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ABSTRACT To solve the problem of trajectory tracking control for the underactuated unmanned underwater

vehicle (UUV) in external current disturbance, a back-stepping sliding mode control method with double-

loop structure is proposed in this paper. The outer-loop controller constructs the position error sliding surface

through desired position error, obtains the kinematics control law by combining with power reaching law,

and gets the error of virtual velocity after completing the design of trajectory tracking kinematics controller.

The inner-loop controller constructs the sliding surface of longitudinal, horizontal, and vertical velocity

error, respectively, with the help of the UUV speed error. Also, the trajectory tracking dynamic controller is

designed by combining with the exponential reaching law, where the control moment is almost chattering-

free. The stability of the double-loop control system is proved by combining with the Lyapunov stability

theory. Finally, the simulation experiments verify the high effectiveness of the algorithm.

INDEX TERMS UUV, trajectory tracking, integral sliding mode control, double-loop control structure.

I. INTRODUCTION

UUV has been used in deep-sea exploration, hydrological

information collection, seabed topography and geomorphol-

ogy exploration widely. The trajectory tracking control prob-

lem of UUV refers to correcting its position and velocity

timely, and reaching the desired position in the specific time

with specific attitude based on the position and velocity of

desired trajectory. Due to a series of characteristics of UUV,

including under-actuation, strong coupling, nonlinear and so

on, and the influence of external disturbances such as waves

and currents during operation, it is still a great challenge of

researching on trajectory tracking control of UUV.

Backstepping control method [1]–[8] and sliding mode

controlmethod have beenwidely used [9]–[17] and [19]–[21].

Aiming at the problem of trajectory tracking backstepping

control for underactuated UUV three-dimensional target,

bio-inspired model and backstepping method are introduced

to solve the problem of tracking shock caused by motion

parameters jumping of the controller at turning points in

reference [5]. Meanwhile, the singular value problem during

single backstepping control is avoided. In addition, it analyses

the stability of the whole closed-loop control system through
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approving it for publication was Salman Ahmed.

the Lyapunov stability theory under the idea of backstep-

ping design. In order to solve the problem of tracking the

horizontal target trajectory for underactuated UUV with the

conditions of parameter perturbation and constant current

disturbance, the reference [10] applies the position error of

the PID sliding mode stabilization control. The longitudinal

velocity error and heading angular velocity error of first-

order sliding surface and second-order sliding surface sta-

bilization, and proves the limited global time convergence of

the closed-loop system by use of Lyapunov stability theory

and Cascade system theory. Reference [11] puts forward

a control method of double-loop chattering-free adaptive

sliding mode to solve the three-dimensional target trajectory

tracking control of actuated UUV. It has the outer-loop

position controller and inner-loop speed controller, and over-

comes the outer-loop chattering by using saturation function

instead of sign function. Moreover, a continuous adaptive

term is designed to replace the discontinuous switching of

traditional sliding mode, and global asymptotically stable

of double-loop control system is proved by using Lyapunov

stability theory. On the horizontal target trajectory tracking

of underactuated UUV, the hyperbolic tangent is added to the

original error equation. Three terminal sliding mode surfaces

are designed based on longitudinal and transverse velocity

error in reference [12]. It includes terminal sliding mode
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surface, fast terminal sliding mode surface and non-singular

terminal sliding mode surface. Combining the constant speed

approaching law with boundary layer function, a kind of

horizontal trajectory tracking controller is designed and the

finite time stability of the control system is analyzed. The

simulation results are satisfactory. In reference [14], a sliding

mode controller with adaptive gain is proposed for the hori-

zontal target trajectory tracking sliding mode control of actu-

ated UUV. It is a kind of slidingmode controller with adaptive

gain. The reaching law replaces the original sign function

reduces chattering with continuous item, and cooperates with

adaptive law to estimate reaching law. In additional, it proves

that the controller is finite time convergence. The simulation

results show that the sliding mode gain of the controller is

lower under the same conditions.

Aiming at the underactuated UUV with horizontal and

vertical motion-missing actuator on the condition of cur-

rent disturbance, this paper divides the control system into

the kinematic controller subsystem and dynamic controller

subsystem with the idea of backstepping control. The sta-

bilization position error of virtual control input is gained

through constructing Lyapunov function directly. The virtual

control input is considered as expected value. The control

law stabilization velocity error of force and torque is gained

by designing integral sliding surface of velocity error. Com-

pared with the single backstepping controller, the application

of integral sliding mode control method with double-loop

structure simplifies the design of controller. The application

of integral sliding method for the inner loop can improves the

dynamic performance of the system at the same time.

FIGURE 1. Structural diagram of underactuated UUV.

II. PROBLEM DESCRIPTION

As shown in Fig. 1, the UUV models are selected from

references [2] and [18] as simulation objects. The UUV is

equipped with three groups of independent actuators includ-

ing fore-and-aft, heading and diving. It can realize the motion

control with three degrees of freedom. It belongs to underac-

tuated UUV, so the sway, roll and heave motion cannot be

realized.

A. UUV MOTION MODEL

The six degrees of freedom kinematics equation of UUV is

shown in Fig. 1.
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



ξ̇ = u cosψ cos θ + v(cosψ sin θ sinϕ − sinψ cosϕ)

+w(cosψ sin θ cosϕ + sinψ sinϕ)

η̇ = u sinψ cos θ + v(sinψ sin θ sinϕ + cosψ cosϕ)

+w(sinψ sin θ cosϕ − cosψ sinϕ)

ζ̇ = −u sin θ + v cos θ sinϕ + w cos θ cosϕ

ϕ̇ = p+ q sinϕ tan θ + r cosϕ tan θ

θ̇ = q cosϕ − r sinϕ

ψ̇ = q sinϕ/ cos θ + r cosϕ/ cos θ

(1)

where ξ , η, ζ are the position variables of UUV in the stability

axis. ξ̇ , η̇ and ζ̇ are the first-order time derivative of corre-

sponding position variables, i.e. the linear velocity of UUV

in the stability axis. ψ , θ , φ are the yaw angle, pitch angle

and roll angle of UUV respectively, and |ψ | < π , |θ | < π/2,

|φ| < π/2. u, v,w are the Linear velocity variables of UUV

in the current axis.

In order to realize the trajectory tracking control of UUV,

it is necessary to establish the dynamic model of UUV and

the second-order dynamic equations of underactuated UUV,

such as (2):

Fu

m11
= u̇−

m22

m11
vr +

m33

m11
wq+

Xu

m11
u+

Xu|u|

m11
u |u|

0 = v̇+
m11

m22
ur +

Yv

m22
v+

Yv|v|

m22
v |v|

0 = ẇ−
m11

m33
uq+

Zw

m33
w+

Zw|w|

m33
w |w|

then,

Fq

m55
= q̇−

m33 − m11

m55
uw+

Mq

m55
q+

Mq|q|

m55
q|q|

+
BGzW sin θ

m55
(2)

Fr

m66
= ṙe −

m11 − m22

m66
uv+

Nr

m66
r +

Nr|v|

m66
r|r|

where mii represents the hydrodynamic coefficient of UUV,

Fu means the Longitudinal force of UUV, Fq means the

pitching torque of UUV, and Fr represents the horizontal

torque of UUV. It can be got that the UUV does not contain

forces and torque in the dynamic equations of horizontal and

vertical motion. So the UUV is underactuated.

B. ESTABLISHMENT OF SPACE TRAJECTORY

TRACKING ERROR EQUATION

During space trajectory tracking, the motion of UUV has

six degrees of freedom, including surge, sway, heave, pitch,

roll and yaw. When implementing control strategy to UUV,

the roll motion of UUV is usually neglected and only the other

five degrees of freedom are considered. The error variables

are shown as follows:

ξe = ξ − ξp, ηe = η − ηp, ζe = ζ − ζe

ψe = ψ − ψp, θe = θ − θp (3)
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FIGURE 2. Block diagram of UUV trajectory tracking control system with double closed loop structure.

ue = u− up, ve = v− vp,we = w− wp

re = r − rp, qe = q− qp (4)

where ξp, ηp and ζp are the desired position amount of UUV

in the stability axis respectively. ψp and θp are the expected

values of yaw angle and pitch angle of UUV, and ψp =

arctan(η̇p/ξ̇p), θp = − arctan( ζ̇p/
√

ξ̇2p + η̇2p ). up and vp are

the expected linear velocity of UUV in the current axis, and

up0 =
√

ξ2p + η2p + ζ 2p , vp0 = 0, wp0 = 0. rp is the yaw angle

velocity, and qp is the pitch angle velocity of UUV.

Plugging formulas (3) and (4) into formula (1), the kine-

matic error equations are obtained as follows:




ξ̇e
η̇e
ζ̇e





=





cosψ cos θ − cosψp cos θp − sinψ + sinψp
sinψ cos θ − sinψp cos θp cosψ − cosψp

− sin θ + sin θp 0

cosψ sin θ − cosψp sin θp
sinψ sin θ − sinψp sin θp

cos θ − cos θp









up
vp
wp





+





cosψ cos θ − sinψ cosψ sin θ

sinψ cos θ cosψ sinψ sin θ

− sin θ 0 cos θ









ue
ve
we





(5)

θ̇e = qe (6)

ψ̇e =
r

cos θ
−

rp

cos θp
(7)

The corresponding dynamic error equation of underactu-

ated UUV is as follows:

u̇e =
m22

m11
(vere + verp + vpre + vprp) −

m33

m11
(weqe

+weqp + wpqe + wpqp)
Xu

m11

(

ue + up
)

−
Xu|u|

m11
(ue + up)

∣

∣ue + up
∣

∣ − u̇p +
Fu

m11
(8)

v̇e = −
m11

m22

(

uere + uerp + upre + uprp
)

−
Yv

m22

(

ve + vp
)

−
Yv|v|

m22

(

ve + vp
) ∣

∣ve + vp
∣

∣ − v̇p (9)

ẇe =
m11

m33

(

ueqe + ueqp + upqe + upqp
)

−
Zw

m33

(

we + wp
)

−
Zw|w|

m33

(

we + wp
) ∣

∣we + wp
∣

∣ − ẇp

(10)

q̇e =
m33 − m11

m55

(

uewe + uewp + upwe + upwp
)

−
Mq

m55

(

qe + qp
)

−
Mq|q|

m55

(

qe + qp
)
∣

∣qe + qp
∣

∣

−
BGzW sin θ

m55
− q̇p +

Fq

m55
(11)

ṙe =
m11 − m22

m66
(ueve + uevp + upve + upvp)

−
Nr

m66

(

rp + re
)

−
Nr|r|

m66
(re + rp)

∣

∣re + rp
∣

∣ − ṙp

+
Fr

m66
(12)

Then the kinematic error equation and dynamic error equa-

tion of UUV space moving target trajectory tracking are

established. Thus, the satisfied conditions of trajectory track-

ing can be described as:

lim
t→∞

| ξe | = 0 , lim
t→∞

| ηe | = 0 , lim
t→∞

| ζe | = 0

when the above three conditions are satisfied, zero error

trajectory tracking can be realized.

III. THE DESIGN OF UNDERACTUATED UUV SPACE

TRAJECTORY TRACKING CONTROLLER

The block diagram of control systemwith double closed-loop

structure is shown as Fig. 2. From it, It can be knew that the

outer loop obtains the virtual velocity error variable through

defining the position error sliding surface, and the inner loop

tracks the virtual velocity error through defining the velocity

error integral sliding surface. Finally, the trajectory tracking

control of UUV is realized.

A. THE DESIGN OF OUTER LOOP CONTROLLER BASED

ON POSITION ERROR SLIDING SURFACE

In order to realize the stabilization of the position error ξe,

ηe and ζe of underactuated UUV, the following position error

sliding surface is defined.




S01
S02
S03



 =





ξ − ξp
η − ηp
ζ − ζp



 (13)

Find the first derivative of time t to formula (13) of position

error sliding surface, and get:




Ṡ01
Ṡ02
Ṡ03



 =





ξ̇e
η̇e
ζ̇e



 (14)

The kinematics error equation (5) is introduced into

the first derivative (14) of the position error sliding surface
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to obtain:




Ṡ01
Ṡ02
Ṡ03



 = (R1 − R2)





up
vp
wp



 + R1





ue
ve
we



 (15)

Among them,

R1 =





cosψ cos θ − sinψ cosψ sin θ

sinψ cos θ cosψ sinψ sin θ

− sin θ 0 cos θ



 ,

R2 =





cosψp cos θp − sinψp cosψp sin θp
sinψp cos θp cosψp sinψp sin θp

− sin θp 0 cos θp





In order to gain a better reaching effect, it can take the

power approach law and have:




Ṡ01
Ṡ02
Ṡ03



 =





−λ01 |S01|
α01 sign (S01)

−λ02 |S02|
α02 sign (S02)

−λ03 |S03|
α03 sign (S03)



 (16)

where λ01 >0, λ02 >0 and λ03 >0 are the switching gain of

sliding mode control. The exponential approach coefficient

of sliding mode control includes 0< α01 <1, 0< α02 <1 and

0< α03 <1.

By substituting formula (15) into formula (16), the position

error sliding mode control law of motion error equation can

be obtained. In fact, the control law represents the expected

value of the longitudinal velocity error as well as the lateral

velocity error which are shown as zu and zv, and the expected

value of the vertical velocity error which is zw respectively.

The form is as follows.




zu
zv
zw



 = −R−1
1 (R1 − R2)





up
vp
wp





−R−1
1





λ01 |ξe|
α01 sign (ξe)

λ02 |ηe|
α02 sign (ηe)

λ03 |ζe|
α03 sign (ζe)



 (17)

Take the first-order derivative of time t to equation (17) and

get:




żu
żv
żw



 = −Ṙ−1
1 (R1 − R2)





up
vp
wp





−R−1
1

(

Ṙ1 − Ṙ2
)





up
vp
wp





−R−1
1 (R1 − R2)





u̇p
v̇p
ẇp





−Ṙ−1
1





λ01 |ξe|
α01 sign (ξe)

λ02 |ηe|
α02 sign (ηe)

λ03 |ηe|
α03 sign (ζe)





−R−1
1





λ01α01 |ξe|
α01−1

λ02α02 |ηe|
α02−1

λ03α03 |ζe|
α03−1



 (18)

On the effect of the position error sliding mode control

law (17), the motion error equation is changed into the fol-

lowing form:




ξ̇e
η̇e
ζ̇e



 =





−λ01 |ξe|
α01 sign (ξe)

−λ02 |ηe|
α02 sign (ηe)

−λ03 |ζe|
α03 sign (ζe)



 (19)

Although under the action of the position error control

law (17), the subsystem (19) can be stabilized after intro-

ducing the formula (13) of the position error sliding mode

surface. It should be knew that the control law obtained from

formula (17) is not the real physical quantity of underactu-

ated UUV. The controller needs to be further designed at the

dynamic level to obtain the force and moment control law.

B. THE DESIGN OF INNER LOOP CONTROLLER BASED

ON INTEGRAL SLIDING MODE SURFACE OF

TRAJECTORY VELOCITY ERROR

The position error sliding mode control law zu, zv and zw
defined above represents the expected values of longitudinal

velocity error, transverse velocity error and vertical velocity

error respectively. So the following errors are defined as

follows:

δu = ue − zu, δv = ve − zv, δw = we − zw (20)

In the first step, the integral sliding mode surface of heave

velocity error is designed as follows:

S1 = δu + λ1

∫ t

0

δudt (21)

where λ1 >0 is the integral sliding mode gain.

After finding the first-order derivative of time t to (21) and

substituting (18) and (8) into (21) leads to:

Ṡ1 = λ1δu +

(

m22

m11
vr −

m33

m11
wq−

Xu

m11
u

−
Xu|u|

m11
u |u| − u̇p − żu +

Fu

m11

)

(22)

Considering the influence of ocean current and parameter

perturbation on underactuated UUV motion, the exponential

approach law is selected to improve the dynamic quality of

the system in the following form:

Ṡ1 = −k1 · sign (S1)− ε1S1 (23)

where k1 is the constant velocity approach coefficient) and

k1 > 0. ε1 is the exponential approach coefficient and ε1 > 0.

Thus, the longitudinal velocity control law can be obtained

from formulas (22) and (24) which are as follows:

Fu = −
(

m̂22vr − m̂33wq− X̂uu −X̂u|u|u |u|
)

+m11

(

−λ1δu + u̇p + żu − k1sign (S1)− ε1S1
)

(24)

‘‘∧’’means the estimated values of system model param-

eters and satisfies the conditions:
∣

∣mii − m̂ii
∣

∣ ≤ Mii,
∣

∣

∣
Xu − X̂u

∣

∣

∣
≤ X̄u,

∣

∣

∣
Xu|u| − X̂u|u|

∣

∣

∣
≤ X̄u|u|. Meanwhile, the

following definition form (25) is the reference to the sliding
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mode switching gain, and appropriate adjustments can be

made in simulation.

k1 = η1
{

M22 |vr| +M33 |wq| + X̄u |u|

+X̄u|u|u
2 +

∣

∣u̇p
∣

∣ +M11 |żu|
}

, 0 < η1 < 1

(25)

The second step is to design the sliding surface of lateral

velocity error integral. In lateral motion, the under-actuated

UUV lacks executive structure, and stabilization of error δv is

achieved by controlling vertical rudder. So the integral sliding

surface is designed as:

S2 = δ̇v +

∫ t

0

λ21δ̇v + λ22δvdt (26)

where λ21 > 0 and λ22 > 0 are the integral sliding mode

gain.

Taking the first-order derivative of time t to equation (26)

and substituting formula (18) leads to:

Ṡ2 = (v̈e − z̈v)+ λ21δ̇v + λ22δv (27)

Choosing the exponential reaching law to improve the

dynamic quality, the form is as follows:

Ṡ2 = −k2 · sign (S2)− ε2S2 (28)

where k2 is the constant velocity approach coefficient and

k2 > 0. ε2 is the exponential approach coefficient and ε2 > 0.

The yaw angular velocity control laws can be obtained

from formula (27), (28) and (12). The error δv can be stabi-

lized by controlling the vertical rudder. When designing the

yaw control laws, the expression form of Fr is as follows

which contains term ṙ .

Fr =
(

m̂22 − m̂11

)

uv+ N̂rr + N̂r|r|r |r|

−
m̂66

m̂22zu − m̂22zv tan θ − m̂11u

(

m̂11u̇r + Ŷvv̇

+2Ŷv|v|sign (v) vv̇− m̂22

(

λ21δ̇v + λ22δv + f (·)− v̈R
)

−k2sign (S2)− ε2S2) (29)

Among them, z̈v = − (zv tan θ + zu) ṙ + f (·). Where k2
is the constant velocity approach coefficient. Appropriate

adjustments can be made during simulating by referring to

the definition form of formula (30).

k2 = η2 {(M66 +M11) |uv| + N̄r |r| + N̄r|r|r
2

+
M22M66

(M22 |zu| +M22 |zv tan θ | +M11 |u|)
|Yvv̇

+m11u̇r + 2sign (v)Yv|v|vv̇+ m22 (v̈R + f (·))
∣

∣

}

,

0 < η2 < 1 (30)

The third step is to design the sliding surface of vertical

velocity error integral. During vertical motion, because there

is no actuator of underactuated UUV, so the calm of error

δw is achieved by controlling the vertical rudder. The vertical

velocity error integral sliding surface is defined as:

S3 = δ̇w +

∫ t

0

λ31δ̇w + λ32δwdt (31)

Among it, λ31 > 0 and λ32 > 0 are the integral sliding

mode gain.

Take the first-order derivative of time t to equation (31)

leads to:

Ṡ3 = δ̈w + λ31δ̇w + λ32δw (32)

Improve the dynamic quality of system through choosing

constant speed approaching law. The form is as follows:

Ṡ3 = −k3 · sign (S3)− ε3S3 (33)

where k3 is the constant velocity approach coefficient, and

k3 > 0. ε3 is the exponential approach coefficient, and

ε3 > 0.

The control law of pitch angular velocity can be obtained

from formula (32), (33) and (11). The error δv can be stabi-

lized by controlling the horizontal rudder. In order to gain the

expression form of Fq which is as follows. The design of the

pitch angular velocity control laws should contain term q̇.

Fq = − (m33 − m11) uw+Mq|q|q |q|

+Mqq+ q̇p + BGzW sin θ

+
1

m33wp − m33zw + m11u

× (m11m55u̇q − 2m55Zw|w|wẇ · sign (w)

+m33m55

(

f (·) − ẅp + λ31δ̇w + λ32δw
)

−m55Zwẇ −k3sign (S3)− ε3S3) (34)

In the formula, z̈w =
(

zw − up
)

q̇+ f (·).

C. PROOF OF CONTROL SYSTEM STABILITY

1) OUTER-LOOP CONTROL SYSTEM

The stability of the longitudinal outer-loop control system is

evaluated by choosing the following Lyapunov function as:

V0 =
1

2
S201 +

1

2
S202 +

1

2
S203 (35)

Take the first-order derivative of time t to equation (35)

leads to:

V̇0 = Ṡ01Ṡ01 + Ṡ02Ṡ02 + Ṡ03S03

= −λ01 |S01|
α01 sign (S01) S01 − λ02 |S02|

α02

×sign (S02) S02 − λ03 |S03|
α03 sign (S03) S03

= −

3
∑

i=1

k0i |S0i|
α0i+1

≤ 0 (36)

The function is positive definite and the Lyapunov deriva-

tive (36) is negative definite by the definition (35). So the

subsystem can be asymptotically stable under the action of

outer-loop control law.
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2) INNER-LOOP CONTROL SYSTEM

The stability of the longitudinal velocity inner-loop control

system is evaluated by choosing the following Lyapunov

function as

V1 =
1

2
S21 (37)

Taking the first-order derivative of time t to equation (37)

and substituting (22)-(24) into the above equation yields:

V̇1 = S1Ṡ1

= S1

{

λ1δu +
m22

m11
vr −

m33

m11
wq−

Xu

m11
u

−
Xu|u|

m11
u|u| − u̇p +

Fu

m11
− żu

}

= S1

{

λ1δu +
m22

m11
vr −

m33

m11
wq−

Xu

m11
u

−
Xu|u|

m11
u|u| − u̇p − żu +

1

m11

×
(

−m22vr + m33wq+ Xuu+ Xu|u|u|u| − m11

×
(

u̇p + zu + ε1S1 + k1 · sign (S1)+ λ1δu
))

}

= −k1 |S1| − ε1S
2
1 (38)

The function is positive definite and the Lyapunov deriva-

tive (36) is negative definite by the definition (37). So the

subsystem can be asymptotically stable under the action of

longitudinal velocity control law.

The stability of the yaw angular velocity control system is

evaluated by choosing the following Lyapunov function as

V2 =
1

2
S22 (39)

Taking the first-order derivative of time t to equation (37)

and substituting (27)-(29) into the above equation yields:

V̇2 = S2Ṡ2

= S2

{

λ21δ̇v + λ22δv +

(

−
m11

m22
(u̇r + uṙ) −

Yv

m22
v̇

−2 ·
Yv|v̇|

m22
vv̇ · sign(v) − v̈R − z̈v

) }

= S2

{(

zv tan θ + zu −
m11

m22
u

) (

m11 − m22

m66
uv

−
Nr

m66
r −

Nrirr

m66
r|r| − ṙR +

Fr

m66

)

−
Yv

m22
v̇

−2 ·
Yvv̇‖

m22
vv̇ · sign(v) − v̈R + f (·) −

m11

m22
u̇r

}

= −k2 |S2| − ε2S
2
2 (40)

The function is positive definite and the Lyapunov deriva-

tive (36) is negative definite by the definition (39). So the

subsystem can be asymptotically stable under the action of

control law.

The stability of the pitch angular velocity control system is

evaluated by choosing the following Lyapunov function as:

V3 =
1

2
S23 (41)

Taking the first-order derivative of time t to equation (37)

and substituting (32)-(34) into the above equation yields:

V̇3 = Ṡ3Ṡ3

= S3

{

λ31δ̇w + λ32δw +

(

m11

m33
(u̇q+ u̇q) −

Zw

m33
ẇ

−2 ·
Zw|ẇ‖

m33
ww · sign(w) − ẅp − z̈w

) }

= S3

{(

up − zw +
m11

m33
u

) (

m33 − m11

m55
uw−

Mq

m55
q

−
Mqq|

m55
q|q| −

BGzW sin θ

m55
+

Fq

m55

)

−
Zw

m33
ẇ

−2 ·
Zw|w|

m33
ww · sign(w) − ẅp − f (·) +

m11

m33
u̇q

}

= −k3 |S3| − ε3S
2
3 (42)

The function is positive definite and the Lyapunov deriva-

tive (36) is negative definite by the definition (41). So the

subsystem can be asymptotically stable under the action of

control law.

Analyzing the stability of closed-loop control system and

choosing the following Lyapunov function as:

V =
1

2
S201 +

1

2
S202 +

1

2
S203 +

1

2
S21 +

1

2
S22 +

1

2
S23 (43)

Take the first-order derivative of time t to equation (43) and

get:

V̇ = S01Ṡ01 + S02Ṡ02 + S03Ṡ03 + S1Ṡ1 + S2Ṡ2 + S3Ṡ3

= −λ01 |S01|
α01+1 − λ02 |S02|

α02+1 − λ03 |S03|
α03+1

−k1 |S1| − ε1S
2
1 − k2 |S2| − ε2S

2
2 − k3 |S3| − ε3S

2
3

= −

3
∑

i=1

(

k0i |S0i|
α0i+1 + ki |Si| + εiS

2
i

)

≤ 0 (44)

The function is positive definite and the Lyapunov deriva-

tive is negative definite by the definition (43)-(44). So the

double-loop control system can be asymptotically stable

under the action of control input (24), (29) and (34).

IV. THE SIMULATION EXPERIMENT ANALYSIS OF UUV

TARGET SPACE MOVING TARGET

TRAJECTORY TRACKING

The UUV of simulation experiment in this paper is selected

from the simulation experiment objects of references [2]

and [14]. The model parameters are as follows.

A. HORIZONTAL TRAJECTORY TRACKING

SIMULATION EXPERIMENT

In this experiment, the horizontal moving target trajectory

tracking controller method based on backstepping integral

sliding mode is compared with the backstepping method.

The design method of backstepping controller is shown in

reference [2]. The reference trajectory of simulation exper-

iments is defined as equation (37). The unit is m and time
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TABLE 1. Model parameters.

unit is s.

xp = 10 sin(0.01t) 0 < t ≤ 700

yp = 8 cos(0.01t) 0 < t ≤ 700 (45)

The initial motion states of UUV are u = 0.01m/s, v =

0m/s and r = 0rad/s. The initial position and yaw angle are

x = −1m, y = 11m, and ϕ = 0rad.The initial expected

velocity of guidance method is up= 0.3m/s. The total time of

simulation experiment is 700s and the iteration step is 0.01.

The parameter settings, including reference trajectory and

initial motion state of UUV, are consistent with those in

reference [15].

Fig. 3 shows the tracking effect of UUV ‘‘elliptical’’

motion trajectory. The red solid line in the figure is the UUV

motion trajectory with the backstepping integral slidingmode

controller. The green dotted line is the UUVmotion trajectory

with the backstepping controller. The blue dotted line is the

desired target trajectory. From the figure, it can be found that

both methods can achieve elliptic trajectory tracking. From

the right enlarged image, the performance of two methods is

different. Fig. 4 is the UUV tracking position and the response

curve of position error during trajectory tracking. It can be

found that the initial errors are |xe0| = 1, |ye0| = 3, and

the final error is 0. At the initial stage, the rising time of

the backstepping controller is less than that of the backstep-

ping integral sliding mode controller. The response speed is

slightly faster, but the adjustment time is long. Fig. 5 means

the tracking yawing, yaw angular velocity and the error

response curves. In the yawing control, the response speed

of the backstepping integral sliding mode controller is faster

and the adjustment time is shorter. Fig. 6 shows the tracking

speed and the speed error response. The response of the back-

stepping sliding mode control tracking curve is faster and the

adjustment time is shorter, but the overshoots is larger. There

are slight fluctuations of speed error near zero, and the steady-

state errors of both methods are less than 0.01. Fig. 7 refers

to the control input force and moment response curve. The

sliding mode control curve has no chattering. Comprehen-

sively, the speed error stabilization response speed of UUV is

faster and the adjustment time is shorter by using the control

FIGURE 3. UUV trajectory.

method of backstepping integral sliding mode. While the

position error response speed of UUV using backstepping

control method is slightly faster, but the adjustment time has

no advantage over the backstepping integral sliding mode.

Compared with the single backstepping method, the design

of the backstepping integral sliding mode control method is

simpler.

B. SIMULATION EXPERIMENT OF SPACE

TRAJECTORY TRACKING

1) SIMULATION EXPERIMENT 1: POLYLINE SHAPE

SPATIAL TRAJECTORY TRACKING UNDER OCEAN

CURRENT DISTURBANCE

Spatial trajectory setting is as follow:

xp =

{

t 0 < t < 300

1.3t90 t ≥ 300

yp =











0.5t 0 < t < 300

150 300 ≤ t < 500

0.5t − 100 t ≥ 500

zp =











0.1t + 1 0 < t < 300

31 300 ≤ t < 500

0.1t − 19 t ≥ 500

(46)
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FIGURE 4. Tracking position and position error.

The initial motion states of UUV are u0 =0.01 m/s, v0 =

0m/s, w0 = 0 m/s, q0 = 0 rad/s and r0 = 0 rad/s. The initial

position and yaw angle are x0 = −5m, y0 = 15 m, z0 = 5m,

θ0 = 0 rad and ψ0 = 0rad respectively. The total duration

of the simulation experiment is 700s and Sampling step size

is 0.04.Considering constant current disturbance, the magni-

tude of current is 0.06m/s, and the flow direction is 45◦.

Fig. 8 is the process chart of UUV tracking ‘‘polyline

shape’’ space trajectory. The blue dotted line is the desired

trajectory, and the red solid line is the actual trajectory of

UUV. From the figure, it can be seen that UUV realizes the

tracking of space linear trajectory.

Fig. 9 and Fig. 10 are projection trajectories of the trajec-

tory on the xoy plane and the xoz plane respectively. In the

initial stage, the position of UUV is quite different from the

position of the desired trajectory, and gradually traces the

upper polyline.

Fig. 11 and Fig. 12 means UUV yaw angle, pitch angle and

their error curves respectively. During the period of 0-300 s,

UUV yaw angle maintains 60 degrees after stabilization, and

keeps linear yaw moving in the horizontal plane. During

the period of 300-500 s, the yaw angle of UUV maintains

0 degrees after stabilization, and the UUV maintains direct

FIGURE 5. Yaw angle, yaw angular velocity and error.

route motion in the horizontal plane. During the period

of 500-700 s, the yaw angle of UUV maintains 60 degrees

after stabilization, and it keeps straight yawmotion in the hor-

izontal plane. Within 0-300 seconds, the pitch angle remains

around, and the UUV dives uniformly. The pitch angle of

300-500 s is kept around, and the UUV is kept in constant

depth. UUV continued to dive at a uniform speed while the

pitch angle remained near 500-700 s.

Fig. 13 shows the error response curves of the yaw angular

velocity and the yaw angular velocity of UUV.

Fig. 14 shows the response curves of pitch angular velocity

and pitch angular velocity error of UUV. It can be seen

that the response speed of yaw angular velocity and pitch

angular velocity is fast and the stable precision is good,

but the overshoot of track connection time period is large.

Fig. 15 is the variation curve of UUV position error. It can

be seen that the position error of UUV is very small and

only fluctuates slightly in a certain period of time. But the

longitudinal position fluctuates least.

Fig. 16 and FIG. 17 are UUV control force, moment input

curves and local enlargement maps. It can be seen that there

is almost no chattering in control force and moment, and

the force and moment change sharply at the initial stage of

tracking and at the joint of trajectory. The reason is that there

are large position and velocity differences between UUV and
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FIGURE 6. Velocity and velocity error.

FIGURE 7. Force and torque input.

the target at the initial stage, and the large control input for

fast and small errors.

2) SIMULATION EXPERIMENT 2: CURVE SPATIAL

TRAJECTORY TRACKING UNDER EXTERNAL

CURRENT DISTURBANCES

The space trajectory of the experiment is as follows:

xp = t

FIGURE 8. UUV trajectory.

FIGURE 9. Motion trajectory projection on xoy axis.

FIGURE 10. Motion trajectory projection on xoz axis.

yp = 25 sin(0.01t)

zp = 25 cos(0.02t) + 30 (47)

The initial motion states of UUV are u0 = 0.01 m/s, v0 =

0m/s, w0 = 0 m/s, q0 = 0 rad/s and r0 = 0 rad/s. The initial

position and yaw angle are x0 = 0m, y0 = 0 m, z0 = 40 m,
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FIGURE 11. Yaw angle and angle error.

FIGURE 12. Pitch angle and angle error.

FIGURE 13. Yaw angular velocity and velocity error.

θ0 = 0 rad and ψ0 = 0 rad respectively. The total duration

of this simulation experiment is 900 s, and sampling step

length is 0.04. The external current disturbances with current

velocity 0.06 m/s and flow direction 45◦ are added.

FIGURE 14. UUV position error.

FIGURE 15. UUV position error.

FIGURE 16. Force and torque input.

Fig. 18 is the trajectory of UUV tracking space curve. The

blue dotted line is the desired trajectory, and the red solid line

is the actual trajectory of UUV.
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FIGURE 17. Partial enlarged version of fig.16.

FIGURE 18. UUV trajectory.

FIGURE 19. Motion trajectory projection on xoy axis.

Fig. 19 and Fig. 20 are projections of UUV tracking trajec-

tories on horizontal and vertical planes respectively. At the

initial time, the position error between UUV and desired

trajectories is large, then the desired trajectory position error

begins to move and coincide with desired trajectories quickly.

It shows that UUV can track spatial curves more quickly

under current disturbance.

FIGURE 20. Motion trajectory projection on xoy axis.

FIGURE 21. Yaw angle and angle error.

FIGURE 22. Pitch angle and angle error.

Fig. 21 and Fig. 22 are UUV yaw angle, pitch angle and

their error response curves respectively. Under steady current

disturbance, heading control can be achieved without sus-

tained rapid oscillation of yaw angle. However, due to the

disturbance of steady current, the transverse velocity of UUV

increases, so the drift angle component becomes larger. In the
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FIGURE 23. Yaw angular velocity and velocity error.

FIGURE 24. Pitch angular velocity and velocity error.

design of three-dimensional guidance method, drift angle is

neglected in order to simplify the calculation. The difference

increased slightly.

Fig. 23 and Fig. 24 are UUV yaw angle, pitch angle veloc-

ities and their error response curves respectively. In the initial

stage, the angular velocity varies most dramatically, because

the attitude of the initial UUV differs greatly from the desired

attitude, and is affected by the initial position and velocity

errors. The angular velocity varies sharply, but the steady-

state error of the angular velocity does not exceed 0.02.

Fig. 25 shows the response curve of UUV tracking position

error. It can be seen that there are some errors in the three axes

in the fixed coordinate system. The east-direction position

error is obviously larger than the north-direction error, which

is related to the underactuation of UUV.

Fig. 26, 27 and 28 are the response curves of UUV lon-

gitudinal, transverse, vertical velocity and velocity errors

respectively. It can be seen that the transverse velocity errors

are obvious. When UUV moves in a curve, it will inevitably

produce drift angle components. At this time, the transverse

velocity is no longer zero, and the vertical motion is similar to

the transverse motion. Because the vertical motion is linear,

the impact angle is zero.

FIGURE 25. UUV position error.

FIGURE 26. Surge velocity and velocity error.

FIGURE 27. Surge velocity and velocity error.

Fig. 29 and Fig. 30 are UUV control force and moment

input curves respectively. In the initial stage, the curve

changes a lot, because UUV starts moving from the static

state and needs to reach the desired state quickly. In the

steady-state stage, the control force and moment change

smoothly. Because the tangential velocity of the tracking

curve changes obviously, the corresponding control moment
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FIGURE 28. Heave velocity and velocity error.

FIGURE 29. Force and torque input.

fluctuates greatly, and the control curve almost has no chat-

tering in the whole process.

In a word, it can be found integral sliding mode control

method is better than backstepping control method by com-

paring the simulation results. What’s more, it is simple to

design the integral sliding mode controller.

V. CONCLUSION

In this paper, a backstepping sliding mode controller with

double-loop structure is designed to solve the problem of

under-actuation and external current disturbance in UUV

trajectory tracking control. The outer-loop position constructs

Lyapunov function position error based on space position

error in fixed coordinate system, and obtains virtual control

law. The inner-loop velocity constructs linear velocity inte-

gral sliding surface stabilization velocity error by tracking

virtual control law. Finally, the effectiveness of the control

method is verified by analyzing the simulation experiment of

space trajectory tracking. Used the integral sliding mode sur-

face to guarantee the asymptotic convergence of the tracking

errors in this paper. The next stage of our research is to ensure

the finite-time convergence of tracking errors.
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