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Abstract

Starting from the complete short mean-free path fluid equations describing magne-

tized plasmas, assuming that plasma pressure is small compared to magnetic pressure,

considering field-aligned plasma fluctuations, and adopting an ordering in which the

plasma species flow velocities are much smaller than the ion thermal speed, a system

of non-linear equations for plasma density, electron and ion temperatures, parallel ion

flow velocity, parallel current, electrostatic potential, perturbed parallel electromag-

netic potential, and perturbed magnetic field is derived. The equations obtained allow

sharp equilibrium radial gradients of plasma quantities, and are shown to contain the

neoclassical (Pfirsch-Schlüter) results for plasma current, parallel ion flow velocity

(with the correct temperature gradient terms), and parallel gradients of equilibrium

electron and ion temperatures. Special care is taken to insure the divergence-free char-

acter of perturbed magnetic field and total plasma current, as well as local particle

number and electron and ion energy conservation.
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I. Introduction

Properly modelling and understanding turbulent transport in magnetically con-

fined plasmas is one of the important challenges facing magnetic fusion. To confine

a plasma for fusion applications normally the most virulent ideal magnetohydrody-

namic instabilities must be avoided so that the turbulent evolution of the plasma is

on the diamagnetic frequency time scale with ion flow velocities well below the ion

thermal speed. The highly non-linear nature of the plasma evolution is then typically

modelled by numerically solving a reduced system of equations. At the edge of a

tokamak plasma the perpendicular wavelengths and scale lengths must be allowed to

be comparable and far shorter than the parallel wavelengths and scale lengths. The

lack of spatial and temporal scale separation between the turbulent correlation and

transport evolution times and lengths has resulted in the adoption of short mean-

free path fluid descriptions as one means of obtaining a tractable description of edge

plasmas.

The short mean-free path description of magnetized plasma as originally formu-

lated by Braginskii1 assumes an ordering in which the ion mean flow is on the order

of the ion thermal speed. Mikhailovskii and Tsypin2 realized that this ordering is not

the one of most interest in many practical situations in which the flow is well below

the ion thermal speed and on the order of the ion heat flux divided by the pressure.

In their ordering the ion flow velocity is allowed to be on the order of the diamagnetic

drift velocity – the case of interest for most fusion devices in general, and the edge

of many tokamaks in particular. Indeed, most short mean-free path treatments of

turbulence in magnetized plasmas must use some version of the Mikhailovskii and

Tsypin results to properly treat the temperature gradient terms in the gyroviscosity

and parallel ion viscosity. As in all short mean-free path treatments, the ion gyrora-

dius is assumed small compared to all perpendicular lengths and the mean-free path

is assumed small compared to all parallel lengths.

Starting from the Mikhailovskii and Tsypin2 description with some corrections3

a reduced system of non-linear low-beta equations is derived for fluctuations with
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parallel variations on the scale of the connection length and perpendicular variations

on the scale of the pedestal (the region of sharp gradients just inside the separatrix of

a tokamak) width. The resulting system of reduced equations describe the evolution

of the plasma density, electron and ion temperatures, parallel ion flow velocity, and

vorticity (or, equivalently, electrostatic potential), when supplemented by the parallel

Ohm’s and Ampere’s laws. They are constructed to locally conserve number and

electron and ion energy, and insure that the magnetic field4 and plasma current

remain divergence free. In addition to describing plasma turbulence, these reduced

equations also allow standard neoclassical Pfirsch-Schlüter results5 for the current,

ion heat flux and ion flow velocity to be recovered.

Existing reduced non-linear collisional numerical descriptions6–9 only approxi-

mately preserve conservation properties, neglect or retain an incomplete expression

for the parallel ion viscosity, or even invoke a Braginskii-like high flow closure. The

effects of these and other approximations discussed in more detail in Sec. XIII, are

hard to quantify since the codes are so time consuming to run that the impact of

an approximation is hard to determine. However, the use of a Braginskii closure

and/or a neglect or incomplete treatment of parallel ion viscosity means that the

proper Pfirsch-Schlüter parallel ion flows will not be retained. This shortcoming is

potentially serious since flow shear often plays an important role in the evolution

and suppression of turbulence. The consequences of departures from number, energy

and/or charge conservation are more difficult to judge, but since the effect is to in-

troduce spatially and temporally varying sources or sinks of particles, energy, and/or

charge, it is possible that such errors will become serious when turbulence is modelled

on transport time scales.

The paper is organized in the following way. In Sec. II we discuss in detail the or-

derings and assumptions employed and in Sec. III the starting (corrected Mikhailovskii

and Tsypin) equations are briefly summarized. Section IV derives expressions for the

electric field and perturbed divergence-free magnetic field in terms of electrostatic po-

tential and the parallel component of the perturbed electromagnetic potential, with

the latter related to the parallel plasma current. Sections V through X present deriva-
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tions of the reduced equations for plasma density, parallel current, electron pressure

and temperature, ion parallel flow velocity, ion energy and temperature, and vorticity

(the equation for the electrostatic potential), respectively. Section XI demonstrates

that the reduced equations locally conserve the total energy of plasma plus the elec-

tromagnetic field. In Sec. XII we show that these equations allow the recovery of the

standard neoclassical Pfirsch-Schlüter results for parallel current, ion parallel flow

velocity, and parallel gradients of electron and ion temperatures. Our results are

discussed and conclusions drawn in Sec. XIII. Finally, we use Appendix A to rewrite

∇× (B/B2) with B the total magnetic field in a convenient form, Appendix B to de-

rive all the necessary expressions related to the parallel species viscous stress tensor,

Appendix C to do the same but for the ion gyroviscous stress tensor, and Appendix

D to derive the leading order expression for the ion “polarization” velocity and for

the divergence of its contribution to the total plasma current.

II. Orderings

We assume that plasma equilibrium possesses two independent length scales: a

slow scale, Ls, associated with gradients and curvature of the equilibrium magnetic

field, B0, that is on the order of the tokamak major radius, R0; and a fast scale, Lf ,

associated with sharp radial gradients of plasma pressure and density. The scale Lf

is assumed to be much smaller than the tokamak minor radius, a, which, in turn, can

be on the order of R0:

ε ≡ Lf

Ls

¿ 1. (1)

In addition, we concentrate on field-aligned fluctuations and assume

k‖ ∼ L−1
s , k⊥ ∼ L−1

f , (2)

where k‖ and k⊥ are the components of the fluctuation wave vector parallel and

perpendicular to the magnetic field, respectively.

We consider low-β,

β ≡ 8π (pi + pe)

B2
¿ 1, (3)
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magnetized, and collision-dominated plasmas,

δj ≡ ρj

Lf

∼ k⊥ρj ¿ 1, ∆j ≡ λj

Ls

∼ k‖λj ¿ 1, (4)

where pi and pe are the ion and electron pressure, respectively, ρj ≡ vTj/|Ωj| is the gy-

roradius, and λj ≡ vTj/νj is mean-free path with vTj ≡
√

2Tj/mj the thermal speed,

Ωj ≡ ZjeB/mjc the gyrofrequency, and νj the characteristic collision frequency1 for

species j (j = e, i):

νe ≡ 4
√

2πΛZ2
i e

4ni

3
√

me T
3/2
e

, νi ≡ 4
√

πΛZ4
i e

4ni

3
√

mi T
3/2
i

. (5)

As usual, Tj, nj, mj, Zje, Λ, c and B denote temperature, density, mass and charge of

species j, Coulomb logarithm, the speed of light, and the magnitude of the magnetic

field, respectively.

We shall treat the small parameters ∆j and δi on equal footing while deriving our

fluid equations for plasma turbulence:

∆j ∼ δi. (6)

In addition to the leading order terms, we also retain in our equations the small

terms necessary to recover the standard Pfirsch-Schlüter neoclassical expressions5 for

the plasma current, radial ion heat flux, and parallel ion flow velocity, which are only

valid for δi ¿ ∆i. We resist the urge to retain the more complicated viscosity expres-

sions required for our ∆i ∼ δi ordering since the more general collisional neoclassical

expressions for fluxes and flows are not available in the literature.

We also assume that

|Ωj| À νj À ω ∼ δ2
i Ωi, (7)

where ω is the characteristic frequency of interest, and that

Vj

vT i

¿ 1, (8)

where Vj is the flow velocity of species j. We shall see in Sec. VIII that when turbu-

lence is present V‖i ∼ (ε/δi) vTi. It is therefore necessary to assume that ε ¿ δi to be
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consistent with a drift ordering of Vj. It follows from inequality (7) that ε À δi∆i, so

we find

δi À ε À δi∆i. (9)

Notice that the Braginskii fluid equations1 consider the MHD ordering, Vj ∼ vTi, so

important terms are missing in the expressions for the viscous stress tensor. Indeed,

the use of standard Braginskii expressions for the species viscous stress tensors leads

to the appearance of large spurious terms that are cancelled by heat flow terms in

the drift-ordered equations of Mikhailovskii and Tsypin.2

Finally, we allow the amplitude of fluctuations in plasma quantities, such as den-

sity, ion and electron temperatures and flow velocities, to be on the order of corre-

sponding unperturbed quantities. At the same time, we shall see that fluctuations of

magnetic field, B1, are β ¿ 1 times smaller than the unperturbed field B0.

III. Starting Equations

We begin by briefly summarizing the exact moments of the kinetic equation for

plasma species j, namely the continuity equation,

∂nj

∂t
+ ∇ · (njV j) = Sn

j ; (10)

the momentum conservation equation,

∂

∂t
(mjnjV j)+∇pj +∇ ·

(↔
π j + mjnjV jV j

)
= Zjenj

(
E +

1

c
V j ×B

)
+Rj +SM

j ;

(11)

and the energy conservation equation,

∂

∂t

(
3

2
pj +

1

2
mjnjV

2
j

)
+ ∇ ·Qj = Wj + V j · (Rj + ZjenjE) + SE

j , (12)

where Sn
j , SM

j and SE
j are density, momentum and energy sources for species j,

respectively.

The viscous stress tensor,
↔
π j, is given by2,3

↔
π j=

↔
π cj +

↔
πgj +

↔
π⊥j, (13)
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where the “parallel” viscous stress tensor is

↔
π cj=

(
b̂ b̂− 1

3

↔
I

)
πcj (14)

with

πcj = −ηj

(
3b̂ b̂− ↔

I
)

:
(↔
αj − ξj

↔
γ j

)
+ ζj,

↔
αj = ∇V j +

2

5pj

∇qj,

↔
γ j =

2

5pj

[
qj (∇ ln pj − F j)−

(
2qj − q∗j

) ∇ ln Tj −∇ (
qj − q∗j

)]
, F i = 0,

F e =
Re

pe

, q∗i = − 4

15
q‖i, q∗e = 1.58

pe

meνe

∇‖Te + 0.08pe

(
V ‖e − V ‖i

)
, (15)

ηi = 0.96
pi

νi

, ηe = 0.73
pe

νe

, ζi =
3

2piv2
Ti

(
0.20q2

‖i − 0.085q2
i

)
,

ζe =
3

2pev2
Te

[
0.109

(
q2
‖e −

1

3
q2
e

)
+ 0.092qe · q∗e + 0.069q∗2e

]
,

Re the electron-ion friction force defined below, ξi = 0.61, ξe = 0.98,
↔
I the unit

tensor, and b̂ ≡ B/B. The so-called “gyroviscous” part of the stress tensor is

↔
πgj=

pj

4Ωj

{
b̂×

[↔
αj +

↔
α

T

j

]
·
(↔

I +3 b̂ b̂
)
−

(↔
I +3 b̂ b̂

)
·
[↔
αj +

↔
α

T

j

]
× b̂

}
, (16)

where a superscript “T” is used to denote a transpose of a dyad. The “perpendicular”

part of the stress tensor is a factor of νj/|Ωj| smaller than the “gyroviscous” part and

negligible for our considerations.

Expressions (14) - (16) reduce to the corresponding Braginskii expressions1 in

the limit qj, q
∗
j → 0. Equations (14) and (15) coincide with the Mikhailovskii and

Tsypin2 expressions for the ions in the limit ζi → 0, and expression (16) is identical

to theirs. The electron viscous stress tensor,
↔
πe, was not evaluated by Mikhailovskii

and Tsypin, so for completeness we have evaluated it and the ζi and ζe modifications

as explained in Ref. [3].

The energy flux is given by the expression

Qj =

(
5

2
njTj +

1

2
mjnjV

2
j

)
V j+

↔
π j ·V j + qj (17)

with1

qi = −κ‖i∇‖Ti +
5pi

2miΩi

b̂×∇Ti − κ⊥i∇⊥Ti, (18)

qe = −κ‖e∇‖Te +
5pe

2meΩe

b̂×∇Te − κ⊥e∇⊥Te − 0.71
TeJ‖

e
+

3νe

2Ωe

Teb̂× J

e
,
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and

κ‖i =
125pi

32miνi

, κ⊥i = 2
piνi

miΩ2
i

, κ‖e = 3.16
pe

meνe

, κ⊥e = 4.66
peνe

meΩ2
e

(19)

the usual Braginskii heat-conduction coefficients.

Finally, the electron-ion friction forces are1

Re = −Ri = ene

(
J‖
σ‖

+
J⊥
σ⊥

)
− 0.71ne∇‖Te +

3νe

2Ωe

neb̂×∇Te (20)

with σ⊥ = 0.51σ‖ = (e2ne/meνe), while the energy exchange terms are

Wi =
3meneνe

mi

(Te − Ti) , We = −Wi −Re · (V e − V i) . (21)

In what follows we assume for simplicity that Zi = 1 = −Ze, so that quasineu-

trality requires ni = ne ≡ n and Sn
i = Sn

e ≡ Sn.

IV. Electromagnetic Fields

In this section we derive equations for evolution of electromagnetic fields. We

assume that the equilibrium magnetic field varies in space on the slow scale only,

while the perturbed magnetic field can vary on both the fast and slow scales. In

addition, we assume that both perturbed and unperturbed plasma quantities, such

as plasma pressure, vary on both slow and fast scales.

Then, following the assumptions of Sec. II and the procedure of Ref. [10], we write

the magnetic field, B, vector potential, A, and plasma pressure, p, in the form

B = B0 (xs) + B1 (xf ,xs, t) ,

A = A0 (xs, t) + A1 (xf ,xs, t) , (22)

p = p0 (xf ,xs) + p1 (xf , xs, t) .

Here, we use subscripts “0” and “1” to indicate equilibrium and perturbed quantities,

respectively, denote the fast and slow spatial variation by xf and xs, and assume

B1 ∼ εB0, A1 ∼ ε2A0, but p1 ∼ p0. Derivatives must now be taken with respect to

both slow and fast variables,

∇ = ∇f + ∇s, (23)
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where ∇f ≡ ∂/∂xf ∼ L−1
f and ∇s ≡ ∂/∂xs ∼ L−1

s . Since k‖ is assumed to be small,

we have to require

B0 ·∇f = 0. (24)

Using Eqs. (22) and (23) and ∇s ·B0 = 0 to rewrite ∇ ·B = 0 we obtain

0 = ∇s ·B0 + ∇f ·B1 + ∇s ·B1 = ∇f ·B1 + O (ε) , (25)

which implies

B1 = ∇fA‖1 × b̂0 + B‖1b̂0 + O (ε) , (26)

where A‖1 ≡ A1 · b̂0 and B‖1 ≡ B1 · b̂0 are to be determined, and b̂0 ≡ B0/B0.

Employing Ampere’s law next we find

4π

c
J =

4π

c
J0 + ∇f ×B1 + O (ε) =

4π

c
J0 + ∇fB‖1 × b̂0 − b̂0∇2

fA‖1 + O (ε) , (27)

so that

∇2
fA‖1 =

4π

c
(J0 − J) · b̂0 + O (ε) , (28)

where J = eni (V i − V e) and J0 = c∇×B0/4π.

Writing

κ ≡ b̂ ·∇b̂ = b̂0 ·∇sb̂0 + O (ε) = b̂0 ·∇b̂0 + O (ε) , (29)

we see that magnetic field curvature is unperturbed to leading order. Using Ampere’s

law in the leading order equilibrium pressure balance equation we find

4π

c
J0 ×B0 = (∇s ×B0)×B0 = (30)

B2
0κ−

1

2

(↔
I −b̂0b̂0

)
·∇sB

2
0 + O (ε) = 4π ∇fp0 + O (ε) ,

so that using ∇fp0 ∼ p0/Lf and κ ∼ ∇s ∼ 1/Ls gives

ε ∼ β. (31)

Consequently, sharp equilibrium pressure gradients are only consistent with smooth

magnetic field profiles when β is small.
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Employing the perturbed pressure balance equation,

−B0

4π
∇fB‖1 ≈ ∇fp1 + O (ε) , (32)

we obtain
p1

p0

= − 2

β0

B‖1
B0

+ O (ε) , (33)

so that pressure perturbations are β−1
0 ≡ B2

0/8πp0 À 1 times larger than parallel

magnetic field perturbations. Therefore, in view of Eq. (31), the ordering of pertur-

bations in Eq. (22) is justified.

Notice, that Eq. (26) evaluates the perturbed magnetic field B1 to leading order

only, so that ∇ ·B1 is in general not zero. To remove this deficiency for axisymmetric

tokamaks we follow Kruger4 and employ flux or “straight field-line” coordinates10

ψ, ζ, θ with ψ the poloidal magnetic flux and ζ and θ the toroidal and poloidal

angles, respectively. Then, both the equilibrium axisymmetric magnetic field and the

perturbed magnetic field can be written in manifestly divergence-free form,10

B0 = (∇ζ − q∇θ)×∇ψ (34)

and

B1 = ∇G×∇ζ + ∇H ×∇θ, (35)

with q = q (ψ) = B0 ·∇ζ/B ·∇θ the equilibrium safety factor, and the functions G

and H to be determined from the equations

∂G

∂ψ
=

p− p0

B2
0

+
I

B0

∂A‖1
∂ψ

+
q (∇ψ ·∇θ)

IB0

∂A‖1
∂ζ

, (36)

H =
qR2B0A‖1

I
− qG,

which follow from Eq. (33) to leading order. Here, R is the cylindrical radial coordi-

nate, I = R2B0 ·∇ζ, and A‖1 should be determined from Eq. (28) to leading order,

which we take to be

∇2A‖1 =
4π

c

(
b̂0 · J0 − b̂ · J

)
. (37)

The above method of obtaining a divergence-free perturbed magnetic field can be

generalized for different axisymmetric as well as non-axisymmetric coordinates.4
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Next, we obtain expressions for parallel and perpendicular electric fields using the

general expression

E = −∇φ− 1

c

∂A

∂t
, (38)

where φ is the electrostatic potential. Neglecting the induced electric field

Eind ≡ −c−1∂A0/∂t, recalling that B‖1b̂0 ≈ ∇f × A⊥1, and employing Eqs. (33)

and (7) to estimate

A⊥1 ∼ βB0Lf ,

∣∣∣∣
1

c

∂A⊥1

∂t

∣∣∣∣ ∼
1

c
δ2
i ΩiβB0Lf , (39)

we find
|c−1∂A⊥1/∂t|

|∇⊥φ| ∼ β ¿ 1, (40)

where the estimates |∇⊥φ| ∼ (Te/eLf ) and Te ∼ Ti were used. Consequently, the

perpendicular electric field is electrostatic to leading order,

E⊥ = −∇⊥φ, (41)

where O (β) corrections are neglected. Using Eq. (37) to estimate A‖1 in terms of J‖

and noticing that ∇ · J = 0 results in J‖ ∼ J⊥ we find

A‖1 ∼ βB0Lf ,
|c−1∂A‖1/∂t|

|∇‖φ| ∼ β

ε
. (42)

In view of Eq. (31) both electrostatic and inductive parts of the parallel electric field

must be retained, so that

E‖ = −∇‖φ− 1

c

∂A‖1
∂t

, (43)

where O (ε) corrections are ignored. Here and elsewhere, ∇‖ ≡ b̂ · ∇ refers to a

gradient in a direction of the total magnetic field (22).

V. Plasma Density Equation

In this section we derive an equation describing the evolution of the plasma density.

We begin by obtaining an expression for perpendicular flow velocity V ⊥j of species
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j. It follows from the perpendicular component of momentum conservation equation

(11) that

V ⊥j = V E×B + V dj + V pj, (44)

where the E ×B and diamagnetic velocities are given by

V E×B ≡ c
E × b̂

B
= c

b̂×∇φ

B
+ O (ε, β) , V dj ≡ c

b̂×∇pj

ZjenjB
. (45)

The polarization velocity given by

V pj ≡ 1

Ωj

b̂×
(

∂V j

∂t
+ V j ·∇V j +

∇· ↔π j +mjV jS
n − SM

j −Rj

mjn

)
(46)

is a small correction to the E×B and diamagnetic velocities (of order δ2
i for ions and

√
me/mi times smaller for electrons), which can normally be neglected for electrons,

but should be retained for ions to allow evaluation of the radial electric field (Sec. X).

The right-hand side of Eq. (46) will be substantially simplified when we derive the

vorticity equation.

Using expression (44) with j → e in the electron continuity equation (10), defining

V E ≡ c
b̂×∇φ

B
, (47)

and retaining in V pe only the contribution from the electron momentum source

SM
e , which can become important when radio frequency waves are launched into

the plasma,

V pe ≡ c

enB
b̂× SM

e , (48)

we obtain a conservative form of the plasma density evolution equation,

∂n

∂t
+ ∇ · [n (

V E + V de + V ‖e + V pe

)]
= Sn. (49)

It is convenient in some cases to use the exact identities

∇ · V E = c

(
∇× b̂

B

)
·∇φ,

∇ · (nV dj) =
c

Zje

(
∇× b̂

B

)
·∇pj, (50)

∇ · V ‖j = B∇‖

(
V‖j
B

)
,

12



where ∇‖ = b̂ ·∇, to rewrite Eq. (49) as

∂n

∂t
+

(
V E + V ‖e

) ·∇n =
c

e

(
∇× b̂

B

)
· (∇pe − en∇φ) (51)

−nB∇‖

(
V‖e
B

)
−∇ · (nV pe) + Sn.

Since no further approximations are required to obtain (51) it has the same conser-

vation property as (49). Notice in particular that the approximation ∇ × (b̂/B) →
(2/B) b̂× κ is not used (see Appendix A).

VI. Electron Parallel Momentum Equation (Ohm’s Law)

Using the continuity equation (10) to rewrite the momentum conservation equa-

tion (11) for electrons, dotting the resulting expression by b̂, and dividing by men,

we arrive at

∂V‖e
∂t

+ V e ·∇V‖e −
(

∂b̂

∂t
+ V e ·∇b̂

)
· V e = (52)

− e

me

E‖ +
R‖e −∇‖pe

men
−

b̂ ·
(
∇· ↔πe

)

men
+

SM
‖e −meV‖eSn

men
.

Neglecting inertial (small by me/mi) and viscous [small by
√

me/mi (ε∆i/δi)] terms

and employing Eq. (20) to find

R‖e −∇‖pe

men
= 0.51νe

(
V‖i − V‖e

)− 1

men

(
1.71n∇‖Te + Te∇‖n

)
, (53)

we obtain the required Ohm’s law for the parallel current,

enJ‖
σ‖

= 1.71n∇‖Te + Te∇‖n + enE‖ − SM
‖e , (54)

where E‖ is given by Eq. (43).

VII. Electron Energy Equation

To simplify the electron energy conservation equation, Eq. (12) with j → e, we

first notice that contributions from the electron kinetic energy under the time deriva-

tive and from the electron kinetic energy and viscosity in the expression for Qe are
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small and can be neglected. Neglecting inertial and viscous terms in the electron

momentum conservation equation, Eq. (11) with j → e, we next find

V e · (Re − enE) ≈ V e ·
(∇pe − SM

e

)
=

(
V E + V ‖e

) · (∇pe − SM
e

)
. (55)

In addition, we use expressions (18) – (21) for qe and We, and notice that

5

2
peV de +

5pe

2meΩe

b̂×∇Te =
5

2meΩe

b̂×∇ (peTe) . (56)

Then we employ J⊥ ≈ cb̂×∇ (pe + pi) /B to obtain

∇ ·
(

κ⊥e∇⊥Te − 3νeTe

2Ωee
b̂× J

)
+

J

ne
·
(

ne

σ⊥
J⊥ +

3νen

2 Ωe

b̂×∇Te

)
≈

∇ ·
{

νep
2
e

menΩ2
e

[
4.66∇⊥ ln Te − 3

2

(
1 +

Ti

Te

)
∇⊥ ln (pe + pi)

]}
(57)

+
νe

menΩ2
e

{
[∇⊥ (pi + pe)]

2 − 3

2
n∇⊥Te ·∇⊥ (pe + pi)

}
,

and observe that the right-hand side of Eq. (57) is approximately (δi/∆i)
√

me/mi

times smaller than divergence of the right-hand side of Eq. (56) and can therefore be

neglected. As a result, we find a conservative form of the electron energy equation:

∂

∂t

(
3

2
pe

)
+ ∇ ·

[
5

2
pe

(
V E + V ‖e + V pe

)
+

5

2meΩe

b̂×∇ (peTe)− κ‖e∇‖Te (58)

−0.71Te

e
J‖

]
= −Wi +

J2
‖

σ‖
− 0.71∇‖Te

e
J‖ +

(
V E + V ‖e

) · (∇pe − SM
e

)
+ SE

e .

Using definitions (45), (47), and (48) of V de, V E, and V pe, respectively, and the

plasma density evolution equation (49), without further approximations Eq. (58) can

be rewritten as the equation for Te:

3n

2

[
∂Te

∂t
+

(
V E + V ‖e + V pe

) ·∇Te

]
=

cTe

e

(
∇× b̂

B

)
·
(

∇pe − en∇φ +
5

2
n∇Te

)

+B∇‖

(
κ‖e∇‖Te

B

)
− peB∇‖

(
V‖e
B

)
+

0.71

e
TeB∇‖

(
J‖
B

)
+

J2
‖

σ‖
(59)

−pe∇ · V pe −Wi + SE
e − SM

e · (V E + V de + V ‖e
)− 3

2
TeS

n.

Equation (59) retains the exact conservation properties of Eq. (58).
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VIII. Ion Parallel Momentum Equation

Adding the momentum conservation equations (11) for electrons and ions and

dropping electron inertial and viscous terms as small by factors of me/mi and
√

me/mi,

respectively, compared to their ion counterparts we obtain

∂

∂t
(minV i) + ∇ · (minV iV i) + ∇· ↔π i= (60)

−∇ (pi + pe) +
1

c
J ×B + SM

i + SM
e .

Dotting Eq. (60) by b̂ and neglecting minV i · ∂b̂/∂t and minV i ·∇b̂ · V i as small

compared to ∂
(
minV‖i

)
/∂t and ∇ ·(minV‖iV i

)
, respectively, by a factor of ε we find

∂

∂t

(
minV‖i

)
+ ∇ · [minV‖i

(
V E + V di + V ‖i + V pi

)]
= (61)

−∇‖ (pi + pe)− b̂ ·
(
∇· ↔π i

)
+ SM

‖i + SM
‖e ,

independent of the precise form of V pi.

Using Eq. (13) and neglecting the ion perpendicular viscous stress tensor contri-

butions we next write

b̂ ·
(
∇· ↔π i

)
≈ b̂ ·

(
∇· ↔π ci

)
+ b̂ ·

(
∇· ↔πgi

)
,

where the first term on the right-hand side can be conveniently evaluated by using

Eq. (B2) from Appendix B,

b̂ ·
(
∇· ↔π ci

)
=

2

3
B3/2∇‖

( πci

B3/2

)
. (62)

The term b̂ ·
(
∇· ↔πgi

)
is given in a turbulent plasma to leading order by Eq. (C11)

from Appendix C,

b̂ ·
(
∇· ↔πgi

)
≈ ∇ ·

(
pi

Ωi

b̂×∇V‖i

)
. (63)

Using results (62) and (63) in Eq. (61) and noticing that

∇ ·
(

minV‖iV di +
pi

Ωi

b̂×∇V‖i

)
= ∇ ·

[
1

Ωi

b̂×∇ (
piV‖i

)]
(64)
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yields

∂

∂t

(
minV‖i

)
+ ∇ ·

[
minV‖i

(
V E + V ‖i + V pi

)
+

1

Ωi

b̂×∇ (
piV‖i

)]
= (65)

−∇‖ (pi + pe)− 2

3
B3/2∇‖

( πci

B3/2

)
+ SM

‖i + SM
‖e ,

where πci is given by Eq. (B8) with j → i. Notice that we have still not had to specify

a precise form for V pi.

In a turbulent plasma the largest terms in Eq. (65) are ∇ · (
minV‖iV E

)
and

∇‖ (pi + pe). Balancing them gives V‖i ∼ (ε/δi) vTi À V⊥i ∼ δivTi, which is consistent

with inequalities (9). The smaller parallel viscosity term was retained in Eq. (65) to

recover the correct Pfirsch-Schlüter parallel ion flow when ∆i À δi (see Sec. XII).

To treat equilibria with ∆i ∼ δi correctly one would also have to retain terms such

as V i · ∇b̂ · V i, b̂ ·
(
∇· ↔π⊥i

)
, as well as higher order corrections to b̂ ·

(
∇· ↔πgi

)

in Eq. (65). The retention of such terms is beyond the scope of all turbulence and

Pfirsch-Schlüter investigations at present.

IX. Ion Energy Equation

According to our orderings the ion thermal energy is large compared to ion kinetic

energy. Moreover, as follows from the discussion at the end of Sec. VIII, V‖i À V⊥i,

so that “parallel” ion kinetic energy is large compared to “perpendicular” ion kinetic

energy. We are therefore justified in retaining in our reduced ion energy equation the

effects of the former while neglecting those associated with the latter. This simplifi-

cation allows us to decouple the vorticity equation from ion energy conservation.

Starting from the ion energy conservation equation, Eq. (12) with j → i, we then

drop terms min (V ⊥i)
2 /2 under the time derivative and min (V ⊥i)

2 V i/2 and
↔
π i ·V ⊥i

under the divergence. Neglecting the ion perpendicular viscosity we next write

↔
π i ·V ‖i ≈

(↔
π ci +

↔
πgi

)
· V ‖i, (66)

where the first term in the right-hand side can be rewritten using definition (14) as

↔
π ci ·V ‖i =

2

3
πciV ‖i
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with πci given by Eq. (B8), whereas the second term in the right-hand side can be

shown using expressions (C2) – (C3) and inequality ε À δi∆i [see Eq. (9)] to be given

to leading order by
↔
πg ·V i ≈ pi

2Ωi

b̂× V 2
‖i. (67)

Again using the electron momentum conservation equation with inertial and vis-

cous terms neglected, we find

V i · (Ri + enE) ≈ V i ·
(

SM
e −∇pe +

1

c
J ×B

)
, (68)

where it follows from plasma momentum conservation equation (60) that

J = J‖ +
c

B
b̂×∇ (pi + pe) + en (V pi − V pe) . (69)

Employing the local ambipolarity condition,

∇ · J = 0, (70)

to write

∇ ·
( c

4π
B ×∇φ

)
= J‖∇‖φ− V E ·∇ (pi + pe) + en (V pi − V pe) ·∇φ, (71)

we find after some straightforward algebra

V i · (Ri + enE) ≈ J‖∇‖φ−∇ ·
( c

4π
B ×∇φ

)
+

(
V E + V ‖i

) · (SM
e −∇pe

)
. (72)

Employing Eq. (56) with e → i and pulling everything together we obtain a

conservative form of the reduced ion energy equation:

∂

∂t

(
3

2
pi +

1

2
minV 2

‖i

)
+ ∇ ·

[
5

2
pi

(
V E + V ‖i + V pi

)
+

5

2miΩi

b̂×∇ (piTi)

+
1

2
minV 2

‖i
(
V E + V di + V ‖i + V pi

)
+

2

3
πciV ‖i +

pi

2Ωi

b̂×∇V 2
‖i − κ‖i∇‖Ti − κ⊥i∇⊥Ti

]
(73)

= Wi + J‖∇‖φ−∇ ·
( c

4π
B ×∇φ

)
+

(
V E + V ‖i

) · (SM
e −∇pe

)
+ SE

i .

Using the ion parallel momentum equation (65), the density evolution equation

(49), and the ambipolarity condition (70), without any further approximations we
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can cast Eq. (73) in the form of an equation for Ti:

3n

2

[
∂Ti

∂t
+

(
V E + V ‖i + V pi

) ·∇Ti

]
= −cTi

e

(
∇× b̂

B

)
·
(

∇pi + en∇φ +
5

2
n∇Ti

)

+B∇‖

(
κ‖i∇‖Ti

B

)
− piB∇‖

(
V‖i
B

)
+ ∇ ·

(
κ⊥i∇⊥Ti − piV pi − c

4π
B ×∇φ

)
(74)

− 2πci

3
√

B
∇‖

(√
BV‖i

)
+ V E ·

[
SM

e −∇ (pi + pe)
]
+ J‖∇‖φ + Wi

+SE
i − SM

‖i V‖i +

(
miV

2
‖i

2
− 3

2
Ti

)
Sn.

Equation (74) for Ti retains the exact conservation properties of Eq. (73), and we still

have not had to specify a precise form for V pi.

X. Vorticity Equation

To derive an equation for radial electric field we substitute expression (69) for

plasma current J into the ambipolarity condition (70) to obtain an equation for the

vorticity,

$ ≡ ∇ ·
[

c

BΩi

(en∇⊥φ + ∇⊥pi)

]
. (75)

Our results so far are independent of the form we adopt for V pi, but to obtain an

equation for the vorticity we must adopt a sensible form for ∇ · (nV pi). The details

are given in Appendix D. Using expression (D5) for ∇ · (enV pi), ∇ · J becomes

∂$

∂t
= B∇‖

(
J‖
B

)
+ c

(
∇× b̂

B

)
·∇ (pi + pe)

∇ ·
[
∇⊥

(
c

2BΩi

V E ·∇pi

)
+

$

2
V E +

(
enc

2BΩi

∇2
⊥φ

)
(V E + V di)

]
(76)

+∇ ·
[(

ec

2BΩi

V E ·∇n

)
∇⊥φ + c

b̂

B
×

(
κ πci − 1

3
∇πci

)
− c

b̂

B
× (

SM
i + SM

e

)
]

.

Notice, that the first two terms in the right-hand side of the vorticity equation

(76) are large compared to the rest of the terms both when turbulence is present

and in equilibrium. Therefore these two terms should always nearly cancel to leading

order.
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The main advantage of vorticity equation (76) over other versions existing in the

literature is that it is exact to order δ2
i and it is written in a conservative form, thereby

insuring a divergence-free current.

XI. Conservation Properties of Reduced Equations

It has already been mentioned that the fluid equations derived in previous sections

insure the divergence-free nature of the total magnetic field B = B0 + B1 and total

plasma current J , as well as conserve the total number of particles. Next, we show

that they are constructed in such a way as to conserve the total energy of the system.

Adding the electron and ion energy conservation equations (58) and (73), using

parallel Ohm’s law (54), and noticing that according to Eq. (37)

J‖
c

∂A‖1
∂t

=
∂

∂t




(∇A‖1
)2

8π
+

B0 ·∇×
(
A‖1b̂0

)

4π


 + ∇ ·

[
c

4π

(
−1

c

∂A‖1
∂t

)
∇A‖1

]
,

where
(−c−1∂A‖1/∂t

) ∇A‖1 ≈
(−c−1∂A‖/∂t

)×B1, we find that the total energy of

our system can change only due to the energy sources SE
i and SE

e ,

∂

∂t





3

2
(pi + pe) +

minV 2
‖i

2
+

(∇A‖1
)2

8π
+

B0 ·∇×
(
A‖1b̂0

)

4π





+∇ ·
{

5

2
pe

(
V E + V ‖e + V pe

)
+

5

2
pi

(
V E + V ‖i + V pi

)
+

5

2miΩi

b̂×∇ (piTi − peTe)

+
1

2
minV 2

‖i
(
V E + V di + V ‖i + V pi

)
+

2

3
πciV ‖i +

pi

2Ωi

b̂×∇V 2
‖i +

c

4π
B ×∇φ (77)

+
c

4π

(
−1

c

∂A‖1
∂t

)
∇A‖1 − κ‖i∇‖Ti − κ⊥i∇⊥Ti − κ‖e∇‖Te − 0.71Te

e
J‖

}
=

(
SE

i + SE
e

)
.

XII. Recovering Pfirsch-Schlüter Results

In this section we use our equations in the absence of sources and sinks to demon-

strate that they contain the standard Pfirsch-Schlüter results5,11 for a plasma in an

axisymmetric tokamak. We write the equilibrium magnetic field in the form

B = I (ψ) ∇ζ + ∇ζ ×∇ψ (78)
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and define the flux-surface average as 〈· · ·〉θ ≡ (1/V ′)
∮

[(· · ·) dθ/B ·∇θ] with V ′ ≡
∮

[dθ/B ·∇θ]. To obtain standard Pfirsch-Schlüter results we must also assume

∆i À δi, (79)

so that plasma density n, electron and ion temperatures Te and Ti, and electrostatic

potential φ are functions of only the poloidal magnetic flux to leading order. As a

result
∇‖ ln Ti

∇‖ ln B
¿ 1, (80)

and the poloidal variation of B is responsible for the Pfirsch-Schlüter flows. It can be

shown a posteriori that the left-hand side of Eq. (80) is of order δi/∆i.

Employing the plasma density evolution equation (51) for the orderings (79) and

(80), we notice that the first two terms on the right-hand side are dominant. We use

Eq. (A13) and the leading order terms in Eq. (70) to rewrite ∇pe in terms of ∇pi and

V‖e in terms of V‖i. As a result, observing that for κ ≈ 4π∇ (pi + pe) /B2 + ∇⊥ ln B,

b̂× κ ·∇ψ ≈ −I∇‖ ln B, (81)

we find

∇‖

[
V‖i
B

+
cITi

eB

(
1

pi

∂pi

∂ψ
+

e

Ti

∂φ

∂ψ

)]
= 0

or

V‖i = Ki (ψ) B − cITi

eB

(
1

pi

∂pi

∂ψ
+

e

Ti

∂φ

∂ψ

)
, (82)

where the flux function Ki (ψ) is to be determined.

Next, we consider the ion temperature evolution equation (74). For the Pfirsch-

Schlüter orderings, the first three terms in the right-hand side are dominant. Using

Eqs. (A13), (81) and (82), and recalling that κ‖i = (125pi/32miνi) we find

∇‖Ti =
16cImiνi

25eB

∂Ti

∂ψ
+ K̃i (ψ) B. (83)

The unknown flux function K̃i (ψ) is obtained by multiplying Eq. (83) by B and

flux-surface averaging, resulting in the final expression

∇‖Ti =
16cImiνi

25eB

(
1− B2

〈B2〉θ

)
∂Ti

∂ψ
. (84)
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In a similar fashion the vorticity equation (76) gives an expression for the Pfirsch-

Schlüter current:

J‖ =
cI

B

(
B2

〈B2〉θ
− 1

)
∂ (pi + pe)

∂ψ
+

B
〈
BJ‖

〉
θ

〈B2〉θ
, (85)

where the parallel Ohm’s law [Eq. (54)] can be used to find
〈
BJ‖

〉
θ

= σ‖
〈
BE‖

〉
θ
.

Notice that bootstrap current corrections to J‖ are neglected as small compared to

Pfirsch-Schlüter current.

In the electron temperature evolution equation (59) the term B∇‖
(
κ‖e∇‖Te/B

)

is a factor of
√

mi/me larger, than the other terms, which are in turn comparable to

B∇‖
(
κ‖i∇‖Ti/B

)
. As a result, we expect

∇‖Te ∼
√

me/mi∇‖Ti. (86)

Although small, ∇‖Te can be evaluated exactly using our fluid equations. Details of

such calculation can be found for example in Ref. [12].

To completely determine V‖i we use the ion parallel momentum equation (65) to

evaluate the flux function Ki (ψ). Multiplying this equation by B and flux-surface

averaging we annihilate the large pressure gradient term and obtain to leading order

〈
πci∇‖B

〉
θ
≈ 0, (87)

where πci is given by Eq. (B8) with j → i. Using expressions (82) and (84) gives

〈
2 ηi√

B
∇‖

(√
BV‖i

)
∇‖B

〉

θ

≈ (88)

ηi

[
3Ki (ψ)

〈(∇‖B
)2

〉
θ
+

cITi

e

(
1

pi

∂pi

∂ψ
+

e

Ti

∂φ

∂ψ

) 〈(∇‖ ln B
)2

〉
θ

]

and

〈
4 ηi

5pi

√
B
∇‖

[√
B

(
q‖i + ξiq‖i − ξiq

∗
i

)]∇‖B
〉

θ

≈ (89)

1.78ηi
cI

e

∂Ti

∂ψ




〈(∇‖ ln B
)2

〉
θ
+ 3

〈(∇‖B
)2

〉
θ

〈B2〉θ


 .
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It follows from Eqs. (65) and (84) that

∇‖ ln (pe + pi)

∇‖ ln Ti

∼ ∆2
i ¿ 1

so using Eq. (86) we obtain

∇‖pi ≈ pe

Ti + ZiTe

∇‖Ti. (90)

Consequently, Eqs. (82), (84) and (90) yield

〈
4ξi ηi

5pi

[(
2q‖i − q∗i

)∇‖ ln Ti − q‖i
(∇‖ ln pi − F‖i

)]∇‖B
〉

θ

(91)

∝
〈

B ·∇B

B3

(
1− B2

〈B2〉θ

)2
〉

θ

= 0.

Similarly,
〈
ηi ζi∇‖B

〉
θ

= 0. (92)

Using Eq. (81) we can also write

〈
ηiκ ·

(
V E + V di + (1 + ξi) c

b̂×∇Ti

eB

)
∇‖B

〉

θ

≈ (93)

ηi
cITi

e

(
1

pi

∂pi

∂ψ
+

e

Ti

∂φ

∂ψ
+ 1.61

1

Ti

∂Ti

∂ψ

) 〈(∇‖ ln B
)2

〉
θ
.

Neglecting the last term on the right-hand side of Eq. (B8) as small, and using

Eqs. (88), (89), (91) – (93) in constraint (87), we obtain

Ki (ψ) ≈ −cITi

eB2

1

Ti

∂Ti

∂ψ


1.78

B2

〈B2〉θ
+ 0.057

B2
〈(∇‖ ln B

)2
〉

θ〈(∇‖B
)2

〉
θ


 . (94)

As a result, the standard Pfirsch-Schlüter expression5 for the ion parallel flow,

V PS
‖i = −cITi

eB


 1

pi

∂pi

∂ψ
+

e

Ti

∂φ

∂ψ
+

1

Ti

∂Ti

∂ψ


1.8

B2

〈B2〉θ
+ 0.054

B2
〈(∇‖ ln B

)2
〉

θ〈(∇‖B
)2

〉
θ





 ,

(95)

is recovered, but with numerical coefficients 1.78 and 0.057 instead of 1.8 and 0.054,

respectively.
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Finally, we remark that Eq. (76) could in principle be used to determine equi-

librium radial electric field if contributions from ion gyroviscosity (and perhaps ion

perpendicular viscosity) were retained to a high enough order both in this equation

and in the parallel momentum equation. To see this we flux-surface average the

ambipolarity condition ∇ · J = 0 and use Eqs. (78) and (60) to obtain

d

dψ
V ′

〈
I

B
b̂ ·

[
∇ · (minV iV i) + ∇ (pi + pe) + ∇· ↔π i

]〉

θ

(96)

− d

dψ
V ′

〈
R2∇ζ ·

[
∇ · (minV iV i) + ∇· ↔π i

]〉
θ

= 0.

The first term in the left-hand side of Eq. (96) is obviously zero due to parallel

momentum conservation. In addition, using the fact that
↔
π i is a symmetric tensor,

the second term in the left-hand side of Eq. (96) can be cast in the form

− d2

dψ2
V ′

〈
R2∇ζ ·

(↔
πgi +

↔
π⊥i

)
·∇ψ

〉
θ
, (97)

which is used to evaluate the equilibrium radial electric field in Ref. [5].

To derive accurate turbulent equations only the leading order contributions to

the divergence of the ion gyroviscous stress tensor are retained in our equations (the

gyroviscous cancellation). Moreover, the effects of the ion perpendicular viscosity are

neglected. As a result, we cannot obtain any credible estimate of the equilibrium

or Pfirsch-Schlüter radial electric field. As in all previous treatments, it is assumed

small compared to the turbulence-generated radial electric field. To help insure that

this is the case our V pi is constructed such that the largest terms in J automatically

satisfy 〈J ·∇ψ〉θ = 0 in the axisymmetric and steady state limit.

XIII. Discussion and Conclusions

We consider a low-β, collisional, magnetized plasma with the equilibrium magnetic

field B0, current J0 = (c/4π) ∇ ×B0, and pressure p0 satisfying J0 ×B0 = c∇p0.

The non-linear behavior of such a plasma in the self-consistently evolving magnetic

field in the presence of diamagnetic drift frequency field-aligned modes is described

by Eqs. (49) [or equivalently (51)] for the plasma density, (65) for ion parallel flow
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velocity, (54) for parallel current, Eqs. (58) and (73) for electron and ion energy

[or equivalently (59) and (74) for electron and ion temperatures], (76) for plasma

vorticity (or equivalently the electrostatic potential), (37) for the parallel component

of perturbed electromagnetic potential, (35) and (36) for perturbed magnetic field,

and Eqs. (41) and (43) for perpendicular and parallel electric fields, respectively. In

these equations, velocities V E, V dj, V pe, and V pi are given by Eqs. (47), (45), (48),

and (D6), respectively. In addition, V ‖e =
(
V‖i − J‖/en

)
b̂, B = B0 +B1, b̂ = B/B,

κ ≡ b̂ ·∇b̂, ∇‖ = b̂b̂ ·∇, ∇⊥ = −b̂×
(
b̂×∇

)
, πci is given by Eq. (B8) with j → i,

and $ is given by Eq. (75).

Our system of equations is written in such a way that electric charge, particle

number and total energy density are conserved locally, and a divergence-free nature

of magnetic field is preserved. Any further approximations to these equations must

be done with great care to avoid destroying these properties. Sharp radial gradients

of equilibrium plasma quantities (plasma edge pedestals) are permitted by the for-

mulation. In addition, our equations are shown to include the standard neoclassical

(Pfirsch-Schlüter) results for parallel current, parallel ion flow velocity with the correct

temperature gradient terms (these temperature gradients terms cannot be obtained

from the Braginskii equations), and parallel gradients of electron and ion temper-

atures. However, our equations in their present form do not allow recovery of the

neoclassical equilibrium radial electric field since the expression for ion gyroviscous

stress tensor is not retained with sufficient accuracy in the parallel ion momentum

and vorticity equations. The same statement pertains to the equations in Refs. [6–9]

and is the price that must be paid because the gyroviscous cancellation is only ap-

proximate. The conventional believe is that the radial electric field is due to plasma

turbulence and not due to plasma equilibrium; however, the resulting field can be

somewhat sensitive to the details of the approximations employed.

Finally, comparing our system of equations with those of Refs. [6–9] we note the

following important differences. First, we employ a self-consistent expression for the

ion parallel viscous stress tensor,
↔
π ci, whereas Refs. [6,8] use Braginskii expressions,

Ref. [7] neglects it altogether, and Ref. [9] uses some neoclassical expression with
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the temperature gradients set to zero. In particular, our expression for
↔
π ci allows

the neoclassical Pfirsch-Schlüter expression for V‖i to be recovered, while all other

treatments do not. Second, the ion gyroviscous stress tensor is used in Refs. [6,7,9] in its

Braginskii high-flow form. This feature may influence the value of the radial electric

field produced by those equations. In general, the use of the Braginskii viscosity leads

to large spurious terms in the expressions for the parallel and gyroviscosity. Third,

Refs. [6–8] appear to neglect the term J0 · b̂0 is Eq. (37), which does not seem to be

a good approximation since this term is comparable to J‖. Fourth, Refs. [7,8] use the

approximation ∇×
(
b̂/B

)
→ 2b̂×κ/B in their final equations, which is inconsistent

with Eqs. (A1) and (A11). Fifth, while Refs. [6,7,9] acknowledge the possibilities of

problems caused by forms of equations not conserving energy, particle number density,

divergence-free current and so on, Refs. [6–9] ultimately employ final sets of equations

which do not satisfy some or all of these conservation properties.

XIV. Acknowledgement

The authors are grateful to Dr. X. Q. Xu for kindly providing them with his notes

on the ion gyroviscous stress tensor, and to Drs. J. J. Ramos and X. Q. Xu for a

number of enlightening discussions. They are also grateful to Dr. S. E. Kruger for

bringing his procedure as summarized by Eqs. (35) and (36) to their attention and

providing a copy of his Ph.D. thesis.

This work was supported by U.S. Department of Energy Grant No. DE-FG02-

91ER-54109 at the Massachusetts Institute of Technology.

25



Appendix A. Alternative Expression for ∇×
(
b̂/B

)

In this appendix we obtain an alternative expression for ∇ ×
(
b̂/B

)
. We start

by noting that (
∇× b̂

B

)
=

2

B
b̂× κ +

4π
(
J‖ − J⊥

)

cB2
(A1)

follows from (
∇× b̂

B

)
=

∇× b̂

B
+

b̂×∇B

B2
(A2)

and

b̂× κ = −b̂×
[
b̂×

(
∇× b̂

)]
= ∇× b̂− b̂

(
b̂ ·∇× b̂

)
(A3)

with

∇× b̂ =
∇×B

B
+

b̂×∇B

B
=

4πJ

cB
+

b̂×∇B

B
, (A4)

and

b̂ ·∇× b̂ =
4πJ‖
cB

. (A5)

Employing the following leading order approximation for perpendicular current,

J⊥ ≈ cb̂×∇ (pi + pe)

B
, (A6)

we find
4π

cB2
J⊥ ·∇f ∼ βk2

⊥f

B
, (A7)

where f can stand for plasma density, temperature or electrostatic potential. Noticing

that ∇ · J = 0 results in J‖ ∼ J⊥ we obtain in a similar fashion

4π

cB2
J‖ ·∇f ∼ βk⊥k‖f

B
∼ ε

βk2
⊥f

B
. (A8)

Since
1

B
b̂× κ ·∇f ∼ k⊥f

BLs

, (A9)

we find
(4π/cB2) J⊥ ·∇f

(2/B) b̂× κ ·∇f
∼ βk⊥Ls ∼ β

ε
. (A10)
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Then, it follows from Eq. (31) that

(
∇× b̂

B

)
=

2

B
b̂× κ− 4πb̂×∇ (pi + pe)

B3
+ O (β) . (A11)

Notice, that in the absence of fluctuations estimate (A7) changes to

4π

cB2
J⊥ ·∇f ∼ βf

BLsLf

, (A12)

and expression (A11) simplifies further to become

(
∇× b̂

B

)
=

2

B
b̂× κ + O (β) . (A13)

Appendix B. Parallel Viscosity

In this appendix we evaluate terms necessary for our fluid equations, which involve

the parallel viscous stress tensor of species j. Recalling Eq. (14) we find

∇· ↔π cj=
[
b̂

(
∇ · b̂

)
+ κ

]
πcj + b̂∇‖πcj − 1

3
∇πcj, (B1)

so that

b̂ ·
(
∇· ↔π cj

)
=

(
∇ · b̂

)
πcj +

2

3
b̂ ·∇πcj =

2

3
B3/2∇‖

( πcj

B3/2

)
. (B2)

Using Eq. (B1) we also obtain

∇ ·
[

b̂

B
×

(
∇· ↔π cj

)]
= ∇ ·

(
b̂× κ

B
πcj

)
− 1

3

(
∇× b̂

B

)
·∇πci, (B3)

which is required to evaluate ∇ · (enV pi).

Next, it is necessary to evaluate πcj. Noticing that

(
3b̂b̂ − ↔

I
)

: ∇V j = 2∇‖V‖j − 3κ · V ⊥j −∇ · V ⊥j − V‖j
(
∇ · b̂

)
, (B4)

employing expression (44) for V ⊥j with V pj dropped, and using Eq. (A11) we find

(
3b̂b̂ − ↔

I
)

: ∇V j ≈ 2√
B
∇‖

(√
BV‖j

)
− κ · (V E + V dj) (B5)

−c
b̂ ·∇n×∇Tj

ZjenB
+

4πc

B3
b̂×∇ (pe + pi) ·

(
∇φ +

∇pj

Zjen

)
.
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Employing expression (18) for qj and following the same procedure we obtain

2

5pj

(
3b̂b̂ − ↔

I
)

: ∇qj ≈
4

5pj

√
B
∇‖

(√
Bq‖j

)
− κ ·

(
c
b̂×∇Tj

ZjeB

)
(B6)

+c
b̂ ·∇n×∇Tj

ZjenB
+

4πc

ZjeB3
b̂×∇ (pe + pi) ·∇Tj,

where the last term in Eq. (18) for qe was neglected as small by the factor of

(νe/|Ωe|) ¿ 1 compared to electron diamagnetic heat flux. Notice that the large

b̂ · ∇n × ∇Tj terms cancel when πcj is formed. This does not happen when the

Braginskii expression for
↔
π cj is employed. Therefore, the use of the Braginskii form

of
↔
π cj leads to a large spurious term.

Similarly, we find

(
3b̂b̂ − ↔

I
)

:
↔
γ j ≈ − 4

5pj

√
B
∇‖

[√
B

(
q‖j − q∗j

)]
+ κ ·

(
c
b̂×∇Tj

ZjeB

)
(B7)

− 4

5pj

[(
2q‖j − q∗j

)∇‖ ln Tj − q‖j
(∇‖ ln pj − F‖j

)]− 4πc

ZjeB3
b̂×∇ (pe + pi) ·∇Tj.

Substituting results (B5) - (B7) into Eq. (15) we finally obtain

πcj ≈ ζj + ηj

{
κ ·

[
V E + V dj + (1 + ξj) c

b̂×∇Tj

ZjeB

]

− 2√
B
∇‖

(√
BV‖j

)
− 4

5pj

√
B
∇‖

[√
B

(
q‖j + ξjq‖j − ξjq

∗
j

)]
(B8)

−4ξj

5pj

[(
2q‖j − q∗j

)∇‖ ln Tj − q‖j
(∇‖ ln pj − F‖j

)]

−4πc

B3
b̂×∇ (pe + pi) ·

[
∇φ +

∇pj

Zjen
+ (1 + ξj)

∇Tj

Zje

] }
.

Appendix C. Leading Order Ion Gyroviscosity

In this appendix we evaluate the leading order expressions for ∇· ↔
πgi and

b̂ ·
(
∇· ↔πgi

)
. Using the tensor identity

b̂×
[
∇a + (∇a)T

]
·
(↔

I −b̂ b̂
)
−

(↔
I −b̂ b̂

)
·
[
∇a + (∇a)T

]
× b̂ = (C1)

4 b̂×∇a ·
(↔

I −b̂ b̂
)
− 2

(↔
I ×b̂

)(
∇ · a−∇‖a · b̂

)
− 2

(↔
I −b̂ b̂

)
b̂ ·∇× a,
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which is valid for an arbitrary vector a and an arbitrary unit vector b̂, we can rewrite

expression (16) for
↔
πgi in the form

↔
πgi=

↔
π

V

gi +
↔
π

q

gi (C2)

with

↔
π

V

gi≡
pi

Ωi

{
b̂×∇V i −

(
∇‖V i × b̂

)
b̂ + b̂

(
b̂×∇V i · b̂−∇‖V i × b̂

)
(C3)

−1

2

(↔
I ×b̂

)(
∇ · V i −∇‖V i · b̂

)
− 1

2

(↔
I −b̂ b̂

)
b̂ ·∇× V i

}

and
↔
π

q

gi given by Eq. (C3) but with the substitutions pi → 2/5 and V i → qi.

To derive the lowest order gyroviscous contributions, we need only consider the

case of a straight, homogeneous, time-independent magnetic field, and we can neglect

parallel derivatives (b̂ ·∇ → 0) to obtain from Eqs. (C2) and (C3)

∇· ↔πgi≈ −minV di ·∇V i + b̂×∇
(

pi

2Ωi

∇ · V ⊥i +
1

5Ωi

∇ · q⊥i

)
(C4)

+∇⊥

[
pi

2Ωi

∇ ·
(
b̂× V i

)
+

1

5Ωi

∇ ·
(
b̂× qi

)]
.

Since

∇ · V ⊥i ≈ ∇ · V di ≈ −V di ·∇ ln n (C5)

and

∇ · q⊥i ≈ ∇ ·
(

5cpi

2eB
b̂×∇Ti

)
≈ −5

2
nV di ·∇Ti, (C6)

it is easy to see that
pi

2Ωi

∇ · V ⊥i +
1

5Ωi

∇ · q⊥i ≈ 0. (C7)

Again, large b̂ · ∇n × ∇Ti terms cancel because the diamagnetic heat and particle

flows are comparable. Similarly,

pi

2Ωi

∇ ·
(
b̂× V i

)
+

1

5Ωi

∇ ·
(
b̂× qi

)
≈ (C8)

− 1

2miΩ2
i

[
pi∇⊥ ·

(
e∇⊥φ +

∇⊥pi

n

)
+ ∇⊥ · (pi∇⊥Ti)

]
.
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As a result,

∇· ↔πgi≈ −minV di ·∇V i (C9)

−∇⊥

{
1

2miΩ2
i

[
pi∇⊥ ·

(
e∇⊥φ +

∇⊥pi

n

)
+ ∇⊥ · (pi∇⊥Ti)

]}
,

and

b̂ ·
(
∇· ↔πgi

)
≈ −minV di ·∇V‖i. (C10)

Notice, that expression (C10) is equivalent, because of our straight and homoge-

neous magnetic field approximation, to the following convenient expression:

b̂ ·
(
∇· ↔πgi

)
≈ ∇ ·

(
pi

Ωi

b̂×∇V‖i

)
. (C11)

Appendix D. Ion “polarization” velocity V pi

In this appendix we derive the leading order expression for the ion “polarization”

velocity, V pi, defined by Eq. (46), and then we evaluate ∇ · (enV pi). First, we notice

that V pi enters the ion parallel momentum and energy (and temperature) equations

only as a small correction to V E and so can be given in these equations by an

approximate expression, which need not even retain all the leading order terms. It is

important, however, to keep all the leading order terms in ∇ · (enV pi) in the vorticity

equation in a divergence-free manner.

First, we observe that the electron-ion friction forces in V pi and V pe cancel exactly

and cannot lead to a perpendicular current, so Ri must be dropped in the expression

for V pi (since it was ignored in V pe). Then we use the leading order expression (C9)

for ∇· ↔πgi in the definition (46) to find

V pi ≈ b̂

Ωi

×
[

∂V i

∂t
+ V E ·∇V i +

∇· ↔π ci +miV iS
n − SM

i

min

]
(D1)

− c

enB
b̂×∇

{
1

2miΩ2
i

[
pi∇⊥ ·

(
e∇⊥φ +

∇⊥pi

n

)
+ ∇⊥ · (pi∇⊥Ti)

]}
,

where we neglect V ‖i ·∇V i as an order (ε/δi)
2 ¿ 1 correction to V E ·∇V i.
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Next, we obtain the leading order expression for ∇ · (enV pi). Noticing that the

second term in Eq. (D1) gives zero to leading order and using Eq. (B3) to evaluate

the contribution due to the ion parallel viscosity we write

∇ · (enV pi) ≈ ∇ ·
[
en

b̂

Ωi

×
(

∂

∂t
+ V E ·∇

)
(V E + V di)

]
−∇ ·

(
c
b̂

B
× SM

i

)

+∇ ·
[
c

b̂

B
×

(
κ πci − 1

3
∇πci

)]
−∇ ·

[
Sn

n

c

BΩi

(en∇⊥φ + ∇⊥pi)

]
, (D2)

where we neglect ∂V ‖i/∂t + V E ·∇V ‖i terms as small by a factor of (ε/δi)
2.

Employing the approximation of a straight, homogeneous, time-independent mag-

netic field and zero parallel gradients and noticing that under such an approximation

∇ · (nV i) ≈ V E ·∇n, we obtain to leading order

en
b̂

Ωi

×
(

∂

∂t
+ V E ·∇

)
(V E + V di)− Sn

n

c

BΩi

(en∇⊥φ + ∇⊥pi) ≈ (D3)

−
(

∂

∂t
+ V E ·∇

)[
c

BΩi

(en∇⊥φ + ∇⊥pi)

]
.

Using the vector identity

(a ·∇) c =
1

2
[∇ (a · c) + a (∇ · c)− c (∇ · a)

−∇× (a× c)− a× (∇× c)− c× (∇× a)],

which is valid for arbitrary vectors a and c, the convective term on the right-hand

side of Eq. (D3) can be rewritten as

V E ·∇
[

c

BΩi

(en∇⊥φ + ∇⊥pi)

]
≈ 1

2

{
∇⊥

(
c

BΩi

V E ·∇pi

)
+

(
ec

BΩi

V E ·∇n

)
∇⊥φ

+$V E +

(
enc

BΩi

∇2
⊥φ

)
(V E + V di)−∇×

[
V E × c

BΩi

(en∇⊥φ + ∇⊥pi)

] }
, (D4)

where the plasma vorticity $ is given by Eq. (75).

Using results (D3) and (D4) in Eq. (D2) we obtain the convenient form

∇ · (enV pi) ≈ −∂$

∂t
+ ∇ ·

[
∇⊥

(
c

2BΩi

V E ·∇pi

)
+

(
ec

2BΩi

V E ·∇n

)
∇⊥φ

]

+∇ ·
[
$

2
V E +

(
enc

2BΩi

∇2
⊥φ

)
(V E + V di)

]
−∇ ·

(
c
b̂

B
× SM

i

)
(D5)

+∇ ·
[
c

b̂

B
×

(
κ πci − 1

3
∇πci

)]
,
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used in Eq. (76).

Consequently, in the ion parallel momentum and energy (and temperature) equa-

tions we can use the following approximate expression for V pi, which retains only

terms necessary to obtain the leading order expression (D5) for ∇ · (enV pi):

enV pi ≡ − ∂

∂t

[
c

BΩi

(en∇⊥φ + ∇⊥pi)

]
+ ∇⊥

(
c

2BΩi

V E ·∇pi

)

+
$

2
V E +

(
enc

2BΩi

∇2
⊥φ

)
(V E + V di) +

(
ec

2BΩi

V E ·∇n

)
∇⊥φ (D6)

+c
b̂

B
×

(
κ πci − 1

3
∇πci

)
− c

b̂

B
× SM

i .

Notice, that the first term on the right-hand side of Eq. (D6) is not in general per-

pendicular to B. The spurious parallel component of V pi is small and not of concern.
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