(vc)(vc) − v(cc)(vv)Singlets 
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⤹  No extra poles WHY?
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A frequency-dependent kernel can create extra poles in 
the response function

              creates double excitations...

...and spurious solutions... 

Vertex corrections needed

W (ω)

Conclusions
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✴ This work

✴ N. Maitra et al.


