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Abstract: Building on previous works of Bray, of Miao, and of Almaraz, Barbosa, and
de Lima, we develop a doubling procedure for asymptotically flat half-spaces (M, g)
with horizon boundary ¥ C M and mass m € R. If 3 < dim(M) < 7, (M, g) has
non-negative scalar curvature, and the boundary dM is mean-convex, we obtain the
Riemannian Penrose-type inequality

I\#T [ |Z] \ T
m> | =
—\2 Wp—1

as a corollary. Moreover, in the case where d M is not totally geodesic, we show how
to construct local perturbations of (M, g) that increase the scalar curvature. As a con-
sequence, we show that equality holds in the above inequality if and only if the exterior
region of (M, g) is isometric to a Schwarzschild half-space. Previously, these results
were only known in the case where dim(M) = 3 and X is a connected free boundary
hypersurface.

=0

1. Introduction

Let (M, g) be a connected, complete Riemannian manifold of dimension 3 < n < 7
with integrable scalar curvature R(g) and non-compact boundary o M with integrable
mean curvature H(dM, g). Here, H(0M, g) is computed as the divergence along o M
of the normal —v(dM, g) pointing out of M.

We say that (M, g) is an asymptotically flat half-space if there is a number 7 >
(n — 2)/2 and a non-empty compact subset of M whose complement is diffeomorphic
to {x € R} : |x|z > 1} such that, in this so-called asymptotically flat chart, as x — oo,

g — glz + 11z 1D(@)glg + |xI3 ID*(@)glz = O(xI;"). (1)

Here, R} = {x € R" : x"" > 0} is the upper half-space and g the Euclidean metric.
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Escobar has studied asymptotically flat half-spaces in the context of the Yamabe
problem for compact Riemannian manifolds with boundary; see [17] and also the related
works of Brendle [9] and of Brendle and Chen [10]. Almaraz [1, pp. 2628-2629] and
Almaraz, Barbosa, and de Lima [2, p. 674] have studied asymptotically flat half-space
in detail and associated to them a global geometric invariant called the mass. This mass,
whose definition is attributed to Marques on [2, p. 677], is given by

_ 1 oy (3. ) e e — (3 e)er. e 5
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where the integrals are computed in the asymptotically flat chart. Here, w,—1 = |{x €
R"™ : |x|z = 1}|z denotes the Euclidean area of the (n — 1)-dimensional unit sphere
and ey, ..., e, is the standard basis of R". In analogy with the work [34] of Schoen on

closed manifolds, Escobar has established a connection between the magnitude of the
Yamabe-invariant of a compact manifold with boundary and the sign of the mass (2) of
an associated asymptotically flat half-space in [17]. Almaraz, Barbosa, and de Lima have
showed that the mass (2) is a geometric invariant and, in fact, non-negative provided that
(M, g) satisfies suitable energy conditions. As noted in [2, p. 675], previous results in
this direction had been obtained by Escobar [17, Appendix] and by Raulot [33, Theorem
23].

Theorem 1 ([2, Theorem 1.3]). Let (M, g) be an asymptotically flat half-space of di-
mension3 < n <7 such that R(g) > 0and H(OM, g) > 0. Then m(g) > 0. Moreover,
m(g) = 0 if and only if (M, g) is isometric to (R}, g).

Remark 2. As explained in [31, §2], the assumption that H(dM, g) > 0 can and should
be viewed as a non-negativity condition for the scalar curvature R(g) across dM in a
distributional sense; see also [7, p. 207]. We note that this condition also has a natural
physical interpretation; [3, Remark 2.7].

Theorem 1 is fashioned after the positive mass theorem for asymptotically flat initial
data for the Einstein field equations, which has been proved by Schoen and Yau [36]
using minimal surface techniques and by Witten [40] using certain solutions of the Dirac
equation. In the presence of a so-called outermost minimal surface in the initial data set,
a heuristic argument due to Penrose [32] suggests a stronger, quantitative version of the
positive mass theorem which has been termed the Riemannian Penrose inequality. This
inequality has been verified by Huisken and Ilmanen in [21] in dimension n = 3 when
the outermost minimal surface is connected, by Bray in [7] in the case of a possibly
disconnected outermost minimal surfaces, and by Bray and Lee in [8] in the case where
3 < n < 7 and the outermost minimal surface may be disconnected. We provide more
details on asymptotically flat manifolds without boundary, the positive mass theorem,
and the Riemannian Penrose inequality in Appendix A.

Almaraz, de Lima, and Mari [3] have studied the mass (2) of initial data sets with
non-compact boundary in a spacetime setting; see also the recent survey [15] of de
Lima. Moreover, they argue that, in the presence of an outermost minimal surface, a
Riemannian Penrose-type inequality should hold for asymptotically flat half-spaces as
well; see [3, Remark 5.6].

To describe recent results in this direction, we recall the following definitions from
[23]; see Fig. 1. Let ¥ C M be a compact separating hypersurface satisfying
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Fig. 1. An illustration of an asymptotically flat half-space (M, g) with horizon boundary. d M is illustrated
by the solid black line. The horizon boundary X, consisting of a free boundary hypersurface and a closed
hypersurface, is illustrated by the two dotted lines. The unit normals v(M, g) and v(X, g) are showed by the
two arrows

¥ N oM = X with normal v(X, g) pointing towards the closure M (%) of the non-
compact component of M P\ . We call a component £° of ¥ a free boundary hyper-
surface if 3¢ # ¢ and v(X)(x) € TydM for every x € ax0. 1f 920 = ¢, we call °
a closed hypersurface.

We say that an asymptotically flat half-space (M, g) has horizon boundary ¥ C M
if X is a non-empty compact minimal hypersurface with the following properties.

e The connected components of X are either free boundary hypersurfaces or closed
hypersurfaces.

e Every minimal free boundary hypersurfaces or minimal closed hypersurfaces in
M (%) is a component of X.

Remark 3. The proof of [23, Lemma 2.3] shows that every asymptotically flat half-
space (M, g) of dimension 3 < n < 7 with H(dM, g) > 0 either has a unique horizon
boundary ¥ C M or contains no compact minimal hypersurfaces.

The region M (%) outside of the horizon boundary is called an exterior region. The
horizon X is also called an outermost minimal surface. An example of an exterior region
with horizon boundary is the Schwarzschild half-space of mass m > 0 and dimension
n > 3, given by

1

(M(2), ) = ([x e R belg = ma | (14 m ) g) 3

where ¥ = {x e R} : |x|; = mﬁ}; see [2, Remark 3.10] and [23, §2].

The second-named author has recently proved the following Riemannian Penrose-
type inequality for asymptotically flat half-spaces whose horizon boundary is a connected
free boundary hypersurface.

Theorem 4 ([23, Theorem 1.2]). Let (M, g) be an asymptotically flat half-space of
dimensionn = 3 with horizon boundary ¥ C M such that the following three conditions
hold.

e R(g) >0in M(X).
e HOM,g)>0on M(X)N oM.
e X is a connected free boundary hypersurface.

Then

|

> [ _5
m&) =\ 350

with equality if and only if (M (X)), g) is isometric to a Schwarzschild half-space (3).
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Remark 5. Previous results in direction of Theorem 4 for asymptotically flat half-spaces
arising as certain graphical hypersurfaces in Euclidean space had been obtained by
Barbosa and Meira [5].

Remark 6. The method of weak free boundary inverse mean curvature flow employed
in the proof of Theorem 4 in [23] had been studied previously by Marquardt in [27]. It
appears to the authors of this paper that the scope of this method is essentially limited to
the case where n = 3 and X is a connected free boundary hypersurface; see [23, p. 16].

Remark 7. Theorem 4 is related to a Penrose-type inequality for so-called asymptotically
flat support surfaces conjectured by Huisken and studied by Volkmann; see [39, p. 38]
and [23, Lemma 2.1].

Outline of our results. Comparing Theorem 4 with the Riemannian Penrose inequality
for asymptotically flat manifolds, stated here as Theorem 41, suggests that the assump-
tions that n = 3 and that ¥ be a connected free boundary hypersurface in Theorem 4
are not necessary. The goal of this paper is to address this conjecture using a strategy
different from that in [23]. In fact, we demonstrate how the gluing method developed by
Miao in [31], which in turn expands on an idea of Bray [7], can be used to develop a dou-
bling procedure for asymptotically flat half-spaces that reduces the Riemannian Penrose
inequality for asymptotically flat half-spaces to the Riemannian Penrose inequality for
asymptotically flat manifolds.

For the statement of Theorem 8, recall from Appendix A the definition of an asymp-
totically flat manifold (1\7[ , &), of its mass m, of its horizon boundary f], and of the
exterior region M ().

Theorem 8. Let (M, g) be an asymptotically flat half-space of dimension 3 < n <7
with horizon boundary ¥ C M such that the following two conditions hold.

e R(g) > 0in M(X).
e H(M, g) > 0on M(Z)NIM.

Let ¢ > 0. There exists an asymptotically flat manifold (M, ) with horizon boundary
¥ C M such that

e R(3) = 0in M%),
o () —2m(g)| < e, and
o |2 — 2%l <.

Remark 9. Gluing constructions related to the one used in the proof of Theorem 8 have
also been studied by Miao and McCormick in [28] and by Lu and Miao in [26].

Combining Theorem 8 with Theorem 41, we are able to extend the Riemannian
Penrose inequality for asymptotically flat half-spaces to dimensions less than 8 and to
horizon boundaries that may be disconnected.

Corollary 10. Let (M, g) be an asymptotically flat half-space of dimension 3 <n <7
with horizon boundary ¥ C M such that the following two conditions hold.

e R(g) >0in M(%).
e HOM,g) > 0on M(X)NIM.
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Then
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Remark 11. Carlotto and Schoen have showed in [12, Theorem 2.3] that there is an abun-
dance of asymptotically flat Riemannian manifolds with non-negative scalar curvature
that contain a Euclidean half-space isometrically. Note that Corollary 10 shows that
the Riemannian Penrose inequality, stated here as Theorem 41, can be localized to the
geometrically non-trivial part of such initial data.

The approximation argument used to prove Corollary 10 cannot be applied to char-
acterize the case of equality in (4) directly. Yet, we observe that (M, g) can be locally
perturbed to increase the scalar curvature near non-umbilical points of the boundary
dM. Combining this insight with a variational argument used by Schoen and Yau [36]
to characterize the case of equality in the positive mass theorem, we are able to prove
the following rigidity result.

Theorem 12. Let (M, g) be an asymptotically flat half-space of dimension 3 < n <7
with horizon boundary ¥ C M such that the following two conditions hold.

e R(g)>0in M(Z).
e HOM,g) >0on M(Z)NIM.

INT /1] \ a1
mo=(5)" ()

Then (M(X), g) is isometric to a Schwarzschild half-space (3).

Assume that

—lro

Remark 13. Bray and Lee [8] have proved rigidity of the Riemannian Penrose inequality
for asymptotically flat manifolds (M, g) of dimension 3 < n < 7 under the additional
assumption that (M, g) be spin; see Theorem 41. Building on previous work [29] by
McFeron and Székelyhidi, Lu and Miao [26, Theorem 1.1] have showed that the spin
assumption can be dispensed with. Using the techniques developed in this paper, we are
able to give a short alternative proof of this fact; see Theorem 39.

Remark 14. We survey several important contributions to scalar curvature rigidity results
preceding Theorem 12 in Appendix F.

Remark 15. For the proofs of Theorem 8, Corollary 10, and Theorem 12, it is sufficient
to require the metric g to be of class C>®. For the sake of readability, we will assume
throughout that g is smooth.

Outline of the proof. Let (M, g) be an asymptotically flat half-space with horizon bound-
ary ¥ C M and suppose that R(g) > 0in M(X) and H(0M, g) > 0on M(X)NaM.
The basic idea to prove Theorem 8 is to consider the double (M, g) of (M, g) obtained by
reflection across d M. The metric g is only C° across d M. The condition H(dM, g) > 0
suggests that the scalar curvature of g is non-negative in a distributional sense; see Re-
mark 2. Moreover, since ¥ C M is an outermost minimal surface that intersects o M
orthogonally, its double ¥ C M is an outermost minimal surface without boundary.
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The difficulty in rendering this heuristic argument rigorous is that (M, g) needs to
be smoothed in a way that allows us to keep track of the mass, the horizon boundary,
and the relevant energy conditions all at the same time. To this end, we first adapt an
approximation procedure developed by Almaraz, Barbosa, and de Lima in [2, Proposition
4.1] to arrange that g is scalar flat and conformally flat at infinity and that d M is totally
geodesic at infinity; see Proposition 16. In particular, the reflected metric g is C? outside
of a bounded open set W C M. Moreover, using a local conformal perturbation of the
metric, we may arrange that ¥ is strictly mean convex; see Lemma 20.

Next, we smooth g near W N d M using a technique developed by Miao in [31]. In
this step, the mean convexity of 9 M ensures that the scalar curvature of the smoothed
metric remains uniformly bounded from below near 0 M; see Lemma 24. Moreover, we
show that the strict mean convexity of ¥ is not affected by this procedure; see Lemma
25.

By a conformal transformation similar to that developed by Miao in [31, §4], building
in turn on [36, Lemma 3.3], we remove the small amount of negative scalar curvature
that may have been created close to dM in the approximation process. This conformal
transformation only changes the mass of the smoothed manifold by a small amount; see
Proposition 31. Finally, using ¥ as a barrier, it follows that the smoothed metric has
horizon boundary. Since ¥ C M is area-minimizing, it follows that the area of the new
horizon boundary is at least as large as that of 3; see Lemma 32. This is how we obtain
Theorem 8.

To prove Theorem 12, we first construct a global conformal perturbation of (M (%), g)
that preserves the conditions R(g) > 0 and H (0 M, g) > O, strictly decreases m(g) un-
less R(g) = 0, and which changes the area of ¥ only marginally. Second, if the second
fundamental form A(dM, g) of dM does not vanish, we construct a local perturbation
of (M(X), g) that increases R(g), preserves the condition H(dM, g) > 0, and changes
neither m(g) nor | X|,. We note that a perturbation with these properties could not possi-
bly be conformalj it has to be fine-tuned to the geometry of d M. Consequently, if equality
in (4) holds, then dM is totally geodesic and the double (M, g) is C2-asymptotically
flat. Theorem 12 now follows from Theorem 41.

2. Reduction to Conformally Flat Ends

In this section, we assume that (M, g) is an asymptotically flat half-space of dimension
3 < n < 7and decay rate T > (n — 2)/2. We also assume that (M, g) has horizon
boundary ¥ C M and that R(g) > 0in M(X) and H(0M, g) > 0on M(X) NIM.

The goal of this section is to approximate the Riemannian metric g by a sequence
{81'}?2 | of Riemannian metrics g; on M that are scalar flat, conformally flat, and such
that (0 M, g;) = 0 outside of some compact set.

Here and below, ¥ and d M are oriented by their unit normal vectors v(XZ, g) and
v(0M, g) pointing towards M (X). H(X, g) and H(dM, g) are computed as the diver-
gence of —v(X, g) along X and the divergence of —v(dM, g) along d M, respectively.

Proposition 16. Let T’ € R be such that (n — 2)/2 < t/ < 1. There exist sequences
{gi}2, of Riemannian metrics g; on M and {K;}7° | of compact sets K; C M such that
(M, gi) is an asymptotically flat half-space with horizon boundary ¥; C M(X) and
such that the following properties hold.
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e (M, g;) is conformally flat in M\ K;.
e R(gi) =0in M\K;.
e h(0M, g;) =0on aM\K;.
e R(gi) =0in M(%).
e H(OM, g;) >00on M(X)NoM.
em(gi) =m(g)+o(l)asi — oo.
o |Xilg =|Z|g+0o(1)asi — oo.
egi —>ginC'(M)asi — .
Moreover,
sup lim sup [ 1117 Ig; — &lg + 1xI5" ID@gilg + [xI52 1D2@gilg] < 00 (5)
i>] x—>00
Proof. Arguing as in the proof of [2, Proposition 4.1] but using Proposition 46 instead
of [2, Proposition 3.3], we obtain a sequence {g;};2, of Riemannian metrics g; on M
and a sequence {K;}:°, of compact sets K; C M exhausting M such that the following
properties hold.

gi is conformally flat in M\ K.
R(gi) =0in M\Ki.

h(dM, g;) =0on dIM\K;.
R(gi) = 0in M ().
H(OM,g)>0onM(XZ)NIM.
H(X,g)=0o0nZX.

m(gi) =m(g)+o(l)asi — oo.

Moreover, gi — g in C%(M), g; — g in C7, (M), and (5) holds.

By (5), there is Ao > 1 such that the hemispheres R7} N S (—1/2 X e,) have negative
mean curvature with respect to g; and meet M at an acute angle with respect to g;
provided that A > X and i is sufficiently large. We consider the class of all embedded
hypersurfaces of M (%) that are homologous to ¥ in M(X) and whose boundary is
contained in d M and homotopy equivalent to 9% in M (X) NaM. Since H(X, g;) =0,
it follows from [30, Theorem 1] that there is an outermost minimal hypersurface ¥; C
M (X) that is homologous to ¥ in M (X), whose boundary is homotopy equivalent to
0% in M(X) N dM, and whose components are either free boundary hypersurfaces or
closed hypersurfaces. Moreover,

sup | Zilg; < oo. (6)

i>1
Recall from [23, Lemma 2.3] that ¥ is area-minimizing with respect to g in M(X).
Consequently, as i — oo,
1Zlg = [Zilg = (1 +o(1)]Zilg.
Finally, using (6), the curvature estimate [23, Lemma 3.3], and standard elliptic theory,
it follows that, passing to another subsequence if necessary, {X;}7°, converges to a

minimal surface £ C M(Z) with respect to g in C1%(M) and smoothly away from
dM, possibly with finite multiplicity. Since M (X) is an exterior region, it follows that
Yo = X. Since ¥; is area-minimizing in M (%;) with respect to g;, we obtain that, as
I —> 00,

1Zilg; = (I +o(D)[X]g = (1+0(D) [Xg.

The assertion follows.
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Fig. 2. An illustration of the double (M, g) of (M, g). (M, §) is obtained by reflection across M which is
illustrated by the solid black line. Here, 3 has two components while 3 has three components illustrated by
the dashed lines

3. Gluing of Asymptotically Flat Half-spaces

In this section, we assume that (M, g) is an asymptotically flat half-space of dimension
3 < n < 7 with horizon boundary ¥ C M such that the following properties are
satisfied.

(M, g) is conformally flat outside of a compact set.
R(g) = 0 outside of a compact set.

h(0M, g) = 0 outside of a compact set.
H@OM,g)>0on M(X)NIM.

The goal of this section is to double (M, g) by reflection across d M and to appropriately
smooth the metric of the double.

Lemma 17. There is 5o > 0 with the following property. The map
D :0M x[0,80) — {x € M : dist(x, M, g) < o}
given by
Py, 1) = exp(g)y (1 v(IM, g)(y))

is a diffeomorphism.

Proof. Clearly, @ is a local diffeomorphism and surjective. Moreover, by compactness
and Lemma 45, using the fact that g is asymptotically flat (1), it follows that & is
injective. O

Remark 18. Tt follows from Lemma 17 that there is a smooth family {y (g); : ¢t € [0, 60)}
of Riemannian metrics y (g); on dM such that

D*g = y(g) +dr*.
Let

M =M x{-1,1})/ ~ (7
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where

e (x1,=%1) ~ (x2,£1) if and only if x; = x» and
e (x1,x1) ~ (xp, F1) if and only if x1, x» € M and x| = x».

Let
m:M—>M begivenby w([(x,£])]) =x )
and
Y= 71_1(2);
see Fig. 2.

We consider the map
D IM x (=8¢, 80) — (¥ € M : dist(w(X), IM, g) < 8o}
given by
®(y, 1) = [(D(y, 1]), sign())].

We obtain a smooth structure on M by requiring that the map ® be smooth. Moreover,
given t € (—&p, 0], we define y(g); = y(g)—;. Note that y(g); + dr? is continuous on
oM x (—8p, o). It follows that the Riemannian metric g on M defined by

g=m"g
is continuous across M.
For the following lemma, recall from Appendix A the definitions (29) of an asymp-
totically flat metric and (30) of the mass of an asymptotically flat manifold without
boundary.

Lemma 19. 3 is of class C° and C*-asymptotically flat. Moreover, the following prop-
erties hold.

e m(g) =2m(g).

o |X|; =2|Zg.

e X C M is of class C11.

e X is area-minimizing in its homology class in M(E) with respect to g.

Proof. The assertions follow from the above construction, using that (M, g) is con-
formally flat at infinity, that M is totally geodesic at infinity, that ¥ intersects 0 M
orthogonally, and that ¥ is area-minimizing in its homology class and boundary homo-
topy class in M (X); see Fig. 3. O

Lemma 20. There exist a sequence {g' }72 | of Riemannian metrics g' on M and a neigh-
borhood W € M of X such that g' and g are conformally equivalent, g' = g outside
of W, and g' — g in C*(M). Moreover,

e H(Z, g")'> 0 and

e HOM,g') > 0.

Proof. Let {{;}{2, be the sequence from Lemma 48 and let g =0+ wi)% g. The
assertions follow from Lemmas 48 and 44. O
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[aol

Fig. 3. An illustration of the proof of Lemma 19. a-LoM)is depicted by the solid black line, ¥ is presented
by the dashed line. Another hypersurface T CM®E) homologous to % is presented by the solid gray line.
Each component of ﬂ(f)\BM ) is homologous to ¥ and in the same boundary homotopy class as X

Lemma 21. Notation as in Lemma 20. For all o > O sufficiently small, the maps
®; : 9M x [0, 80) — {x € M : dist(x, IM, g') < 8o}
given by

®;(y, 1) = exp(g')y (t v(IM, g)(»))

are diffeomorphisms for all i. Moreover, there are smooth families {y(gh); :t €0, 80)}
of Riemannian metrics y (g'); on M with

drgl =y (g +dr’.
Proof. This follows as in Lemma 17, using also that g/ = g outside of W and that
g' — gin C2(M); see Lemma 20. i
As before, we consider the maps
;1 IM x (=8¢, 80) — {¥ € M : dist((X), M, g') < 8o}
given by
@i (y, 1) = [(Pi (v, Ir]). sign(®)]-

Since g and g’ are conformally equivalent, the maps ®, are of class C2. As before, given
t € (=49, 0], we define y (g'); = y(g')—; and obtain a continuous metric g' given by

gi Iﬂ*gi.

To smooth the metrics g" , we recall some steps from the construction in [31, §3]. To
this end, let ¢ € C*°(R) with

e spt(p) C (0, 1),
° 0<¢p <1, and

1
° / p()dr = 1.
0

Moreover, let n € C*°(R) with
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e spt(n) C (—1/2,1/2),
e 1(t) = 1/100if |¢| < 1/4, and
o 0<n() < 1/100if 1/4 < |t] < 1/2.

Let § € (0, 8p). We define ns € C*°(R) by

ns(t) = 828~ 1).

Given an integer i > 1 and ¢t € (—Jp, 80), we define the Riemannian metric

. l .
y(@) = /0 Y @it nyis) 9(5) s ©)

on JdM.

Lemma 22 ([31, Lemma 3.2]). The metric y (§')? +dt* is C? in M x (=8¢, o) and
agrees with y(g"), +dr? outside of IM x (—6/2,6/2).

We obtain a Riemannian metric gg on M of class C? given by

g if dist(r (%), 9M, §') > S,

(@), (y (@) +di2)(F)  else. (10)

g (%) = {
The following lemma is obtained by direct computation using Lemma 20; cp. [31,

pp- 1168-1170]. For the statement, we choose a smooth reference metric g on M that
agrees with g outside of a compact set.

Lemma 23. There holds

limsup sup (87" 185 — &'l + 1D(8)&51; + 8 |ID*($)&hl) < oo
N0 =1

In the next lemma, the assumption that H (dM, gi) > 0 is used.

Lemma 24 ([31, Proposition 3.1]). There holds, as § 0 and uniformly for all i,
R(g5) = —0(1).

Lemma 25. Let i > 1. There holds H(X, gé) > 0 on £\~ (0%) provided that § > 0
is sufficiently small.

Proof. Without loss of generality, we may assume that X is a connected free-boundary
hypersurface. It follows that ¥ C M is a connected, compact hypersurface without
boundary of class C!! that is smooth away from 7 =1 (3 %).

Let xo € 9%. Given 0 < § < 8o, let Us = {¥ € M : dist(n(%), x0, ') < 8}.
We choose normal coordinates for (dM, gilg m) centered at xg with induced frame
01, ..., 0,—1 such that 9,1 = v(Z, gi) at xo. The following error estimates are in-
dependent of the choice of xg. Note that

n—1
§=Yd}+d?+0@) and v(E,F)=0,1+00)
=1
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in Us. Using Lemma 23, we obtain

n—1
gi=) di+di*+0@) and v(E,8) =9, 1+ 0().
=1

Using Lemma 23 again, we conclude that, on Us N i\n_l(a %),
n—2
H(E, ) =HE g)+T@ " +Y r@hy ' —re@hy!
=1

n—2
=Y r@EH !+ 06).
(=1
Here, I' denotes a Christoffel symbol. Using Lemma 23 once more, we have

2TED =230 8 (Bu1, 8e) — (91 &5 (Br, Be) + O(8),
2T =200 8 (@n—1, 30) — Ba—18") (e, 30) + O(5),
forall 1 < £ <n — 2. Using also (9) and (10), we see that

2T @EDM T =28 85) (D1, ) — (D1 5)(Br, 8) + O(8) = O(5),
2T =28 8)(@n—1, ) — (3u—1 &) (B, &) + O(8) = O(8).

Moreover, using (9) and (10), the same argument that led to Lemma 23 shows that

(3¢ 85)(Bp—1, ) = (3¢ &) (Dy—1, 3¢) + O(8) and
(0n—1 g’é)(ae, 3¢) = (Bn—18")(Dg, 8e) + O(3)
foralll <¢ <n-—2.

Since H(X, g5) = H(Z, ') outside of {¥ € ¥ : dist(n(¥), 9%, g') < 8}, the
assertion follows. O

Lemma 26. Let i > 1. For every § > O sufficiently small, there exists a sequence
{Z(’;’j ?":1 of closed hypersurfaces Eg’j C M\M(X) of class C? with

° H(f]éyj, gé) > (0 for every j and

° Efj — 2 inCl
Proof. This follows by approximation using mean curvature flow as in the proof of [21,
Lemma 5.6] using also Lemma 25. O

Recall the open set W € M from Lemma 20. We choose open sets W) € Wo, € M
such that

e W & W; and
e Zis C%in M\W;.
We then choose a function x € C°°(M) with

e 0<yx <1,
e x = 1in M\W;, and
e x =0in Wy.
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We define the Riemannian metric g on M by
g=x8+10-x0&.
Note that g (%) = g'(¥) for all ¥ € M with dist(¥, 7' (M), §') > 6.
Lemma 27. There holds, as § \( 0 and uniformly in i,
185 — &'l = o(D).
Moreover, outside of a compact subset of M, §(’3 =g =g foralli.

Proof. This follows from the construction using Lemmas 20 and 23. O

Lemma 28. There holds, as § ~\ 0 and uniformly in i,

[ max(-r@.0pFauh =2 [ max(-R(e.0)F du(e) + oD
M) M%)
Proof. On the one hand, if ¥ € M\ W, or dist(¥, 7 =" (M), §') > §, we have gré(i) =
&' (¥). Consequently,
R(§5)(X) = REH(E) = R(g"H (T (¥)).
On the other hand, note that, as § \ O,
X € W, : dist(X, 7~ (M), §') < 815 = o(D).

Moreover, recall that, in local coordinates,

n
R@H= Y @h* (akr{;b(g,;) — 315, (&)
a,b,k=1

n
+ Z [Fie(éa) Toy(85) — Thy(25) Flfb(gé)])‘
=1
Using Lemmas 23, 24, and 27, we conclude that, as § \ 0,

R(E) = x R(E)+ 1 — ) REH+0(1) > —-0(1)

uniformly in {¥ € W> : dist(X, 7~ (dM), §') < 8).
The assertion follows from these estimates. O

Lemma 29. Leti > 1. Forevery § > 0 sufficiently small, (M, gé) has horizon boundary
X5 C M(X) homologous to X.

Proof. Let § > 0 be sufficiently small such that there is an integer jo > 1 with
H(flg’j, g%) > 0 for every j > jo; see Lemma 26. It follows that there is an out-
ermost closed minimal hypersurface £5 C M (E(’;’ jo) homologous to Zg’ I Since
H (f]g’j, g?) > 0 for every j > jo, by the maximum principle, i:s cannot touch ig/
forany j > jo. Using Lemma 26, it follows that 5 C M (X). O
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Proposition 30. There exists a sequence {g;};°, of C 2_asymptotically flat metrics of
class C* on M with horizon boundary ii C M(i) such that

o m(gi) =2m(g),

o |l =2|X|g+o0(l)asi — oo,

e g; = g outside of a compact set, and
05— ginC'M)asi — .

Moreover, there holds, as i — oo,
/ (max{—R(g), 0))? dv(g) =2 / (max{—R(g),0})2 dv(g) +o(1).
M(E) M%)

Foreverya € (0,1), £; — % in C1% with multiplicity 1.
Proof. By Lemma 20,

/ (max{—R(g"), 01 dv(g) = f (max{—R(g),0)% dv(g) +o(1).

M(Z) M(Z)

Using Lemmas 28, 23, and 27, we see that, passing to a diagonal subsequence there is
a sequence {8;}7°, with §; N\ 0 such that the metrics g; = gS satisfy g; = g outside of

a compact set, |g; — glz = o(1), and

/Mm(m”{ R(E), 0D dv(@) = 2 f (max{—R(g). 0)¢ dv(g) + o(1).

M(Z)

Moreover, by Lemmas 19 and 27, m(g;) = 2m(g).
By Lemma 29, (M, i) has horizon boundary %; = E’ c M(Y). By comparison
with a large coordinate hemisphere, we see that

lim sup |ii|g7,« < 00.
i—00

Moreover, we have 7 1 (7(%;)) = ;. In fact, by area-minimization, there is a closed
embedded minimal hypersurface that encloses 77 ! ((E})). Since ¥; is outermost, this
minimal surface coincides with f)i.

Fixa € (0, 1). By [21, Regularity Theorem 1.3 (ii)], Lemma 23, and compactness, it
follows that, passing to another subsequence if necessary, ; converges to an embedded
hypersurface o C M(Z) of class C1% in C1@ possibly with multiplicity. By standard
elliptic estimates, this convergence is smooth away from 7~ 1(dM) and there holds
H(%,2) =0o0n Zo\n Y@M). Since 771 (7w (Z;)) = i, there holds Z;\7 ~1 (0M) =
Z+ U X with JT(Z ) = 7(%;) and Z+ N E =@. LetX; = 7T(E+) By Lemma 29,
Z is homologous to¥Xin M(X)and 0 E is homotopy equivalent to 8 inM(Z)NIM.
Since X is area minimizing in M (X), we have, using also Lemma 19,

liminf %]z > 2 liminf | 5[, > 2|2, = |$];. (11)
1—> 00 1—> 00

Passing to a further subsequence if necessary, we have £; — $o C M(Z) in C1¢
possibly with multiplicity, where X satisfies H(Xg, g) = 0 on Xo\dXy. Since M(X)
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is an exterior region, it follows that ¥y = X and o = X. Since ¥; is area-minimizing
in M (%;), we conclude that

limsup |%;]5 < [X];.
i—00

In particular, using also (11), we see that ; converges to ¥ with multiplicity one.
The assertion follows. m|

4. Conformal Transformation to Non-negative Scalar Curvature

In this section, we assume that M is a smooth manifold of dimension 3 < n < 7 and that
g is a Riemannian metric on M of class C°. We also assume that g is C2-asymptotically
flat and that there is a closed separating hypersurface & C M of class C!-!. Moreover,
we assume that {g;}7°, is a sequence of Riemannian metrics g; on M of class C? with

the following properties.

(M, g;) is C%-asymptotically flat with horizon boundary ¥; C M(%).
m(g;) =m(g) +o(l)asi — oo.

|Zilz = 2]z +o(1) asi — oo.

g — ginCO(M)asi — oo.

Forevery o € (0, 1), ¥; — ¥ in Ccleasi — 0.

Finally, we assume that, as i — o0,
/~ _ (max{0, —R(Z))?2 dv(g) = o(1) (12)
M%)
and that, for some t > (n — 2)/2,
sup lim sup [m; 13 — &lg + XI5 1D(@)&ilz + %15 |D2(§)§i|gz] < o0.
i>l ¥—o0

In this section, we construct Riemannian metrics g; conformally related to g; which
have non-negative scalar curvature.

Proposition 31. For every i sufficiently large, there exists a function ii; € C*®°(M(X;))
such that the Riemannian metric

has the following properties.
e R(g) > 0in M(%)).
e H(X;, 2)=0.
o (M, &) is C*-asymprotically flat with i (g;) = () + o(1) as i — oo.
05— ginCOM(E))asi — oo.
o Foreverya € (0,1), it; — 1in Cllo’g(ﬂ;l(f])) asi — oo.
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Proof. This has been proved in [31, §4.1] in the special case where £; = ¥ = {.
Compared to [31, (35)], we take ii; € C°°(M (X)) to be the unique solution of

=D A(g) iy — max{—R(). 0}ii; = 0 in M (%)),

D(&i) 5, 5 =0 on ¥;, and (13)

lin’ljﬁoo ﬁ,’ = 1.
As shown in [36, Lemma 3.2], the existence of such a solution follows from (12) and
the fact that, for every € (0, 1), ¥; is of class C'**. We may now repeat the proofs of
[31, Lemma 4.1, Proposition 4.1, and Lemma 4.2]; the only difference is that the elliptic

estimates for the function ii; now also depend on estimates on the C*-regularity of ¥;,
which, by assumption, are uniform in i. By Lemma 44, we have that H(X;, ;) = 0. O

Lemma 32. (M, &i) has horizon boundary f?,- C A;[(f)i) and there holds |ﬁ3i|g,~ >
|i:i|§,- —o(l)asi — oc.

Proof. Using H(Z;, 8;) = 0, itfollows that (M, §') has horizon boundary &; C M ().
The assertion now follows from Proposition 31, using that ¥; is area-minimizing in
M (%;) with respect to g;. O

Lemma 33. Suppose that there is a map F : M — M with the following properties.

° If" is an isometry with respect to gi for everyi. o
o S ={Xe€M: F(X)=X}isaseparating hypersurface such that M\S = M* UM~
with Mt N M~ = 0. ~
e 3 is C? in M* and M* NS C M* is an outermost minimal hypersurface.
Then |Eilg, < |Zilz +o(1).
Proof. This follows as in the proof of Proposition 30. O

Remark 34. In the situation of Section 3, we may take F : M — M to be the unique
map withm o F =7 and F # Id.

5. Proof of Theorem 8

Let (M, g) be an asymptotically flat half-space of dimension 3 < n < 7 with horizon
boundary ¥ C M and suchthat R(g) > Oin M(X)and H(OM, g) > 0on M(X)NIM.

Proof of Theorem 8. Using Proposition 16 to obtain a conformally flat approximation
of (M, g), Proposition 30 to double the approximation, and Proposition 31, Lemmas 32,
and 33 to conformally transform the double to non-negative scalar curvature, we see that
there exists a smooth manifold M of dimension n and a sequence {g;}7°, of Riemannian

metrics g; on M with the following properties.

(M, 8i) is asymptotically flat with horizon boundary SiCcM
R(3) = 0in M(3))

m(g;) =2m(g) +o(l)asi — o0

1Zilg =21Z]g +o(l)asi — oo

The assertion follows. ad
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6. Mass-Decreasing Variations and Rigidity

Let (M, g) be an asymptotically flat half-space of dimension 3 < n < 7 with horizon
boundary ¥ C M such that R(g) > 0in M(X) and H(0M, g) > Oon M(X) N oM.
We also assume that equality holds in (4), i.e., that

n n—2
B lm IZ]e \ 1
ro=(2)" (05)

The goal of this section is to show that (M (X), g) is isometric to the exterior region
of a Schwarzschild half-space (3).

The argument in Lemma 35 below is modeled on the proof of [36, Corollary 3.1],
where Schoen and Yau study the equality case of the positive mass theorem.

Lemma 35 (Cp. [36, Corollary 3.1]). There holds R(g) = 0 in M (X).
Proof. Suppose, for a contradiction, that R(g) # 0. Recall the definition (34) of the
weighted Holder space C%’“(M (2)). By Proposition 47, there is a unique solution
v e C>*(M(X)) of

—4(,(1”:21; Agv+R(g) (1+v) =0 inint(M(X)),

D(g)vam,gv =0 on M(X)NoM, and

v=0 on X.

Since R(g) # 0, v is non-constant. By the maximum principle, we have —1 < v < 0 in
M(Z)\Z and D(g)y(z,g)v < 0 on X. We define the family {g;},[0,1) of Riemannian
metrics

gt=(1+tv)'%2g

on M(X). Note that g, is asymptotically flat for every ¢ € [0, 1). Moreover, by Lemma
44, we have, for every t € (0, 1),

e R(g) > 0in M(%),
e H(OM,g;) >0on M(X)NIoM, and
e H(X,g:)>0.

Arguing as in the proof of Proposition 16, we find that (M, g;) has horizon boundary
¥, C M(%) and that ¥, — X smoothly as + N\ 0. Using that v = 0 on X and that
H(X, g) =0, we conclude that

limt=! (|21, — |Z]g) =0

t{% (| tlg — | |g)

Next, we compute m(g;) in the asymptotically flat chart of (M, g). By (2),
2(n—1)w,—1m(gs)

= im i (%

/ o 1(0)(1+tv)"472xi [(0j8)(ei, ej) — (3ig)(ej, e)] du(g)
i, j=1 win 5

n—1

4 .
+ (I+tv)i2x' glej, e )dl(é_’))
Z/R ~Ix{opnsr= (o) o

4 6—n .
tlmkl 14+7v)n=2 5
p— i an ( V)2 Xx

ns' =1 o)

+

[8,~vg<e,~, ej) — divglej,e))]du(g).
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Using that g is asymptotically flat (1) and that v € C%*“‘(M (X)), we have

tim 27! Z / s [0 e) = @) e)] dncd) =0
and
Jim 3~ 12/ s £ e 4D =0,
It follows that
limt ™! (m(g) —m(g)) = 2 ima! Z/ X' v dp(@).
N0 (n—2) wp—1 200 1Sy (0)

In conjunction with Lemma 51, we conclude that

limz ™! (m(g,) — m(g)) <0

t\O
and, in particular, that
N\ [ =) N\~ /2] =)
lim 7~} (=) (=) - (=) () 0.
m [m(gz) <2> (wn_1 m(g) 5 o <
As this is not compatible with Corollary 10, the assertion follows. O

Lemma 36. There holds H(OM, g) =0on M(X) N oM.

Proof. Suppose, for a contradiction, that thereis U € M (X)\X open withUNoM # ¢
such that H(0M,g) > 0onU NIM.
By Lemma 49, there exists ¢ € C°° (M) with the following properties.

e 1 has compact supportin U N M.
e A,y > 0in M(X) and Agyr > 0 at some point.

Let 0 < 19 < sup,cy |1¥|. We define the family {g;};<[0,7,) of Riemannian metrics

_4
g=U—-1y)r2g.

By Lemmas 44 and 35, there holds R(g;) > 0in M(X) and R(g;) > 0 at some point
for every t € (0, t9). Decreasing fy > 0 if necessary, we also have H(dM, g;) > 0 on
M(X) N oM forevery t € (0, tg).

On the one hand, arguing as in the proof of Proposition 16, (M, g;) has horizon
boundary ¥, C M(X) with ¥; — X smoothly as # N\ 0. Using that g; = g near X
and that M (X) is an exterior region, we conclude that ¥, = X for every t € (0, tg)
sufficiently small. On the other hand, clearly, m(g;) = m(g) for every t € (0, tp). It
follows that

n n=2

1\nr1 |E | ’ n—T1
ma=(3)" (0)
n—

for every ¢t € (0, tp) sufficiently small. As this is not compatible with Lemma 35, the
assertion follows. O
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The following lemma is the key technical step in the proof of Theorem 12.

Lemma 37. Suppose that there is U € M(Z)\X open with U N OM # O such that
h(OM,g) # 0 on U N OM. There exists a smooth family {g:}:e[0,1,) 0f Riemannian
metrics g on M such that

e g; = g outside of U and go = g,
o limr ot ' (lUN M|y, — |UNIM|y) =0, and
o limq ot ' H(OM, g)=00n M(Z)NIM.

Moreover,

lim = R(g,) > 0
AN

with strict inequality at some point.

Proof. Let xg € M\ X be such that h(dM, g)(xg) # 0. Using that H(0M, g) = 0 on

M(X)N oM, see Lemma 36, we see that there is an orthonormal basis eg, e, ..., e,_1
of Ty,(dM) of principal directions of h(dM, g) with
h(dM, g)(xo)(e1, e1)>max{|h(dM, g)(xo0)(e2, €2)l, - .., [H(IM, g)(x0)(en—1, en—1)I},
h(dM, g)(xo)(e1,e1) >0, and —h(dM, g)(xo)(e2, e2) > 0. (14)

Given ¢ > 0 sufficiently small, we define a local parametrization

n—1

Wi {y e R ilylg <&} > OM  givenby  W(y) = eXP(é"BM)xo(Zy[ ezz)
=1

of M near xp. Decreasing ¢ > 0 if necessary, we obtain a local parametrization
QS:{yeR”_l:|y|g<£}x{seR:0§s<8}—>M
of M near x( given by
@, (y, 5) = exp(@)w,(y) (s V(OM, &) (Ve (¥))).
By construction,
g =y, +ds? (15)

where, for each s € [0, €), y, is a Riemmanian metric on {y € R*~! : lylg < €}. Note
that for all s € [0, €], as ¢ \( O,

L4 yS = g'R"*I +0(1)9
e D(@ys=0(1), and (16)
o D@y =0().

Moreover, computing the Christoffel symbols of g in the chart ®, we see that, as ¢ \ 0,

1
S[l(l)P IS‘UP = (D(8)e,vs)(y) +h(OM, g) (Ve ()| = o(1). (17)
s€l0,8) |ylg<e g
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In particular,

sup  sup trg|_,_, (D(8)e, ¥s)(y) = o(l). (18)

sel0,e) [ylg<e
By (14), there holds on ®(R} N B} (0)) forall 1 <i, j <n—1withi # j,ase \ 0,

h(OM, g)(e1, e1) > |h(OM, g)(ei, ei)| +o(1),

[h(OM, g)(ei, ej)| =o(1),

h(dM, g)(e1, e1) = h(dM, g)(xo)(e1, e1) —o(1), and
—h(dM, g)(ez, e2) > 0.

19)

Let K > 1 large be a constant to be chosen later, p € C oo (R"~1Y pe the function
from Lemma 50, and § € (0, €). We define p, € C®(R"~!) by p,(y) = p(¢~! y) and

exp_(l_‘s_l 7! if 0<s <38,

20
0 else. 20)

ns : [0, 00) > R by ns(s) = {

Let

Se,s(y,5) = ns(s) pe(y).

By the Gram-Schmidt process, given (y, s) € R"! x R with [ylg <eand0 < s < ¢,
there exists an invertible (n — 1) x (n — 1)-matrix A = A(y, s) smoothly depending on
(y, s) such that y; = A" A. Moreover, as ¢ \ 0,

A =1Id+o(1), D(g)A = 0(), and Dz(g)A = 0(1). 21

Let E : R"! — R"! be the linear map given by E(e;) = —ej, E(ez) = e3, and
E(e;) =0when3 <i < n—1.Wedefine a symmetric (0, 2)-tensor %% on R} N B (0)
by

o lgn1 = fes A"E A,
o (en, e;) = 0% (ej,ey) =0for i =1,2,....,n—1, and
o (en. en) = —K fes.
Note that
trorg 0% = =K fos (22)
and, for each s € [0, ¢),

try, (0% |gn-1) = 0. (23)

For to > 0 sufficiently small, we obtain a family {g® ’8}16[0,10) of Riemannian metrics
g% on M where

) g(x) +1 ((P)s05%) (x) if x € Im(®,),
8 (x) =
g(x) else.
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Note that
CID";gf"S =y, +ds>+10°°.
Moreover, by (23),
tli\n(l)t—l(w NIM| s — U NOIM|) = 0.

We estimate the linearization of R(g; ’5) at r = 0. All geometric expressions below
are computed in the chart ®,. Recall from [22, (6.7)] that

li\rlr(l) 17V R(gE%) = divg divy 0% — Ay try 0%° — g(Ric(g), 0°%). (24)
t

By (22), (15), and (18), we have, as ¢ N\ 0,
n—1

n—1 n—1
Agtrgo™ = —K i po+Knjpe Y /T —Kns Y g [aiajpg - T 31&,05}

i, j=1 ij=1 =1

n—1 n—1
= —Knjp-—Kns Y [gij %idjpe — Y & T(2); 3@;%} + K o(nj pe).
ij=1 =1

Moreover,

g(Ric(g), 0°°) = K O(fe9).
Next, we compute
div, divg o
n
= > [g“b 8" ;0,05 + g dug" B0 %)
a,b,i, j=1

n
y 5 y ; ) 5
-> (g“h gV T(9);; daoyy +8°" 8V (@) 0a07; + 8™ 8" T(2)gy di0 )]
=1

+K O(fes)
Using (15), (16), and (21), we have

n

b ij £,0

E ga glj aiaaajb
a,b,i, j=1

= —K 1§ pe + O(ns D*(@lgu-1)pe) + O (05 D(Glra-1)pe) + O(fe5)

and, using also (18),
n n
G s N 5 N 5
> [g“b 0a8" ;0% —Z(g“b gV T(2)f; daoyy + 8 87 T()5, i, )}
a,b,i, j=1 (=1
n—1

=2Kuspe Y 87T Q)+ 0ms D(Elpi-1)pe) + O(fes)
i, j=1

= K o(ns ps) + O(1s D(Zga-1)ps) + O(fe,5).
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Likewise, using also (17) and (19),
8" ¢V T(9)f, 0a05, = [(IM. g)(e1. e1) — h(M. g)(e2., €2)1 0] pe
+0(ns pe) + O (s D(Zlgn-1)pe) + O(fe5).
We conclude that, as ¢ N\ 0,
lim ¢! R(g®°
t{% (&™)
> —[h(dM, g)(e1, e1) — h(OM, g)(e2, €2)] 75 pe

n—1 n—1
+Kns Yy [g’j %idjpe — Y _ 87 T(2); ang}
(=1

i,j=1

- KO(nfs pe) — O(ns Dz(é_’lR"*I)pS) - 0(s D(g’hR"*l)Ps) - K O(fe,5)~

By Lemma 50 and (16), we may choose K > 1 such that, for all y € R"~! with
€/2 < |ylg <eands €[0,9),

n—1 n—1
Kns »_ [g’f %idjpe — Y 8T () 3zzpsi|

i,j=1 (=1
> O(ns D*(§lpn-1)pe) + O (15 D(Zlpn-1)ps) + K O(fe5).

provided that ¢ > 0 is sufficiently small. Moreover, by (19), we have, for all y € R*~!
with |y|z < e and s € [0, §),

~[h(3M, g)(e1, e1) — h(OM, g)(e2, )]s p: — K o(ns pe) > 0 (25)

provided that ¢ > 0 is sufficiently small. Consequently, for all y € R"~! with £/2 <
lvlg < eands € [0, 9),

lim 1~ R(gf*) > 0
zI\T) (gt ) >
provided that ¢ > 0 is sufficiently small. Finally, by (20) we have s = o(ng) as §d \( 0

and, by Lemma 50, we have

1im\igfsup{pg(y) cyeR" land |ylz <&/2} > 0.
&

Using (25), we conclude that, for all y € R*~! with lylg <e/2ands € [0, §),

lim t ' R(¢%%) > 0
N (gt )

provided that ¢ > 0 and § € (0, ¢) are sufficiently small.

Next, we compute the linearization of H (9 M, g,s’a) att = 0. As before, all geometric
expressions are computed in the chart ®,. The argument that led to (17) also shows that

£,6 _ 1 - - £,8
h(OM, g;")(We) = ) (D(@)e,vs +1 (D(8)e, 0" ga-1)],_,
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and
1 _ - -
HOM. %) = =3 trg, . [00+10"Iga) ™ (D@e, %5 +1 (D@e, 0" Dlpa1) | o] -

Using that y; = A’ A and that 0%%|g.—1 = AT E A, we obtain

H@OM, g
1 _
= 3 Uty [(A’ (d+1 fe5 E) A)' D(@)e, (A" (d+1 fe 5 E) A)] ls=0
1 _ o
= Stz [ D@, A A7 D), A

+(d+1 fo5 E)~ 1 (D(@)e, fe) E] oo

Note that

d

il [(Id + fos E) E] — trg,,_, [E] = 0.

1=

We conclude that

HOM, g% = 0.

d
dt |,

The assertion follows. O
Lemma 38. There holds h(dM, g) =0on M(X) N oM.

Proof. Suppose, for a contradiction, that thereis U € M (X)\X open withU NOM #
suchthath(0M, g) #O0onU NAM.Let{g;}:c[0,1,) be the family of Riemannian metrics
on M from Lemma 37. Arguing as in the proof of [2, Lemma 4.3], using Proposition 47
instead of [2, Proposition 3.3], we find that, for all # > 0 sufficiently small, there is a
unique solution u; € C2%(M) of

—4(51"__21)) Ag ur+ R(g)u; =0 in int(M (X)),
20D D (g)uomguts + HOM, g)u; = 0 on M(Z)N M, (26)
up =1 on X,

such that (u; — 1) € C%"" (M(X)). Moreover, the limit

1= lim ¢ (u, — 1
u t{% (us )

exists in C2° (M(X) for every B € (0, a); see [36, pp. 73-74]. By (26),

—4(5,"_}1)) Ag it +limpe ot~ R(g) = 0 inint(M (X)),

D(g)vim, gttt =0 on M(Z)NIM,
w=0 on X.

Let

N _4_
&r=+u)m2g.
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Using that (u; — 1) € C%’“(M(Z)), we see that g; is c? —asymptotically flat and, using
also Lemma 44, that R(g;) = 0in M(X) and H(dM, g;) = 0 on M(X) N dM. Using
Lemma 37, we see that & is non-constant. By the maximum principle, it < Oin M (X)\ X
and D(g)v(z.g)tt < 0 on X. Now, Lemmas 44 and 37 imply that H (X, g;) > 0 for all
t > 0 sufficiently small. As in the proof of Proposition 16, it follows that (M, g;) has
horizon boundary 3, C M(¥) and that &, — % smoothly as # \ 0.

On the one hand, using that g; = gon X, 4 = Oon X, and H(Z, g) = 0, we
conclude that

. 1 /&
tim ! (12115, ~ 1Z1g) = 0. @7)

Moreover, arguing as in the proof of Lemma 35, we have

2 n
limt™' m(g,) —m(g) = ——————— lim A~ / x' 0 dp(g).
t\0 8 g (l’l — 2) Wp—1 A—0o0 ; ’lﬂS;f_](O) ! nig
In conjunction with Lemma 51, we conclude that

lim 1=V (m (&) —m(g)) <O. (28)

On the other hand, by Corollary 10, we have

n=2 n _

o NI =T (|2, \ "
lim ¢~ ¢ — | = —& - +( = —£ >0
Hm (m(gz) <2> <wn1 ) m(g) (2) (wnl >

This is not compatible with (27) and (28).
The assertion follows. m]

Proof of Theorem 12. Suppose that (M, g) is an asymptotically flat half-space with hori-
zon boundary ¥ C M with R(g) > 0in M(X) and H(0M,g) > Oon M(X) N oM

such that
1T [ Z] \ =1
mw=(5)" (22)7

Recall the definitions (7) of the doubled manifold (A7I , &) and (8) of the projection
7 : M — M. Moreover, recall that & = 7~ H(Z). By Lemma 38, h(0M, g) = 0 on
M(X) N dM. In particular, (M), g)isaC 2-asymptotically flat manifold with mass
m(g) = 2m(g) and ¥ is a closed minimal surface with |)f)|g = 2|X|,. By symmetry,

[N]

using that M (X) is an exterior region, it follows that M(X) is an exterior region. By
Theorem 39, (M (fl), g) is isometric to the exterior region of the Schwarzschild space
(31) with mass m(g). It follows that (M (%), g) is isometric to the exterior region of the
Schwarzschild half-space (3) of mass m(g). O
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7. Rigidity in the Riemannian Penrose Inequality

In this section, we give an argument alternative to that in [26] to show that the assumption
that (M, g) be spin in the rigidity statement of [8, Theorem 1.4], stated here as Theorem
41, is not necessary.

For the statement of Theorem 39 below, recall from Appendix A the definition of
an asymptotically flat manifold (M, g), of its horizon boundary ¥, and of the exterior
region M ().

Theorem 39. Let (M, g) be an asymptotically flat mamfold of dimension 3 < n <7
with horizon boundary ¥ C M such that R(g) > 0 in M(X) and
L =2
s l | E | ~ n—1
@) =< —%) .

2 \ oy

Then (M(X), ) is isometric to the exterior region of a Schwarzschild space (31).

Proof. Following the argument given in [8, §6], we aim to show that the manifold
(M, g) obtained by reflection of (M, g) across X is smooth so that the characterization of

A~ 4
equality in the positive mass theorem, stated here as Theorem 40, applies to (M, =2 g).
Here, i € C%(M) is the unique harmonic function that approaches 1 respectively 0 in
the two ends of (M, ). To this end, it suffices to show that ¥ is totally geodesic.

The argument presented in Lemma 35 shows that R(g) = 0.Ifh(Z, §) # 0, the argu-
ment presented in Lemma 37 shows that there exists a family {g;};¢[0,4,) of Riemannian

metrics on (M, g) such that
e g, = g outside of a compact set,
e g, — g smoothly as t N\ 0,
o lim o017 (12 — 1Z1) =0,
e lim ot~ H(E, &) =0,

and

li\I‘l’(l) 1~ R(g;) = 0 with strict inequality at some point.
'

Adapting the argument in the proof of Lemma 38 to the case of an asymptotically flat
manifold, we see that this leads to a contradiction with the inequality in Theorem 41. O
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A. Asymptotically Flat Manifolds

In this section, we recall some facts about asymptotically flat manifolds.
Let3 <n <7. Ametric g on {x¥ € R" : |[X|; > 1/2} is called C?-asymptotically
flat if its scalar curvature is integrable and if there is ¢ > (n —2)/2 such that, as x — oo,

18— 8lg +1x1g ID@2lg + 1xI2 1D @31z = O (IF17). (29)

A complete connected Riemannian manifold (M, g) of dimension 7 is said to be an
asymptotically flat manifold if the following properties all hold.

e gisof class C2.

e There is a non-empty compact subset of M whose complement is diffeomorphic to
the set {x e R" : x|z > 1/2}.

e The pull-back of g by this diffeomorphism is CZ-asymptotically flat.

We usually fix such a diffeomorphism and refer to it as the asymptotically flat chart.
The mass of an asymptotically flat manifold is the quantity

o 1 _ o i i
@) = Jim 5o Y fs F 10, (ei e)) — i) )] dn@):

(30)

see [4, p. 999]. Here, ey, ..., e, are the canonical basis vectors of R” and w,—1 =
|Sf_1 (0)| denotes the area of the (n — 1)-dimensional unit sphere. Bartnik has showed
that the mass (30) of a C2-asymptotically flat manifold converges and does not depend
on the choice of asymptotically flat chart; see [6, Theorem 4.2].

Let ¥ C M be a compact hypersurface without boundary. We call the components
of such a hypersurface closed. If ¥ is separating, we orient 3 by the unit normal v(%, )
pointing towards the closure M () of the non-compact component of M\ . The mean
curvature H (%, ) is then computed as the divergence of —v (X, ) along X.

We say that (M, &) has horizon boundary if there is a non-empty hypersurface
¥ C M with the following two properties.

e Each component of ¥ is a closed minimal hypersurface.
e Every closed minimal hypersurfaces in M (%) is a component of X.

If (M, £) has horizon boundary Y C M, we say that M(X) is the exterior region of
M and we call the horizon ¥ an outermost minimal surface. An example of an exterior
region with horizon boundary is the Schwarzschild space of mass 7 > 0 and dimension
n > 3 defined by

(M(2),3) = ({i eR": |X|g > (%)H } <1 + % |)Z|§‘">"_2 g). 31

where
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The positive mass theorem has been proved by Schoen and Yau in [36] using minimal
surface techniques and subsequently by Witten in [40] using certain solutions of the Dirac
equation.

Theorem 40 ([35, Theorem 4.2]). Let (M, g) be an asymptotically flat manifold of
dimension 3 < n < 7 whose scalar curvature is non-negative. There holds m(g) > 0.
Moreover, m(g) = 0 if and only if (M, g) is isometric to (R", g).

The Riemannian Penrose inequality has been proved by Huisken and Ilmanen in the
case where the horizon boundary is connected using inverse mean curvature flow in [21].
For general horizon boundary, it has been obtained by Bray [7] using his quasi-static
flow. Bray’s technique has been extended to higher dimensions in his joint work [8] with
Lee.

Theorem 41 ([8, Theorem 1.4]). Let (M, g) be an asymptotically flat mamfold of di-

mension 3 < n < 7 with horizon boundary ¥ C M such that R(g) = 0in M(X). There
holds

)12

m(g) > 3 <|E|g> . (32)

Wp—1

If (M, 8) is a spin manifold, equality holds if and only if (M(Y), g) is isometric to the
exterior region of a Schwarzschild space (31).

Remark 42. The assumption that (1\71 , &) be spin is not necessary; see [26, Theorem 1.1]
and Theorem 39.

Remark 43. Lam [24, Corollary 20] and Huang and Wu [20, Theorem 2] have showed
that Theorem 41 holds in all dimensions if (M, g) is an asymptotically flat hypersurface
of a Euclidean space.

B. Riemannian Geometry

In this section, we recall some facts from Riemannian geometry.

Lemma 44 ([22, §3]). Let (M, g) be a Riemannian manifold of dimension n > 3 and
u € C*®(M) be a positive function. Let

4
u 2

gh=urrg

and suppose that ¥ C M is a two-sided hypersurface with unit normal v(X2, g) and
mean curvature H(X, g) computed as the divergence of v(X, g) along Z.
There holds

R(g“):u_% ( 4(”—)A u+R(g)u>
n—2

and

(n—1
n

H(Eg)—unz( —

D(g)vz,gu+H(Z, g) M) .
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Lemma 45. Let n > 2. There exists ¢ > 0 with the following property. Suppose that o
is a symmetric (0, 2)-tensor on R N BY (0) with

o]z + D)oz +D*(§)olz < e (33)

anletg =g+0.The map {y e R : lylg < 1/2} x [0, 1/2) — R} N BY(0) given
y

(v, 1) > exp(g)y (1 v(IRY, g)(y))
is injective.
Proof. Let y;, y» € R"~! with [vilg, Iy21z < 1/2. Let
w1(t) = exp(g)y, (1 v(ORY, g)(y1))  and  wa(t) = exp(g)y, (t v(IRY, g)(12)).
Moreover, let s € [0, 1/2] be maximal such that, for all ¢ € [0, 5],
o wi(1), m(t) € Ry N B3,(0),
o %b’l —»mlg < lwi() —w2(D)|g < 2|y1 — y21g, and
o Joi(t) —awn(t)lz < %b’l - »2lz-
By (33),as ¢ \( O,
|1 (0) — @2(0)|z = O(e) [y1 — ¥2lz-
In particular, s > 0. By the geodesic equation,
|1(t) — dn(t)|g = O(e) Iy1 — ¥21;g

on [0, s]. Integrating, it follows that s = 1/2 provided that ¢ > 0 is sufficiently small.
The assertion follows. |

C. Laplace Operator on Asymptotically Flat Half-spaces with Horizon Boundary

In [2, Proposition 3.3], Almaraz, Barbosa, and de Lima have proved an existence and
uniqueness result for the Laplace equation on asymptotically flat half-spaces. In this
section, we explain how their result can be adapted to an asymptotically flat half-space
with horizon boundary.
Let (M, g) be an asymptotically flat half-space of rate T > (n — 2)/2 with horizon

boundary.

We fix an asymptotically flat chart & : {x € R} : |[x[; > 1/2} — M. We may
assume that Im(®) N ¥ = @J. Let K C M be the connected compact set with 0K =
YUO{x e R}t x|z = 2)).
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Given @ € (0, 1), an integer k > 0, and u € Clko‘f,‘(M), we adapt from [2, §3] the
definition of the weighted Holder norm

ko pr sy
k . .
= |ulcraxy + Y sup [x[5 (D' (2)u)(x)]g
i—0 x|g>1
+ sup sup x5 e — Y (DR @)w) () — (D)) (x2) g
[x1lg>1 2lx2—xilg<lxilg

(34
where x, x1, x2 € R. We define

k,o
loc

Cr (M (%)) = {u € Cpo (M) : ] 00).

M) =

Likewise, given 8 € (0, 1), an integer £ > 1,and a € Cf(f (0M), we define
lalces wsynam

4
= lalctskramn + Y sup Y157 1D/ (@a) ()l
izolvle>1

4 — - -
+ sup sip Iyl 1y = P 1D@ (1) — (D@ @) (1)l
[yilg>1 2Iy1—y2lg<Iyilg

where v, yi, y» € R"™! x {0}. We define

e,
CEPM(Z)NaM) ={a e Clof(aM) tlalces regymann <

and D(glypm)v(z,gya =0on T NIM].

Proposition 46. Let « € (0, 1). There exists a constant ¢ > 0 with the following prop-
erty. Given{ € C?’“ (M(Z))anda € CTI'O‘ (M (Z)NAM), there exists a unique solution
veC>*(M(X)) of

—Agv— Y =0 in int(M (X)),
D(@)vamgv —a =0 on M(Z)NIM. and 4
D(g)v(z.ev =0 on .
There holds
lezemesy = € (Wlcaaney + 1alcieaanamn)- (30

Proof. The case where ¥ = { has been proved in [2, Proposition 3.3].
If ¥ C M is a compact hypersurface whose components are closed hypersurfaces

or free boundary hypersurfaces, we consider the differentiable manifold M= M(T) x
{—1, 1}/ ~ where

e (x1,=x1) ~ (x2, 1) if and only if x| = x» and
e (x1,%1) ~ (x2, F1) if and only if x|, x2 € ¥ and x| = x».
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We define the Riemannian metric ¢ on M by g(X) = g(m(x)) where 7 ([(x, £1)]) = x.
Note that (M, &) has two asymptotically flat ends and that g is of class C* away from
7~ 1(2). Moreover, note that, although g is only Lipschitz, the coefficients of A ¢ are
still Lipschitz since X is minimal.

Let ¥ : M — R be given by V(&) = ¥(r(X)) and a : aM — R be given by
a(x) = a(mw(x)). Clearly, 1& € C(T)’“(M). Moreover, using that D(g|ym)v(s,g)a = 0 on
Y NoM, we conclude that a € C}‘"(E)I\;I). By [2, Proposition 3.3], there exists a unique
0 e C2¥(M) with

; (37

and
1012y = € (W] 0o + 18l cagopp)-

Here, ¢ > 0is a constant independent of 12 and a. Moreover, by uniqueness, 0([x, 1]) =
0([x, —1]) for all x € M. It follows that v : M(X) — R given by v(x) = v([x, 1])
satisfies (35) and (36).

The assertion follows. o

Proposition 47. Let « € (0,1) and x € C?“’(M(E)) with x > 0. There exists a

constant ¢ > 0 with the following property. Given { € C?’”‘(M(Z)) and b € C>*(%)
with D(g)vm,g)b = 0 on 3%, there exists a unique solution v € C%’“ (M (%)) of

—Agv+xv—¢ =0 inint(M(X2)),
D(g)viom,gv =20 onM(X)NoM, and
v—b=0 onX.

There holds
lezenesy = € (Wletequ) * Plczers)-

Proof. The proof is very similar to that of Proposition 46 and we only sketch the nec-
essary modifications. First, we consider an appropriate Dirichlet problem on the double
(7) of (M, g) instead of the Neumann problem (37) on (M , &). Second, we use [6,
Proposition 2.2] and [25, Theorem 9.2] instead of [2, Proposition 3.3]. |

D. Local Perturbations of a Riemannian Metric

In this section, we construct local perturbations of a Riemannian metric that are used in
this paper.

Lemma 48. Let (M, g) be a Riemannian manifold of dimension n > 3 with boundary
oM oriented by the unit normal v(0 M, g) pointing towards M. Let ¥ C M be a compact
hypersurface whose components are either closed or free boundary hypersurfaces. There
exists a sequence {V;}7° | of functions r; € C*° (M) with the following properties:

* D(@us.g¥i <0on X.
e D(@)viamg¥i <0ondM.

o ||+ |D(Q)Vilg + ID*(@)Vily = o(1) in M, as i — oo.



Doubling of Asymptotically Flat Half-spaces 1853

Moreover, if W C M is a neighborhood of X, then spt(yr;) C W for all but finitely many
i.

Proof. Leta € C*°(R) be such that

e x(0) =0,
e o/(0) = —1, and
o a(t) =0if|r| > 1.

Let 8 € C*(R) be non-negative such that

e B(t)=1if|¢t| <1and
e B(t) =0if |¢t| > 2.

Leta, b : M — R be given by a(x) = dist(x, X, g) and b(x) = dist(x,dM, g),
respectively. Here, dist( -, ¥, g) and dist(-, dM, g) are the signed distance functions
that become positive in direction of the respective unit normals. Given an integeri > 1,
we define ¥; : M — R by

Vi (x) =i [ali a(x)) + Bl a(x)) a(i b(x))].

Note that y; is smooth provided that i is sufficiently large and that, as i — oo,

Wil + ID(@)Wilg + |D*(2)¥il, = o(1).

Moreover, if W C M is a neighborhood of X, then spt(y;) C W for all but finitely
many i.
On X, there holds

i D(@)us.oVi = 1+ (i b(x)) (D(g)us.ob)(x).

Using that v(X, g)(y) € Ty,0M for every y € 9%, we obtain D(g)ys,ob = 0 on
0%. Consequently, (D(g)v(z,9)b)(x) = O(b(x)) on X. Using that o'(ib(x)) = 0if
i b(x) > 1, we conclude that

. 1
> D(Q)v(z. Vi < —3
provided that i is sufficiently large.

On 0M, we have

i? D(@)vom.g¥i = [ (i a(x)) (D(@)vam.g@) () — Bi a(x))]

Ifia(x) > 1, we have

i D(@)vom.g Wi = — Bi a(x)) < 0.

If i a(x) < 1, we have, as before, (D(g)vom,g)a)(x) = O(a(x)) while B a(x)) = 1.
Consequently,

1

i’ D(@)vom.g Vi < —3

provided that i is sufficiently large.
The assertion follows. |
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Lemma 49. Let (M, g) be a Riemannian manifold of dimension n > 3 with boundary
OM. Let U C M open be such that U N OM # (. There exists a function yr € C*°(M)
with the following properties.

ey >0inM and spt(y) C U.
o Ay > 0in M and Agyy > 0 at some point.

Proof. Note that there is a constant ¢ > 0 such that the following holds. For every ¢ > 0
sufficiently small, there exists a map &, : BY .(0) NR} — U such that

®, is an embedding,

o, 1(UNaM) = 3R N B (0),
|®fg — gl <ce,and
ID(g)P;glz < c3

see Fig. 4.

Let f; : Rf — R be given by

S B
e~ (D) Ce—lxteenl) ™ if |x +ee,lz < 26,

0 else.

Sfe(x) = i

When |x +&e,]z < 2¢&, we compute
Agfe=n+27?Qe—|x+eenl) ™ fo

—2(m+2) Qe —|x+eenly) fe

—(n—D(+2) Qe —lx+eel)  Ix+eel; fe
Since |x + e e,|; > ¢ on RY, it follows that

Agfe = (n+2) Qe —|x+eenlz) ™ fe
Likewise,
ID@) felz < (n+2) &> Qe — [x+eenl) ™ fo
and
ID*(@) felg < Vn(n+2)° Qe — |x+eenlp) ™ fo

Let . : M — R be given by

fe(@71(x) if x € Im(D,),
0 else.

Ye(x) =

Note that 1, € C*(M) and spt(y/¢) C U. Moreover, A,y > 0 and Agyy, > 0 at
some point provided that ¢ > 0 is sufficiently small. The assertion follows. O

Lemma 50. There exist a function p € C®(R*™ ) and a constant ¢ > 0 with the
following properties.

e p(x) =0 forall x € R with x|z = 1.

e p(x) > 0 forall x € R" ! with x|z < L.
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Fig. 4. An illustration of the map ®¢. By (0) N 8RR is presented by the solid black line on the left. The map
®, maps Bgs (0) N AR to a subset of U N d M which is presented by the solid black line on the right. 3 M is
showed by the solid gray line

o [p()| + [(D(@)p)(X)|z + [(D*(@)p)(X)|z < c(Agp)(x) for all x € R"™ with
1/2 < |xlz < L

Proof. Letn € C*°(R) be a function with
nis)=0ifs >1,
n(s) = e~ =97 e ¢ c [1/2, 1),

n(s) > 0if s € (1/4,1/2), and
n(s) = lifs < 1/4.

By a direct computation as in the proof of Lemma 49, the function p : R*~! — R given
by p(x) = n(|x|z) satisfies the asserted properties. m|

E. Asymptotic Growth Estimate for Subharmonic Functions

In this section, we derive an asymptotic growth estimate for subharmonic functions on
asymptotically flat half-spaces. The corresponding estimate for subharmonic functions
on asymptotically flat manifolds has been stated by Corvino in [13, p. 164] and proved in
detail by Czimek in [14, Proposition 2.6]. We note that the argument in [14, Proposition
2.6] can be adapted to the setting of an asymptotically flat half-space. Below, we give a
different, self-contained proof.

Note that, in some sense, Lemma 51 is a quantitative version of the Hopf boundary
point lemma as stated in, e.g., [18, Lemma 3.4].

Lemma 51. Let n > 3 and g be a C*-asymptotically flat metric on R}. Suppose that
there are a negative function u € C>%(R") and a number Ao > 1 such that

o Aqu>0in Rf_\BfO(O),
o A,u is integrable, and
e D(g)yorr g =0on SRﬁ\B)’fO(O).

Then

n

lim A~! / x' udu(g) > 0.
Z R2NS"10) l

A— 00 .
i=1

Proof. We first assume that Agu = 0.
Letn € C*°(R) be a non-negative function with ' (0) = I and n(s) = Oifs > 1/2.
Let f : R7\{0} — R be given by

—(n=2)

fx) =—(ogx|p) " |x]; +n(xl7" 6 |x|;(n—2)—r‘
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We compute
Agf =—@2+(n—2) log|xlg) (oglxlg) ™ [xI;" + O(Ix[;" ).
Likewise,
D@)f = 0oglxlp~ xI;"™")  and  D*@)f = O((log x| ™" IxI3").
Moreover, on 0R}, we have
D@)e, f = —Ix|;" 7.

Increasing Ao > lifnecessary, wefindthat A, f < Oin R’i\B;’O (0)and D(g)y R, o) .f <
0 on dRY\Bj (0). Let § > 0 be such that u < § f on R} N S (0). By the maximum
principle, for every A > A,

u<38(f—inf{f(x):x e Ry NSO}
in R N (BY (O)\Bj{0 (0)). Letting A — oo, we conclude that
u<df in Rﬁ\B;’O(O). (38)

Note that

sy~

n
A Z/ X" B du(g)
i=1

= D(g) nAon—1 udu(g)+ 0()»(”_2)_2‘[).
[I;imsg‘l(o) VRINS; ™ (0).8)

By the divergence theorem, the limit

n
z= lim 17! f x' 0 du(g) (39)
A—00 ; R2NSE(0) l
exists and
n
DY f A dudp(g) = z+ 000772, (40)
iZ1 JRINS;THO)

Suppose, for a contradiction, that z < 0. Let w : [Ag, 00) — R be given by

woy =27 [ wde@
R2NSI(0)

and note that, using also (40),

n
w=mn-2)r"w+r"? Z/ x! djudp(g)
i=1

1Sy~ 0)

<m-2rtw+onnI727),
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On the one hand, using (38), we have
1
w = =2 S (log() ™"

and hence w’' < (n —2)/2 2~ 1w for every A > )g provided that Lo > 1 is sufficiently
large. It follows that
w(h) < Ay "TIPAED2 4 0) (41)
for all A > Ao provided that A9 > 1 is sufficiently large. On the other hand, since
u € C2%(R"), we have
w) > —0(W"2D7T),

Note that this is not compatible with (41). This completes the proof in the case where
Agu = 0in RY\Bj (0).

Now, suppose that Agu > 0 in Rﬁ\BfO (0) and that Agu is integrable. By Propo-
sition 47, there is v € C2*(R") with

Aguv=0 in R’l\BfO(O),
D(g)v@m,gyv =0 on aRﬁ\B;\'O (0), and
v=u onRﬁﬂano(O).

By the maximum principle, # < v in Rﬁ\B;‘O (0). In particular,
xl*"/ (u—v)dji(g) <0
RINS?~10)
for every A > Ag. Moreover, using that u, v € C%’“(Rﬁ), we have

lim A" / . (w—v)da(g) =0.
RENST1(0)

A—00

Consequently,

L— 00

n
lim sup 2.~ Z/n . x" 3w —v)du(g) = 0.
=7 JRINSITH0)

We have already showed that

n
lim 17! Z/ x dvdu(g) > 0.
i=1 'R

A—>00 Ha ()

Moreover, since A u is integrable, the argument that led to (39) shows that

A— 00

n
lim A1 Z/ x! diudu(g)
i1 YRINS;TNO)

exists.
The assertion follows. |



1858 M. Eichmair, T. Koerber

F. Scalar Curvature Rigidity Results

In this section, we give an overview of several techniques that have been used to derive
scalar curvature rigidity results in mathematical relativity.

The proofs given by Schoen and Yau in [37, Theorem 1] and, independently, by
Gromov and Lawson in [19, Corollary A] of the following result are in some sense a
precursor to the positive mass theorem, stated here as Theorem 40.

Theorem 52 ([19,37]). Let n > 3 be an integer and T" = St x ... x S1 be the torus of
dimension n. Let g be a Riemannian metric on T" with R(g) > 0. Then g is flat.

The proofsin [19,37] show that any Riemannian metric g on 7" with R(g) > O must
actually satisfy R(g) = 0. Studying the variation of scalar curvature (24), Bourguignon
had previously observed that, unless Ric(g) = 0, such a metric can be perturbed to a
metric of positive scalar curvature; see [22, Lemma 5.2].

Let (M, £) be an asymptotically flat manifold with R(g) > 0 and m(g) = 0; see
Appendix A. The rigidity statement in the positive mass theorem, stated here as Theorem
40, can be viewed as a generalization of Theorem 52 to non-compact spaces. By con-
structing a global variation of g, Schoen and Yau have showed that, unless Ric(g) = 0,
g can be perturbed to a metric of non-negative scalar curvature and negative mass; see
[36, §3]. If (M , &) is spin, the alternative argument of Witten implies the existence of
certain parallel spinors. The existence of these spinors implies that (M, g) is flat; see
[40, §3]. We note that Shi and Tam have adapted this argument to settings with lower
regularity; see [38, §3]. Recently, Lu and Miao [26, Proposition 2.1] have extended the
rigidity statement in Theorem 40 to metrics with a corner. Their proof uses an argument
of McFeron and Székelyhidi [29] based on the observation that the mass is constant
along Ricci flow.

If n = 3, the proof of the positive mass theorem in [36] suggests that there are
no non-compact properly embedded area-minimizing surfaces in M unless (M, g)is
flat R3. This conjecture of Schoen has been confirmed by Chodosh and the first-named
author in [11, Theorem 1.6]. In the proof, they use local perturbations of g to construct
a local foliation of a neighborhood of such a minimal surface by non-compact prop-
erly embedded area-minimizing surfaces obtained as limits of solutions of the Plateau
problem. We remark that related rigidity results that restrict the topology of a horizon
boundary are known; see [16, Corollary 1.4] and the references therein.

Let (M, g) be asymptotically flat of dimension 3 < n < 7 with horizon boundary
¥ C M.Ifn = 3 and ¥ is connected, Huisken and Ilmanen have proved the Riemannian
Penrose inequality, stated here as Theorem 41, by evolving by by inverse mean curvature
flow to a large coordinate sphere in the asymptotically flat chart. By an explicit calcula-
tion, they have showed that the Hawking mass of the evolving horizon is non-decreasing
and, in fact, constant if (M (%), g) is scalar flat and foliated by totally umbilic constant
mean curvature spheres. To prove Theorem 41 in the general case where 3 < n < 7 and
¥ is possibly disconnected, Bray and Lee have used a conformal flow of the metric g
along which the mass is non-increasing while the area of the horizon boundary remains
constant. Their proof shows that the mass is, in fact, constant along this flow if and only
if a suitable conformal transformation of the double of M (f)) obtained by reflection
across ¥ has zero mass. If (M, g) is spin, the r1g1d1ty results in [38, §3] apply to the
possibly non-smooth double. As a consequence, (M (E) £) is isometric to the exterior
region of a Schwarzschild space (31). The work of Lu and Miao [26] shows that the
assumption that (M, §) be spin is not necessary.
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Finally, in Theorem, we give a short variational proof of rigidity in the Riemannian

Penrose inequality that does not require the spin assumption. To this end, we show that
if equality holds in (32), then the double of (M), g) obtained by reflection across )
is smooth. In fact, we observe that if & has non-vanishing second fundamental form, we
can locally perturb the metric g to increase R(g) without decreasing the area of 3. By
a global conformal transformation to zero scalar curvature, we may then decrease 17 (g)
without decreasing the area of ¥ by much.

References

1.

2.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Almaraz, S.: Convergence of scalar-flat metrics on manifolds with boundary under a Yamabe-type flow.
J. Differ. Equ. 259, 2626-2694 (2015)

Almaraz, S., Barbosa, E., de Lima, L.L.: A positive mass theorem for asymptotically flat manifolds with
a non-compact boundary. Commun. Anal. Geom. 24, 673-715 (2016)

Almaraz, S., de Lima, L.L., Mari, L.: Spacetime positive mass theorems for initial data sets with non-
compact boundary. Int. Math. Res. Not. IMRN 4, 2783-2841 (2021)

Arnowitt, R., Deser, S., Misner, C.: Coordinate invariance and energy expressions in general relativity.
Phys. Rev.(2) 122, 997-1006 (1961)

Barbosa, E., Meira, A.: A positive mass theorem and Penrose inequality for graphs with noncompact
boundary. Pac. J. Math. 294, 257-273 (2018)

Bartnik, R.: The mass of an asymptotically flat manifold. Commun. Pure Appl. Math. 39, 661-693 (1986)
Bray, H.L.: Proof of the Riemannian Penrose inequality using the positive mass theorem. J. Differ. Geom.
59, 177-267 (2001)

Bray, H.L., Lee, D.A.: On the Riemannian Penrose inequality in dimensions less than eight. Duke Math.
J. 148, 81-106 (2009)

Brendle, S.: A generalization of the Yamabe flow for manifolds with boundary. Asian J. Math. 6, 625-644
(2002)

Brendle, S., Chen, S.-Y.S.: An existence theorem for the Yamabe problem on manifolds with boundary.
J. Eur. Math. Soc.: JEMS 16, 991-1016 (2014)

. Carlotto, A., Chodosh, O., Eichmair, M.: Effective versions of the positive mass theorem. Invent. Math.

206, 975-1016 (2016)

Carlotto, A., Schoen, R.: Localizing solutions of the Einstein constraint equations. Invent. Math. 205,
559-615 (2016)

Corvino, J.: Scalar curvature deformation and a gluing construction for the Einstein constraint equations.
Commun. Math. Phys. 214, 137-189 (2000)

Czimek, S.: On the static metric extension problem, Master’s thesis (2014). https://www.math.uni-leipzig.
de/~czimek/mthesis.pdf

de Lima, L.L.: Conserved quantities in general relativity: the case of initial data sets with a noncompact
boundary. In: Gromov, M., Lawson, H.B. Jr. (eds.) Perspectives in Scalar Curvature. World Scientific,
2022 (2021). arXiv:2103.06061 (to appear)

Eichmair, M., Galloway, G.J., Mendes, A.: Initial data rigidity results. Commun. Math. Phys. 386, 253—
268 (2021)

Escobar, J.F.: The Yamabe problem on manifolds with boundary. J. Differ. Geom. 35, 21-84 (1992)
Gilbarg, D., Trudinger, N.S.: Elliptic partial differential equations of second order, Grundlehren der
mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 224. Springer,
Berlin, ISBN 3-540-13025-X

Gromov, M., Lawson, H.B.: Spin and scalar curvature in the presence of a fundamental group I. Ann.
Math. (2) 111, 209-230 (1980)

Huang, L.-H., Damin, W.: The equality case of the Penrose inequality for asymptotically flat graphs.
Trans. Am. Math. Soc. 367, 31-47 (2015)

Huisken, G., Ilmanen, T.: The inverse mean curvature flow and the Riemannian Penrose inequality. J.
Differ. Geom. 59, 353-437 (2001)

Kazdan, J.L., Warner, EW.: Prescribing curvatures. In: Differential Geometry (Proceedings of Symposia
in Pure Mathematics, Vol. XXVII, Stanford Univ., Stanford, Calif., 1973), Part 2, pp. 309-319 (1975)
Koerber, T.: The Riemannian Penrose inequality for asymptotically flat manifolds with non-compact
boundary. J. Differ. Geom. (2019). arXiv:1909.13283 (to appear)

Lam, M.-K.G.: The Graph Cases of the Riemannian Positive Mass and Penrose Inequalities in All Di-
mensions. ProQuest LLC, Ann Arbor (2011)

Lee, J.M., Parker, T.H.: The Yamabe problem. Bull. Am. Math. Soc. (N.S.) 17, 37-91 (1987)


https://www.math.uni-leipzig.de/~czimek/mthesis.pdf
https://www.math.uni-leipzig.de/~czimek/mthesis.pdf
http://arxiv.org/abs/2103.06061
http://arxiv.org/abs/1909.13283

1860 M. Eichmair, T. Koerber

26.

217.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

Lu, S., Miao, P.: Rigidity of Riemannian Penrose inequality with corners and its implications. J. Funct.
Anal. no. 281, Paper No. 109231, 11 (2021)

Marquardt, T.: Weak solutions of inverse mean curvature flow for hypersurfaces with boundary. J. Reine
Angew. Math. 728, 237-261 (2017)

McCormick, S., Miao, P.: On a Penrose-like inequality in dimensions less than eight. Int. Math. Res. Not.
IMRN 7, 2069-2084 (2019)

McFeron, D., Székelyhidi, G.: On the positive mass theorem for manifolds with corners. Commun. Math.
Phys. 313, 425-443 (2012)

Meeks, W.W., 111, Yau, S.-T.: The existence of embedded minimal surfaces and the problem of uniqueness.
Math. Z. 179, 151-168 (1982)

Miao, P.: Positive mass theorem on manifolds admitting corners along a hypersurface. Adv. Theor. Math.
Phys. 2002(6), 1163-1182 (2003)

Penrose, R.: Naked singularities. Ann. N. Y. Acad. Sci. 224, 125-134 (1973)

Raulot, S.: Green functions for the Dirac operator under local boundary conditions and applications. Ann.
Glob. Anal. Geom. 39, 337-359 (2011)

Schoen, R.: Conformal deformation of a Riemannian metric to constant scalar curvature. J. Differ. Geom.
20, 479-495 (1984)

Schoen, R.: Variational theory for the total scalar curvature functional for Riemannian metrics and related
topics. In: Topics in Calculus of Variations (Montecatini Terme, 1987), Lecture Notes in Mathematics,
vol. 1365, pp. 120-154. Springer, Berlin (1989)

Schoen, R., Yau, S.-T.: On the proof of the positive mass conjecture in general relativity. Commun. Math.
Phys. 65, 45-76 (1979)

Schoen, R., Yau, S.-T.: On the structure of manifolds with positive scalar curvature. Manuscripta Math.
28, 159-183 (1979)

Shi, Y., Tam, L.-F.: Positive mass theorem and the boundary behaviors of compact manifolds with non-
negative scalar curvature. J. Differ. Geom. 62, 79—125 (2002)

Volkmann, A.: Free boundary problems governed by mean curvature, PhD thesis (2015). https://d-nb.
info/1067442340/34

Witten, E.: A new proof of the positive energy theorem. Commun. Math. Phys. 80, 381-402 (1981)

Communicated by P. Chrusciel


https://d-nb.info/1067442340/34
https://d-nb.info/1067442340/34

	Doubling of Asymptotically Flat Half-spaces and the Riemannian Penrose Inequality
	Abstract:
	1 Introduction
	2 Reduction to Conformally Flat Ends
	3 Gluing of Asymptotically Flat Half-spaces
	4 Conformal Transformation to Non-negative Scalar Curvature
	5 Proof of Theorem 8
	6 Mass-Decreasing Variations and Rigidity
	7 Rigidity in the Riemannian Penrose Inequality
	Acknowledgments
	References




