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Quantum computers are promising for simulations of chemical and physical systems, but the limited
capabilities of today’s quantum processors permit only small, and often approximate, simulations. Here
we present a method, classical entanglement forging, that harnesses classical resources to capture quantum
correlations and double the size of the system that can be simulated on quantum hardware. Shifting some of
the computation to classical postprocessing allows us to represent ten spin orbitals of the water molecule
on five qubits of an IBM Quantum processor in the most accurate variational simulation of the H2O
ground-state energy using quantum hardware to date. We discuss conditions for applicability of classical
entanglement forging and present a roadmap for scaling to larger problems.
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Simulating quantum systems is an especially hard task
for classical computers, making the realization of quantum
computers potentially revolutionary for the study of chem-
istry, materials science, and fundamental physics. How-
ever, techniques like quantum phase estimation, which
promises accurate chemical simulations, require hardware
well beyond the present state of the art. While hardware
capabilities continue to steadily advance, limitations on
both quantity and quality of qubits are giving rise to new
algorithms that leverage additional classical resources to
enable quantum computations requiring more qubits than
physically available [1–13]. Such algorithms commonly
benefit from a strategy of partitioning a problem into
weakly interacting clusters, then correlating the results of
each on a classical computer. A range of important systems
naturally possess suitable partitions, including low-energy
eigenstates of chemical and lattice-model Hamiltonians
[14–17], systems embedded in a quantum bath [18,19], and
static correlations associated with chemical bond-breaking
processes [20–22]. Here we introduce a scheme, classi-
cally forged entanglement, which represents a 2N -qubit
wave function as multiple N -qubit states embedded in a
classical computation. Besides halving the requisite qubit
number, offloading entanglement synthesis to classical
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processing permits the constituent N -qubit quantum cir-
cuits to be shallower, relaxing requirements on error rates
and connectivity, at the cost of an increased number of
circuit executions.

As a general purpose quantum-classical representation
of a state, entanglement forging may be utilized in a vari-
ety of algorithms including fault-tolerant methods like
quantum phase estimation. We theoretically describe the
scheme, then demonstrate it with a variational quantum
eigensolver [23] (VQE) simulation in which five qubits
capture the behavior of ten spin orbitals of the water
molecule [24].

Theoretical description of classically forged entangle-
ment begins with Schmidt decomposition [Fig. 1(a)],
a standard application of singular value decomposition
(SVD) that allows one to write any state |ψ〉 of a bipartite
N + N qubit system as

|ψ〉 = (U⊗ V)
2N∑

n=1

λn |bn〉 ⊗ |bn〉 . (1)

Here |bn〉 are the N -qubit bit-string states, also known
as computational basis states, U, V are unitary operators
respective to the two subsystems, and the Schmidt coef-
ficients λn may be taken to be non-negative. The flatter
the distribution of Schmidt coefficients, the stronger the
entanglement; a uniform distribution λn = 1/

√
2N indi-

cates the two halves of the system are maximally entan-
gled, while only one nonzero coefficient corresponds to no
entanglement.

Mixing classical and quantum information, entangle-
ment forging is more naturally expressed using density
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FIG. 1. Classically forged entanglement. (a) A
state |�〉 of a bipartite quantum system, labeled
with arrows alluding to spin polarization, can
be defined by gates E, U, and V, where E out-
puts a combination of bit-string states |bn〉 |bn〉.
(b) A two-qubit entangled state can be rewritten
using one-qubit superposition states. Changing
labels 0, 1→ bn, bm gives a transformation act-
ing on components of the 2N -qubit state. (c) |�〉
can be reconstructed from N -qubit circuits ini-
tialized as bit strings and pairwise superpositions
thereof. Circuits associated with small λnλm can
be estimated adequately from few samples. (d)
Rapid (slow) decay of the leading Schmidt coeffi-
cients in the decomposition of a molecular ground
state signals weak (strong) entanglement between
spin-up and spin-down particles.

operators rather than wave functions, even for pure states
such as |ψ〉. As shown in Appendix A, one can write the
density operator as

|ψ〉〈ψ | = (U⊗ V)
2N∑

n=1

(
λ2

n |bn〉〈bn|⊗2 +
n−1∑

m=1

λnλm

×
∑

p∈Z4

(−1)p |φp
bnbm
〉〈φp

bnbm
|⊗2

)
(U† ⊗ V†),

(2)

where we use the definition |φp
xy〉 =

( |x〉 + ip |y〉 )/√2
with p ∈ {0, 1, 2, 3} = Z4. For example, in the minimal
case of two qubits [Fig. 1(b)], |φp

01〉 correspond to four
equatorial points on the Bloch sphere, rewriting a quan-
tum superposition of product states in terms of classical
products of superposition states. Equation (2) generalizes
methods proposed in Refs. [1,25,26], and is connected to
tensor-network representations of quantum circuits [8,27],
variational simulation of open quantum systems [28], and
the encoding of open-shell singlet and triplet states [29].
The expectation of a 2N -qubit operator O = O1 ⊗ O2 is
now

〈O〉 =
2N∑

n=1

(
λ2

n 〈bn|Õ1|bn〉 〈bn|Õ2|bn〉 +
n−1∑

m=1

λnλm

×
∑

p∈Z4

(−1)p 〈φp
bnbm
|Õ1|φp

bnbm
〉 〈φp

bnbm
|Õ2|φp

bnbm
〉
)

,

(3)

where Õ1 = U†O1U and Õ2 = V†O2V, and each con-
stituent requires only N qubits to evaluate.

The resulting summation for 〈O〉 is not obviously
scalable, involving as many as 2N+1(2N+1 − 1) distinct
N -qubit quantum circuits. Nonetheless, if one restricts to

simulations of sufficiently weak entanglement, 〈O〉 can be
efficiently estimated, as shown in Appendix E, by sampling
each circuit in proportion to the associated coefficients
λnλm in Eq. (3), with a total number of samples S for target
precision ε scaling as

S ∼
(1
ε

∑

n,m

|λnλm|
)2
= ‖

λ‖4

1

ε2 , ‖
λ‖1 =
∑

n

|λn|. (4)

Executing a quantum circuit once provides one sample of
the corresponding expectation value, such that total run-
time scales linearly with S. Since the one-norm decreases
toward 1 in the limit of weak entanglement, the overhead
cost of entanglement forging is smaller for simulations
of states divisible into weakly entangled halves, such as
the spin-up and spin-down components of some molecu-
lar ground states [Fig. 1(d)], and scales efficiently when
the one-norm is at most polynomial in the problem size.
For example, in some statically correlated ground states,
S can be independent of the number of basis orbitals. Out-
side of the domain of scalability, entanglement forging still
enables useful heuristic simulations beyond the standard
capacity of given quantum hardware, which may be real-
ized with precision by truncating the list of bit-string states
retained in the Schmidt decomposition.

Alternatively, this overhead may be reduced to a con-
stant factor independent of qubit number via a comple-
mentary scheme (Appendix B) simulating quantum cor-
relations between subsystems using those within a sub-
system, rather than using classical correlations as above.
This method can be seen as an application of forging in
the Heisenberg picture, reinterpreting an observable act-
ing on N + N qubits as a classical mixture of operators
describing the forward and backward time evolution of N
qubits, at a cost of deeper circuits. Provided certain sam-
pling assumptions, this method is not limited to weakly
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FIG. 2. Experimental ansatz structure. (a) The five active molecular orbitals are encoded in a line of qubits via the Jordan-Wigner
mapping. The qubits are prepared in either a bit-string state, or a superposition of two bit strings (shown), and then acted upon by
parameterized hop gates (b). In order to evaluate the Pauli strings of the Hamiltonian, each state is prepared many times, and rotated
appropriately prior to measurement in the computational basis. (c) Parameterized molecular geometry from which molecular orbitals
are determined. (d) Device map of ibmq_dublin, with a highlighted example of how two geometries may be solved in parallel.

entangled states, so it may be applicable to a wider range
of systems.

We use entanglement forging for a VQE simulation of
the water molecule, as schematized in Figure 2. Starting
from the minimal STO-6G basis, we freeze the core oxy-
gen 1s and the out-of-plane oxygen 2p orbitals, leaving
an active space of ten spin orbitals. The Jordan-Wigner
mapping encodes either the spin-up or spin-down orbitals
onto each five-qubit quantum circuit, and we simplify the
problem structure by asserting V = U per the known sym-
metry between spin polarizations in the closed-shell singlet
ground state.

How best to construct an ansatz circuit for VQE remains
an open and active research topic [30]. To facilitate our
demonstration of entanglement forging, we first ran clas-
sical simulations of VQE without entanglement forging to
obtain a ten-qubit circuit that performs well for this prob-
lem. Based on this circuit, we select the quantum gates
in U, and truncate the Schmidt decomposition to k = 3 of
the ten possible bit strings, namely |b1〉 = |11100〉 , |b2〉 =
|01110〉 , and |b3〉 = |01101〉. Such truncation is conve-
nient due to a technical limitation on the number of unique
circuits, distinct from the more fundamental limitation of
overhead time scaling with the number of samples S dis-
cussed above; future implementations may variationally
explore larger subsets of possible bit strings (Appendix E).
The resulting ansatz is thus tailored to our particular prob-
lem and parameterized both by two-qubit gate-rotation
angles and by the Schmidt coefficients, discussed further
below. To realize each circuit required for Eq. (3), we pre-
pare either one bit string, or a superposition of two. For
example, Fig. 2(a) shows how to prepare |φ0

b1b3
〉, and a

general construction is given in Appendix C.
Each initialized state is then acted upon by the unitary

U, here comprised of five two-qubit “hop gates” [Figs. 2(a)
and 2(b)], where each acts according to the matrix

h(ϕ) =

⎡

⎢⎣

1 0 0 0
0 cos(ϕ) − sin(ϕ) 0
0 sin(ϕ) cos(ϕ) 0
0 0 0 −1

⎤

⎥⎦ . (5)

In the simulated molecule, the rotation by ϕ moves par-
ticles between orbitals, while the entry −1 provides a
CPHASE-like two-particle interaction. A product of hop
gates is universal with respect to real-valued wave func-
tions of fixed particle number, making the gate appeal-
ing for simulating eigenstates of time-reversal invariant
Hamiltonians. Details of compilation on quantum hard-
ware appear in Appendix D.

The runtime cost of entanglement forging makes fast
circuit execution critical. We implement the VQE routine
using the Qiskit quantum-computing package, and execute
the experiment via the IBM Quantum cloud computing ser-
vice on the ibmq_dublin processor [31,32]. Active qubit
reset enabled execution at a 10-kHz repetition rate. Noting
that distinct molecular geometries present embarrassingly
parallel problems, we map two independent problems onto
separate five-qubit chains [Fig. 2(d)], doubling through-
put to 20 000 five-qubit circuits per second (Appendix H).
While freedom to independently specify the number of
samples for each unique circuit would best economize
runtime, here we approximate this behavior by submit-
ting multiple copies of circuits in proportion to the desired
weighting (Appendix F).

Properties of the particular problem and ansatz per-
mitted many circuits to be omitted, further accelerating
execution. Generally, superposition states |φp

bnbm
〉 may be

skipped when evaluating Hamiltonian terms acting on only
one of the two subsystems. Likewise, since here the oper-
ators O1 and O2 in the Hamiltonian are real valued in
the bit-string basis, contributions from |φp

bnbm
〉 with odd p

must vanish. Finally, observing that our chosen hop gates
nominally do not modify the Hartree-Fock (HF) state,
we omit the corresponding circuits and use instead the
classical mean-field result, fixing 〈b1|Õ|b1〉 = EHF. This
simplification cannot capture excitations of unpaired elec-
trons across the HF occupied-virtual threshold, and risks
unphysical results as hardware errors impact intermedi-
ate calculations unevenly. Nonetheless, unburdening the
quantum processor of the dominant, classically accessi-
ble part of the problem reduced S by roughly an order
of magnitude for our near-equilibrium experiments, while

010309-3



ANDREW EDDINS et al. PRX QUANTUM 3, 010309 (2022)

R R

R

(a) (c)(b)

R (Å) R (Å) θ (deg)
40 061 081120 04100106 080.1 5.1 0.2 2.50.50.1 5.1 0.2 2.50.5

expt,
k = 3

sim,
k = 3

sim,
k = 6

FCI

HF

100

101

–75.7

–75.6

–75.5

–75.4

–75.7

–75.5

–75.3

–75.1

–75.7

–75.6

–75.5

100

101

102

100

101

10-1

En
er

gy
 (H

ar
tr

ee
)

|e
rr

or
| (

m
H

a)

FIG. 3. VQE energies. Ground-state energies computed while varying (a) both O—H bond lengths, (b) a single O—H bond length,
and (c) the H—O—H angle θ . In the upper plots, VQE results using the entanglement-forging ansatz on ibmq_dublin appear as filled
blue circles, alongside curves indicating the classically computed Hartree-Fock (HF) and full configuration interaction (FCI) values for
the active space. Unfilled shapes indicate results from running VQE on a noiseless classical simulator using the same three-bit-string
ansatz used on ibmq_dublin (k = 3), and using a larger six-bit-string ansatz (k = 6). Lower plots indicate absolute errors, |E − EFCI|.
Error bars are one standard deviation produced by bootstrapping measurement histograms, representing precision but not systematic
error or drift.

retaining acceptable overall accuracy. Notably, this accel-
eration is enabled by the mixture of classical and quantum
elements in the entanglement-forging representation.

VQE is repeated to study the behavior of entanglement
forging across a variety of molecular geometries. For each
geometry, optimization is performed in approximately
100 iterations of a simultaneous perturbation stochastic
approximation (SPSA) algorithm [33,34]. Figure 3 dis-
plays the energies resulting from varying the length of
both O—H bonds, the length of only one bond, and the
H—O—H angle at fixed bond length. Where not otherwise
specified, nominal equilibrium values of Req = 0.958 Å
and θeq = 104.478◦ are used [35]. Deviations between the
VQE results and exact full configuration interaction (FCI)
energies trend from approximately 1–10 mHa to approx-
imately 10–100 mHa as bond lengths are increased, in
line with the expectation that entanglement forging should
work best for problems with weakly entangled ground
states. We repeat all experiments on a noiseless classi-
cal simulator, first verifying that this trend persists in the
absence of gate errors (orange circles), and second observ-
ing that accuracy in the stretched regime improves substan-
tially upon increasing the number of represented bit-string
states k from three to six (purple squares), enabling the
forging to describe stronger entanglement at the expense
of sampling more distinct circuits. Finally, to emphasize
that entanglement forging can extend to arbitrary accuracy
with no increase in the number of qubits, we ran a noise-
less VQE simulation at the nominal equilibrium geometry
including all ten three-occupation bit strings along with
more hop gates, which converged within 1.6 mHa of the
FCI energy (Appendix K).

The Schmidt coefficients λn [Fig. 1(b)] are among the
parameters optimized by VQE with entanglement forging
(Appendix J). These coefficients are uniquely defined by
the ground-state wave function and choice of partition,
and thus, assuming adequate convergence of VQE to the
ground state, do not depend on the selection of gates in U
and V up to reordering of the index n. Figure 4 shows the
Schmidt coefficients obtained on ibmq_dublin, along with
those obtained on a noiseless classical simulator with the
same three-bit-string ansatz (k = 3). The plots verify that
weaker entanglement correlates with better performance in
Fig. 3, and clarify how bond stretching strengthens spin-
polarization entanglement. For instance, removing a single
hydrogen [Fig. 4(b)] leads to a wave function dominated
by two bit strings, consistent with a picture of dissocia-
tion into spin-1/2 fragments with opposite polarizations.
Further discussion of Schmidt coefficient distributions sup-
ported by FCI calculations is provided in Appendix I.

We demonstrate entanglement forging by computing
the ground-state energy of a water molecule for varying
geometries using five qubits to represent ten spin orbitals,
the most accurate VQE simulation of this molecule using
quantum hardware to date. Entanglement forging opens
a vista of experimental possibilities, such as dividing a
lattice system using a spatial rather than spin partition;
introducing an adaptive bisection based on orbital opti-
mization; using entanglement forging in simulation algo-
rithms beyond VQE, including error-corrected techniques
such as quantum phase estimation; and more generally
for any experiment otherwise inaccessible due to limited
qubit number or connectivity where the overhead of forg-
ing may be tolerated. Where overhead remains prohibitive,
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classical simulator (empty circles) while varying molecular geometry as in Fig. 3. The largest component is the Hartree-Fock amplitude
(λ1, red); the two remaining values are sorted and plotted in blue and green. (a) Bit strings beyond Hartree Fock become increasingly
significant as the molecular bonds are stretched. (b) Removing a single hydrogen produces a ground-state wave function dominated by
two bit strings. (c) All choices of H—O—H bond angle yielded ground states characterized by weak entanglement.

Heisenberg-picture forging (Appendix B) may provide an
alternative path to simulation of large systems. Additional
exploration of techniques incorporating classical resources
with quantum processing may further enhance the power
of near-term quantum simulations and help realize quan-
tum advantage for practical applications.
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APPENDIX A: DECOMPOSITION TO
SUPERPOSITIONS OF N -QUBIT BIT STRINGS

We would like to forge a 2N -qubit state

|�〉 =
∑

n

λn |bn〉 ⊗ |bn〉 ,

where λn are real coefficients. For each distinct pair of bit
strings x, y and each p ∈ {0, 1, 2, 3} ≡ Z4 define a state

|φp
xy〉 =

|x〉 + ip |y〉√
2

.

One gets

4 |φp
xy〉〈φp

xy |⊗2 = i2p |y〉〈x|⊗2 + i−2p |x〉〈y|⊗2 + O

+ ipO′ + i−pO′′,

where O, O′, O′′ are some operators. Note that
∑

p∈Z4
ipq =

4δq,0 for all q ∈ Z4. Thus

∑

p∈Z4

i2p |φp
xy〉〈φp

xy |⊗2 = |y〉〈x|⊗2 + |x〉〈y|⊗2 .

Applying the above identity to each off-diagonal term in
|�〉〈�| we arrive at

|�〉〈�| =
∑

n

λ2
n |bn〉〈bn|⊗2 +

∑

n

∑

m<n

λnλm

×
∑

p∈Z4

(−1)p |φp
bnbm
〉〈φp

bnbm
|⊗2 .

APPENDIX B: ENTANGLEMENT FORGING IN
THE HEISENBERG PICTURE

First let us define a class of quantum states whose entan-
glement can be efficiently forged. Consider a system of 2N
qubits and states of the form

|ψ〉 = (U⊗ U)
∑

x∈{0,1}N
λx|x〉 ⊗ |x〉, (B1)

where the tensor product separates two N -qubit registers,
λx are real coefficients, and U is a unitary operator with
real matrix elements in the standard basis. The coefficients
λx have to be normalized such that

∑
x λ

2
x = 1. We assume
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that U admits an efficient implementation by a quantum
circuit. It is natural to consider quantum circuits composed
of real gates such as the Hadamard, Y-rotation, CNOT, or a
hop gate. This ensures that U has real matrix elements. The
vector of 2N coefficients λx may be specified either explic-
itly (for small N ) or implicitly by a classical algorithm that
can efficiently perform the following tasks:

(i) sample a bit string x from the probability distribu-
tion λ2

x ;
(ii) compute the ratio λy/λx for a given pair of bit strings

x, y.

Such an implicit description of exponentially large vectors
is commonly used in quantum Monte Carlo simulations
based on tensor networks [36] or neural-network states
[37]. It follows the framework of computationally tractable
quantum states introduced in Ref. [38].

Given Pauli observables O1, O2 ∈ {I , X , Y, Z}⊗N , our
goal is to estimate the expected value

μ = 〈ψ |O1 ⊗ O2|ψ〉. (B2)

We show how to accomplish this task by a series of N -
qubit experiments. A typical experiment prepares a state
U†CU|x〉 for a suitable N -qubit Clifford circuit C and a bit
string x. Then every qubit of the state U†CU|x〉 is mea-
sured in the standard basis. Note that the circuit U† can
be obtained from U by inverting the order of gates and
replacing each gate by its inverse. The size of the Clifford
circuit C depends on the form of the observables O1, O2.
Let |Oj | be the Hamming weight of Oj , that is, the num-
ber of single-qubit terms X , Y, Z that appear in Oj . Then
C contains at most 2(|O1| + |O2|) CNOT gates and some
single-qubit gates. The number of experiments required to
approximate the expected value Eq. (B2) with a precision ε
is proportional to 1/ε2 with a constant prefactor. Crucially,
the number of experiments does not depend on the number
of qubits N or the amount of entanglement in the forged
state |ψ〉.

The key idea behind this method is to convert a Pauli
observable O1 ⊗ O2 describing a bipartite system of N +
N qubits into a classical mixture of observables C∗ ⊗ C,
where C is a self-adjoint N -qubit Clifford operator and
C∗ is the complex conjugate of C. By interpreting C and
C∗ as operators describing the forward and the backward
time evolution of the same N -qubit register we express the
expected valueμ as a mixture of quantum probabilities that
can be measured on an N -qubit device. Since the analysis
of the method is performed in the Heisenberg picture at
the level of observables, we shall refer to it as the Heisen-
berg forging. Meanwhile the forging method described in
the main text works primarily in the Schrödinger picture
by decomposing an entangled state of N + N qubits into a
classical mixture of product states. We refer to the latter as

the Schrödinger forging, to avoid a confusion between the
two methods.

The Heisenberg forging roughly doubles the size of
quantum circuits that need to be executed compared with
the Schrödinger forging (the former needs to implement
both U and U† while the latter only needs to implement
U). However, the Heisenberg forging requires shorter cir-
cuits compared with the preparation of the full state |ψ〉
on a hardware with 2N qubits. Indeed, a quantum cir-
cuit preparing the state |ψ〉 includes two copies of U as
well as some extra gates generating the initial entangle-
ment between the N -qubit registers. Thus we expect that
the Heisenberg forging reduces both the number of qubits
and the number of gates per experiment while increasing
the number of experiments only by a constant factor.

Using states Eq. (B1) as a variational ansatz in quan-
tum simulations is justified if the exact ground state has
real amplitudes in the standard basis and is invariant under
exchanging the two N -qubit registers. As discussed in the
main text, this is the case for molecular electronic structure
Hamiltonians assuming that the N -qubit registers repre-
sent spin-up and spin-down orbitals. Specializing Eq. (B1)
to the case U = I gives variational states in which every
spatial orbital is either empty or occupied by a pair of elec-
trons in the singlet state. Such states play the central role
in the restricted Hartree-Fock space formalism [39]. As
shown in Ref. [21], minimizing the energy of a molecular
Hamiltonian over variational states of the form Eq. (B1)
with U = I is equivalent to minimizing the energy of
a quantum spin Hamiltonian with two-spin Heisenberg-
type interactions and an external magnetic field over states
|λ〉 =∑x λx|x〉, where λx are the Schmidt coefficients that
appear in Eq. (B1). We anticipate that the ansatz Eq. (B1)
with U �= I may improve upon the restricted Hartree-Fock
formulation since it is based on more general variational
states. We leave applications of the Heisenberg forging for
a future work.

In the rest of this section we assume that O1 and O2
are nonidentity Pauli operators, which is the most inter-
esting case. Otherwise we have O1 = I or O2 = I . For
concreteness, assume O2 = I . Then the expected value
Eq. (B2) becomes μ =∑x λ

2
x〈x|U†O1U|x〉. One can esti-

mate μ with a precision ε by generating M ∼ ε−2 samples
x1, . . . , xM ∈ {0, 1}N from the distribution λ2

x , measuring
the eigenvalue of O1 on each state U|xj 〉, and computing
the sample mean of the measured eigenvalues.

Let {O1, O2} = O1O2 + O2O1. Below we construct a
decomposition

O1 ⊗ O2 + O2 ⊗ O1 = a0

2
({O1, O2} ⊗ I + I ⊗ {O1, O2})

+
4∑

j=1

aj C∗j ⊗ Cj , (B3)
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where aj are real coefficients such that |aj | ≤ 1, and
Cj are N -qubit Clifford operators. Recall that the
state |ψ〉 is invariant under the swap of the two N -
qubit registers. Thus the expected value μ is invari-
ant under swapping the observables O1 and O2. Sym-
metrizing μ over the swap of O1 and O2 one gets μ =
(〈ψ |O1 ⊗ O2|ψ〉 + 〈ψ |O2 ⊗ O1|ψ〉) /2. Combining this
and Eq. (B3) gives

μ = a0

∑

x

λ2
x Re(〈x|U†O1O2U|x〉)

+ 1
2

4∑

j=1

aj 〈ψ |C∗j ⊗ Cj |ψ〉. (B4)

We now convert the expected value 〈ψ |C∗j ⊗ Cj |ψ〉 into a
mixture of quantum probabilities that can be measured on
an N -qubit device. From Eq. (B1) one gets

〈ψ |C∗j ⊗ Cj |ψ〉 =
∑

x,y

λxλy〈y|U†C∗j U|x〉〈y|U†Cj U|x〉

=
∑

x,y

λxλy |〈y|U†Cj U|x〉|2. (B5)

Here we use the identity

〈y|U†C∗j U|x〉 = 〈x|(U†C∗j U)T|y〉 = 〈x|UTC†
j U∗|y〉

= 〈x|U†C†
j U|y〉,

which follows from the assumption that U has real matrix
elements. Combining Eqs. (B4) and (B5) one gets

μ = a0

∑

x

λ2
x Re(〈x|U†O1O2U|x〉)+ 1

2

4∑

j=1

ajμj , (B6)

where

μj =
∑

x,y

λxλy |〈y|U†Cj U|x〉|2. (B7)

The first term in Eq. (B6) can be estimated on an N -qubit
device by sampling a bit string x from the distribution λ2

x ,
preparing a state U|x〉, and measuring the eigenvalue of
O1O2 [note that the first term in Eq. (B6) is nonzero only
if O1O2 is a self-adjoint operator, that is, if O1 commutes
with O2]. Below we focus on the second term in Eq. (B6)
and show how to estimate the quantities μj . Define a
function

R(x, y) = λy

λx
. (B8)

By assumption, one can efficiently compute R(x, y) for a
given pair x, y. For each bit string x define a conditional

probability distribution

Pj (y|x) = |〈y|U†Cj U|x〉|2. (B9)

One can sample a bit string y from Pj (y|x) on a quantum
device with N qubits by preparing the state U†Cj U|x〉 and
measuring every qubit in the standard basis. Furthermore,
Eq. (B7) implies that μj is the expected value of R(x, y)
over the probability distribution λ2

xPj (y|x), that is,

μj =
∑

x,y

λ2
xPj (y|x)R(x, y) ≡ E(R). (B10)

The random variable R(x, y) has the variance at most one
since

E(R2) =
∑

x,y

λ2
xPj (y|x)R2(x, y) =

∑

x,y

λ2
y |〈y|U†Cj U|x〉|2

=
∑

y

λ2
y = 1. (B11)

Thus one can estimate μj with an additive error ε by
generating roughly 1/ε2 samples (x, y) from the distribu-
tion λ2

xPj (y|x) and computing the sample mean of R(x, y).
By estimating each term μj in Eq. (B6) with a precision
ε/4 and estimating the expected value Re(〈x|U†O1O2U|x〉)
with a precision ε/2 gives the desired ε estimate of μ (use
the triangle inequality and the assumption |aj | ≤ 1). The
total number of N -qubit experiments required to obtain
these estimates is proportional to 1/ε2 with a constant
prefactor.

In the rest of this section we explicitly construct the
decomposition Eq. (B3) for nonidentity Pauli observables
O1, O2 ∈ {I , X , Y, Z}⊗N . Let wj be the number of single-
qubit Y terms that appear in Oj . Note that O∗j = (−1)wj Oj ,
that is, the matrix of Oj in the standard basis is real if wj is
even and imaginary if wj is odd. Since the state |ψ〉 is real,
one has μ = 〈ψ |O1 ⊗ O2|ψ〉 = 0 unless w1 and w2 have
the same parity. Below we assume that this is the case, that
is, O∗j = σOj for σ = (−1)w1 = (−1)w2 . Recall that Pauli
observables either commute or anticommute.

Case 1: O1 anticommutes with O2. Below we prove the
following simple fact.

Lemma 1. Let O1, O2 ∈ {I , X , Y, Z}⊗N be anticommuting
Pauli observables. There exist N-qubit Clifford circuit V
and a qubit q ∈ {1, 2, . . . , N } such that

O1 = VXqV† and O2 = VZqV†. (B12)

The circuit V contains at most |O1| + |O2| − 2 CNOT gates
and some single-qubit Clifford gates. Here |Oj | is the
Hamming weight Oj .
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Let V be the Clifford circuit from Lemma 1. Define
Clifford operators

C1 = V
1√
2
(Xq + Zq)V† and C2 = V

1√
2
(Xq − Zq)V†.

(B13)

Note that C1 = (O1 + O2)/
√

2 and C2 = (O1 − O2)/
√

2.
A simple algebra gives

O1 ⊗ O2 + O2 ⊗ O1 = C1 ⊗ C1 − C2 ⊗ C2. (B14)

Taking the partial transpose of Eq. (B14) over the first N -
qubit register, using the fact that Oj and Cj are self-adjoint,
and the identity O∗j = σOj one gets

O1 ⊗ O2 + O2 ⊗ O1 = σ
(
C∗1 ⊗ C1 − C∗2 ⊗ C2

)
. (B15)

This is the desired decomposition Eq. (B3) with a1 = σ ,
a2 = −σ , and a0 = a3 = a4 = 0. Lemma 1 and Eq. (B13)
imply that C1 and C2 can be implemented by circuits with
at most 2(|O1| + |O2|) CNOTs.

Case 2: O1 commutes with O2. If O1 = O2 then choose
C1 = C2 = O1, a1 = a2 = σ , and a0 = a3 = a4 = 0. One
can easily check that Eq. (B3) is satisfied. From now on we
assume O1 �= O2. Below we prove the following lemma.

Lemma 2. Let O1, O2 ∈ {I , X , Y, Z}⊗N be commuting
Pauli observables such that O1 �= O2 �= I . There exist
N-qubit Clifford circuit V and a pair of qubits p , q ∈
{1, 2, . . . , N } such that

O1 = VZpV† and O2 = VZqV†. (B16)

The circuit V contains at most |O1| + |O2| − 2 CNOT gates
and some single-qubit Clifford gates.

Let V be the Clifford circuit from Lemma 2. Define N -
qubit operators

Cα,β = VX α
p X β

q CZp ,qX α
p X β

q V†,

where α,β ∈ {0, 1} and CZp ,q denotes the controlled-Z
gate acting on qubits p , q. Using the identity

X α
p X β

q CZp ,qX α
p X β

q

= (1/2)[I + (−1)αZp + (−1)βZq − (−1)α+βZpZq]

one gets

Cα,β = (1/2)[I + (−1)αO1 + (−1)βO2 − (−1)α+βO1O2].

A simple algebra shows that

O1 ⊗ O2 + O2 ⊗ O1 = O1O2 ⊗ I + I ⊗ O1O2

+
∑

α,β=0,1

(−1)α+βCα,β ⊗ Cα,β .

Taking the partial transpose over the first N -qubit register,
using the identity O∗j = σOj , and the fact that Cj and Oj
are self-adjoint one gets

O1 ⊗ O2 + O2 ⊗ O1 = σ(O1O2 ⊗ I + I ⊗ O1O2)

+ σ
∑

α,β=0,1

(−1)α+βC∗α,β ⊗ Cα,β .

This is the desired decomposition Eq. (B3) with C1 = C0,0,
C2 = C0,1, C3 = C1,0, C4 = C1,1, a0 = a1 = a4 = σ , and
a2 = a3 = −σ .

It remains to prove Lemmas 1,2.

Proof of Lemma 1. We convert O1 and O2 to single-qubit
Pauli operators Xq and Zq, respectively, by a sequence
of steps O1 ← W†O1W and O2 ← W†O2W, where W is a
Clifford circuit composed of CNOT, CZ, and single-qubit
gates. We choose W such that at each step the combined
weight |O1| + |O2| is reduced at least by a number of two-
qubit gates in W. The desired circuit V is then obtained as
the composition of the circuits W applied at each step.

The first step converts O1 and O2 into the standard form
such that their action on any qubit falls into one of five
cases shown below.

Case A B C D E
O1 X Z I Z I
O2 Z I Z Z I

The corresponding circuit W can be easily constructed
as a product of single-qubit Clifford gates. This gives rise
to a partition of N qubits into five disjoint subsets, [N ] =
ABCDE. For example, A contains all qubits j such that O1
and O2 act on j by Pauli X and Z, respectively. Note that A
has an odd size since otherwise O1 and O2 would commute.
In particular, A �= ∅.

Suppose B �= ∅. Apply W = CZa,b for some a ∈ A and
b ∈ B. This reduces |O1| by one without changing O2.

Suppose CD �= ∅. Apply W = CNOTb,a for some a ∈
A and b ∈ CD. This reduces |O2| by one without
changing O1.

In the remaining case B = C = D = ∅ and A �= ∅.
Assume without loss of generality that A = {1, 2, . . . , 2k +
1} for some integer k. Then O1 = X1X2 · · ·X2k+1 and O2 =
Z1Z2 · · · Z2k+1. Set q = 1. Choose

W =
k∏

a=1

CNOT1,2a+1CNOT2a,1CNOT2a+1,2a.

One can easily check that W†O1W = X1 and W†O2W = Z1.
Thus W reduces the combined weight |O1| + |O2| by 4k.
Furthermore, W contains 3k ≤ 4k two-qubit gates. �

Proof of Lemma 2. We use the notations introduced in
the proof of Lemma 1. Consider the standard form of O1
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and O2. Suppose A �= ∅. Note that |A| is even since O1
and O2 commute. Assume without loss of generality that
A = {1, 2, . . . , 2k} for some integer k. Choose

W =
k∏

a=1

H2a−1CNOT2a,2a−1CNOT2a−1,2a.

One can can easily check that W maps X1X2 . . .X2k and
Z1Z2 . . . Z2k to Z1Z3 . . . Z2k−1 and Z2Z4 · · · Z2k, respec-
tively. The combined weight |O1| + |O2| is reduced by 2k
and W contains 2k two-qubit gates. From now on we can
assume A = ∅.

If B �= ∅ and D �= ∅ then apply W = CNOTd,b for some
b ∈ B and d ∈ D. This reduces |O1| by one without chang-
ing O2.

If C �= ∅ and D �= ∅ then apply W = CNOTd,c for some
c ∈ C and d ∈ D. This reduces |O2| by one without chang-
ing O1.

After a sequence of steps as above we have A, D = ∅.
Note that B �= ∅ and C �= ∅ since we assume that O1 �= I
and O2 �= I .

If |B| ≥ 2 then apply W = CNOTb,b′ for some qubits
b, b′ ∈ B. This reduces |O1| by one without changing O2. If
|C| ≥ 2 then apply W = CNOTc,c′ for some qubits c, c′ ∈ C.
This reduces |O2| by one without changing O1.

After a sequence of steps as above we have A, D = ∅,
|B| = 1, and |C| = 1, that is, O1 = Zp and O2 = Zq for
some pair of qubits p �= q. �

APPENDIX C: STATE INITIALIZATION
ROUTINES

For the entanglement-forging scheme used in the exper-
iment, we need to initialize N qubits in a superposition
state |φp

xy〉 = (|x〉 + ip |y〉)/√2, where x and y are N qubit
bit strings, and x �= y. A general construction of |φp

xy〉
proceeds as follows:

1. Find an index k where xk �= yk.
2. If xk = 1 (yk = 0), swap the definitions of x and y,

and substitute p → (−p mod 4), using the fact that
|φp

xy〉 is the same as |φ−p
yx 〉 up to an inconsequential

global phase.
3. Find the sets of indices S = {l �= k : xl �= yl} and

T = {l : xl = 1}.
4. Given a set of N qubits prepared in |0〉⊗N , apply the

single-qubit gates ⊗i∈TXi.
5. Apply single-qubit gate Gp to qubit k, defined

as (G0, G1, G2, G3) = (H , SH , ZH , SZH). Note the
Hadamard acts first in each case.

6. For all qubits l ∈ S, apply CNOTkl.

The above procedure may become difficult to execute
with high fidelity in simulations of large systems as lim-
ited processor connectivity may lead to large numbers of

costly swap operations, or simply as the Hamming dis-
tance between pairs of included bit strings grows and
necessitates more CNOTs in step 6. Moreover, circuits
with different initialization gates will experience different
errors, and these uneven error rates can lead to inference
of nonphysical average behaviors, e.g., energies below the
correct ground-state energy. To circumvent this issue, one
may replace the circuits initialized as N -qubit superpo-
sition states by a larger number of circuits initialized as
products of single-qubit states, which are readily prepared
with high fidelity. Suppose x �= y are N -bit strings that dif-
fer on d bits. For each qubit j and an integer p define a
single-qubit state

|ψpj
xy 〉 =

⎧
⎨

⎩

|xj 〉 if xj = yj
1√
2

(|xj 〉 + eiπp/2d|yj 〉
)

if xj �= yj . (C1)

Define an N -qubit tensor-product state

|ψp
xy〉 = |ψp1

xy 〉 ⊗ |ψp2
xy 〉 ⊗ · · · ⊗ |ψpN

xy 〉. (C2)

Such a state can be easily prepared starting from the basis
vector |0N 〉 by applying Hadamard gates, Pauli-X gates,
and single-qubit Z rotations by the angle ±πp/2d. After
simple algebra one gets a decomposition

|x〉〈y|⊗2 + |y〉〈x|⊗2 = 4d

4d

4d−1∑

p=0

(−1)p |ψp
xy〉〈ψp

xy |⊗2. (C3)

Note that the right-hand side is a linear combination of 2N -
qubit tensor-product states. We can use this decomposition
to classically forge entanglement for an arbitrary state

|ψ〉 = (U⊗ V)
∑

n

λn|bn〉 ⊗ |bn〉.

Indeed, write the density matrix |ψ〉〈ψ | as a linear combi-
nation of diagonal terms |bn〉〈bn|⊗2 and off-diagonal terms
|bn〉〈bm|⊗2 + |bm〉〈bn|⊗2 with n �= m. Applying Eq. (C3)
with x = bn and y = bm to each off-diagonal term one
finally arrives at

〈ψ |O1 ⊗ O2|ψ〉
=
∑

n

λ2
n〈bn|U†O1U|bn〉 × 〈bn|V†O2V|bn〉

+
∑

n<m

λnλm4dn,m

4dn,m

4dn,m−1∑

p=0

(−1)p〈ψp
bnbm
|U†O1U|ψp

bnbm
〉

× 〈ψp
bnbm
|V†O2V|ψp

bnbm
〉, (C4)

where Oi are arbitrary N -qubit observables and dn,m is the
Hamming distance between the bit strings bn and bm (the
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number of bit flips separating bn and bm). Note that each
term in Eq. (C4) can be estimated on a device with only
N qubits by initializing each individual qubit in the state
|0〉, |1〉, or (|0〉 + e±iπp/2d|1〉)/√2 according to Eqs. (C1)
and (C2) with x = bn, y = bm, applying the circuit U or
V, and measuring the eigenvalue of O1 or O2. However,
the exponential factor 4dn,m in the decomposition Eq. (C4)
may lead to a loss of accuracy. For concreteness, suppose
the observables Oi are normalized such that the operator
norm of Oi is at most one (for example, Oi are N -qubit
Pauli operators). Suppose each N -qubit expected value in
Eq. (C4) can be estimated within an additive error ε0.
Using the triangle inequality one can easily check that
the right-hand side of Eq. (C4) approximates the expected
value 〈ψ |O1 ⊗ O2|ψ〉 within an additive error

ε = O(ε0)

(
1+

∑

n<m

|λnλm|4dn,m

)
. (C5)

Thus the method is practical only if dn,m is sufficiently
small for all bit strings bn and bm that contribute to |ψ〉.

APPENDIX D: CONNECTIVITY AND SWAPS

Figure 5 outlines how we utilize the structure of the par-
ticular forged ansatz in this demonstration to compile the
required circuits onto a five-qubit line without introduc-
ing any additional gate-based swap operations. Panel (a)
shows the definition of the hop gate, denoted by green dia-
monds, which we may also abbreviate as a swap followed
by the gate denoted by green circles. Panel (b) likewise

defines a “modified hop gate,” which does not involve a
swap, and acts like the hop gate except that it leaves the
|11〉 state unchanged. Following panel (c), we start from
the set of hop gates in Fig. 2, use the fact that in the exper-
iment we fix ϕ3 = 0 to reduce that hop gate to a CPHASE
gate, and unpack gates 1, 4, and 5 according to the hop gate
definition. (The CPHASE gate is compiled using Hadamards
and a CNOT.)

We now compile hop-gate 2 differently depending on the
initialization subcircuits (purple rectangles) of the given
circuit. Unpacking gate 2 per its definition and untwisting
all crossed wires produces the circuit in the top right of
panel (d). The wires have been permuted to reveal the lin-
ear connectivity; in terms of the letters labeling the qubits
in the figure, the required connectivity is C-B-A-D-E. To
this set of gates we need to prepend initialization sub-
circuits preparing superpositions of bit strings. Each such
subcircuit in this experiment contains one additional CNOT
(red); to avoid any gate-based swaps, the two involved
qubits must also be connected. The two purple subcircuits
in d, |φ0

b1b2
〉 and |φ0

b2b3
〉, respectively, require connections

A-D and D-E. Since this is compatible with the connec-
tivity C-B-A-D-E, we compile hop-gate 2 as per panel (d)
whenever these states are prepared.

In contrast, superposing the third pair of bit strings by
the |φ0

b1b3
〉 subcircuit in e requires A-E connectivity. To

realize this, we note that this state preparation ideally never
provides |11〉 as an input to hop-gate 2, and thus hop-
gate 2 may be replaced by a modified hop gate with no
nominal change in behavior. With the swap removed from
hop-gate 2, the desired linear connectivity of the hop-gate

Compatible
with

(e)(d)

(c)

(b)(a)
=n=Ry(φn)

Ry(φn)
=n

Unpack
1, 4, 5

A

B

C

D

E 5

4

1

=2 2

1

2

4

5

1

2

3

4

5
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B

C

D

E
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B
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D

E

A

B

C

D

E

5

4

2

1

A

B

C

D

E

5

41A

B

C

D

E

A

B

C

D

E

φ3 = 0

n

2

Ry(φn)

Ry(φn)

22 Input
≠

|11>

Compatible

Fixed:

with

2

FIG. 5. Compilation onto a line of
qubits. (a) Definition of the hop gate (green
diamonds) in terms of a swap followed by
standard gate operations, the latter abbre-
viated by the gate with green circles. (b)
Definition of the modified hop gate, equiv-
alent to a hop gate except that it leaves
the |11〉 state unchanged. (c) Initial com-
pilation steps for the hop gates used in
the experiment. (d) Likewise unpacking
hop-gate 2 per its definition leads to the
circuit in the upper right, the connectiv-
ity of which is compatible with the two
state-initialization subcircuits shown (pur-
ple rectangles). (e) Alternatively, replac-
ing hop-gate 2 with a modified hop gate
provides a connectivity solution for the
state-initialization subcircuit shown in this
panel.
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circuit becomes C-B-A-E-D, providing the A-E connection
facilitating |φ0

b1b3
〉.

Nonphysical results may be inferred in cases where
hardware noise acts unevenly across the set of executed
circuits, as will occur to some extent when varying gate
compilations depending on the state preparation. However,
the total error in the circuit is reduced by the avoidance of
swaps, and we accept the trade-off for this experiment. An
intriguing question is how generally entanglement forging
and other circuit decomposition techniques may be used to
circumvent limitations of device connectivity [9]. Future
entanglement-forging experiments may reduce connectiv-
ity requirements using the decomposition to single-qubit
stabilizer states presented in Appendix C.

APPENDIX E: WEIGHTED SAMPLING OF
CIRCUITS: THEORY

Suppose O1, O2 ∈ {I , X , Y, Z}⊗N are N -qubit Pauli
observables and |ψ〉 is a 2N -qubit state. Entanglement
forging provides a decomposition

〈ψ |O1 ⊗ O2|ψ〉 =
�∑

a=1

μaTr(O1ρa)Tr(O2ρa), (E1)

where ρa are N -qubit pure states and μa are real coeffi-
cients simply related to the Schmidt coefficients of |ψ〉.
Let Vi be a Clifford circuit that maps each Pauli term X or
Y that appears in Oi to the Pauli Z. Note that Vi includes
only single-qubit Clifford gates. Then

Oi = V†
i

⎛

⎝
∑

x∈{0,1}N
Oi(x)|x〉〈x|

⎞

⎠Vi,

where Oi(x) takes value +1 or −1 if the parity of x
restricted to the support of Oi is even or odd, respectively.
We would like to estimate the quantity 〈ψ |O1 ⊗ O2|ψ〉
on a quantum device with only N qubits by a series of
experiments such that each experiment prepares a state
ViρaV†

i for some pair (i, a) and measures each qubit in the
computational basis. We claim that estimating 〈ψ |O1 ⊗
O2|ψ〉 with an additive error ε and a confidence level 99%
requires at most S experiments, where

S = 200 (‖μ‖1)
2

ε2 , ‖μ‖1 ≡
�∑

a=1

|μa|. (E2)

For large problems, Monte Carlo methods may be used
to generate the necessary M = S/2 state preparations ρa.
Indeed, define a normalized probability distribution πa =
|μa|/‖μ‖1, where a = 1, 2, . . . , �, and let a1, a2, . . . , aM ∈
{1, 2, . . . , �} be M independent samples from the distribu-
tion. For each j = 1, 2, . . . , M perform two experiments:

(1) prepare the state V1ρaj V†
1, measure every qubit in the

Z basis, and record the measured bit string xj ∈ {0, 1}N ;
(2) prepare the state V2ρaj V†

2, measure every qubit in the
Z basis, and record the measured bit string yj ∈ {0, 1}N .
Define a random variable

f = ‖μ‖1

M

M∑

j=1

sgn(μaj )O1(xj )O2(yj ). (E3)

One can easily check that the mean and the variance of f
are

E(f ) = 〈ψ |O1 ⊗ O2|ψ〉 and

E(f 2)− E(f )2 = ‖μ‖
2
1 − 〈ψ |O1 ⊗ O2|ψ〉2

M
. (E4)

Here the expectation values are taken over the random
choice of a1, . . . , aM and the random measurement out-
comes. We conclude that f is an unbiased estimator of
〈ψ |O1 ⊗ O2|ψ〉 with the variance at most ‖μ‖2

1/M =
ε2/100. By the Chebyshev inequality, |f − 〈ψ |O1 ⊗
O2|ψ〉| ≤ ε with probability at least 0.99.

We note that estimating 〈ψ |O1 ⊗ O2|ψ〉 on a 2N -qubit
device with a precision ε and confidence level 99% would
require at most 100ε−2 experiments (each experiment pre-
pares the state V1 ⊗ V2|ψ〉 and measures every qubit in the
Z basis). From Eq. (E2) one infers that entanglement forg-
ing increases the required number of experiments roughly
by the factor 2(‖μ‖1)

2. However, each experiment requires
N instead of 2N qubits. In addition, as argued in the
main text, quantum circuits preparing the states ρa are
much simpler compared with the circuit preparing the full
state ψ .

Let λ = (λ1, λ2, . . . , λ2N ) be the Schmidt coefficients of
|ψ〉. Equation (2) from the main text gives

‖μ‖1 = 1+ 4

⎛

⎝
2N∑

i=1

|λi|
⎞

⎠
2

. (E5)

Thus entanglement forging is mostly useful for weakly
entangled states such that ‖λ‖1 =

∑2N

i=1 |λi| is a constant
or a slowly growing function of N (note that ‖λ‖1 =

√
2N

in the worst case when |ψ〉 is a maximally entangled state
of N + N qubits). In practice, one may wish to limit the
maximum number of experiments S by some specified cut-
off Smax. Combining Eqs. (E2), (E5) that determine the
number of experiments S = S(ε, λ) one obtains a nonlinear
constraint S(ε, λ) ≤ Smax on the vector of Schmidt coeffi-
cients λ. This constraint should be incorporated into the
classical optimizer that minimizes the variational energy.
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APPENDIX F: WEIGHTED SAMPLING OF
CIRCUITS: IMPLEMENTATION

As the number of bit strings included in the experi-
mental demonstration (three bit strings) is computationally
tractable, Monte Carlo methods are not required. To min-
imize the variance of our estimate of the sum in Eq. (3),
we wish to allocate the total experimental samples S to the
various circuits 〈bn|Õk|bm〉 in proportion to the respective
coefficients λnλm. However, at the time of the experiment
Qiskit did not yet support nonuniform sampling of a list of
distinct quantum circuits, instead sampling all J circuits
in the submitted list, or job, an equal number of times
s = S/J . We thus wrote a small “copysampling” func-
tion to approximate nonuniform sampling by populating
the job with proportionally more copies of more important
circuits. The function takes as inputs the desired normal-
ized statistical weight wc for each circuit c, and the final
size J of the job to be submitted. Thus a target expres-
sion for the number of copies desired for circuit c is wcJ ,
though this is not necessarily integer valued. For simplic-
ity, the copysampling function first ensures the job includes
at least one copy of every possible circuit. Next, it deter-
ministically appends floor(wcJ − 1) additional copies of
each circuit c. There are then J −∑c

[
1+ floor(wcJ − 1)

]

remaining spots in the job. These are allocated to circuits
randomly according to the remaining residuals, without
replacement, to approximate the desired weighting dis-
tribution. A similar partially deterministic shot allocation
scheme was studied in Ref. [40]. The job is then executed,
and the results (“counts”) for all copies of c are merged
before analysis.

The above is limited in that the weighted sampling is
coarse grained by the number of samples s per copy of
each circuit. The desired weighted-sampling distribution
could be better approximated by setting s = 1 and J = S.
However, at present there is appreciable overhead in exe-
cution time scaling with the job size J . In our experiment,
we find J ≈ 800 and s ≈ 2000 gives an acceptable com-
promise between job-size overhead time and efficiency of
weighted sampling.

Our sampling weights accounted for both the coeffi-
cients λnλm and the zero-noise extrapolation stretch factors
discussed below. We note that possible extensions could
further optimize sampling weights for each quantum cir-
cuit by accounting for weights of the Pauli strings in the
Hamiltonian, optionally further informed by the expecta-
tions of Pauli strings obtained in the previous VQE iter-
ation. Optimally assigning samples accounting for Pauli
strings is nontrivial as Hamiltonian terms contain pairwise
products of N -qubit Pauli-string expectations, and more-
over groups of compatible Paulis are in our experiment
measured jointly via the tensor-product basis grouping
method [41] standard in Qiskit. Nonetheless, preliminary
simulations suggest such weighting schemes can further

reduce the required number of samples S by more than
approximately 25%.

APPENDIX G: REPEATED-GATE ZERO-NOISE
EXTRAPOLATION

The accuracy of energies computed on the quantum
hardware is significantly improved by mitigating gate
errors via zero-noise extrapolation, or ZNE [42,43]. To
avoid the overhead of calibrating stretched gates, we
implement a repeated-gate ZNE routine similar to that in
Ref. [44]. For each quantum circuit, a copy is made by
applying the transformation G→ GG−1G to each prim-
itive gate, approximating a noise-amplification factor of
3. We use first-order extrapolation of the results from
the original and copied circuits to infer the approximate
zero-noise result for each distinct circuit [i.e., for each dis-
tinct (state-preparation, Pauli-string) combination] used to
compute the desired observable. Additionally, because the
extrapolated result depends more sensitively on the origi-
nal circuit than on the noise-amplified circuit, to improve
overall precision we assign a proportionally higher weight
to the original circuit in the weighted-sampling routine
described above.

APPENDIX H: PARALLEL CIRCUIT EXECUTION

To reduce the total data-acquisition time, we execute
pairs of VQE problems simultaneously on different subsets
of the Dublin processor. Physical qubits are selected based
on automated device benchmarking performed shortly
before to the start of each VQE run. To reduce the risk of
crosstalk between problems, we require that no direct con-
nectivity exists between the two sets of physical qubits,
with a buffer of at least one idle physical qubit. A sim-
ilar parallelization scheme was recently characterized in
Ref. [45]. Future parallelized experiments might suppress
readout crosstalk as needed by choosing sets of qubits
disjoint with respect to readout-line multiplexing, or by
applying efficient mitigation methods such as in Ref. [46].

This parallelization routine is implemented in software
to be a modular wrapper of the experiment code. Using
the standard PYTHON multiprocessing package, the
wrapper first launches a PYTHON process executing one
copy of the experiment code for each independent VQE
problem. In each iteration of the VQE optimization, each
of these processes generates a list of circuits, or job, it
needs executed. Rather than passing the job directly to the
backend as usual, each process passes its job to a common
“multiplexer” PYTHON process. The multiplexer, respec-
tively, merges the circuits in the separate jobs into a single
new job, sends that to the backend for execution, and then
separates the component results and returns them to the
corresponding VQE processes. This framework is conve-
nient as the multiplexer can be swapped in as a virtual
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backend with little modification of the original experiment
code.

APPENDIX I: SCHMIDT COEFFICIENTS AND
TRUNCATION

For technical convenience in the forging demonstration,
rather than sampling all possible bit strings, we truncate
the space to include only the leading k = 3 bit strings,
that is, set λn>k = 0. Noiseless simulations with k = 3 and
k = 6 are performed for comparison (Fig. 3). Extended
data, Fig. 6, illustrates how the choice of k limits accu-
racy of describing the various ground state wave functions,
here obtained via FCI calculations. For the case of sym-
metric stretching, a qualitative change occurs for k ≥ 6
such that accuracy improves as the molecule dissociates
further. Single-bond cleavage exhibits a similar, though
less pronounced, change for k ≥ 2, as per the discussion
in the main text. In contrast, sweeping the bond angle
does not reveal any critical value of k. Note that unlike
the experiments in the main text, the FCI calculations here
do not freeze the oxygen 2p orbital; including this orbital
increases the number of allowed bit strings from 10 to 15,
such that a nonzero residual remains for k = 10.

APPENDIX J: UPDATING SCHMIDT
COEFFICIENTS

The Schmidt coefficients λn must be updated each iter-
ation of the VQE optimization. One way to do this is by
treating them on the same footing as the gate parameters
(ϕ in Fig. 2), such that the optimizer explores a space with
dimension equal to the number of Schmidt coefficients plus
the number of gate parameters. Here however, since the
problems are small, we instead can and do remove the
Schmidt coefficients from the optimizer search space by
having the classical processor exactly minimize the energy
as a function of the Schmidt coefficients based on the latest
measurement results. This process is detailed below.

In each iteration of the VQE, quantum circuits are sam-
pled to estimate the expectation values 〈bn|Õi|bn〉 and

〈φp
bnbm
|Õi|φp

bnbm
〉 in Eq. (3), where Oi here represents an

N -qubit Pauli string. Computing the energy involves plug-
ging these values into a product over i (indicating spin-up
or -down), and summations over p , n, m, and the weighted
list of 2N -qubit Pauli strings defining the Hamiltonian.
Deferring the operations over Schmidt-coefficient indices
n, m and performing all others leaves

〈H 〉 =
∑

n,m

λnλmhnm, (J1)

where h is a symmetric matrix of known values. By the
variational principle, the eigenvector of this matrix with
the lowest eigenvalue minimizes the energy. Thus we
update λ by computing this eigenvector, such that the VQE
optimizer need only minimize E(ϕ) rather than E(ϕ, λ).

Although Schmidt coefficients are typically taken to
be non-negative for definiteness, in this computation we
allow them to take any real values, facilitating the exact-
minimization update routine above and increasing ansatz
flexibility for fixed U, V. In the main text, empirical λ val-
ues (Fig. 4) are represented by their absolute values for
simplicity of discussion.

APPENDIX K: NOISELESS CLASSICAL
SIMULATION WITH LARGER ANSATZ

We execute an additional, noiseless classical simulation
with a larger ansatz at the nominal equilibrium geometry
(defined in the main text) to emphasize that the reduc-
tion in qubit number does not necessarily entail a loss of
accuracy. Moreover, the U (and V) part of the ansatz can
be constructed exclusively from hop gates. We targeted
a discrepancy of 1.6 mHa or less from the active-space
FCI, as this value is sometimes quoted as a standard for
quantum chemistry calculations. The ansatz included all
ten bit strings consistent with assigning three electron
pairs to the five molecular orbitals in the active space
(k = 10), and the gates are found via a heuristic empirical
search using a noiseless classical simulator. The optimiza-
tion converged to a ground-state energy of −75.726 303

R(Å) R(Å)

Angular profileBoud cleavageSymmetric stretching

q(°)

FIG. 6. Accuracy of truncated Schmidt decompositions. The three panels correspond to the three sweeps of molecular geometries as
in Figs. 3, 4. For each choice of bit-string truncation k, we plot one minus the projection of the FCI wave function into the space defined
by the leading k bit strings. In other words, we plot the sum of squares of the FCI Schmidt coefficients excluded by the truncation.
Values near 1 (0) indicate that the FCI wave function cannot (can) be accurately represented in the truncated space. Unlike in the rest
of the text, these FCI calculations do not freeze the oxygen 2p orbital.
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Ha, leaving a discrepancy of 1.47 mHa relative to the
FCI value in this active space, −75.727 775 Ha. Explic-
itly, the N -qubit bit strings, including frozen orbitals,
are 1111100, 1011101, 1011110, 1101110, 1101101,
1110110, 1110101, 1001111, 1010111, and 1100111. The

hop gates, listed in terms of the ordered orbital pair they
acted upon (indexing from 0 to 6, such that here 0 and 4
are frozen), are given in the table. This ad hoc sequence
of gates is presumably not optimal in terms of circuit
depth.

Orbitals ϕ (rad) Orbitals ϕ (rad)
1 1,2 1.571 070 08e+00 18 3,5 1.799 008 33e-03
2 5,6 7.856 313 57e-01 19 3,5 0
3 2,6 0 20 1,3 −6.898 391 95e-02
4 1,3 −1.641 240 47e-01 21 2,6 2.452 420 43e-03
5 5,6 6.949 461 36e-01 22 2,6 0
6 2,3 0 23 1,2 1.205 658 41e-03
7 3,5 −1.326 983 09e-03 24 5,6 −1.233 294 17e-02
8 3,5 0 25 2,6 0
9 1,3 7.475 390 70e-02 26 1,3 1.684 458 71e-02

10 2,6 2.737 337 21e-04 27 5,6 −9.592 901 16e-03
11 2,6 0 28 2,3 0
12 1,2 8.049 942 86e-01 29 3,5 −1.113 789 80e-02
13 5,6 8.852 498 94e-01 30 3,5 0
14 2,6 0 31 1,3 7.224 900 09e-03
15 1,3 −1.010 798 74e+00 32 2,6 −8.256 569 96e-04
16 5,6 7.986 107 96e-01 33 2,6 0
17 2,3 0
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