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ABSTRACT 

The s h a p e  of  a n d  f l o w  p a t t e r n s  w i t h i n  a h y p o t h e t i c a l  . 

' 

. . . . 

s e p a r a t i n g  d r o p  were d e t e r m i n e d  b y  n u m e r i c a l  s o l u t i o n  o f  t h e  ' 

' 

.. . 

l a v i e r - s t o k e s  e q u a t i o n s .  - T h e  d r o p  .was h y p o t h e t i c a l  i n  t h e  
. , 

s e n s e  t h a t  i t  s e p a r a t e d  b e c a u s e  t h e  s u r f a c e  t e n s i o n  force 

r e s t r a i n i n g  it was s e d u c e d  a t  t h e  s tar t  o f  c a l c u l a t i o n .  Hou- 

e v e r ,  t h e  v e l o c i t y  d i s t r i b u t i o n s  a n d  s h a p e  of t h e  d r o p  , 

r e s e m b l e  t h o s e  of a n  a c t u a l .  d r o p  a s  it s e p a r a t e s .  c o n s i d e r -  

a b l e  s u r f a c e  s t r e t c h  was o b s e r v e d  a t  t h e  s i d , e s  ,of t h e  d r o p  

and  v e r y  l i t t l e  a t  t h e  apex.  The flow p a t t e r n  w i t h i n  t h e  

d r o p  was f o u n d  t o  a p p r o a c h  . p lug  f l o w  i n  t h e  d i r e c t i o n  o f  

q r a v i t y  when t h e  d r o p  began t o  s t r e t c h  ou t .  T h e s e  r e s u l t s  

were a l so  o b s e r v e d  when a s u r f a c e  t e n s i o n  force was a p p l ' i e d  

a t  t h e  i n t e r f a c e .  

The . f low p a t t e r n s  w i t h i n  a c o n s t a n t  volume f o r c e d  i n t e r -  

n a l  c i r c u l a t i o n  d r o p  were a l s o  d e t e r m i n e d  n u m e r i c a l l y  fo r  

v a r i o u s  f l o w  r a t e s  a n d  v i s c o s i t i e s .  I n c r e a s i n g  the  v i s c o s i t y  

w h i l e  h o l d i n g  flow r a t e  c o n s t a n t  c a u s e d  a t r a n s i t i o n  i n  flow 

p a t t e r n  from r o t a t i n g  t o  n o n - r o t a t i n g  flow. A s imilar  c h a n g e  

i n  flow p a t t e r n  was o b s e r v e d  when v i s c o s i t y  was h e l d  c o n s t a n t  

and f l o w  rate d e c r e a s e d .  However, a c o m p l e t e  l a c k  of r o t a -  

t i o n  was n o t  r e a c h e d  i n  t h i s  manner. Very  l i t t l e  mix ing  was 

o b s e r v e d  e v e n  a t  t h e  h i g h e s t  v e l o c i t y  (1  c e n t i m e t e r . p e r  sec- 

ond)  a n d  lowest v i s c o s i t y  (1 c e n t i p o i s e ) .  T h e s e  f l o w  p a t -  

t e r n s  i n d i c a t e  t h a t  a p e n e t r a t i o n  t h e o r y  mass t r a n s f e r  model 



would be a p p r o p r i a t e  f o r  t h i s  s y s , t e m .  

I 
S e v e r a l  m o d i f i c a t i o n s  t o  t h e  HAC method a r e  a l so  p r e -  

s e n t e d .  . k o s t  of t h e  m o d i f i c a t i o n s  d e a l  .wi th  t h e  l o c a t i o n  a t  

which the free s u r f a c e i  p r e s s u r e  bounda ry  c o n d i t i o n s  are ap-  

p l i e d ,  b u t  some c h a n q e s  were a l s o  n e c e s s a r y .  in t h e  method of 

s u r f a c e  tension f o r c e . c a l e u l a t i o n ,  and  in v e l o c i t y  e x t r a p o l a -  ' . 

t i o n  a t  t h e  free s u r f a c e .  . Withou t  a l l  of t h e s e  m o d i f i c a t i o n s  

it would n o t  have  been  p o s s i b l e  t o  s i m u l a t e  d r o p  m o t i o n s  

. u s i n g  the HAC method. ' 



. . , IUTRODUCTION 

. . 
. . 

I n  most l i q u i d  e x t r a c t i o n  p r o b e s s e s ,  d r o p s  form, s e p a -  

r a t e ,  a n d  t r a v e l  t h r o u g h  a  c o n t i h u o u s  .medium . e x c h a n g i n g  . mass, 
. . 

momentum a n d  energy. .  However, t h e .  mechanisms of t h e s e  ex-  
. . 

changes '  are  n o t  well u n d e r s t o o d ,  e x c e p t  d u r i n g  t h e  t r a v e l  

p e r i o d .  T h i s  is b e c a u s e  d r o p s  may form and  s e p a r a t e  so r ap -  

i d l y  t h a t  t h e  f l o w s  c a n  b e  o b s e r v e d  o n l y  by h i g h  s p e e d  

pho toq raphy ,  a s  i l l u s t r a t e d  i n  P i g ,  1, On t h e  o t h e r  hand,  

d u t i n q  t h e  rise o r  f a l l  of a s e p a r a t e d  d r o p  m o t i o n  is u s u a l l y  

s t e a d y  a n d  p e r h a p s  s e v e r a l  o r d e r s  of magn i tude  slower t h a n  

f o r m a t i o n  and  s e p a r a t i o n .  T h u s  it is more e a s i l y  o b s e r v e d ,  

a n a l y z e d  a n d  model led ,  

S i n c e  t h e  s t e a d y  t r a v e l  of d r o p s  h a s  r e c e i v e d  much a t -  

t e n t i o n ,  t h e  t r a n s p o r t  mechanisms a r e  f a i r l y  w e l l  known, and  

t h e  c i r c u l a t i o n  p a t t e r n s  p r e d i c t a b l e  (27) .  Ye.t mass t r a n s f e r .  

c a l c u l a t i o n s  b a s e d  o n  s t e a d y  t r a v e l  do n o t  s u c c e s s f u l l y  ac- 

c o u n t  f o r  a l l  t h e  m a t e r i a l  t r a n s f e r r e d  d u r i n g  a  d r o p ' s  

lifet-ime (27) .  O b v i o u s l y ,  s o l u t e  is bei ,ng t r a n s f e r r e d  d u r i n g  

t h e ,  f o r m a t i o n  and s e p a r a t i o n  p e r i o d s .  But t h e  v e l o c i t y  a n d  

p r e s s u r e  d i s t r i b u t i o n s  w i t h i n  f o r m i n g  a n d  s e p a r a t i n g  d r o p s  

a r e  as  y e t  .unknown, c o n s e q u e n t l y  mass  t r a n s f e r  mechanisms 

must  be based on s p e c u l a t i o n  a b o u t  a t h e  n a t u r e  . o f .  t h e  flow. 

p a t t e r n s .  The  s i m p l e s t  f l o w  models ,  however,  d o  n o t  s u c c e s s -  

f uLly  p r e d i c t  mass t r a n s f e r  ' d u r i n g  f o r o a t i o n .  ~ h u s  a m e a n s  
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P i q u r e  1. Photographs  of a water drop s e p a r a t i n g  i n  a i r ,  
t a k e n  a t  400 f rames  per second  by H a l l i g a n  ( 2 6 ) .  G r a v i t y  
. a c t s  i n  t h e  downward d i r e c t i o n ,  and t h e  screw has  52 t h r e a d s  
per inch for scaling purposes .  The s equence  o f  the photo- 
qraph$ is frcx t o p  t o  bottom b e g i n n i n g  on the l e f t .  The rel- 
a t i v e  times a r e  0 . 0 ,  0 , 025 ,  0 .050 ,  0.0625, 0 .065 ,  and 0 ,075  
s e c o n d s .  





of.  a n a l y s i s  is n e e d e d  which w i l l  p r e d i c t  flow p a t t e r n s ,  

v e l o c i t i e s  a n d  p r e s s u r e s ,  i n  o r d e r  t o  p r e d i c t  mass t r a n s f e r  

r e s u l t s  more a c c u r a t e l y ,  

It was f o u n d  d u r i n g  t h e  c o u r s e  of t h i s  work t h a t  t h e  

c o m b i n e d .  p r o c e s s e s  of. d r o p  f o r m a t i o n  a n d  s e p a r a t i o n  are t o o  

complex t o  b e  a n a l y z e d  a s  a s i n g l e  p rob lem. .  A c c o r d i n g l y ,  

f o r m a t i o n  and  s e p a r a t i o n  : are d e a l t  w i t h  as s e p a r a t e  . p a r t s .  of 

t h e  same problem. w h i l e  it h a s  n o t  b e e n  p o s s i b l e  t o  

s y n t h e s i z e  a c o m p l e t e  p i c t u r e  o f  a l l  t h e  flows* which go on  

d u r i n g  t h e  combined p r o c e s s e s ,  a clearer p i c t u r e  of t h e  s e p a -  
. . 

rdte flows h a s  been  g a i n e d ,  

It is n e c e s s a r y  to d i s t i n g u i s h  be tween  two t y p e s  o f  f l o w  

which.  w i l l  b e  c o n s i d e r e d ,  The  first is t h e  s t e a d y  n o t i o n  of 

a f l u i d  c i r c u l a t i n g  w i t h i n  a d r o p  whose volume is m a i n t a i n e d  

by  a d d i t i o n  and  w i t h d r a w a l  of f l u i d  a t  t h e  same rate ,  T h i s  

t y p e  of flow h a s  b e e n  used  i n  p r e v i o u s l y  p u b l i s h e d  mass 

t r a n s f e r  e x p e r i m e n t s  (22,  52) , a n d  a p p r o x i m a t e s  t h e  f l o w  

w i t h i n  g rowing  d r o p s  which h a v e  f l u i d  a d d e d  b u t  n o t  

wi thdrawn.  

The s e c o n d  t y p e  of f l o w  is t h a t  of a d r o p  which h a s  

u n d e r q o n e  a s u d d e n  r e d u c t i o n  i n  s u r f a c e  t e n s i o n ,  T h i s  flow' 

is somewhat l i k e  t h a t  which t a k e s  p l a c e  w i t h i n  a d r o p  d u r i n g  

t h e  s e p a r a t i o n  process. T h e s e  two t y p e s  of mot ion ,  w h i l e  

o n l y  a p p r o x i m a t i o n s ,  s i m u l a t e  t h e  d o m i n a n t  modes of f l o w  

d u r i n q  t h e  f o r m a t i o n  and  s e p a r a t i o n  p r o c e s s e s .  



. . The geome t ry  o f  a d r o p  o f  c o n s t a n t  .vo lume w i t h  f o r c e d  

i n t e r n a l  c i r c u l a t i o n  is s e e n  i n ' F i g .  2. The d r o p  is  composed 

of a n a t e r i a l  more d e n s e  t h a n  t h e  medium a r o u n d  i t  a n d  so  

q r a v i t y  a c t s  i n  t h e  downward d i r e c t i o n ,  wh ich  is o p p o s i t e  t o  

t h e  d i r e c t i o n  o f  p o s i t i v e  d e n s i t y  d i f f e r e n c e .  ( I n  t h i s  s t u d y  

it  was a l s o  n e c e s s a r y  t o  restrict c o n s i d e r a t i o n  t 'o a  

c o n t i n u o u s  medium o f ,  n e g l i g i b l e  i n e r t i a l  effect.) . T h i s  s i t u -  

a t i o n  is a p a r t i c u l a r  form of B a ~ l e i g h - ~ a Y l o r  i n s t a b i l i t y  i n  

which t h e  i n t e r f a c e  is c a r v e d ,  and  i n t e r f a c i a l  t e n s i o n  a n d  . . 

q r a v i t l  o p p o s e  o n e  a n o t h e r .  O t h e r  forces a c t i n g  on t h e  d r o p  

are f l u i d  p r e s s u r e  and  a c c e l e r a t i o n .  G r a v i t y  a c t s  u n i f o r m l y  

o v e r  t h e  e n t i r e  d r o p ,  whilie s u r f a c e  t e n s i o n  creates a force 

which a c t s  no rma l  t o  t h e  s u r f a c e  a t  e a c h  p o i n t ,  o p p o s i n g  t h e  

f l u i d  p r e s s u r e .  F l u i d  w i t h i n  t h e  . d r o p '  must  c o n s e r v e  volume,.  

b u t  may be  i n  motion.  I n  g e n e r a l ,  f l u i d  w i l l  e n t e r  t h r o u g h  

t h e  o r i f i c e  a n d  l e a v e  t h r o u g h  t h e  a n n u l u s ,  p r o d u c i n g  t h e  t y p e  

of mot ion  s e e n  i n  F ig .  2. 

D e f o r m a t i o n  o f  t h e  d r o p  r i l l  r e s u l t  i f  its r e s t r a i n i n g  

f o r c e ,  s u r f  ace t e n s i o n ,  is s u d d e n l y  d e c r e a s e d  o r  elf n i n a t e d .  

T h i s  t y p e  o f  f l ow ,  r e f e r r e d  t o  a s  t h e  f a l l i n g  d r o p  p rob lem,  
I 

a p p r o x i l a a t e s  t h e  f l o w  w i t h i n  a  s e p a r a t i n g  d r o p ;  o n c e  

u n r e s t r a i n e d  f l o w  b e g i n s ,  t h e  f l u i d  e x p e r i e n c e s  l o c a l l y  h i g h  

v e l o c i t i e s  and r a p i d  a c c e l e r a t i o n  i n  t h e  d i r e c t i o n  o f  

q r a v i t y ,  a s  i l l u s t r a t e d  i n  P i g .  3. G r a v i t y  ac t s  i n  t h e  . 

dounw.ard d i r e c t i o n ,  and  w h a t e v e r  s u r f a c e  t e n s i o n  force 



RADIAL DISTANCE, R 

, 

F i g u r e  2 .  . A t y p i c a l  drop with f o r c e d  i n t e r n a l  c i r c u l a t i o n  
. ,  s h o v i n g  p a r t f c l e  p a t h s  and forces a c t i n g  on t h e .  drop.  
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1 '  

. - 
P i q u r e  3. A t y p i c a l  f a l l i n g  drop  s h a p e  s h o v i n g  i ts  r e l a t i o n  
t o  t h e  c y l i n d r i c a l l y  s y m m e t r i c  c o o r d i n a t e  system. T h e . d a s h e d  
l i n e s  . i n d i c a t e  p a r t i c l e  p a t h s  and t h e  iorces a c t i n g  on t h e  
d r o p  a r e  i n d i c a t e d  b y  a r r o w s .  



r e m a i n s  acts i n  t h e  d i r e c t i o n  o f  t h e  s u r f a c e  n o r m a l  a t  e v e r y  

p o i n t  o f  t h e  s u r f a c e ,  o p p o s i n g  f l u i d . p r e s s u r e .  I n  t h i s  s i t u - .  

a t i o n ,  t h e  m o t i o n  is p r e d o m i n a n t l y  v e r t i c a l ,  w i t h  s o m e  

h o r i z o n t a l  f l o w  n e a r  t h e  base,  a s  r e q u i r e d  b y  c o n s e r v a t i o n  o f  

v o l u m e ,  b u t  t h e r e  i s  n o  r o t a t i o n .  

T h e  c o m p l e t e  a n a l y s i s  of f l o v  d u r i n g  d r o p l e t  f o r m a t i o n  

a n d  s e p a r a t i o n ,  b y  e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  v e l o c i t y  a n d  

p r e s s u r e  d i s t r i b u t i o n s ,  is n o t  p r e s e n t l y  f e a s i b l a  f o r  s e v e r a l  

r e a s o n s .  F i r s t  t h e  e x p e r i m e n t a l l y  o b s e r v e d  v i s c o u s ,  s u r f a c e  

t e n s i o n  a n d  b u o y a n c y  e f f e c t s  are d i f f i c u l t .  t o  s e p a r a t e  f r o m  

o n e  a n o t h e r .  They  are  a l s o  d i f f i c u l t  t o  m e a s u r e '  a c c u r a t e l y .  

F u r t h e r m o r e ,  s u c h  d a t a  m u s t  be  g a t h e r e d  by l a b o r i o u s l y  

a n a l y s i n q  l a r q e  v o l u m e s  o f  h i g h  s p e , e d  p h o t o g r a p h i c  f i t m ,  

m a k i n q  t h e  e x p e r i m e n t a l  p r o c e s s  t e d i o u s  . a t  bes t .  S u r f a c e  ' 

t e n s i o n  forces may b e  e s t i m a t e d  f r o m  d r o p  s h a p e s ,  a n d  

a c c e l e r a t i o n s  f rom t h e  movement  . o f  p a r t k l e s  of a l u m i n u m  o r  

g l a s s  s u s p e n d e d '  i n  t h e  f l u l d ,  . - b u t  n o  d i r e c t  m e a s u r e  of 

p r e s s u r e  is  y e t  p o s s i b l e .  

S e c o n d ,  t h e r e  i s  no g u a r a n t e e  o f  c o n s i s t e n t  o r  a c c u r a t e  

r e s u l t s  f r o m  o n e  e x p e r i m e n t a l  r u n  t o  t h e  n e x t  d u e  t o  t h e  h i g h  

s e n s i t i v i t y  o f  s u r f a c e  t e n s i o n  t o  t h e  p r e s e n c e  o f  i m p u r i t i e s .  

S l i q h t  c h a n q e s  i n  s u r f a c e  t e n s i o n  p r o d u c e  c h a n g e s  i n  t h e  

p r e s s u r e  a n d  v e l o c i t y  d i s t r i b u t . i o n s .  w h i c h  m a k e s  a c c u r a t e  com- 

p a r i s o n  o f  s u b s e q u e n t  r u n s  d i f f i c u l t .  I n  t h e  case o f  o p a q u e ,  

s u b s t a n c e s ,  d i r e c t  o b s e r v a t i o n  is n o t  p o s s i b l e .  T h e r e f o r e ,  a 
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t e c h n i q u e  is n e c e s s a r y  which w i l l  a l l o w  t h e  s t u d y  o f  i n d i v i d -  
. . 

u a l  effects of t h e  f l u i d  p a r a m e t e r s  and  p r o v i d e  time depen-  

d e n t  i n f o r m a t i o n  a b o u t  t h e  . d r o p , y i t h o u t  heavy  r e l i a n c e  . . on 

e x p e r i m e n t a l  data. 

I n  o r d e r  t o  a c c o u n t  f o r  a l l  t h e  d e s i r e d  effects,  w i t h o u t  

depe i id inq  o n  e x p e r i s e n t a 1 , d a t a  it is n e c e s s a r y  t o .  u s e  a  math- 

e m a t i c a l .  model a s  a s u b s t i t u t e  fo r  rea l  f l u i d .    he model 

must b e  s u b i e c a  t o  t h e  s a m e , r e s t r i c t i o n s  a s  t h e  r e a l  f l u i d  

and a u s t  p r o v i d e  enouqh  d e . t a i l e d  i n f o r m a t i o n  a b o u t  t h e  f l u i d  

to,  a l l o w  p r e d i c t i o n  of flow p a t t e r n s ,  c h a n g e s .  i n  i n t e r f a c i a l  

a r e a  a n d  s h a p e ,  a s  well as  v e l o c i t y  and  p r e s s u r e  d i s t r i b u -  

t i o n s .  By o b t a i n i n g  s o l u t i o n s  t o  t h e  m a t h e m a t i c a l  model and 

c o n  p a r i n g  t h e n  w i t h  a '1 i m i t e d  number of e x p e r i m e n t a l  o b s e r v a -  

t i o n s  it s h o u l d  be p o s s i b l e  t o  s e p a r a t e  t h e  e f f e c t s  of t h e  

i n d i v i d u a l  f l u i d  p a r a m e t e r s  and  t o  d e t e r m i n e  t h e  effects of 

t h o s e  v a r i a b l e s  t o r  which e x p e r i m e n t a l  measurements  c a n n o t  b e  

made. O f  c o u r s e  t h e  a c c u r a c y  o f  t h e  resalts o b t a i n e d  by 

m a t h e m a t i c a l  m o d e l l i n g  depend  ' d i r e c t l y ' o n  t h e  a c c u r a c y  o f  t h e  

model. T h u s  a c c u r a t e  s i m u l a t i o n  of flow d u r i n g  d r o p  forma-  

t i o n  a n d  s e p a r a t i o n  r e d u c e s  t o  f i n d i n g  a' s u i f i c i e n t l y  de-  

t a i l e d  model of t h w f l o w  and a n  a c c u r a t e  metbod of s o l v i n g  

t h e  model. 

The most a c c u r a t e  m a t h e m a t i c a l  model 'of f l u i d  mo t ion ,  

t h e  e q u a t i o n s  o f  mot ion ,  h a s  been known ' f o r  many y e a r s ,  a n d  

was d e r i v e d  by N a v i e r  i n  a  r e s t r i c t e d  form i n  1822. T h e s e  
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e q u a t i o n s  a r e  f o u n d  i n  ~ i r d ,  Stewart a n d  L i g h t f o o t  (Q), A r i s  

(21.; and  Landau and  , L i f s c h i t z  (39), who d i s c u s s  i n  d e t a i l  t h e  

deve lopmen t  of t h e  e g u a t i o n s  a n d  t h e  . r e s t r i c t i o n s  which must  

be  o b s e r v e d  i n  s o l v i n g  'them. These  e q u a t i o n s  are p r e s e n t e d  

l a t e r  i n  t h e  Theo ry  s e c t i o n .  C o n v e n i e n t l y ,  Bird ,  S t e w a r t  and  

L i g h t f o o t  (4) p r e s e n t  them i n  a  form which  is d i r e c t l y  a p p l i -  ' 
', 

c a b l e  t o  t h e  prob lem a t  hand,  

These  e q u a t i o n s  r e p r e s e n t  t h e  momentum . c o n s e r v a t i o n  re- 

l a t i o n s h i p s ,  i n  d i f f e r e n t i a l  form, o f  a  Newtonian,  

i n c o m p r e s s i b l e  f l u i d  of c o n s t a n t  d e n s i t y ,  The e q u a t i o n s  u sed  

a r e  a l s o  r e s t r i c t e d  t o  i s o t h e r m a l ,  non- t u r b u l e n t  flow c o n d i -  

t i o n s ,  The f l u i d s  a n d  flow r e g i m e s  t h a t  it is d e s i r e d  t o  

s t u d y  comply  w i t h  t h e s e  r e s t r i c t i o n s .  O t h e r w i s e  much more 

c o m p l i c a t e d  models  would b e  n e c e s s a r y ,  and  t h e  N a v i e r - S t o k e s  

e q u a t i o n s  are t h e m s e l v e s  a f o r m i d a b l e  c h a l l e n g e .  

A n a l y t i c a l  s o l u t i o n s  t o  t h e  e q u a t i o n s  o f  mot ion  are 

known o n l y  for  c e r t a i n  t y p e s  of f l u i d  f l o w i n g  i n  c o n t a i n e r s  

havilaq s i m p l e  geometry. Because  o f  t h e  a o n - l i n e a r i t y  o f  t h e  

e q u a t i o n s ,  p r e v i o u s  i n f o r m a t i o n  a b o u t  t h e  form of t h e  s o l u -  

t i o n  is u s u a l l y  i n c o r p o r a t e d  i n g o  t h e  s o l u t i o n  t e c h n i q u e ,  

t h u s  a l l o w i n g  some terms o f  t h e  e q u a t i o n s  t o  b e  d r o p p e d ,  

However, when t h e  flows are  n o t  known i n  a d v a n c e ,  no recom- 

. m e n d a t i o n  c a n  be made t o  s i a p l i f y ' t h e  problem.  Such is t h e  

case f o r  f o r m i n q  a n d  s e p a r a t i n q  d r o p l e t s . .  Thus t h e  t e c h n i q u e  

u s e d  must b e  c a p a b l e  of h a n d l i n g  t h e  c o m p l e t e  e q u a t i o n s  o f  
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motion.  

A c c u r a t e  s o l u t i o n s  t o  t h e  e q u a t i o n s  o f  . m o t i o n  h a v e  been 

o b t a i n e d  by n u m e r i c a l  t e c h n i q u e s .  Houever ,  e a c h  n u m e r i c a l  

t e c h n i q u e  taust  be  t a i l o r e d  t o  c o p e  w i t h  t h e  s p e c i f i c  p r o b l e m s  

it w i l l  b e  u s e d  t o  s o l v e .  Then, w i t h i n  t h e  a c c u r a c y  o f  t h e  

t e c h n i q u e ,  a n  a p p r o x i m a t e  s o l u t i o n  i s  g u a r a n t e e d .  

A s  i n d i c a t e d  by Harlow (29) t h e r e  are many n u m e r i c a l  

t e c h n i q u e s  a v a i l a b l e  f o r  s o l v i n g  t h e  N a v i e r - S t o k e s  e q u a t i o n s .  

Each method h a s  l i m i t a t i o n s  on t h e  t y p e s  o f  f l o w s  t o  which 

it is  b e s t  s u i t e d ,  t h e  t y p e s  -of  b o u n d a r y  c o n d i t i o n s '  which i t  

c a n  a c c e p t  a n d  t h e  t y p e  o f  f l u i d  it c a n  s i m u l a t e .  N e t h o d s  

f o r  s o l v i n g  v i s c o u s  i n c o m p r e s s i b l e  f l o w  p rob lems  began  t o  

a p p e a r  i n  1965  a n d  t h e i r  a c c u r a c y  h a s  improved  s t e a d i l y  w i t h  

m o d i f i c a t i o n .  

One s u c h  method is t h e  a a r k e r  and  Cell (HAC) method, 

which h a s  b e e n  u s e d  t o  s o l v e  s e v e r a l  B a y l e i g h - T a y l o r  

i n s t a b i l i t y  p rob lems ,  The HAC method i s  a n u m e r i c a l  

t e c h n i q u e  which u s e s  a f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n  t o  t h e  

e q u a t i o n s  of motion.  T h i s  i s  d o n e  by fixing t h e  r e g i o n  i n  

which  f l o w  is t o  be  o b s e r v e d  and  d i v i d i n g  it up i n t o  a g r i d  

o f  small r e c t a n g l e s  or cells.. W i t h i n  t h e  cells, t h e  p r i m a r y  

v a r i a b l e s  ( p r e s s u r e  a n d  t h e  v e l o c i t y  components )  are l o c a t e d ,  

and  t h e  f i n i t e  d i f f e r e n c e  a p p r o x i r n a t i o n a  a re  made. F l u i d  ie 

r e p r e s e n t e d  .by massless l aa rker  p a r t i c l e s  which' are i n d e p e n -  

d e n t  o f  t h e  g r i d  and  move a b o u t  a t  t h e  l o c a l  f l u i d  v e l o c i t y .  



. . .  

~ h u s  t h e  name, M a r k e r  a n d  C e l l  method. .  
, 

The MAC method allows f l o w  v i s u a l i z a t i o n  b e c a u s e  t h e  

6 I m o v a e n t  of f l u i d  i s  s e e n  a s  mo.vement o f  t h e  p a r t i c l e s .  The 

,method also c o n s e r v e s  mass b e c a u s e  o f  i ts  p a r t i c u l a r .  c h o i c e  

of f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n ,  t h u s  s a t i s f y i n g  t h e  most 

s t s i n q e n t  r e s t r i c t i o n  on t h e  method. A l so ,  t h e  f l o w  may b e  

e x p r e s s e d  q u a n t i t a t i v e l y .  a t  any  g r i d  p o i n t ,  i n  t e r n s  o f  t h e  

. p r i m a r y  v a r i a b l e s ,  Thus t h e  MAC method a l s o  s a t i s f i e s  mos t  

o f  t h e  b a s i c  r e q u i r e m e n t s  of t h e  d r o p l e t  f l o w  .p rob lem,  H o w -  

e v e r ,  ,as w i t h  any t e c h n i q u e ,  it h a s  its drawbacks ,  a n d  many. 

of them a p p e a r  when o n e  a t t e m p t s  t o  a d a p t  t h e  mefhod t o  t h e .  

c a l c u l a t i o n  of d r o p l e t  f l o w  p a t t e r n s ,  

The b a s i c  d rawback  o f  t h e  H A C  n e t h o d  is t h e  manner i n  

which t h e -  b o u n d a r y .  c o n d i t i o n s  a t  t h e '  f r e e  s u r f  a c e  a r e  

h a n d l e d ,  P r o d u c i n g  t h e  n e c e s s a r y  m o d i f i c a t i o n s  t o  t h e  HAC 

method c o n s t i t u t e d  a  major p o r t i o n  of t h i s  p r o j e c t .  However, 

t h e  f l e x i b i l i t y  of t h e  method,  a n d  i ts  proven  c a p a b i l i t i e s  

p r o v i d e d  t h e .  i m p e t u s  t o  a t t e m p t  t h e  . n e e d e d  . . m o d i f i c a t i o n s .  

It is t h e  p u r p o s e  o f  t h i s  r e s e a r c h  t o  p r e s e n t  t h e  modi- 

f i c a t i o n s  t o  t h e  HAC method which were needed ,  t h e i r  e f f e c t s  

. . 
o n  t h e  s o l u t f  ons ,  a n d  t h e  i n i t i a l  s u r f a c e ,  s h a p e s  - a n d  v e l o c i t y  

d i s t r i b u t i o n s  w i t h i n  f o r m i n g  and s e p a r a t i n g  d r o p s ,  c a l c u l a t e d  

b y  t h e  m o d i f i e d  method. It i s  a i s o  t h e  p u r p o s e  o f  t h i s  re- 

s e a r c h  t o  d e t e r m i n e  t h e  e f f e c t s  o f  v i s c o s i t y  a n d  i n l e t  

v e l o c i t y  upon t h e  flow p a t t e r n s  w i t h i n  d r o p s  w i t h  f o r c e d  i n -  



t e r n a l  c i r c u l a t i o n , .  It h a s  b e e n  f o u n d  t h a t  d r o p s  w i t h  f o r . c e d  

i n t e r n a l  c i r c u l a t i o n  h a v e  two b a s i c  flow r e g i m e s ,  r o t a t i n g  

arid n o n - r o t a t i n g .  T h e  effects  of v i s c o s i t y  a n d  i n l e t  

v e l o c i t y  o n -  t h e ,  o c c u r r e n c e  of r o t a t i n g  flow h a v e  b e e n  i n v e s -  

t i q a t e d  o v e r  a r a n q e  of v a l u e s .  Also a g e n e r a l  p i c t u r e  of 

t h e  c o m b i n e d  p r o c e s s e s  of d r o p  f o r ~ a t i o n  a n d  s e p a r a t i o n  h a s  

been  q a i n e d  from t h e .  i n v e s t i q a t i o n  of t h e  f a l l i n g  d r o p  p r o b -  

lem, which ua ' s  c o n d u c t e d  w i t h  v a r y i n g  r e d u c t i o n s  i n  s u r f a c e  

t e n s i o n .  C o m p a r i s o n  of t h e  s o l u t i o n s  of t h e  f a l l i n g  d r o p  

p r o b l e m  a n d  t h e  f o r c e d  i n t e r n a l  c i r c u l a t i o n  d r o p  p r o b l e m  i m -  

plies t h a t  there is y e t  . a n o t h e r .  t r a n s i t i o n  f rota c i r c u l a t i n g  

flow t o  p l u g  flow i n  t h e  d i r e c t i o n  of g r a v i t y ,  o c c u r r i n g  i n  

t h e  c o m b i n e d  p r o c e s s e s  of d r o p  f o r m a t i o n  a n d  s e p a r a t i o n .  

T h i s  c o r r e s p o n d s  w i t h  t h e  e x p e r i m e n t a l  observations of 

. .  . 
W e a t h e r s  (56) . 
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The l i t e r a t u r e  r e l a t e d  t o  t h i s  s t u d y  i s  c o n v e n i e n t l y  d i -  . 

v i d e d  i n t o  two q r o u p s ,  1) e x p e r i m e n t a l  o b s e r v a t i o n s  and  2)  

n u m e r i c a l  s i m u l a t i o n .  The first g r o u p  of a r t i c l e s ,  p r o v i d e  a  

. b r i e f  ,history of the many a g p ~ ~ p c h e s  t h a t  h a v e  been  t a k e n  

toward  u n d e r s t a n d i n g  d r o p l e t  phenomena. I n  t h i s  g r o u p  t h e r e  

a r e  two c a t e q o r i e s  o f  a r t i c l e s ,  t h o s e  v h i c h  r e f e r  t o  t h e  con- 

. b i n e d  p r o c e s s e s  o f  f o r m a t i o n  and s e p a r a t i o n ,  a n d  t h o s e  which 

r e f e r  t o  t h e  p r o c e s s  o f  c i r c u l a t i o n  w i t h i n  a  f o r m i n g  d r o p .  

They s e r v e  t o  i n t r o d u c e  t h e  phenomena p h y s i c a l l y ,  t o  e x p l a i n  

t h e  n e e d  f o r  i n c r e a s i n g l y  complex models ,  a n d  t o  show t h e  

t r e n d  i n  d r o p l e t  s i m u l a t i o n  l e a d i n g  t o  t h e  u s e . o f  t h e  Nav ie r -  

s t o k e s  e q u a t i o n s  f o r  dynamic  s i m u l a t i o n '  o f  d r o p l e t  f l o w s .  

The  s e c o n d  g r o u p  of a r t i c l e s  p r o v i d e s  a  p a r a l l e l  h i s t o r y  

of t h e  deve lopmen t  of t h e  UAC method, t h e . c o n p u t i n g  t e c h n i q u e  

u sed  i n  t h i s  s t u d y .  They i n t r o d u c e  t h e  compu t ing  method, 

some prob lems  it h a s  been  u s e d  t o  s o l v e ,  a n d  t h e  c h a n g e s  t h a t  

have  been made i n  t h e  method i n  t h e  search . fo r  i n c r e a s e d  ac-  

curac g. 

Exper i m s n t a l  O b s e r v a t i o n s  

I n  t h e  f i rs t  c a t e g o r y  o f  a r t i c l e s  t h e  a p p r o a c h e s  r a n g e  

Srom s t r a i q h t  f o r w a r d ,  e m p i r i c i s m  t o  d i f f e r e n t i a l  mode l s  o f  

t h e  d y n a m i c s  o f  f o r m a t i o n  and s e p a r a t i o n ,  The emergence  o f  

t h e  more. m a t h e i n a t i c a l l g  s o p h i s t i c a t e d  mode l s  c a n  be ' f o l l o w e d  
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w i t h  time, a n d  it m i g h t  be added,  p a r a l l e l s  t h e  d e v e l o p m e n t  

o f  t h e  modern compu te r ,  
. . 

S i n c e  a b o u t  1965  t h e r e  h a s  b e e n  a  r a p i d  p r o l i f e r a t i o n  o f  

articles i n  t h e  c h e m i c a l  e n g i n e e r i n g  l i t e r a t u r e  c o n c e r n i n g  

d r o p s ,  The  l e v e l  of . i n t e r e s t  i n  t h e  a r e a  of d r o p  phenomena 

is indicated b y  t h e  gumber of r e c e n t  . r e v i e u  ar t ic les  which 

i n c l u d e  t h i s  area, o r  are d e v o t e d  t o  it e n t i r e l y  (16,  18,  19, 

20, 50; 5 3 ) -  O f  t h e  e x p e r i m e n t a l  a p p r o a c h e s ,  by f a r  t h e  

m a j o r i t y  are c o n c e r n e d  w i t h  t h e  t r a n s p o r t  p r o c e s s e s  g o i n g  on 

d u r i n q  t h e  t r a v e l  (rise o r  f a l l )  p o r t i o n  o f  a  d r o p ' s  

l i f e t i n e ,  T h i s  is r e f l e c t e d  i n  t h e  fac t  ' t h a t  of t h e  a p p r o x i -  

' m a t e l y  600 t o t a l  r e l a t e d  d r o p  phenomena art icles (16) pub- 

l i s h e d  be tween  1965 and  1969, more t h a n  h a l f  were c o n c e r n e d  

w i t h  s t e a d y  n o t i o n .  ~ l s o ,  t h e  m a j o r i t y  o f  t h e  a r t i c l e s  

r e l i e d  on some form o f  d i m e n s i o n a l  a n a l y s i s  t o  c o r r e l a t e  t h e  

t r a n s p o r t  d a t a .  As e x p l a i n e d  by Hagarvey a n d  HacLatchy  ( 4 1 ) ,  

' s i n c e  t h e  m a t h e m a t i c a l  c o m p l e x i t i e s  a r i s i n g  from 
t h e  n o n l i n e a r  t e r n s  i n .  t h e  N a v i e r - S t o k e s  e q u a t i o n s  
a d i n i t  a l n i o s t .  n o  r e l e v a n t  s o l u t i o n s  t o  t h e  p r o b l e m s  
a s s o c i a t e d  w i t h  v e l o c i t i e s  and d r o p  sizes n o r m a l l y  
encountered i n  chemical e n q i n e e r i n q  o p e r a t i o n s ,  
most o f  t h e  i n f o r m a t i o n  h a s  b e e n  t h e  r e s u l t  of em- 
p i r i c a l  a n d  s e m i - e m p i r i c a l  a p p r o a c h e s  to t h e s e  f low 
problems ,  . I t  would seem t h a t  t h e  flow f i e l d s  a b o u t  
a l l  . b u t  t h e  s m a l l e s t  d r o p s  a r e  more o r  less 
unknown, and  t h e  e x p e r i m e n t a l  d a t a  s p e c i f i c  t o  e a c h  
p r o b l e n  o f f e r  l i t t l e  i n  t h e  way o f  g e n e r a l i z a t i o n .  

Faced  w i t h  t h e  problem o f  c o r r e l a t . i n g  a p r o p e r t y  o f  

d r o p s  f o r m i n g  i n  a i r  a n d  t h e  f l u i d  p a r a m e t e r s ,  F reud  and  

H a r k i n s  (14) i n  1929 c h o s e  d e t a c h e d  d r o p l e t  w e i g h t  a s  t h e  



most e a s i l y  measu red  f l o w  p a r a m e t e r ,  They o b s e r v e d  t h a t  t h e  

d r o p  w e i q h t  c o u l d  b e  . e m p i r i c a l l y  c o r r e l a t e d  w i t h  bounda ry  ge- 

o m e t ry  and  s u r f a c e  t e n s i o n ,  b u t  o n l y  c r u d e l y .  While  t h e i r  

work was m a i n l y  c o n c e r n e d  w i t h  t h e  d e t e r m i n a t i o n  o f  s u r f a c e  

t e n s i o n ,  t h e y  d i d  c o n s i d e r  t h e  p r o b l e m  of d ' r o p l e t  f o r m a t i o n  

a n d  s e p a r a t i o n ,  a n d  c o n c l u d e d ,  

The  r e l a t i o n  be tween  . t h e  w e i g h t  of t h e  d e t a c h e d  
d r o p  a n d  any  o f  t h e  c o n s t a n t s  o f  t h e  l i q u i d  or 
t i p ,  or  e v e n  a n y  o f  t h e  d i m e n s i o n s  of t h e  d r o p  j u s t  
b e f o r e  f a l l i n g ,  is t h e r e f o r e  f a t  f roa  s i m p l e ,  It 
seems t h a t  t h e  o n l y  hope  of f i n d i n g  t h e  c o n n e c t i o n  
l ies i n  t a k i n g  t h e  ma,ximum s t a b l e  d r o p  a n d  i n  .some 
way f o l l o w i n q  a l l  t h e  c h a n g e s  t h a t  t a k e  p l a c e  o n  
d e t a c h m e n t ,  

Raywor th  a n d  T r e y b a l  (33) i n  1950, c h o s e  d r o p l e t  volume 

as  t h e  most s i g n i f i c a n t  v a r i a b l e  t h e y  c o u l d  measu re  i n  

l i q u i d - l i q u i d  s y s t e m s  a n d  t h a t  t o  which o t h e r  p r a c t i c a l l y  

i m p o r t a n t  v a r i a b l e s  c o u l d  b e  r e l a t e d . .  B a t  r a t h e r  t h a n  follow 

a l l  t h e  c h a n g e s  d u r i n g  d r o p i e t  f o r m a t i o n  a n d .  s e p a r a t i o n ,  a s  

s u q q e s t e d  by F r e u d  a n d  H a r k i n s  ( 1 4 ) ,  t h e y  c h o s e  t o  write a 

f o r c e  b a l a n c e  and a c c e p t  t h e  c o r r e l a t i o n  it g a v e  be tween  d r o p  

vo lume a n d  t h e  f l u i d  p a r a m e t e r s ,  Us ing  d i m e n s i o n a l  a n a l y s i s  

t h e y  c o r r e l a t e d  t h e i r  volume p r e d i c t i o n  e q u a t i o n  a n d  e x p e r i -  

m e n t a l  d a t a ,  v a r y i n g  t , h e  s i n g l e  free p a r a m e t e r  i n  t h e i r  ..- 

model. T h u s  by s t u d y i n g  t h e  o v e r a l l  effects o f  s u r f a c e  

tension, nozzle v e l o c i t y ,  d e n s i t y  a n d  v i s c o s i t y ,  t h e y  were 

a b l e  t o  p r o d u c e  a n  e q u a t i o n  f o r  t h e  p r e d i c t i o n  o f  d r o p  

v o l u m e s  a c c u r a t e  t o  w i t h i n .  7.5% a v e r a g e  e r r o r .  



I n  1958 N u l l  a n d  J o h n s o n  (473 i n t r o d u c e d  t h e  i d e a  of a 

s i m p l i f i e d  g e o m e t r i c  modal  of d r o p s  u n d e r g o i n g  f o r m a t i o n  and  

s e p a r a t i o n .  BY c o m b i n i n g  c o n e s ,  s p h e r e s  a n d  c y l i n d e r s  t h e y  

were ab le  t o  s i m u l a t e  t h e  s h a p e  o f  a d r o p  i n  v a r i o u s  s t a g e s  

o f  f o r m a t i o n  and  s e p a r a t i o n .  The  v o l u m e s  t h e y  o b t a i n e d  i n  

t h i s  manner  c o r r e l a t e d  v i t h  t h e i r  e r p e r i a e n t a l  o b s e r v a t i o n s .  

w i t h i n  20% a v e r a g e  e r r o r .  

In 1966. Manfre  (43) a n a l y z e d  t h e  d r o p  f o r m a t i o n  and  s e p -  
' .. 

a r a t i o n  p r o c e s s ,  t r e a t i n g  t h e  d r o p  as a b o u n d a r y  c o n , d i t i o n  i n  

a p r e s s u r e  b a l a n c e .  Bis a n a l y s i s  e n p l o y s  t h e  Hagen- 

P o i s e u i l l e  r e l a t i o n s h i p  b e t w e e n .  p r e s s u r e  a n d  w o l u m e t r i c  

f l o u r a t e ,  a n d  r e s u l t s  i n  a f i r s t  o r d e r  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n  r e l a t i n g  t h e  c h a n g e  i n  d r o p l e t  volume w i t h  time. 

The a n a l y s i s  . . is  u n f o r t u n a t e l y  r e s t r i c t e d  t o  low R e y n o l d s  num- 

b e r  f l o w s  a s  a a n f  re  was p r i m a r i l y  c o n c e r n e d  v i t h  t h e  . . 

e x t r u s i o n  of glasses a n d  o t h e r  h i g h l y  v i s c o u s .  materials. H i s  

e q u a t i o n  correlates h i s  d a t a  w i t h i n  8% a v e r a g e  error. 

D u r i n g  t h e  s a n e  y e a r  Rao, Kumar, a n d  K u l o o r  (49) p re -  

s e n t e d  several r e f i n e m e n t s  t o  Ha y u o r t h  and Tre y b a l o s  (33) 

o r i q i n a l  a n a l y s i s .  By u s i n g  a more c o m p l i c a t e d  f o r c e  b a l a n c e  

a n d  a model  v i t h  more free p a r a m e t e r s ,  t h e y  were a b l e  t o  p re -  

d i c t  d r o p l e t  v o l u m e s .  t o  w i t h i n  6.8% a v e r a g e  e r r o r .  T h i s  

f i q u r e  is somewhat d e c e i v i n g ,  howeve r ,  i n  t h a t  t h e y . e i n i m i z e  

t h e  number  of m a x i m u m  d e v i a t i o n s  of t h e  model  from t h e  d a t a ,  

w h i l e  Hayworth  a n d  T r e y b a l  (33) d o  n o t .  . . 



The f o r c e  b a l a n c e  . a n a l y s i s  was u sed  s u c c e s s f u l l y  b y  

G r i p a r ,  ~ a r o s i a v ,  a n d  Landau (21) i n  1970 t o  p r e d i c t  t h e  loss 

i n  p r e s s u r e  across a n  ori f ice  w i t h  a d e t a c h i n g  d r o p ,  T h e i r  

r e s u l t s  were a c c u r a t e  t o  w i t h i n  4.6% a v e r a g e  e r r o r  when t h e  

f l o w  was l a m i n a r .  

A l s o  d u r i n g  1970 i l asayanan ,  Basu. and  Roy (45) r e p o r t e d  

a s i m p l e  d i m e n s i o n a l  a n a l y s i s  which r e s u l t s  i n  a n  e q u a t i o n  

fo r  t h e  p r e d i c t i o n  o f  d r o p  d i a m e t e r s ,  t h a t  i s  a c c u r a t e  t o  

w i t h i n  10% a v e r a g e  error. I n  1971 Kumar (37) p r o p o s e d  a n o t h -  
. . 

er f o r c e  b a l a n c e  model  v a l i d  for  , b o t h  b u b b l e s  and d r o p s ,  It . 

is one of t h e  most c o m p l i c a t e d  y e t  p r o p o s e d ,  g i v i n g  rise to  a  

s e c o n d  o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n ,  b u t  which o n l y  

p r e d i c t s  d r o p l e t  . v o l u m e s  t o  w i t h i n  1 5 %  a v e r a g e  e r r o r .  

The  p r e v i o u s  a u t h o r s  h a r e  t a k e n  b r o a d  a p p r o a c h e s  a n d  

f o u n d  . t h e  o v e r a l l  effects o f  t h e  f l u i d  p a r a m e t e r s  ,on . o n e  var- 

i a b l e ,  d r o p  volume, But r e c o g n i z i n g  t h a t  o t h e r  u s e f u l  i n f o r -  

ma t ion  s u c h  as  s u r f a c e  a r e a ,  r a t e  of a r e a  p r o d u c t i o n ,  

c i r c u l a t i o n  ra tes  a n d  mass t r a n s f e r  rates must be  r e l a t e d  t o  

t h e  d r o p  volume i f  'this a p p r o a c h  is to be used ,  i t  is  

d o u b t f u l  . t h a t  accurate v a l u e s  c a n  be . c a l c u l a t e d  d u e  t o  t h e  

errors i n  p r e d i c t i n q  t h e  volume, Thus  i t  is  n e c e s s a r y  t o  

f i n d  a means of r e l a t i n g  t h e s e  v a r i a b l e s  d i r e c t l y  t o  t h e  

f l u i d  p a r a m e t e r s .  

I n  o r d e r  t o  d e s c r i b e  t h e  p r o f i l e s  of f o r m i n g  a n d  

s e p a r a t i n g  d r o p s '  E t a l l i q a n  a n d  B n r k h a r t  (23) i n  1968 a t t r i b u t -  



e d  t h e  c h a n g e  i n  i n t e r f a c i a l  s h a p e  t o  a  l i n e a r  p r e s s u r e  v a r i -  
. . . . 

a t i o n  which t h e y  a d d e d  t o  t h e  e q u a t i o n  o f . L a p l a c e  (40)- By 

v a r g i n q  t h e  r a d i u s  o f  c u r v a t u r e  a t  t h e  o r i g i n  ( o r  apex )  o f  
I 

t h e  d r o p  and  a l so  t h e  p a r a m e t e r  m u l t i p l y i n g  t h e  a d d e d  l i n e a r  

term, t h e y  were a b l e  t o  p r o d u c e  d r o p l e t  p r o f i l e s  i n  v e r y  good 
. . 

a g r e e m e n t  w i t h  t h o s e  o b s e r v e d  e x p e r i m e n t a l l y ,  . Eouever ,  t h e i r  

model is v a l i d  o n l y  up t o  t h a t  t i n e  i n  t h e  d r o p l e t ' s  l i f e t i m e  

when it b e g i n s  t o  "neck  i n n  or d e v e l o p  a minimum i n  i ts 

p r o f i l e .  They  were a l s o  a b l e  . t o  model  s u c c e s s f u l l y  t h e  

q rowth  of a d r o p l e t  w i th  flow i n  t h r o u g h  i ts  b a s e  (25) ,  b u t  

a q a i n  o n l y  up t o  t h e  p o i n t  of " n e c k i n g  inau .  EIalLigan and  

. , 
B u r k h a r t  (24) i n  1 9 6 9  f u r t h e r  o b s e r v e d  t h e  mot ion  of small 

q l a s s  s p h e r e s  s u s p e n d e d  w i t h i n  f o r m i n g  d r o p s  and  f o u n d  t h a t  

t h e  b u l k  v e l o c i t y  o f  t h e  f l u i d  i n  t h e  s e p a r a t i n g  p o r t i o n  o f  

t h e  d r o p l e t  c o u l d  b e  a p p r o x i m a t e d  by  a n  e x p o n e n t i a l  f u n c t i o n  

of time, X t  was' a l s o  o b s e r v e d  t h a t  v i s c o s i t y  r e t a r d e d  t h e  

mo t ion  of t h e  p a r t i c l e s  r e l a t i v e  t o  t h e  a p e x  o f  t h e  d rop .  

Seemann (51) i n  1970 o b s e r v e d  t h e  f o r m a t i o n  and s e p a r a -  

t i o n  o f  d r o p s  p a r t i c u l a r l y  f rom t h e  time of " n e c k i n g  i n n  on 

t o  s e p a r a t i o n .  H i s  o b s e r v a t i o n s  c o n f i r m  by  p r e s s u r e  ba l . ance  

a n a l y s i s ,  t h a t  . t h e  n o n - l i n e a r  i n t e r a c t i o n  of v e l o c i t i e s  

w i t h i n  t h e  d r o p  s t r o n g l y  a f fec t  t h e  p r o f i l e  o n c e  . "neck ing  i n a  

h a s  o c c u r r e d .  Hear uunecking i n n  t h e  p r e s s u r e  d i s t r i b u t i o n  

b e q i n s  t o  s h o v  a l a r g e  d e p a r t u r e  f r o m  t h e  l i n e a r  a s s u m p t i o n  

. . of  ~ a l l i q a n  arid B u r k h a r t  (25.23).  T h e  naximod p r e s s u r e  d e v i -  
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a t i o n  f tom l i n e a r i t y  o c c u r s  where  t h e  f l u i d  v e l o c i t y  ,is 

q r e a t e s t ,  s u g g e s t i n g  t h a t  were t h e  v e l o c i t y  a n d  p r e s s u r e  d i s -  

g r i b u t i o n s  more a c c o r a t e h g  known, impr ,ovements  i n  t h e  p r e d i c -  

t i o n  of d r o p l e t  p r o f i l e s  m i g h t  be made. 

The s e c o n d  c a t e g o r y  of a r t i c l e s  i n  t h e  e x p e r i r a e h t a l  

qtoup p r o v i d e s  a  h i s f o r f  of o b s e r v a t i o n s  a b o u t  d r o p s  w i t h  i n -  

t e r n a l  c i r c u l a t i o n ,  p r i m a r i l y  from a mass  t r a n s f e r  p o i n t  o f  

view. T h i s  brief h i s t o r y  a l s o  shows  t h e  need  for  more so-  

. . p h i s t i c a t e d  models o f  t h e  c i r c u l a . t i o n  p r o c e s s ,  b e c a u s e  e x i s -  

t i n q  m a t h e m a t i c a l  t r e a t m e n t s .  are v e r y  l i m i t ' e d  i n  s c o p e  a n d  

a p p l i c a b i l i t y .  

I n  1950, Dixon and  R u s s e l l  (13) f o u n d  t h a t ,  c o n t r a r y  t o  

t h e  a s s u m p t i o n s  o f  p r e v i o u s  workers, t h e  r a t e  o f  g a s  a b s o r p -  

t i o n  o f  a d r o p  d , u r i n g  t h e  p e r i o d  o f  f o r m a t i o n  may b e  v e r y  

h igh , '  e s p e c i a l l y  when t h e  time o f  f o r l a a t i o n  is s h o r t .  They 

f o u a d  t h a t  t h e  mass t r a n s f e r  c o e f f i c i e n t  was i n v e r s e l y  p r o -  

p o r t i o n a l  t o  t h e  time of f o r m a t i o n  a n d  c o n c l u d e d ,  

It s e e a s  clear t h a t .  t h e  v e r y  h i g h  a b s o r p t i o n  v a l u e s  
of d r o p s  h a v i n q  s h o r t  f o r m a t i o n  times is d u e  
m a i n l g ' t o  the t u r b u l e n c e  p roduced  w i t h i n  t h e  d r o p  
by t h e  jet o f  l i q u i d  f r o m . t h e  c a p i l l a r y ,  which 
r e d u c e s  t h e  r e s i s t a n c e  t o  d i f f u s i o n  a t  t h e  s u r f a c e .  
It would be  a d v a n t a g e o u s  i f  i n  t h e  m a t h e ~ a t i c a l  
t r e a t m e n t  t h e  d e g r e e  of '  t u r b u l e n c e  c o u l d  b e  
e x p r e s s e d  q u a n t i t a t i v e l y .  

.However, t h e y  made n o  a t t e m p t  t o  p r e d i c t  t h e  flow p a t t e r n s  

w i t h i n  f o r m i n g  d r o p s ,  and  n o t e d  t h a t  u n l e s s  t h e  s h a p e s  o f  t h e  

d r o p s  o b s e r v e d  were more o r  less u n i f o r m  it c o u l d  n o t  b e  

agsumed - t h a t  t h e  f l o w  p a t t e r n s  in 'duced  by t h e  je t  w o u l d  be  



similar .  

G a r n e r  a n d  S k e l l a n d  ( 3 7 )  i n  1951, o b s e r v e d  t h a t  d u r i n g  

t h e  f o r m a t i o n  of a  d r o p l e t  t h e  i n t e r n a l  . c i r c u l a t i o n  was s i m i -  

l a r  t o  that.  w i t h i n  a drop1e . t  i n '  free f a l l .  They f o u n d  t h a t  

l i q u i d  t r a v e l l e d  f rom t h e  n o z z l e  a l o n g  t h e  c e n t r a l  a x i s  of 

t h e  d r o p  a n d  r e t u r n e d  a l o n g  t h e  i n t e r f a c e  t o  t h e  b a s e  on 

which t h e  d r o p  r e s t e d ,  g f v i n g  i n t e r n a l  c i r c u l a t i o n .  I n -  

c r e a s e d  r a t e s  of f e e d  t h r o u g h  t h e  n o z z l e  i n c r e a s e d  t h e  r a t e  

of c i r c u l a t i o n  a n d  d e c r e a s e d  t h e  t i n e  o f  f o r m a t i o n .  They 

c o n c l u d e d ,  

Our e x p e r i m e n t s  'show t h a t  c i r c u l a t i o n  d u r i n g  d r o p  
f o r m a t i o n  must  be  t h e  c h i e f  r e a s o n  for  t h e  l a r g e  
p r o p o r t i o n  of e x t r a c t i o n  d u r i n g  d r o p  f o r m a t i o n  a s  
coiapared t o  e x t r a c t ' i o n  d u r i n g  fall. Rapid  f orma- 
t i o n  of d r o p l e t s  g i v e s  i n c r e a s e d  mass  t r a n s f e r  
t h r o u g h  more r a p i d  c i r c u l a t i o n ,  b u t  t h e  work .(of 
t h e  a u t h o r s )  d o e s  n o t  p rove .  t h a t  t h i s  p e r s i s t s  
during .the p e r i o d  of f a l l .  

T h i s  work and  t h a t  o f  Dixon a n d  R u s s e l l  (13) i n d i c a t e  t h e  

s i q n i f  i c a n c e  of t h e  c i r c u l a t i o n  of f l u i d  w i t h i n  forming .  

d r o p s ,  and s h e d s  some . l i g h t  on t h e '  t y p e s  of flow p a t t e r n s  

which a i g h t  be e x p e c t e d .  

I n  1945, G r o o t h u i s  and  K r a n e r s  (22)  o b s e r v e d  c o n s i d e r -  

a b l e  i n c r e a s e  i n  t h e  a b s o r p t i o n  r a t e  f o r  d r o p s  formed a t  

s h o r t  times (one s e c o n d  o r  less) compared w i t h  d r o p s  fo rmed  

o v e r  l o n q e r  p e r i o d s ,  and  a t t r i b u t e d  it t o  t h e  a i r i n g  produced  
- 

by t h e  jet of f l u i d  e n t e r i n g  t h e  d r o p .  They a l s o  o b s e r v e d  

t h a t  w h i l e  t h e  r a te  of a b s o r p t i o n  was  h i g h e r  f o r  t h e  s h o r t e r  

times of f o r m a t i o n ,  the t o t a l  amount a b s o r b e d  was less t h a n  



t h a t  fo r  d r o p s  f o r m e d  more s l o w l y .  , I n  a d d i t i o n  it was found  

t h a t  t h e  j e t  of l i q u i d  promoted a b s o r p t i o n  more i n  t h e  

i n i t i a l  s t a q e . s  o f  ' f o r m a t i o n  t h a n  i n  t h e  l a t te r  s t a g e s .  T h i s  

was b e l i e v e d  t o  be d u e .  t o  some damping effect  o f  d r o p  s e p a r a -  

t i o n .  Damping of c i r c u l a t i o n  i n  h i g h  v i s c o s i t y  d r o p s  was 

credited w i t h  d e c r e a s i n q  t h e  t o t a l  a b s o r p t i o n ,  e v e n  a t  h i g h  

f l o w  rates t h r o u g h  t h e  n o z z l e .  They f o r m u l a t e d  a  c r i t e r i o n .  

for  t h e  p o i n t  a t  which jet a c t i o n  w i t h i n  t h e  d r o p  becomes i m -  

p o r t a n t .  A R e y n o l d s  number c h a r a c t e r i z i n g  t h e  b u l k  f l o w  u a s  

c a l c u l a t e d  based  on t h e  n o z z . l e  d i a m e t e r ,  t h e  a v e r a g e  jet 

v e l o c i t y ,  a n d  t h e  d e n s i t y  a n d  v i s c o s , i t y  o f  t h e  .drop.  When 

t h i s  Reyno lds  number was i n  t h e  r a n g e  40-50 t h e  ra te  of ab- 

s o r p t i o n  began t o  i n c r e a s e  d u e  t o  jet  a c t i o n .  

Harsh and  H e i d e g e r  (44)  i n  1965, o b s e r v e d  a 1 4 - f o l d  de- 

crease i n  t h e  r a t e  o f  mass t r a n s f e r  d u r i n g  t h e  f irst  s e c o n d  

after  d r o p  f o r m a t i o n .  T h i s  was a t t r i b u t e d  t o  t h e  ' d e c a y  of 

i n t e r n a l  c i r c u l a t i o n .  However, t h e  r a t . e  o f  decay  i n  

s e p a r a t i n g  or s e p a r a t e d  d r o p s  was n o t  a s  r a p i d  as t h e y  had  

e x p e c t e d .  A s  t h e y  had  o b s e r v e d  no o s c i l l a t i o n s  of t h e  d r o p s  

i m m e d i a t e l y  af ter  s e p a r a t i o n ,  t h e y  c o n c l u d e d  t h a t  . t h e  

p e r s i s t e n t  h i g h  mass t r a n s f e r  r a t e s  r e s u l t e d  from i n t e n s e  

c i r c u l a t i o n  w i t h i n  t h e  d rop .  A s  t h e y  e x p l a i n ,  

The s t a n d a r d  c r i t e r i o n  fo r  c i r c u l a t i o n  p r e d i c t s  a 
s t a g n a n t  d r o p  d u r i n g  t h e  t r a ' n s i t i o n  from f o r m i n g  
t o  s e p a r a t e d  d r o p s  and  beyond. Thus o n e  would 
e x p e c t  t h a t  i n t e r n a l  c i r c u l a t i o n  would decay  e a r l y  
i n  t h e .  l i f e  o f  t h e  d rop .  ' n o t i o n  p i c t u r e s  were.. 
t a k e n  of d r o p s  c o n t a i n i n g  d e g r e a s e d  aluminum p a r t i -  



cles i n  a n  ef for t  t o  v e r i f y  t h i s  assu inpt ion .  Prom 
t h e  f i l m  i t  was c o n c l u d e d  t h a t  i n t e r n a l  c i r c u l a t i o n  
was i n d e e d  p r e s e n t  d u r i n g  a n d  i m m e d i a t e l y  a f t e r  
f o r m a t i o n  a n d  t h a t  t h i s  mot ion  d i d  a p p e a r  t o  b e  

' r a p i d l y  damped d u r i n q  t h e  first  s e c o n d  of d e t a c h e d  
d r o p  l i fe ,  However; i t  h a s  n o t  b e e n  p o s s i b l e  t o  
d e t e c t  a n  o r d e r e d  c i r c u l a t i o n  p a t t e r n  w i t h i n  t h e  
drop.  Because  of t h e  l a r g e  t r a n s f e r  d u r i n g  f o r n a -  
t i o n  t h e  h i q h  t r a n s f e r  rate  a f t e r  s e p a r a t i o n  c a n n o t  
b e  a t t r i b u t e d  s o l e l y  t o  t h e  h i g h  , c o n c e n t r a t i o n  gra-  
d i e n t s .  of i n i t i a l  c o n t a c t  which  would ,  be o b t a i . n e d  
e v e n  i n  a s t a g n a n t  sys t em.  , R a t h e r ,  i n t e r n a l  
c i r c u l a t i o n  m u s t  s u s t a i n  t h e s e  g r a d i e n t s  i n  s p i t e  
of t r a n s f e r  o u t  of t h e  d rop ,  

They a l so  r e p o r t e d  t h a t  t h e  amoun t s  of mass t r a n s f e r r e d  

d u r i n q  the t h r e e  p h a s e s  o f  a d r o p ' s  l i f e ,  f o r m a t i o n ,  o n e  sec- 

ond a f t e r  f o r m a t i o n ,  and  t h e r e a f t e r ,  were a p p r o x i m a t e l y  

e q u a l ,  T h e s e  results i n d i c a t e  t h a t  t h e  c i r c u l a t i o n  t h a t  de- 

v e l o p s  w i t h i n  d r o p s  d u r i n g  f o r m a t i o n  is a p e r s i s t e n t  phenome- 

non which nay  e x t e n d  wel'l i n t o  t h e  s e p a r a t i o n  s t a g e .  

Panno and  C a l v e r t  (48) i n  1965, s t a t e d  t h a t  one  , ,of . t h e  

p r i n c i p a l  p rob lems  i n  s t u d y i n g  t h e  effects o f  i n t e r n a l  

c i r c u l a t i o n  h a s  b e e n  t h e  d i f f i c u l t y  of i s o l a t i n g ,  i n i t i a t i n g  

and  m a i n t a i n i n g  i n t e r n a l  c i r c u l a t i o n  f o r  a n  e x t e n d e d  p e r i o d .  

C o n s e q u e n t l y ,  t h e y  a d o p t e d  t h e  t e c h n i q u e  of Cons tan  and  

C a l v e r t  (8) v h i c h  c o n s i s t s  of s u s p e n d i n g  a  d r o p  from two 

c o n c e n t r i c  n o z z l e s  i n  an  a t m o s p h e r e  of t h e  g a s  t o  b e  

abso rbed .  I n t e r n a l  c i r c u l a t i o n  was i n i t i a t e d  b y  i n j e c t i n g  

l i q u i d  i n t o  t h e  c e n t e r  n o z z l e  w h i l e  s i m u l t a n e o u s l y  

w i t h d r a w i n q  a n  e q u a l  amount  from t h e  o u t e r  a n n u l u s .  It was 

n o t e d  t h a t  for t h e  s.ame d r o p  s i z e  a n d  flow rate, t h e  smaller 

t h e  n o z z l e  t h e  g r e a t e r  t h e  r a t e  o f  a b s o e p t i o n ,  ~ h i s ' e f f e c t  



i n d i c a t e d  t h e  dependency  of t h e  a b s o r p t i o n  rate o n  t h e  n o z z l e  

v e l o c i t y .  

V i s u a l  o b s e r v a t i o n  of t h e  flow p a t t e r n  was made i n  a  

l a r g e  scale model c o n s i s t i n g  of a  n o z z l e  i n s e r t e d  i n t o  a 

l a r a e  test t u b e  t o  p r o v i d e  a h e m i s p h e r i c a l  flow r e g i o n .  Some 

of t h e  l i q u i d  i o  t h e  a n a i o g  d r o p  was . o b s e r v e d  t o  r e c i r c u l a t e .  

After a  m a t h e m a t i c a l  a n a l p i s  of t h e  flow c h a r a c t e r i s t i c s  o f  

a submerqed jet i m p i n g i n g  o n  t h e  d r o p  i n t e r f a c e  was made, it  

was c o n c l u d e d  t h a t  t h e  flow down t h e  . i n t e r f a c e  c o u l d  be  de- 

s c r i b e d  a s  b u l k  flow with  a bounda ry  l a y e r  n e a r  t h e  

i n t e r f a c e .  It was a l so  c o n c l u d e d  t h a t  t h e  bounda ry  l a y e r  of 

t h e  d r o p  c o u l d  be c h a r a c t e r i z e d  by  a , R e y n o l d s  nutaber,  b a s e d  on 

t h e  n o z z l e  diameter and  v e l o c i t y ,  a n d  t ' h e  d r o p  d e n s i t y  a n d  

v i s c o s i t y .  

E m p i r i c a l  c o r r e l a t i o n s  of t h e  Sherwood number (a measu re  

of mass t r a n s f e r )  w i t h  t h e  R e y n o l d s  .number r e v e a l e d  t h a t  t h e  

mass t r a n s f e r '  r a t e  i n c r e a s e s  s i g n i f i c a n t l y  w i t h  i n c r e a s i n g  . 
' 

R e y n o l d s  numbers  w h i l e  t h e  Reyno lds  number is less t h a n  120. 

F o r  R e y n o l d s  .numbers  , i n  the .range ' 120-1200 t h e  mass t r a n s f e r  

rate d i d  n o t  i n c r e a s e  s i g n i f i c a n t l y ,  b u t  was f o u n d  t o  b e  pro -  

p o r t i o n a l  t o  t h e  s q u a r e  root  o f  t h e  R e y n o l d s  'number. , They 

a l so  f o u n d  t h a t  for  Reyno lds  numbers  less t h a n  120 t h e  t r a n s -  

fer r a t e  is n o t  d e f i n e d  by bounda ry  . l a y e r  t h e o r y ,  a n d  i t  is 

p o s s i b l e  t h a t  a t  t h e s e  low v e l o c i t i e s  r e c i r c u l a t i o n  o c c u r s .  

R e c i r c u l a t i o n  would t e n d  t o .  d e c r e a s e  t h e  mass t r a n s f e r  ra te  



b y  l o w e r i n g  t h e  c o n c e n t r a t i o n  g r a d i e n t  between t h e  d r o p  a n d  
. . 

t h e  s u r r o u n d i n g  a t m o s p h e r e ,  b e c a u s e  a b s o r b e d  m a t e r i a l  would 

b e  r e t a i n e d  i n  t h e  drop.  

l e a t h e r s ;  (56) i n  1970, o b s e r v e d  t h a t  v i s c o s i t y  had a 

pronounced effect o n  t h e  i n t e r n a l  c i r c u l a t i o n  w i t h i n  d r o p s ,  

a n d  q u a n t i t a t i v e l p  d e s c r i b e d  t h i s  effect. H e  a l s o  f o u n d  t ha t  

i f  t h e  d r o p  v i s c o s i t y  were s u f f i c i e n t l y  g r e a t  c i r c u l a t i o n  

c o u l d  b e  damped a l t o q e t h e r .  H i s  o b s e r v a t i o n s  a g r e e  w i t h  t h e  

f a c t  t h a t  r e d u c e d .  mass t r a n s f e r  is found i n  h i g h  v i s c o s i t y  

sys t ems .  

His h i q h  s p e e d  p h o t o g r a p h i c  a n a l y s i s  of t h e  c i r c u l a t i o n  

p a t t e r n s  a l so  r e v e a l e d  t h a t  c i r c n l a t i o n  c o u l d  e x t e n d  we'll 

i n t o  t h e  s e p a r a t i o n  p e r i o d  f o r  r e l a t i v e l y  low v i s c o s i t i e s  or 

h i q h  f l o w  rates. H i s  p r e s e n t a t i o n  o f  p h o t 0 g r a p . h ~  o f  p a r t i c l e  

p a t h s ,  t a k e n  by time e x p o s u r e ,  r e v e a l  t h e  t y p e s  o f  

c i r c u l a t i o n  p a t t e r n s .  which c a n  be e x p e c t e d  i n  d r o p s  of h i g h  

a n d .  l o u  v i s c o s i t y  a t  t h e  same flow r a t e .  

Comparison of t h e  c i r c u l a t i o n  p a t . t e r n s  f o r  d r o p s  w i t h  

and  w i t h o u t  w i t h d r a w a l  d u r i n g  f o r m a t i o n  r e v e a l e d  t h a t  t h e  two 

f l o w  p a t t e r n s  d i d  n o t  d i f f e r  a p p r e c i a b l y .  I n  h i s  c o r r e l a t i o n  

o f  '@per  c e n t  c i r c u l a t i o n "  w i t h  v i s c o s i t y  he.  o b s e r v e d  a t r a n -  

s i t i o n  flow p a t t e r n  which o c c u r r e d  a t  Reyno lds  numbers  i n  t h e  

r a n q e  29-41, T h i s  c o r r e s p o n d s  w i t h  t h e  r a n g e  i n  which 

G r o o t h u i s  a n d  Kramers  (22) f o u n d  i n c r e a s e d  mass t r a q s ' f e r  

rates for d r o p s  w i t h  i n t e r n a l  c i r c u l a t i o n .  



S h a r e r  (52) i n  1 9 7 2 , ' c o n f i r m e d  t h e  a n a l p s i s  of Weathe r s  

(56) i n  a mass t r a n s f e r  e x p e r i m e n t  i n v o l v i n g  d r o p s  w i t h  

f o r c e d  i n t e r n a l  c i r c u l a t i o n .  H e  f o u n d  t h a t  t h e  f l o w  r e g i m e s  

which c o r r e s p o n d e d  t o  t h e  lowest c i r c u l a t i o n  rates a l s o  pro-  

duced  t h e  lowest r a t e s  of mass t r a n s f e r ,  and  a  c o r r e s p o n d i n g  

r e s u l t  f o r  h i g h  c i r c u l a t i o n ~ r a t e s .  H e  c o n c l u d e d  t h a t  t h e r e  

.are t h r e e  d i s t i n c t  mass  t r a n s f e r  regimes which c o r r e s p o n d  t o  

t h e  f l o w  regimes i n  t h e  d rop .  I n  a d d i t i o n  t o  t h e  h i g h  a n d  

low mass  t r a n s f e r  regimes ment ioned  a b o v e  h e  f o u n d  a  t r a n s i -  

t i o n  regime which c o r r e s p o n d e d .  t o  t h e  flow t r a n s i t i o n  r e g i m e  

of Weathe r s  (56).  

A s  c a n  be s e e n  from t h e  compres sed  h i s t o r y  o f  d r o p l e t  

flow s i m u l a t i o n  a n d  e x p e r i m e n t a t i , o n  j u s t  p r e s e n t e d ,  f l o w  

mode l s  h a v e  d e v e l o p e d  t o  a p o i n t  j u s t  s h o r t  of d e t a i l e d  s o l u -  

t i o n  of t h e  l a v i e r - S t o k e s  e q u a t i o n s .  c l e a r l y ,  t h i s  is t h , e  

n e x t  l og ica l  s t e p  i n  t h e  . p r o c e s s  o f  d r o p l e t  flow m o d e l l i n g ,  

a s  t h e  machinery  f o r  s o l v i n q  t h e  l a v i e r - ~ t o k e s ' e q u a t i o n s  i s  

now w e l l  deve loped .  

About 1969 t h e  dynamic  m o d e l l i n g  o f  d r o p s  was c o n s i d -  

ered. .It had  been n o t i c e d  b y  many a u t h o r s  t h a t  s u r f a c e  

t e n s i o n  p l a y e d  a l a r g e  role i n  d r o p l e t  phenomena, a n d  t h a t  i t  

u a s  most s e n s i t i v e  t o  t h e  p r e s e n c e  of i m p u r i t i e s .  Thus a  

Deans of e l i m i n a t i n g  t h i s  s e n s i t i v i t y  was needed. I t  was 

a l s o  c l e a r  t h a t  improved  a c c u r a c y  i n  t h e  m o d e l l i n g  of d r o p l e t  

behav io t i r  beyond Hcr i t i ca l  volumen o r  w i t h  l a r g e  v o l u m e t r i c  



flow rates, would h a v e  t o  i n c l u d e  t h e  effects  of i n t e r n a l  

f l u i d  v e l o c i t y . ,  S i n c e  t h e  f l o w  was v e r y  d i f f i c u l t  t o  o b t a i n  

e x p e r i m e n t a l l . y ,  n u m e r i c a l  s i m u l a t i o n  became a r e a l i s t i c  

p o s s i b i l t y .  

Numer i ca l  S i m u l a t i o n  .. 

A s  a p o s s i b l e  a p p r o a c h  t o  t h e  prob lem of d e t e r m i n i n g  dp- 

namic  d r o p  p r o f i l e s  t h e  n u m e r i c a l  p r o c e d u r e  known a s  t h e  MAC 

method, o r i g i n a t e d  b y  u e l c h ,  Harlow, Shannon, and  D a l y  (57) 

i n  1965, . and  a lso  d e s c r i b e d  b y  Harlow a n d  i e l c h  (31) , was 

c o n s i d e r e d ,  ' . , 

T h i s  t e c h n i q u e  a s sumes  as its b a s i s  t h e  c o m p l e t e  . Navie r -  . 

S t o k e s  e q u a t i o n s  w i t h  some s l i g h t l y  r e s t r i c t e d  boundary '  a n d  

i n i t i a l  c o n d i t i o n s ,  The e q u a t i o n s  are a p p r o x i m a t e d  by T a y l o r  

series e x p a n s i o n s  t r  w c a t e d  a f t e r  t h e  -first few terms. 

~ a s i c a l l ?  t h e  method s t e p s  t h r o u g h  time . o b t a i n i n g  a p p r o x i m a t e  

s o l u t i o n s  a t  e a c h  . s t e p ,  which  are u s e d  as  i n i t i a l  c o n d i t i o n s  

to.  a d v a n c e  a n o t h e r  time s t e p ,  The t e c h n i q u e  is  g e n e r a l l y  ap- 

p l i c a b l e  t o  a n y  flow problem f o r  wh ich  t h e  t h e  ~ a v i e r - s t o k e s .  
. . 

e q u a t i o n s  are a  v a l i d  model and  a n  E u l e r i a n  or f i x e d  l a b o r a -  

t o r y  r e f e r e n c e  frame i s  d e s i r a b l e .  

W i t h i n  t h e  l a b o r a t o r y .  r e f e r e n c e  f r a m e  marke r  p a r t i c l e s  

a r e  moved t o  f o l l o w  t h e  n o t i o n  of t h e  f l u i d  and  i n d i c a t e  t h e  

p o s i t i o n  o f  a n y  i n t e r f a c e s ,  and f o r  these r e a s o n s ,  t h e  MAC 

n o t h o d  is h i g h l y  q u a l i f i e d  a s  a  s cheme  for m o d e l l i n g  d r o p  

f o r m a t i o n  a n d  s e @ a r a t i o n .  The HAC me-thod is known t o  b e  



q u i t e  s t a b l e  w i t h  r e s p e c t  t o  l o n g  term i n s t a b i l i t i e s  b e c a u s e  

o f  a  c o r r e c t i v e  p r o c e d u r e  which k e e p s  t h e  errors a a d e  i n  t h e  

c o n s e r v a t i o n  of mass a t  o n e  time s t e p  f r o o a c c u i n u l a t i p g  o v e r  

t h e  l e n g t h  o f  t h e  problem. 

An example  of t h e  free s u r f a c e  c a p a b i l i t i e s  o f  t h e  HAC 

method is t h e  s t u d y .  of l a r q e  a m p l i t u d e  free . s u r f a c e  waves by 

Harlow and  Yelch  (32)- I n  . t h i s  1966 s t u d y  t h e  s u r f a c e  of a n  

i n i t i a l l y  q u i e s c e n t  l i q u i d  i s  i m p u l s i v e l y  p e r t u r b e d  b y  a  

s i n u s o i d a l  p r e s s u r e  v a r i a t i o n .  After t h e  i n i t i a l  i m p u l s e  no 

p r e s s u r e  is a p p l i e d  t o  t h e  free s u r f a c e ,  u h i c h  p o i n t s  o u t  a  

d rawback  of t h e  o r i g i n a l  HAC method,. As f o r m u l a t e d , .  t h e  ~ A C  

method d o e s  n o t  a l l o w  a c c u r a t e  a p p l i c a t i o n .  of time v ' a r y i n g  

p r e s s u r e -  boundary  c o n d i t i o n s  a t  t h e  free s u r f a c e .  . T h i s  s t u d y  

was s u c c e s s f u l  b e c a u s e  a c c u r a t e  a p p l i c a t i o n  of i n i t i a l  c o n d i -  

t i o n s  a t  t h e  free s u r f a c e  is p o s s i b l e ,  Thus t h e  r e s u l t i n g  

flow b e h a v e s  much l i k e  a  f o r m i n g  d r o p ,  . p a r t i c u l a r l y  i n  t h e  

i n i t i a l  stages. The r e s u l t s  were f o u n d  t o  agree q u i t e  well 
. . 

w i t h  a v a i l a b l e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  "bubble"  o r  

" s p i k e "  s p e e d s  and i n t e r f a c e  s h a p e s .  

I n  1967, Harlow and  Shannon (30) s i m u l a t e d  t h e  

d e f o r m a t i o n  of an  i n i t i a l l y  s p h e r i c a l  l i q u i d  d r o p  j u s t  a f t e r  

it had i m p a c t e d  e i t h e r  a s o l i d  s u r f a c e ,  a d e e p  p o o l ,  or 'a 

s h a l l o w  poo l ,  The r e s u l t i n g  o u t p u t  v i v i d l y  p o r t r a y s  t h e  

a c t u a l  f l u i d  mot ion ,  agrees f a i r l y  w e l l  w i t h  t h e  a v a i l a b l e  

e x p e r i m e n t a l  data, a n d  r e v e a l s  some flow p a t t e r n s  ' n o t  p r e v i -  



o u s l v  obse rved .  The article c l e a r l y  i n d i c a t e s  t h e  p o t e n t i a l  

of t h e  MAC method f o r  h a n d l i n g  t h e  t y p e s  of f l o v s  e x p e c t e d  i d  

a f o r m i n g  and  s e p a r a t i n g  d r o p l e t .  

Due t o  t h e  i m p o r t a n c e  o f  t h e  free s u r f a c e  b o t h  as  a 

s o u r c e  of boundary  c o n d i t i o n s  and a s  an  e x p e r i m e n t a l l y  conve-  

n i e n t  r e f e r e n c e  s u r f a c e ,  i t  is n e c e s s a r y  t o  have  t h e  b e s t  

p o s s i b l e  boundary  i n f o r m a t i o n  a v a i l a b l e .  A s  ment ioned  

e a r l i e r ,  t h e  o r i g i n a l  MAC method h a s  s e v e r a l  s h o r t c o a i n g s  i n  

t h i s  r e g a r d .  However, t he ' y  have  n o t  g o n e .  u n n o t i c e d .  I n  

t h e i r  1968 a r t i c l e ,  conce . rn ing  t h e  free s u r f  ace stress c o n d i -  

t i o n s ,  H i r t  a n d  Shannon (36) p o i n t  o u t  t h e  e f f e c t s  o f  

v i s c o s i t y  on  t h e  t r a n s p o r t  . o f  b o t h  n o r m a l  , a n d  t a n g e n t i a l  mo- 

mentua a t  t h e .  i n t e r f  ace. They c h o o s e  t h e '  example  of a 

v i s c o u s  bore .and i l l u s t r a t e  . t h e  s e p a r a t e  effects  of i n c l u d i n g  

t h e  no rma l  a n d  t a n g e n t i a l  stresses a t  t h e  i n t e r f a c e .  

T h e i r  r e s u l t s  are a n  improvement  o n  t h e  o r i g i n a l  HAC 

c a l c u l a t i o n s ,  compared w i t h  t h e  t h e o r e t i c a l  bore. h e i g h t  a n d  

speed .  However, ' the .y  do n o t  a t t e m p t  a n y  d e t a i l e d  r e s o l u t i o n  

of t h e  free s u r f a c e  p o s i t i o n ,  b u t  r a t h e r  make a p p r o x i m a t i o n s  

t o  t h e  s t r e s s ' . c o n d i t i o n a s ,  . which  l a r g e l y  t a k e  c a r e  of t h e  

errors i n  t h e  v i s c o u s  bore problem. 

Al though t h e i r  s t u d y  is r e s t r i c t e d  t o  i n v i s c i d  .flow and 

no time v a r y i n g  s u r f  ace p r e s s u r e  is r e p o r t e d ,  Chan a n d  Street 

(7) i n  1970 t o o k  up t h e  problem of improv ing  t h e  r e s o l u t i o n  

of t h e  free , s u r f a c e ,  i n  o r d e r  t o  a c c u r a t e l y  locate p r e s s u r e  



bounda ry  c o n d i t i o n s .  Y h i l e  t h e y  d o  n o t  s a y  s o  e x p l i c i t l y ,  

t h e  o r d e r  of ' t h e  error t h e y  p o i n t  . o u t  i n  t h e  o r i g i n a l  MAC 

method may be as large a s  t h e  v a l u e  of t h e  p r e s s u r e  i t se l f ,  

.i,e. 0(1 ) ,  T h e i r  t e c h n i q u e  f o r  l o w e r i n g  t h e  errors . i n c u r r e d  

a t  t h e  free s u r f  a c e  is a c o n s i d e r a b l e  . improvement  , o v e r  t h e  

oriqiaal  IQAC treatment; T h e  r e s u l t i n q  s t u d y  of t h e  r u n u p  and  

a m p l i t u d e  of water waves s t r i k i n g  a  b u l k h e a d  showed e x c e l l e n t  

r e p r o d u c i b i l i t y  n o t  p o s s i b l e  u s i n g  t h e  . o r i g i n a l  MAC method, 

and  a l s o  e x c e l l e a  t a g r e e m e n t  with t h e o r y  a n d  e x p e r i a e n t a l  

r e s u l t s ,  

N i c h o l s  a n d  Hirt (46) in a s u b s e q u e n t  p a p e r  (1971) i n -  

c o r p o r a t e d  t h e  a c t u a l  free s u r f a c e  p o s i t i o n  i n t o  t h e i r  c a l c u -  

l a t i o n s  a n d  have  a l s o  i n c l u d e d  t h e  v i s c o u s  stress terms d i s -  

cusses b y  H i r t  and  Shannon (36)- However, t h e i r  ~ a i n  m o d i f i -  

c a t i o n s  t o  t h e  BAC t e c h n i q u e  a r e  i n  t h e  a p p l i c a t i o n  of bound- 

a r y '  p r e s s u r e  .data more n e a r l y  a t  t h e  free s u r f  ace ( t h o u g h  

t h e r e  is some d o u b t  a s  t o  . t h e  g e n e r a l i t y  of t h e i r  t e c h n i q u e ) ,  

and  t h e  i n c l u s i o n  o f  v i s c o u s  stress terms i n  t h e  p r e s s u r e  

boundary  c o n d i t i o n  of t h e  free s u r f a c e ,  T h e i r  t e c h n i q u e  pro- 

v i d e s  a n  a l t e r n a t i v e  t o  t h a t  of Chan a n d  Street ( 7 )  i f  

v i s c o u s  effects are d e t e r m i n e d  t o  b e  i m p o r t a n t ,  i n  d r o p l e t  

c a l c u l a t i o n s ,  

Viecelli (55) i n  1969, c o n s i d e r e d  t h e  prob lem of 

i n c o r p o r a t i n g  a r b i t r a r i l y  c u r v e d  b o u n d a r i e s  i n  MAC c a l c u l a -  

t i o n s .  H i s  a p p r o a c h  is t o  t r e a t  c u r v e d  b o u n d a ' r i e s  a s  t h o u g h  



t h e y  were free s u r f a c e s  w i t h  a n  a p p l i e d  p r e s s u r e  which c a u s e s  

, t h e  f l u i d  . to  flow t a n g e n t i a l  t o  them. The scheme , i n v o l v e s  
. : 

r e p l a c i n q  t h e  'MAC t e a n i q u e  fo r  p r e s s u r e  i t e r a t i o n  w i t h  ' o n e  

which s i m u l t a n e o u s l y  r e l a x e s  ' t h e  p r e s s u r e  a n d  v e l o c i t y  

f i e l d s .  . l o  a d v a n t a g e  is g a i n e d  u n l e s s  there a r e  curved .  

boundar , i es .    hen' t h i s  fo rm a l l o w s  t h e . a p p l i c a t i o n  o i  ,a 

c o r r e c t i v e  p r e s s u r e  force a t  t h e  wall  which  c o n s e r v e s  volume. 

To u s e  t h i s  t e c h n i q u e  i n  forced i n t e r n a l  c i r c u l a t i o n  d r o p l e t  

flows o n e  h a s  o n l y  t o  a p p l y  a  . c o r r e c t i v e  p r e s s u r e  a t  t h e  free 

s u r f a c e  a t  e a c h  i t e r a t i o n  a n d  allow t h e  f l o u  t o  p r o c e e d  t o  

s t e a d y  s t a t e .  The  c o r r e c t i v e  p r e s s u r e  term v a n i s h e s  a t  

s t e a d y  s t a t e  a s  it is p r o p o r t i o n a l  t o  t h e  sca la r  p r o d u c t ' o f  

t h e  loca l  f l u i d  v e l o c i t y  a n d  t h e  s u r f a c e  nor,mal, and  t h e s e  
, . 

two v e c t o r s  are o r t h o g o n a l  a t  s t e a d y  state.  
. . 

Viecelli (54) , i n  1970, also c o n s i d e r e d  t h e  p rob lem o f  

a r b i t r a x i l y  c u r v e d  b o u n d a r i e s  which move w i t h  ti-. T h i s  

t e c h n i q u e  is  a v a r i a t i o n  .of h i s  p r . e v i o u s  work (55)' which  

allows t h e  boundary  to r e s p o n d '  t o  f l u i d  p r e s s u r e  a n d  mo t ion ,  

w h i l e  still  r e q u i r i n g  t h e  flou t o  be t a n g e n t i a l  t o  it. While  

t h i s  a p p r o a c h  was n o t  u s e d  i n  d r o p l e t  c a l c u l a t i o n s ,  i t  merits 

f u r t h e r  i n v e s t i g a t i o n .  One s e r i o u s  drawback  of t h e  t e c h n i q u e  

i s  t h e  r e q u i r e m e n t  t h a t  t h e  v e l o c i t i e s  a n d  p r e s s u r e s  b e  

i t e r a t e d  s i a u l t a n e o u s l y .  T h i s  p r o c e d u r e  is v e r y  time 

consu.inq, and  may u l t i m d t e l y  l i m i t  t h e  l e n g t h  of a  flow s i m -  

u l a t i o n  i n  terms of compu te r  time. 



Also of c o n s i d e r a b l e  . .  . i n p o r t a n c e  i n  any , n u m e r i c a l  scheme '. 

a r e  t h e  m e a s u r e s  of a c c u r a c y  and  n u m e r i c a l  s t a b i l i t y .  I n  

g e n e r a l  t h e  t e c h n i q u e s  u s e d  for  s t a b i l i t y  a n a l y s i s  of l i n e a r  

p a r t i a l  d i f f e r e n t i a l  equations s i m p l y  w i l l  n o t  work when ap- 

p l i e d  t o  n o n - l i n e a r  e q u a t i o n s .  However, H i r t  (355 h a s  p r o -  

v i d e d  .a q u i d a h i n e  f o r  . a p p r o a c h i n g  , t h e  s t a b i l i t y  a n a l y s i s  of 
' ,  

HAC t y p e  prob lems .  H e  c o m p a r e s  t h e  o r i g i n a l  p a r t i a l  d i f f e r -  

e n t i a l  e q u a t i o n  w i t h  t h a t  w h i c h  p roduced  t h e  f i n i t e  differ-  

e n c e  a p p r o x i m a t i o n ,  i n c l u d i n q  t h e  l o u '  order e r r o r  terms, The 

d i s c r e p a n c i e s  be tween  the o r i g i n a  1 e q u a t i o n  a n d  t h e  T a y l o r  

series a p p r o x i m a t i o n  p r o v i d e  t h e  s t a b i l i t y  c o n d i t i o n s  d i r e c t -  

l y .  R e s u l t s  i d e n t i c a l  w i t h  a F o u r i e r  s t a b i l i t y  a n a l y s i s  a r e  

p r o d u c e d '  fo r  l i n e a r  e q u a t i o n s ,  a n d  t h o s e  fo r  t h e  e q a a t i o n s  o f  

mot ion  agree w e l l s i t h  o b s e r v a t i o n s  a b o u t  t h e  s t a b i l i t y  of 

t h e  HAC method g a i n e d  from e x p e r i e n c e ,  

, .  I n  1968 H i r t  a n d  Harlow (34) g . e n e r a l i n e d  t h e  : a n a l y s i s  o f  
1 

t h e  c o r r e c t i v e  p r o c e d u r e  u s e d  i n  t h e  o r i g i n a l  HAC method and 

i n  s o  d o i n g  more c l e a r l y  s t a t e d  i t s  p r i n c i p l e s .  The p roce -  

d u r e  is g e n e r a l l y  a p p l i c a b l e  t o  t h e  s o l u t i o n  o f  i n i t i a l  v a l u e  

problems, a n d  i n  p a r t i c u l a r  i t  is t h e  r e a s o n  fa r  t h e  s t a b i l i -  

t y  of l o n q  r u n n i n g  MAC problems.  T h i s  p r o c e d u r e  a l so  i n t r o -  

d u c e s  c o n s i d e r a b l e  . e f f i c i e n c y  i n t o  t h e  i t e r a t i v e  p r o c e d u r e  .by 

a l l o w i n g  some error to  o c c u r  w i t h i n  a n  i t e r a t i o n ,  b u t  n o  ac- 
' . 

c u m u l a t i o n  of error from o n e  i t e r a t i o n  t o .  t h e  nex t .  



The f i n a l  a r e a  p a r t i c u l a r l y  germane  t o  t h i s  s t u d , y  is t h e  
. . 

c a l c u l a t i o n  of f l u i d  dynamics  p r o b l e i s  a f f e c t e d  b y  

i n t e r f a c i a l  t e n s i o n ,  I n  o r d e r  t o  a d d  t h e  a b i l i t y  t o  h a n d l e  

s u r f a c e  t e n s i o n  r e l a t e d  phenomena t o  t h e  MAC method, Daly 

. (12) . i n  1969 ' p roposed  t h a t  . t h e  i n t e r f a c e  b e  d e s i g n a t e d  by 

s p e c i f i c  p a r t i c l e s  o r i g i n a l l y  l a i d  o u t  'oa t h e  free s u r f a c e  

and  i n t e r p o l a t e d  by c u b i c  s p l i n e s  a t  e a c h  i t e r a t i o n .  - T h i s  

t e c h n i q u e  a l l o w s  d i r e c t  c o m p u t a t i o n  ok t h e  forces a c t i n g  o n  

t h e  f r e e  s u r f a c e  f rom t h e  r e l a t i o n  b,etween t h e  r a d i u s  o f  

c u r v a t u r e  a n d  t h e  i n t e r f a c e  p o s i t i o n  f u n c t i o n .  '. It . a l l o w s  f o r  

c o n s i d e r a b l e  c o m p l e x i t y  i n  t h e  c u r v e  d e s c r i b i n g  . t h e  

i n t e r f a c e ,  b u t  r e q u i r e s  a n  e q u a l l y  complex  a l g o r i t h m  f o r  t h e  

f o r c e  c o m p u t a t i o n  d u e  t o  t h e  p a r a m e t e r i z a t i o n  h e  h a s  c h o s e n  

f o r  t h e  i n t e r f a c e ,  The a c c u r a c y  o f  t h e  p r o c e d u r e  is n o t '  d i s -  

c u s s e d  b u t  a d e t a i l e d  d e s c r i p t i o n  o f  t h e  . e n t i r e  a l g o r i t h m  and  

some s u q g e s t i o n s  fo r  i n i t i a l  p a r t i c l e  l a y o u t s  are p r o v i d e d ,  

Da ly  (10) h a s  u s e d  t h e  EPAC t e c h n i q u e  t o  s t u d y .  t h e  

effects o f  two m a t e r i a l  flows where  t h e  f l u i d  is d i v i d e d  i n t o  

i m m i s c i b l e  h o i o g q n e o u s  r e g i o n s ,  wit .h c o n s t a n t  p r o p e r t . i e s  

t h r o u g h o u t  e a c h  r e q i o n ,  H i s  s t u d y  of  t h i s  t y p e  of B a y l e i g h -  

T a y l o r  i n s t a b i l i t y  a g r e e s  w e l l  w i t h  the t h e o r e t i c a l .  work of 

~ h a n d r a s e k h a r  (6) i n  p r e d i c t i n g  t h e  g r o w t h  r a t e  of . s p i k e s n  

o f  heavy  f l u i d  a n d  " b u b b l e s m  o f  l i g h t  f l u i d , .  The s t u d y  .pro- 

duced  d e t a i l d  i n f o r m a t i o n  a b o u t  t h e  i n t e r f a c e  c h a r a c t e r i s -  

t ics  a s  a f u n c t i o n  o f  the d e n s i t y  r a t i o s  of t h e  two f l u i d s ,  



i n  t h e  a b s e n c e  o f  v i s c o s i t y .  ~ l s o  a n  e x p r e s s i o n  is d e r i v e d .  

which'  correlates t h e  o b s e r v e d  "spike. .  a n d  "bubb len  s p e e d s  
. . . . .  

l 

o v e r  a l o n g e r  i n t e r v a l  t h a n  t h e  l i n e a r .  t h e o r y  and  is.  r e a s o n -  
. . 

a b l ' y  j u s t i f i a b l e  on the b a s i s  of t h e  f l u i d ' s  r e s i s t a n c e  . to  

motion.  T h i s  ar t ic le  a l so  s e r v e s  t o  i l l u s t r a t e  : t h e  p o t e n t i a l  

a p p l i c a b i l i t y  of t h e  I A C  method t o  two f l u i d ,  p r o b l e m s  s u c h  a s  

t h e  for tninq a n d  s e p a r a t i n g  d r o p  i n  a  l i q u i d - l i q u i d  s yste.m. 
. .  . 

I n  a s u b s e q u e n t  p a p e r ,  Daly a n d  P r a c h t  (11). i n v e s t i g a t - .  

.ed d e n s i t y  c u r r e n t  s u r g e s  o r  flows which  r e s u l t  f r o m  small 

d i f f e r e n c e s  i n  t h e  d e n s i t i e s  o f  two f l u i d s .  I n  t h i s  p r e s e n -  

t a t i o n  t h e  i n c l u s i o n  o f  surface t e n s i o n  is d i s c u s s e d  as well 

a s  s o l u t e  t r a n s p o r t  and  t h e  n u m e r i c a l  s t a b i l i t y  of t h e  

t e c h n i q u e .  T h e  method p r e s e n t e d  p r e v s o u s l y  (12) was used  t o  

i n c o r p o r a t e  t h e  i n t e r f a c i a l  t e n s i o n  force, and t h e  method of 

Xirt (35) was u s e d  t o  deduce  t ' he  s t a b i f  i t y  cri teria.  S o l u t e  
. . 

t r a n s p o r t  was a c c o m p l i s h e d  b y  i n c o r p o r a t i n g  a B o u s s i n e s q  ap- 

p r o x i m a t i o n  i n t o  s i n g l e  f l u i d  c o m p u t a t i o n s .  Both t h e  s i n g l e  

f l u i d  and  f u l l  two f l u i d  c o m p u t a t i o n s  were used  t o  compare  

t h e  effects of n e o s i t y ,  geometry, v i s c o s i t y  and  s u r f  ace 

t e n s i o n  on i b t e r f a c e  shap. a n d  motion.  ~ r c e l l e b t  a g r e e m e n t  

w i t h  e x p e r i m e n t a l  r e s u l t s  is r e p o r t e d  a n d  t h e  computed 

r e s u l t s  h a v e  , p e r m i t t e d  t h e  d e v e l o p m e n t  of s i m p l i f i e d  mode l s  

of i n i t i a t i n q  and s t e a d y  f l o w  which  a l s o  a g r e e  w e ' l l  w i t h  ex- 

p e r i m e n t s .  The effects  of s u r f a c e  t e n s i o n  were o b s e r v e d  t o  

b e  a s m o o t b i n q  and a s l o w i n g  of t h e  i n t e r f a c e ,  b u t  t h e  



r e s u l t s  were l i m i t e d  t o  a s i n g l e  compu ta t ion .  

I n  a n o t h e r  ' p u b l i c a t i o n  'Daly (9). . h a s  i n v e s t i g a t e d . .  t h e  . 

eff &ts of surface. t e n s i o n  on t h e  ~ a y l e i h h - ~ a y l o r  i n r t a b i l i t  y  

b r e i i o u s l g  cove red .  I n  g e n e r a l  t h e  effect of s u r f a c e  t e n s i o n  

w.as f o u n d  t o  be a "squeezing88 of t h e  i n t e r f a c e  which e n h a n c e s  

t h e  *spike" breakup.  or t h e  f o r m a t i o n  of a s e p a r a t e d  drop.  

~ u r f a c e . t e n s i o n  is a l s o  f o u n d  t o  - r e t a r d  t h e  g rowth  of s h o r t  

wave leng th  s u r f a c e  i n s t a b i l i t i e s  and  t o  p r o d u c e  smooth 

i n t e r f a c e  p r o f i l e s ,  Good a g r e e m e n t  u a s  o b t a i n e d  w i t h  t h e  

t h e o r e t i c a l  work of C h a n d r a s e k h a r  (6) who p r e d i c t e d  t h e  . , .  

i n i t i a l  q rowth  ra tes  of s u c h  i n s t a b i l i t i e s  by l i n e a r  a n a l y -  

sis. 

I n  c o n c l u s i o n  it  s h o u l d  b e  r e i t e r a t e d  t h a t  t h e  UAC 

method and. its v a r i a t i , o n s  r e p o r t e d  h e r e  c o m p r i s e  b u t  a s m a l l  

p o r t i o n  of t h e  t o t a l  b r e a d t h  of n u m e r i c a l  f l u i d  dyna.mics  
. . 

t e c h n i q u e s .  Harlow (29) h a s  c o m p i l e d  a n  a n n o t a t e d  b i b l i o g r a -  

p h ~  of t h e s e  t e c h n i q u e s  which i n c l u d e s  r e p r e s e n t a t i v e  p,ro- 

qrams, t h a t  h a v e  been  used. The HAC method is o n l y  o n e  of t h e  

a v a i l a b l e  t e c h n i q u e s .  which r a n g e  from L a g r a n g i a n  me thods  fo r  

h i q h  s p e e d  flows, t o  transient creep flows by a v a r i a n t  of 

t h e  HAC method, t h r o u g h  many c o n s t i t u t i v e  e q u a t i o n s ,  boundary  
. . . . 

and i n i t i a l  c o n d i t i o n s ,  a n d  geomet ry  c a p a b i l i t i e s .  



THEORY 

. . 

B e f o r e  t h e  d e t a i l e d  m a t h e m a t i c a l  a n a l y s i s  o f  f low w i t h i n  

d r o p s  c a n  b e  b e g u n ,  more  s p e c i f i c  s t a t e m e n t s  o f  t h e  p h y s i c a l  

p r o b l e m s  t o  be i n v e s t i q a t e d  - a re  n e c e s s a r y .  It i s  d e s i r e d ,  

f o r  t h e  p u r p o s e  o f  e v e n t u a l  mass t r a n s f e r  c a l c u l a t i o n s ,  t o  

s t u d y  t h e  h y d r o d y n a m i c  b e h a v i o r  o f  l i q u i d  d r o p s  f o r m e d  a t  a n  

o r i f i c e  t h r o u q h  w h i c h  f l u i d  may e n t e r .  The  d r o p s  may b e  o f  

two t y p e s ;  p e n d a n t  d r o p s  w h i c h  u n d e r g o  a s t e p  c h a n g e  i n  

s u r f a c e  t e n s i o n  i n i t i a l l y ,  a s  i l l u s t r a t e d  i n  ' F i g .  3, or ,  

p e n d a n t  d r o p s  o f  c o n s t a n t  v o l u m e  a n d  s h a p e  w h i c h  h a v e  f o r c e d  

i n t e r n a l  c i r c u l a t i o n ,  as i l l u s t r a t e d  i n  F ig .2 .  It.  i s  of 

i n t e r e s t  t o  d e t e r m i n e  t h e  g e n e r a l  f l o w  p a t t e r n s ,  t h e .  v e l o c i t y  

a n d  p r e s s u r e ,  d i s t r i b u t i o n s ,  a n d  t h e  i n d e p e n d e n t  e f f e c t s  o f  

v i s c o s i t y ,  d e n s i t y  a n d  s u r f a c e  t e n s i o n ,  u p o n  s u c h  d r o p s .  

From t h e  a b o v e  v a r i a b l e s  a r e  s o u g h t  t h e i r  i n d e p e n d e n t  e f f e c t s  

on  t h e  f o r ' m a t i o n  a n d  s e p a r a t i o n  p r o c e s s e s  a n d  s u c h  r e l a t e d  

v a r i a b l e s  a s  t h e  i n t e r f a c e  s h a p e  a n d  t h e  r a t e  of s u r f a c e  area 

p r o d u c t i o n .  . , 

In orde r  t o  l i m i t  t h i s  s t u d y  t o  a d i f f e r e n t i a l  m o d e l  

w h i c h  is  known t o  be s o l v a b l e ,  t h e  f l u i d  is , i d e a l i z e d  t o  h a v e  

c o n s t a n t  d e n s i t y  a n d  v i s c o s i t y  t h r o u g h o u t  i ts h o m o g e n e o u s  ' . 

p o r t i o n s .  It is  f u r t h e r  r e s t r i c t e d  t o  be i n c o m p r e s s i b l e ,  or 

v o l u m e  c o n s e r v i n g ,  a n d  w i t h o u t  mass t r a n s f e r  o r  b u o y a n c y  

e f f e c t s .  I n  a d d i t i o n  t o  e a s i n g  t h e  m a t h e m a t i c a l  b u r d e n  t h e s e  



' . .  

a p p r o x i m a t i o n s  are known t o  b e  v a l i d  f o r  t h e  l i q u i d s  which i t  

i s , d e s i r e d  t o  s t u d y .  The v e l o c i t y  d i s t r i b u t i o n s  s o u g h t  must 

also b e  n o n - t u r b u l e n t .  F u r t h e r ,  t h e  flows must  b e  a x i a l l y  

s y m m e t r i c  w i t h  no a n q u l a r  v e l o c i t y  component,  and as flaws 

w i t h i n  t h e  i n t e r f a c e  d o  n o t  e x i s t ,  t h e  ' i n t e r f a c e  may be 

t r e a t e d  a s  a m a t h e m a t i c a l  s u r f a c e  of ' r e v o l u t i o n .  

' .  The D i f  f e r ' e n t i a l .  $ode& 

~ i q u r e  4 s e r v e s  - t o  i l l u s t r a t e  t h e  g e n e r a l  a r r a n g e m e n t  o f  

t h e  free s u r f a c e ,  t h e .  orifice, t h e  i n t e r f a c e  a n d  t h e  ' c o o r d i -  

n a t e  . . s y s t e m i n  c ros s - sec t ion .  , The d r o p l e t  is t a k e n ,  t o  be t h e  

i o l u m e  formed by r e v o l v i n g  t h e  c u r v e  a b o u t  t h e .  z - a x i s ,  ' a n d  

i t s  s u r f a c e  t o  be t h e  s u r f a c e  of r e v o l u t i o n . .  . . T h i s  s u r f a c e  is 

also t h e  boundary  be tween  t h e  f l u i d  and a . r e g i o n  of n e g l i g i -  

b l e  i n e r t i a l  effect, t h e  a tmosphe re .  

The. d i f f e r e n t i a l  a o d e l  o f  b o t h  the . f a l l i n g  d r o p  problem 

a n d  t h e  f o r c e d  i n t e r n a l  c i r c u l a t i , o n  d r o p  problem w i l l .  b e  

t a k e n  a s  t h e  f u l l  Nav ie r -S tokes  e q u a t i o n s  of mot ion ,  d e r i v e d  

' i n  B i r d ,  S t e w a r t ,  a n d  L i g h t f o o t  t4). I n  c y l i n d r i c a l  c o o r d i -  

n a t e  component  form,  for  a Newtonian f l u i d  w i t h  c o n s t a n t  den- 

s i t y ,  I" a n d  k i n e m a t i c  v i s c o s i t y ,  t/ , t h e  e q u a t i o n s  are  



F i g u r e  4. A t y p i c a l  f a l l i n g  drop s h o w i n g  t h e  d e f i n i t i o n s  of 
t h e  f l u i d  region and its b o u n d a r i e s .  Also i n d i c a t e d  a r e  t h e  
r e l a t i o n  o f  t h e  s u r f a c e  normal v e c t o r  t o  t h e .  i n t e r f a c e ,  the 
r a d i i  of c u r v a t u r e  and t h e  l i n e s  of a c t i o n  of t h e  normal 
stresses. 
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c o n t i n u i t y  

B y .  assuarinq t h a t  t h e  flow w i l l  b e  c y l i n d r i c a l l y  s y m m e t r i c , .  

t h e  n u i b e r  of e q u a t i o n s  and  i n d e p e n d e n t  ' v a r i a b l e s  may b o t h  b e  

r e d u c e d  by o n e .  S e t t i n g .  ve=O and l e t t i n g  u=vr,.  v=vZ and 
. . 

' + = p + ,  E ~ S .  ( 1 . 3 . 4 )  become 

These e q u a t i o n s  may be s u b s e q u e n t l y '  r e a r r a n g e d  i n t o  a  form 

which c o n s e r v e s  momentum . o v e r  an arbitrary. vo lume by using 

t h e  c o n t i n u i t y ' e q u a t i o n .  



E q u a t i o n s  (7-9) are. t h e  e q u a t i o n s  o n  w h i c h  t h e .  M.AC m e t h o d  is . . 
. - 

based, . . 

I n  o r d e r  to ,  c o m p l e t e  t h e  p rob l em s t a t e m e n t  i.t is  n e c e s -  

s a r y  t o  f u r n i s h  i n i t i a l  ana  bounda ry  c o n d i t i o n s  w h i c h  t h e  so- 
. . 

l u t i o n s  u ' ( E , z ~ ~ )  , v ( r , z , t )  a n d  c$(r.z,t) m o s t  s a t i s f y  i n  ad-  

d i t i o n  t o  s a t i s f y i n q  Eqs. (7-9). ' A t  walls  a n d  l i n e s  of sym- 

m e t r y  t h e  b o u n d a r y  c o n d i t i o n s  are e a s i l y  s p e c i f i e d ,    he n o r -  

mal c om ponen t  of ;elocity must  v a n i s h ,  i n  a n y  case, ' a n d  t h e  

t a n q e n t i a l  component ,  or its d e r i v a t i v e  i n  t h e  n o r m a l  d i r e c -  

t i o n  mus t '  v a n i s h  also, S t r i c t l y  s p e a k i n g ,  b o t h .  t h e  n o r m a l  

a n d  t a n g e n t i a l  v e l o c i t i e s  mus t  v a n i s h  a t  s o l i d  walls, i n  

. o r d e r  t o  s a t i s f y  t h e  n o  s l i p  c o n d i t i o n  o b s e r v e d  i n  n a t u r e .  

Houever ,  f o r c i n g  t h e  t a n g e n t i a l  v e l o c i t y  t o  v a n i s h  i n  

s i m u l a t i o n s  c a n  q i v e  t h e  s o l u t i o n s  so o b t a i n e d  t h e  a p p e a r a n c e  

of h a v i n g  e x c e s s i v e  d r a g  a t  t h e s e  s u r f a c e s ,  T h i s  is b e c a u s e  

i n  a l l  n u m e r i c a l  s o l u t i o n s  of t h i s  t y p e  t h e r e  is a l i m i t  t o  

the r e s o l u t i o n  of t h e  f l u i d  mo t ion  w h i c h  may be. o b t a i n e d ' ,  

c o n s e q u e n t l y  b o u n d a r y  c o n d i t i o n s  nay e x c e s s i . v e 1  y  i n f  l u e n c e  
. . 

. t h e  s o l u t i o n  a few u n i t s  i n t o  t h e  c o m p u t a t i o n  g r i d  i n s t e a d  o f  

a c t i n q  o n l y  a l o n g  t h e  l i n e  t o  which  t h e y  a p p l y .  T h i s  effect 

is overcome i n  t h e  MAC method  by' a l l p v i n g  t h e  no rma l  d e r i v a -  

t i v e  of t h e  t a n g e n t i a l  v e l o c i t y  t o  v a n i s h  i n s t e a d  of t h e  

v e l o c i t y  itself. Thus.,  t h e .  t a n g e n t i a l  v e l o c i t y  may n o t '  be 



z e r o  a t  a wall as  e x p e c t e d . ,  b u t  t h i s  c o n d i t i o n  may b e  a t  

l e a s t  p a r t l y  j u s t i f i e d '  o n  n u m e r i c a l  g r o u n d s  . (57, . 46) . 
T h e  n o r m a l  d e r i v a t i v e  o f  p r e s s u r e  is t h u s .  a l s o  s p e c i -  

f i e d ,  b e c a u s e  t h e .  f l u i d  i n s t  s a t i s f y  t h e  e q u a t i o n s  of m o t i o n  

a t  t h e  walls a n d  l i n e s  o f  sy.kmetry, a n d  t h e  v e l o c i t i e s  a n d  

t h e i r  d e s i v a t i v e s . a s e  s p e c i f i e d  fo r  a l l  time a t  t h e s e  bounda-  

ries. The  b o u n d a r y  ' c o n d i t i o n s  a t  wal ls  a n d  1 , i n e s  o f  symmet ry  

a r e  shown below. 

F r e e  s l i p  c o n d i t i o n :  *, 
= 97). (10) 

No s l i p  c o n d i t i o n : .  , 

Uhere  s u b s c r i p t  7') d e n o t e s  t h e  n o r m a l  d i r e c t i o n  a n d  s u b s c r i p t  

t t h e  t a n q e n t i a l  d i r e c t i o n .  For e x a m p l e ,  a t  a v e r t i c a l  l i n e  
. . 

of s y m m e t r y  or free s l i p  wall, 7) becomes  t h e ,  r a d i a l  d i r e c t i o n  
. . 

r ,  a n d  7- becomes t h e  a x i a l . d i r e c t i o n ,  2 . .  Thus ,  

a n d  i n  t h e  same q e o m e t r y  a s  a b o v e ,  b u t  a t  a no s l i p  wall 

The  most d i f f i c u l t  b o u n d a r y  c o n d i t i o n s  t o  s p e c i f y  are 
. . 

t h o s e  a t  t h e  free s u r f a c e .  A t  ' t h e  free s u r f a c e , :  i n  o r d e r  t o  

c o n s e r v e  momentum a n d  vo lume,  t h e  c o n t i n u i t y  e q u a t i o n ,  Eq., 

( 7 ) .  must  be s a t i s f i e d  w i t h i n  t h e  f l u i d .  Prom t h e  stress., 

t e n s o r  o n e  f i n d s  t h a t  

P u + n  n (8" + % ) + n z d z  ($ = #)applied. + 2v[.nr d r .  , r 



a n d  

. . 

a s  q i v e n  b y  E i r t  a n d  Shannon  (36), a n d  Landau a n d  L i f s c h i t z  

(39). Here # is t - h e  p r e s s u r e  t o  d e n s i t y  r a t i o  u s e d  i n  E q a s .  

(8) a n d  (9).  Ti i s  t h e  s n r f a c e  t e n s i o n  c o e f f i c i e n t  and K is. 

t h e  . c u r v a t u r e .  T h u s ,  

w h e r e  8, a n d  R 2  a r e  t h e  p r i n c i p a l  r a d i i  of c u r v a t u r e .  . . 

C l e a r l y ,  if t h e  f l u i d  is ei ther  m o t i o n l e s s  (u=v=O) , o r .  

i n v i s c i d  ( P O ) ,  Bg. (1 2 )  becomes  L a p l a c e a s  (40) c a p i l l &  

e q u a t i o n .  
I 

E q u a t i o n  (129 a s  w r i t t e n  is t h e  d y n a m i c  p r e s s u r e  bounda-  

r y  c o n d i t i o n  a n d  is  o n e  of t h e  most d i f f i c u l t  c o n d i t i o n s  t o  

s i m u l a t e . .  . Y e i t h e r  t h e  ref o c i t y  g r a d i e n t s  n o r  t h e  c u r v a t u r e  

of t h e  s u r f a c e  c a n  b e  s p e c i f i e d  a p r i o r i ,  i f  t h e  d r o p  c h a n g e s  

s h a p e  w i t h  time. Thus, .  t h i s  b o u n d a r y  c o n d i t i o n  m u s t  b e  s i m u -  

l a t e d  a n d  i n  g e n e r a l  c a n n o t  b e  a c c u r a t e l y  a p p l i e d ,  . P o r t u -  

n a t . e l y ,  t h e  c u r v a t u r e  term a n d  t h e  a p p l i e d  p r e s s u r e  terms are 
' . 7  

r e a s o n a b l y  e a s y  t o  s p e c i f y  a n d  t h e y  t e n d  t o  d o m i n a t e  t h e '  t e r n  

c o n t a i n i n q  t h e  v e l o c i t y  d e r i v a t i v e s  i n  t h e  problems t o  b e  

s o l v e d .  Thus ,  f o r  c o n v e n i e n c e  t h i s  b o u n d a r y  c o n d i t i o n  is 

r e d u c e d  t o  



A s  might be e x p e c t e d ,  Eq. ,  (13). is e v e n  more d i f f i c u l t  t o  

a p p r o x i m a t e  t h a n  Eq.: (12 ) ,  as  it i n v o l v e s  more unknown d e r i v -  

a t i v e s .  . C o n s e q u e n t l y  Eq, (1 3) is i g n o r e d  a s  a bounda ry  con- 
.. . 

d i t i o n  on  t h i s  p rob lem,  b u t  Eq. ( 7 ) ,  c o n t i n u i t y ,  is e n f o r c e d .  

Thus, w h i l e  t h e s e  c o n d i t i o n s  are n o t  the correct bounda ry  

c o n d i t i o n s ,  t h e y  are  t h o s e  which c a n  be most a c c u r a t e l y  sirnu- 

l a t e d ,  a n d  a t e  a  r e a s o n a b l e .  a p p r o r i m , a t i o n  t o  t h e  c o r r e c t  

bounda ry  c o n d i t i o n s .  

T h i s ,  is a much s i m p l i f i e d  s e t  of bounda ry  c o n d i t i o n s ,  

b u t  o n e  which is r e a s o n a b l y  a c c u r a t e  f o r ,  . t h e  t y p e s  o f  s y s t e m s  

t h a t  it is  d e s i r e d  t o  s t u d y ;  Fo r  t h o s e  f l u i d s  i n  which  t h e  

f u l l  stress bounda ry  c o n d i t i o n s  a r e .  i m p o r t a n t ,  some a p p r o x i -  

m a t i o n s  may b e  u s e d  which w i l l  a l l o w  p a r t i a l  i n c o r p o r a t i o n  o f  , 

E q s .  (12) a n d  (13) a s  bounda ry  c o n d i t i o n s .  

The  i n i t i a l .  c o n d i t i o n s  t o  which t h e  f l u i d .  is s u b j e c t e d  
. . 

a r e  i n  g e n e r a l  e a s i l y  s p e c i f i e d .  . The  v e l o c i t i e s  must  b e  con-  

, s i s t e n t  w i t h  t h e  a b o v e  bounda ry  c o n d i t i o n s  and  s a t i s f y  t h e  

e q u a t i o n s  of motion.  I n  g e n e r a l ,  t h e s e  r e s t r i c t i o n s  a re  s a t -  

isfied by. t h e  conditions u ~ c o n s t a n t ,  v = c o n s t a n t  which is a 

u s e f u l  s t a r t i n g  c o n d i t i o n .  No i n i ' k i a l  c o n d i t i o n  is n e e d e d  on 

p r e s s u r e ,  b e c a u s e  i t  may be s o l v e d  for  by i n s e r t i n g  t h e  
. . 

i n i t i a l  v e l o c i t y  c o n d i t i o n s  i n t o  t h e  e q u a t i o n s  of  m o t i o n ,  and  

i n t e q r a t i n q .  Also,  t h e  i n i t i a l  v e l o c i t i e s  must s a t i s f y  t h e  

c o n t i n u i t y  e q u a t i o n ,  which c o n s t a n t  v e l o c i t i e s  do. However, 

more c o . m p l i c a t e d  i n i t i a l  c o n d i t i o n s  may b e  used  p r o v i d e d  t h e y  



s a t i s f y  c o n t i n u i t y ,  t h e ,  e p u a t i o n s  of ' n o t i o n  # a n d  t h e  b o u n d a r y  . '  

c o n d i t i o n s .  T h e i r  ' q e n e r a l  f o r a  is i n d i c a t e d  b y  
.- 

The problem c a n  now be more c o m p a c t l y  s t a t e d '  i f '  t h e  fol-  
.. . 

l o w i n q  c o n v e n t i o n s  are a d o p t e d .  D e f i n i n g  Rt a s  t h e  s p a c i a l  

t r e q i o n  o c c u p i e d  by  f l u i d  a t  . a n y  .time t and d R  a s  i ts  bounda- 

r y  ( r i q i d  walls, ' free s u r f a c e s , .  l i n e s  of symmetry,  etc.) , it 
t t 

is clear t h a t  E ~ S .  (7-9) i u s t  b e  s a t i s f i e d  f o r  a l l  R  + dR and 

for  a l l  times t L O .  The s o l u t i o n  mus t  a l s o  r e d u c e  t o  Eq. (16) 

a t .  t = O ,  on R0 + dRO, a n d  m u s t  s a t i r i y .  Eqs. (10) and (1 1) a t  

walls a n d  l i n e s  o f  s y m m e t r y . d ~ ~ ,  and  sqs. ( 7 )  a n d  (15) a t  t i e  

f ree  surface.dRt  f o r  a l l  t > O .  Here w e  t a k e  d~~ = d ~ ; +  d ~ : .  
f '. 

A t y p i c a l  f l u i d  c o n f i g u r a t i o n ,  s u c h  a s  t h a t '  i n '  p ig .  4, 

w i l - l  h e l p  d e f i n e  some of t h e  terms used i n  t h e  p r e c e d i n g  

e q u a t i o n s . ,  The  : d e f i n i t i o n s  o f  a l l  t h e  terms 'used . i n  t h e  

a b o v e  e q u a t i o n s  may be f o u n d  i d  t h e  . s e c t i o n  e n t i t l e d  

S i n c e  t h e r e  are t h r e e  e q u a t i o n s ,  E q s .  (7) - ( 9 )  a n d  t h r e e  

d e p e n d e n t .  v a r i a b l e s ,  p r e s s u r e ,  a n d .  t h e  two v e l o c i t y  conpo-  

n e n t s ,  t h e  above  set  o f  e q u a t i o n s  may i n  p r i n c i p l e  b e  s o l v e d  

for  t h e  . . d e p e n d e n t  v a r i a b l e s .  However, the p r e s s u r e  # is  i n -  

p l i c i t  i n  t h e  e x p r e s s i o n s  f o r  t h e  a c c e l e r a t i o n s .  T h u s  it is 

n e c e s s a r y  t o  d i f f e r e n t i a t e  Eq.  (8) w i t h  r e s p e c t  t o  r and Eq. 

( 9 )  w i t h  . r e s p e c t  t o  z and  combine  t h e  d i i f e r e n . t i . a t e h  forms i n  

o r d e r  t o  p r o d u c e  an  e q u a t i o n  e x p l i c i t .  i h  4 . , Thus.  



T h e s e  e q u a t i o n s .  may be c o m b i n e d  i n  t h e  f o - l l o w i n g  manner, 

b d L ! + l U + L  nu 
( ) a r ( a t )  . r a t  a z  a t  

4 l m+ dy - 
-. st (T sr sz 

- - at 6 ( 0 . G ) .  

which  is t h e  d e s i r e d  r e l a t i o n  b e t w e e n  t h e  p r e s s u r e  a n d  
2. 

v e l o c i t y  d i s t r i b u t i o n s .  l d e n t i f g i n q  t h e  d i v e r g e n c e  of u  by  

D ,  t h e  a b o v e  form b e c o m e s ,  

or, r e c o q n i z i n g  t h e  c y l i n d r i c a l  c o o r d i n a t e  for. of t h e  v2 op- 

era tor, 

I dZ(ru2j where 

'Q:? a r ~  + - r a r b 2  

E q u a t i o n .  (19) p r o v i d e s  a means  of  f i n d i n g  t h e  p r e s s u r e  d i s -  



t r i b u t i o n  a s s o c i a t e d  w i t h  a  q i v e n . . v e l o c i t y  d i s t r i b u t i o n .  Now 
. . 

t h e  d i f f e r e n t i a l  model is  c o m p l e t e l y  s p e c i f i e d  by Eqs. 

. . (7) - (9) , (19) a n d  t h e  boundary  a n d  i n i t i a l  c o n d i t i o n s ,  Bqs. 

( l o ) ,  (11). ('15) a n d  (16). 

. . -- The F i n i t e  D i f f e r e n c e  A ~ ~ t o x i m a t i o n  

. . The e v e n t u a l  f i n i t e  d i f f e r e n c e  for  a u l a t i o n s  d e p e n d  o n  

t h e  c h o i c e  of t h e  l o c a t i o n s .  of t h e  d e p e n d e n t  v a r i a b l e s ,  o r ,  

t h e  q r i d ,  S i n c e  t h e r e  are many p o s s i b l e  c h o i c e s  of g r i d s ,  

some e x p e r i m e n t i n g  i s  n e c e s s a r y  t o  d e t e r m i n e  which  a r r a n g e -  

m e n t s  are f e a s i b l e .  The c h o i c e  of t h e  g r i d  s h a p e  s n d s i z e  
. . 

a n d  '.the r e l a t i v e  l o c a t i o n  of t h e  v a r i a b l e s  was d e t e r m i n e d  b y  

Welch, et al .  (57) af ter  many d i f f e r e n t  schemes  v e r e  t r i e d ,  

T h e i r  t r i a l  and  error a p p r o a c h  l e d  them t o  t h e  c o n c l u s i o n  
- .  ... 

t h a t  t h e  c o n s e r v a t i o n o f  mass  w i t h i n  t h e  s y s t e m  was 'most i m - '  

p o r t a n t ,  T h i s  f u r t h e r  l e d  them t o  l o c a t e  t h e  v e l o c i t i e s .  u  

and v  a t  t h e  e d q e s  of t h e  c o m p u t a t i o n  cells a n d  p r e s s u r e  

and  o t h e r  v a r i a b l e s  a t  t h e  cell  c e n t e r s ,  as i l l u s t r a t e d  i n  

P iq ,  5, I n  t h i s  manner mass c o u l d  be  r i g o r o u s l y  c o n s e r v e d  by 
. . 

t h e  f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n s  of  t h e  v e l o c i t y  egua-  
. . 

t i o n 8 .  , T h i s  c a n  be d e m o n s t r a t e d  by t h e  i n t e g r a t i o ' h .  of t h e  

d i f f e r e n c e .  .form of t h e  v e L o c i t y  e q u a t i o n s  ' o v e r  a f i x e d  con- 

t r o l  volume, 

T h e r e  a r e  a c t u a l l y  two i n t e r l a c e d  comput ing  meshes t h e n ,  

o n e  f o r  v e l o c i t y  a n d  o n e  f o r  p r e s s u r e  a n d  d i v e r g e n c e ,  ' T h e  

v e l o c i t g  q r i d  is a a d e  up o f  p o i n t s  t h a t  b i s e c t  t h e  b o r d e r s  o f  



u VELOCITY . 

Figure 5. I l l u s t r a t i o n  o f  the i n t e r l a c e d  c o m p u t i n g  g r i d s ,  
the l o c a t i o n s  of t h e  v e l o c i t i e s  and  t h e  d i s t a n c e  i n d i c e s  i 
and 1. 



t h e  cells. . T h e  p r e s s u r e  q t i d  is made u p  of t h e  c e l i  c e n t e r s .  

T h e  i d e a  o f  t h i s  i n t e r l a c e d  g r i d  s t r u c t u r e  p r o b a b l y '  

o r i q i n a t e d  w i t h  Fromm ( I S ) ,  who u s e d  it i n  a stream f u n c t i o n -  

v o r t i c i t y  s o l u t i o n  of  t h e  p r o b l e m  of i n c o ~ p r e s s i b l e  f l o w  

a r o u n d  a n  o b s t a c l e .  

. . 
T h e  l4AC m e t h o d  u s e s  a n o t h e r  q r i d  b e s i d e s  t h o s e .  fo r  

v e l o c i t y  a n d  p r e s s u r e ,  a n d  t h a t  is t h e  m a r k e r  particles. T h e  

p a r t i c l e s  are s p r e a d  o v e r  t h e  r e q i o n .  c o n t a i n i n q  f l u l d  a n d  

d e s i q n a t e  w h i c h  c e l l s  r e q u i r e  t h e . f r e e  s u r f a c e  b o u n d a r y  c o n -  

d i t i o n s .  T h i s  g r i d  a l s o  a l l o w s  t h e r e s o i u t i o n  o f .  t h e  f l u i d a s  

p o s i t i o n  t o  b e  q r e a t l y  i n c r e a s e d  p r o v i d e d  t h e  s p a c i n g  b e t w e e n  

p a r t i c l e s  is made less t h a n  a ce l l  w i d t h .  

T h e  a r r a n g e m e n t  of v e l o c i t i e s  is n a t u r a l l y  s u i t e d  t o  i n -  

c o r p o r a t e  n o r m a l  v e l o c i t y  b o u n d a r y  i n f o r m a t i o n  a t  v e r t i c a l  

a n d  h o r i z o n t a l  wal l s  a n d  l i n e s  o f  s y m m e t r y ,  a n d  was f o u n d ' t o  

b e  s u p e r i o r  t o .  a l l  o t h e r  v a r i a b l e  a r r a n g e m e n t s  ' t r i e d  ( 5 7 )  . 
P i q u r e  6 i l l u s t r a t e s  t h a t  t h i s  c h o i c e  of u  a n d .  v l o c a t i o n s  

a l s o  l eads  t o  t h e  minimum .error term a s s o c i a t e d  w i t h  t h e  cal- 

c u l a t i o n  o f  t h e  d i v e r q e n c e  D i j  f o r  a c e l l  w i t h  f o u r  b o r d e r i n q  

v e l o c i t i e s .  E x p a n s i o n  ' i n  a T a y l o r .  series a b o u t  t h e  p o i n t  

r = ( - 1 2  z, = (1- 1 1 2 ) s ~  r e f e r r e d  t o  as i j  l e a d s  t o  

t h e  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n  t o  Eq. . (7) .  T h i s  r e s u l t  

means  t h a t  a c c u r a t e  v a l u e s  of D.? w i l l  be  a v a i l a b l e  a t  t h e  
I I 



TAKING LINEAR COMBINATIONS OF THE ABOVE, 

I Dij = { a (ru) a v  - + -) . 
ar a t  i j  

MAY BE APPROXIMATED BY 

F i g u r e  6 .  The a r r a n g e m e n t  o f  u a n d  v s h o w n  a b o v e . r e s u l t s  i n  
the minimum t r u n c a t i o n  error i n  the c a l c u l a t i o n  ~f D .  



ce l l  c e n t e r s  ij. T h e  i m p o r t a n c e  o f  t h i s  r e s u l t  w i l l  be  s e e n  
. . .  

when', t h e  d i f f e r e n c e  forms r . e l a t i n q  p r e s s u r e  a n d  t h e  

v e l o c i t i e s  are p r e s e n t e d .  

As a c o i i s e q u e n c e  o f  t h e  a v a i l a b i l i t y  of ' a c c u r a t e  v a l u e s  

o f  Dij  a t  t h e  cell  c e n t e r s ,  a n d  t h e  n e e d  f o r  a c c u r a t e  d e r i v a -  

t i v e s  o f  a t  t h e  b o r d e r s  o f  t h e  cells ,  i t  is n a t u r a l  t o  

l o c a t e  a t  t h e  ce l l  c e n t e r s .  T h i s  means t h a t  t h e  a p p r o x i -  

m a t i o n  o f  Eq. (18) c o u l d  b e  b a s e d  o n  T a y l o r  se r ies  e x p a n s i o n s  

a b o u t  a cel l  c e n t e r  i j ,  However,  i n s t e a d  o f  w r i t i n g  t h e ' a p -  

p r o x i m a t i o n  f o r  Eq. (18) a n d  t h e n  f o r c i n g  t h e  v e l o c i t y  equa-  

t i o n s  t o  b e  a l q e b r a i c a l l y  c o n s i s t e n t ,  t h e  d e r i v a t . i o n  is. begun  

w i t h  t h e  v e l o c i t y  e q u a t i o n s .  B e c a u s e  o f  t h e  l i n e a r i t y  o f  t h e  

f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s ,  t h e  same r e s u l t  would  b e  

o b t a i n e d  i€ t h e  d e r i v a t i o n  were s t a r t e d  from. f i n i t e  d i f f e r -  

e n c e  a p p r o x i m a t i o n s  of Eq. ' (18) d i r e c t l y ,  b u t  t h e  manner  i n  

which  a l g e b r a i c  , c o n s i s t e n c y  is f o r c e d  is t h e n  l o s t .  T h - i s  

p o i n t  is i m p o r t a n t  when. t h e  a p p r o x i m a t i o n  o f  Eq.  (18) is 

m o d i f i e d  t o  h a n d l e  u n e q u a l l y  s p a c e d  d h t a  a s  seen i n  t h e  

R e s u l t s  s e ' c t i o n ,  

, W i t h  ' t h e  e s t a b l i s h l n e n t  o.f t h e  l o c a t i o n s  o f  t h e  v a r i a b l e s  

r e l a t i v e  t o  t h e  c o o r d i n a t e  s y s t e m ,  i t  i s  p o s s i b l e  t o  d i s p l a y  

t h e  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s  t o  Eqs. (8)  a n d  (9) .  To 

a p p r o x i m a t e  Eq.  ( 8 ) ,  a l l  n e e d e d  T a y l o r  Series are e x p a n d e d  

a b o u t  p o i n t  i + 1 / 2 j  a t  time ns t . ,  w h e r e  s u p e r s c r i p t  n ' i s  i m -  

p l i e d  i f  n o n e  a p p e a r s .  



E q u a t i o n  (9) is a p p r o x i m a t e d  by ' e x p a n s i o n  a b o u t  p o i l i t  i j + 1/2 

a t  time tiat.. 

A c h e c k  o f  t h e  l o c a t i o n s  of all t h e s e  v a r i a b l e s  r e v e a l s  t h a t  

t h e y  l i e  on  a d i a m o n d  c o n s i s t i n q  of n i n e  p o i n t s  c e n t e r e d  o n  

the p o s i t i o n  of t h e  v e l o c i t y  being e v a l u a t e d .  

B e c a u s e  ' o f  t h e  l i n e a r i t y  o f  t h e  f i n i t e  d i f f e r e n c e  a p -  

p r o x i m a t i o n s ,  it is p o s s i b l e  t o  c o m b i n e  t h e  d i f f e r e n c e  f o r m s  

f o r  t h e  v e l o c i t i e s  t o  p r o d u c e  t h e  d i f f e r e n c e  f o r m  of t h e  

P o i s s o n ' s  e q u a t i o n  r e l a t i n g  p r e s s u r e  a n d  t h e  v e l o c i t i e s ,  Eq. 

(18) . By c o m b i n i n q  v e l o c i t y  e q u a t i o n s ,  from p o i n t s  i + 1 / 2  j,  



i j + 1 / 2 ,  i - 1 / 2 j ,  a n d  i j - 1 / 2  i t  c a ~ i  b e  s e e n  t h a t  

Def  Foinq. Qij t o  be 

E q ,  (18) is a p p r o x i m a t e d  by 

N o w  i t  is a p p r o p r i a t e  t o  i n t r o d u c e  t h e  error c o r r e c t i o n  

s c h e m e  t h a t  makes t h e  MAC method  s o  s u c c e s s f u l .  S i n c e  i t  1s 
. . 



d e s i r e d  t h a t  t h e  s o l u t i o n s  o b k a i n e d  s a t i s f y  D=O f o r  a l l  time, 

is s u b s t i t u t e d  i n t o  Eq. (269 . But  i n s t e a d  of a l so  

s u b s t i t u t i n g  D.. = O  i n t o  Eq, ( 2 6 ) .  t h i s  term is l e f t  i n  t h e  
I J 

e q u a t i o n ,  r e c o g n i z i n g  t h a t  c e r t a i n  round .  o f f  a n d  t r u n c a t i o n  

errors may h a v e  been  made. t h a t  vi .11 c a u s e  t h i s  term' to be '  
. 

. . 

non-zero. I n  t h i s  manner re may p r o d u c e  Dij =O b u t  still  ac- 

c o u n t  ' f o r  e r ro r - ade  d u r i n g  t h e  p r e v i o u s  time s t e p .  

T h e  d i f f e r e n c e  e q u a t i o n s  must o f  c o u r s e  b e  accompanied  

b y  d i f f e r e n c e  a p p r o x i m a t i o n s  t o  t h e  boundary and  i n i t i a l  con- 

d i t i o n s .  The  boundary  c o n d i t i o n s  a t  w a l l s ,  ( s o l i d ,  flow o r  

s y m m e t r y )  are g i v e n  below. The d i f f e r e n t i a l  c o n d i t i o n s  a n d  

t h e  d i f f e r e n c e  c o n d i t i o n s  are  shown t o g e t h e r ,  w i t h  r e f e r e n c e  

t o  t h e  p a r t i c u l a r  geomet ry  used. F i g u r e  7 i l l u s t r a t e s  t h e  

two u n i q u e  g e o m e t r i e s  which i n c l u d e  a l l  p o s s i b l e  a r r a n g e m e n t s  

o f  .a cel l  c o n t a i n i n g  f l u i d  which is a d j a c e n t  t o  a  bounda ry  

cell, a n d  s h o u l d  be used i n  r e f e r e n c e  t o  t h e  f o l l o w i n g  c o n d i -  

t i o n s .  Once it is d e t e r m i n e d  which cell is . t h e  boundary  

cell,  then ' , t h e s e  e q u a t i o n s  nay be  , u s e d  to d e t e r m i n e  its 

v e l o c i t i e s  a n d  pressure, f rom t h o s e  of t h e  cel l  c o n t a i n i n g  

f l u i d ,  I n  t h e  f o l l o w i n q  e q u a t i o n s  a)  refers t o  a v e r t i c a l  

w a l l  a n d  b) refers t o  a h o r i z o n t a l  w a l l .  



i 
b) HORIZONTAL WALL 

x v VELOCITY 

o u VELOCITY 

o +,Q,D'VALUES 

Figure  7.  I l l u s t r a t i o n  of t h e  l o c a t i o n s  of v a r i a b l e s  
a d j a c e n t  t o  h o r i z o n t a l  and vertical boundary wal l s .  Such 

, walls  may s i m u l a t e  i n l e t s ,  o u t l e t s ,  s o l i d  m a t e r i a l  or  l i n e s  
. of symmetry.  



Free slip: 

No slip: 
. . 
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a-1) 

I , . ". I = -vi++; V = 0 : - YVi+l j+F IJ-r (34) 



I n :  AS i n  NO s l i p  c o n d i t i o n  e x c e p t ,  ' 

a-2) U = c o n s t  : ui 4 ,  = c o n s t  (40) 

b-1) V =  c o n s t  : Vij + 4 = c o n s t  (41 1 

Out: A s  i n  Free s l i p  c o n d i t i o n  e x c e p t ,  
... .. 

I n  t h e  o r i q i n a l  MAC method, ,  t h e  free s u r f a c e  boundary 

c o n d i t i o n s  uere greatly ' s i m p l i f i e d .  T h e .  c o n d i t i o n s  o n  

v e l o c i t y  u e r e  r e p l a c e d  w i t h  t h e  n u m e r i c a l  e q u i v a l e n t s '  of 

I a = o  and &-of v b i c h  a r e  
J ar az- 



and  

for c e l l ' i j ,  

  he p r e s s u r e  b o u n d a r y  c o n d i t i o n  .Eq. ,(15) w a s  r e d u c e d  t o  

b e c a u s e  s u r f a c e  t e n s i o n  forces were I-qnored. F u r t h e r ,  u s u a l -  

1.y +applied was a c o n s t a n t ,  so Welch, e t  a l .  (57) s p e c i f i e d  . 
. 

t h a t  +applied =O f o r  l a c k  of o t h e r  m o t i v a t i o n .  I n  a d d i t i o n ,  

s i n c e  t h e  l o c a t i o n  of . t h e  free s u r f a c e  was o n l y  r e s o l v e d  

" w i t h i n  a cel l  w i d t h ,  t h e  c o n d i t i o n  

i O (47)  

was p u t  4n a l l  s u r f a c e  cells (see . c : e l l  f l a g g i n g  i l l u s t r a t e d  

i n  P i g ,  8) a t  t h e i r  c e n t e r s ,  Thus  t h e  bounda ry  c o n d i t i o n  f o r  

p r e s s u r e  a n d  t h e  v e l o c i t i e s  were a t  b e s t  g u e s s e s  a t  t h e  

correct free s u r f  ace bounda ry  c o n d i t i o n s  b e c a u s e  . of r e s o l u -  

t i o n  d i f f i c u l t i e s  a n d  p a r t l y  b e c a u s e  of s i m u l a t i o n  complex i -  

t ies.  

The i n i t i a l  c o n d i t i o n s  are h a n d l e d  well by t h e  o r i g i n a l  

I A C  method, A s i d e  f ron t h e  &are  easily s p e c i f i e d  i n i t i a l  

v e l o c i t y  c o n d i t i o n s ,  s u c h  a s  u = c o n s t a n t ;  v ~ c o n s t a n t ,  it  is, 

p o s s i b l e  t o  s t a r t  t h e  HAC method w i t h  a n  a r b i t r a r y  i n i t i a l  

c o n d i t i o n ,  T h i s  is  done by s p e c i f y i a g  t h e  d e s i r e d  c o n d i t i o n s  

and  l e t t i n g  t h e  s o l u t i o n  be c a l c u l a t e d  fo r  s e v e r a l  v e r y  small 

time s t e p s ,  I n  t h i s  way i n i t i a l  d i s c o n t i n u i t i e s  are smoothed  

o r  a l l o w e d  t o  d e c a y  a n d  t h e  s o l u t i o n  from t h i s  p o i n t  on w i l l  



DIVERGENCE D o 

GENERATION 

PRESSURE ip 0 

VEL'OC ITY  v x 

i i+1/2 

- -- 
F i g u r e  8. A t y p i c a l  drop s h a p e  w i t h  t h e  computat ion  g r i d '  
superimposed. The f l a g g i n g  scheme i n d i c a t e s  t h e  re la t ive .  lo -  
c a t i o n  of t h e  f l u i d .  CP=PULL, S=SUR, B=BBD and. x ce i l s  a r e  
unused boundary cells.)  



s a t i s f y  t h e  e q u a t i o n s  of m o t i o n ,  c o n t i n u i t y  a n d  t h e  b o u n d a r y  

c o n d i t i o n s ,  w h e r e a s  t h e  a c t u a l  o r i g i n a l  d i s t r i b u t i o n s  may . n o t  

have. .  T h e r e  are n o  d i f f e r e n c e  a p p r o n i m a t i o n s  u s e d  i n  . s p e c i -  

f y i n q  t h e  i n i t i a l  c o n d i t i o n s ,  u n l e s s  the s h o r t  time s o l u t i o n  

a p p r o a c h  is .used.  I n  t h a t  case t h e  f u l l  d i f f e r e n c e  e q u a t i o n s  

are u s e d  sobjeot t o  . . 

i n i t i a l l y ,  w h i c h  is j u s t  E q s .  (16) e v a l u a t e d  a t  e a c h  v e l o c i t y  

l o c a t i o n .  From t h i s  p o i n t  o n ,  t h e  f u l l  s o l u t i o n  t e c h n i q u e  i s  

u s e d  ' w i t h  a t  t a k e n  t o  be v e r y  small:. One of t h e  s o l u t i o n s  a t  

some small st away f r o m .  t = O  is t h e n  . c h o s e n  as t h e  a c t u a l  

i n i t i a l  c o n d i t i o n .  

T h e  C o m p u t a t i o n  Scheme - 
, . The  g e n e r a l  me thod  o f  s o l u t i o n  is a s  f o l l o w s :  

1, C e l l s  are f l a g g e d  a c c o r d i n g  t o  t h e i r  p a r t i c l e  c o n t e n t s  a n d  

t h o s e  of t h e i r  n e i q h b o r s ,  a s  f o l l o v s :  

T h e r e  are t h r e e  t y p e s  of i n t e r i o r  cells FULL, . . SUE a n d  EHP a d d  

t h e y  are d e f i n e d  as  

FULL: a ce l l  c o n t a i n i n g  p a r t i c l e s  w h i c h  h a s  n o  immedi- 

a t e l y  a d j a c e n t  EHP cel l  n e i g h b o r s  
. . 

SUP: a cel l  w h i c h  c o n t a i n s  p a r t i c l e s ,  b u t  h a s  a t  l e a s t  

o n e  EHP cell aeighbar 

EHP: a cell w h i c h  c o n t a i n s  n o  p a r t i c l e s  

It is  a l so  c o n v e n i e n t  t o  k e e p  t rack of w h i c h  o f  t h e s e  c e l l s  

is o n  t h e  b o u n d a r y  so  we r e q u i r e  a n y  o n e  of t h e  a b o v e ,  i n  ad- 



d i t i o a  t o  its t y p e  f l a q ,  t o  c a r r y  t h e  f l a g  OB i f  it h a s  a n  

i m m e d i a t e l y  a d j a c e n t  bounda ry  cel l  n e i g h b o r .  

T h e r e  are f i v e  t y p e s  of boundary  cells FRSLP, UOSLP,.III, OUT, 

and  E H P B ~ D  a n d  t h e y  are  d e f i n e d  a s  

FBSLP: a f r e e  s l i p  cell  

NOSLP: a no s l i p  cell 

I :  a n  i n p u t  cell 

OUT: a n  o u t p u t  .cell  

EHPBND: an  unused  bounda ry  cell  

The FRSLP a n d  MOSLP cells  may a l s o  a p p e a r  a s  c o r n e r s  o f  

o b s t a c l e s  o r  wai ls  a s  i n d i c a t e d  by t h e  d a r k  cell. i n  Fig. 8, 

These  cells are a l s o  . f l a g g e d  COB i n  a d d . i t i o n .  t o  t h e i r  bounda- 

2. Given  t h e  i n i t i a l  v e l o c i t y  d i s t r i b u t i o n ,  or t h e  r e s u l t s  o f  

t h e  p r e v i o u s  i t e r a t i o n ,  t h e  D... a n d  Q.. v a l u e s  m a y ' b e  c a l c u -  
I J IJ 

l a t e d  f o r  e a c h  f u l l  cell; from E q S .  (21). a n d  ( 2 5 ) ,  r e s p e c -  

t i v e l y .  

3. The 0 d i s t r i b u t i o n  is now r m l a x ~ d  u s i n g  

s u b j e c t  t o  t h e  c o n v e r g e n c e  criteria 



Here € is a d j u s t a b l e  s u b j e c t  t o  t h e . a a x i m u m  m a g n i t u d e  o f  

to lerable  . e r r o r  o r  compu te r  time p e r  c y c l e ,  which e v e r  is t h e  

most . s t r i n g e n t  r e q u i r e m e n t .  . A .  p r a c t i c a l  v a l u e  .of €' was f o u n d  

by Welch, e t  al .  (57) ' to be  0 ,0002 ,  The  s a p e r s c s i p t  h refers 

t o  t h e  i t e r a t i o n  number o n  Eq. (49), a n d  is n o t  t o  be  

c o n f u s e d  w i t h .  .n t h e  s u p e r s c r i p t  u h i . c h  i n d i c a t e s  t h e .  c u r r e n t  

time c y c l e ,  

4. velocities unt/- "" &e c a l ~ u l a t e d f r o m  ~ q s .  (22)  
I*?.) and *ii+t 

and  (23)- 

5. The marke r  p a r t i c l e s  are' moved a t  t h e  l o c a l  a v e r a g e  

v e l o c i t y ,  . Time i s  advanced  o n e  st incremen. t ,  and  a n y  d e s i r e d  

v a l u e s  a r e  . s t o r e d  o r  p r i n ' t e d .  If  f u r t h e r  c a l c u l a t i o n s  a r e  

d e s i r e d  t h e  p r o c e s s  is c o n t i n u e d  by r e t u r n i n g  t o  item 1, 

T h i s  p r o c e s s  is  expanded  t o  i n c l u d e  some o f  t h e  . i n d i v i d -  

u a l  s t e p s  needed  i n  t h e  f o l L o u i n g  flow . d i ag ram,  P i g ,  ,9 .  Prom 

t h e  d i a g r a m  s e v e r a l  f e a t u r e s  of t h e  i n p u t  a n d  o u t p u t  a r e  i n -  
. . 

d i c a t e d  as are t h e  p r o v i s i o n s  f o r  u p d a t i n g  Ds* =0 i n  s u r f a c e  'I 
cells  and  r e s e t t i n p  t a n p e o t i a l  v e l o c i t i e s  a t  b o u n d a r i e s .  

O t h e r w i s e  t h i s  is j u s t  t h e  p r o c e d u r e  o u t l i n e d  above .  

The a c t u a l  d e t a i l s  o f .  t h e  a l q o r i t h m s  u s e d ,  f l o w  s h e e t s  

and  o t h e r  p r a c t i c a l  compu t inq  a d v i c e  are found  i n  t h e  MAC 

manual  (57). These  w i l l  n o t  be p r e s e n t e d  e x c e p t  where  e s s e n -  

t i a l  d e t a i l s - d i f f e r  f r o a  t h e  o r i g i n a l  HAC method o r  it is. 
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Figure 9, A flow diagram of the EAC method, showfng general 
calcalatfon areas, 



a d v a n t a g e o u s  t o  e x p l a i n  a n  a l g o r i t h m  g r a p h i c a l l y .  

The d i f f e r e n c e  e q u a t i o n s  and  t h e  flow s h e e t  c o n t a i n  t h e  

b a s i c  i n f o r m a t i o n  n e c e s s a r y  t o  imp lemen t  t h e  ~ A C  me'thod. 

What r e m a i n s  t o  be shown are t h e  t y p e s  of s o l u t i o n s  it h a s  

p roduced  a n d  some .estimates o'f t h e  s t a b i l i t y  and  a c c u r a c y  of 

t h e  t e c h n i q u e s .  , S e v e r a l  e x a m p l e s  o f  t h e  t e c h n i q u e ' s  c a p a b i l -  

i t i e s  map be found .  i n  t h e  .HAC manual  (57) a n d  t h e  many p u b l i -  

c a t  i o n s  b y  t h e  o r i g i n a l  a u t h o r s .  r h i c h  f o l l o r e d  (1 0, 9, 11, 

28, 30, 31, 32). R e p r o d u c t i o n  o f  most of t h o s e  s o l u t i o n s  was 

. ;no t  a t t e m p t e d  h e r e  as D r .  P. H. Harlow .was k i n d  ,enough  t o .  

f u r n i s h  a l i s t i n g  o f :  h i s  S L O S H  c o m p u t e r  p r o g r a a  i n  FORTRAN 

l a n q u a g e  a n d  a d e t a i l e d  l is t  of r e s u l t s '  of t h e  " b r e a k i n g  damm 

problem (31, 5 7  . A new . c o d e  . b a s e d  on  t h e  o r i g i n a l  S.LOSB 

c o d e  was t h e n  w r i t t e n  r h i c h  c o n t a i n e d  t h e  c a p a b i l i t i e s  o f  t h ' e  

SLOSH c o d e ,  bat u a s  g e n e r a l i z e d  t o  include a l l  t h e  c a p a b i l i -  

ties of t h e  o r i g i n a l  RAC .  method, The new c o d e  was t h e n  g i v e n  

t h e  mbreak inq  dam" problem t o  s o l v e  and  r e p r o d u c e d  Efarlow's 

s o l u t i o n ,  w i t h  t h e  . o n l y  d i f f e r e n c e s  b e i n g  a t t r i b u t a b l e  t o  . 

r o u n d o f f  error. T h u s  t h e  c a p a b i l i t i e s  of t h e  new c o d e  were 

c o n s i d e r e d  c o m p a r a b l e  w i t h  t h e  c o d e s  u s e d  b y  Welch, e t  a l ,  

(57) a n d  t h e i r  o t h e r  s o 1 n t i o n . s  were- n o t  d u p l i c a t e d ,  as not 

enough d e t a i l e d  r e s u l t s  were a v a i l a b l e  fo r  compar i son .  



S t a b i l i t x  g& Accuracy  

The  o r i g i n a l  EAC method g a v e  v e r y  s k e t c h y  a n d  i n c o m p l e t e  

d e t a i l s  a s  t o  t h e  r e q u i r e m e n t s  on  t h e  s i z e  of t h e  t i n e  s t e p ,  

at,  for s t a b i l i t y .  Welch, e t  al.. (57) ,  however,  do p r e s e n t  

some r e s t r i c t i o n s ,  which were n o t  e x p l a i n e d  b u t  a r e  r e a s o n -  

ab le  c o n d i t i o n s . ,  P i r s t  t h e  s p e e d  o f  waves i n  a t a n k  

i n f l u e n c e d  b y  g r a v i t y  s i m u l t a n e o u s l y  l i m i t s  t h e  s i z e  of t h e  

cells and  t h e  t i m e . s t e p .  The c o n d i t i o n  a c c o r d i n g  t o  Welch, 

et a l .  (57) is a n a l o g o u s  t o  t h e .  C o u r a n t .  c o n d i t i o n  f o r  

c o m p r e s s i b l e  f l o w  problems. T h i s  c o n d i t i o n  is 

where 

C= [(g/,) tan h (kh)]. k 
Here, C is t h e  wave speed ,  k is t h e  wave number and  h  is t h e  

h e i q h t  of f l u i d  i n  t h e  t a n k .  F o r  s q u a r e  cells of w i d t h  8r 

t h i s  c o n d i t i o n  s a y s  t h a t  t h e  wave m a y - ' n o t  move more than '  one  

cell w i d t h  i n  one  time s t e p ,  

The other s t a b i l i t y  c o n s i d e r a t i o n  t h e y  p r e s e n t  is 

u h i c h  a g a i n  for  a q u a r e . c e & l s  reduces t o  

T h i s  c o n d i t i o n  is r e e e r r e d  t o  a s  t h e  " d i f f u s i o n a l "  sta- 

b i l i t y  c r i t e r i o n ,  a n d  it arises from t r e a t i n g  Eqs. (8) a n d  

(9) as l i n e a r  e q u a t i o n s ,  i g n o r i n g  t e r n s  of o r d e r  l e ss  t h a n  

two i n  t h e  s p a c e  v a r i a b l e s  a n d  a p p l y i ' n g  F o u r i e r  a n a l y s i s  t o  . . ' 



t h e  r e m a i n i n g  terms (31). T h e s e  c o n d i t i o n s  d i d  agree w i t h  

t h e i r  e x p e r i m e n t a l  o b s e r v a t i o n s  a b o u t  t h e  s t a b i l i t y ,  of t h e  

t e c h n i q u e ,  

H i r t  (35) g i v e s  s o r e  deta i l  as t o  t h e  o r i g i n s  of t h e  

s t a b i l i t y  cri t ieria j u s t  p r e s e n t e d ,  and  g i v e s  some u s e f u l  

r u l e s  of thumb fo r  j u d g i n g  t h e  s t a b i l i t y  of a c a ~ c o l a t e h  

A s  a u s e f u l  r u l e  o f  thumb t h e  HAC m e t h o d ' i s  
c o n s i d e r e d  s t ab le  i f  v is g r e a t e r  t h a n  s t u 2 1 2 ,  
whe re  u is t h e  a v e r a g e  maximum f l u i d  s ,peed ,  and  i f  
U is q r 8 a t 8 r  t h a n  (8x2 & / a x )  1 2 ,  . where  is t h e  

a v e r a g e  maximum v e l o c i t y  g r a d i e n t  i n  t h e  d i r e c t i o n  
of f l ow ,  The  first  c o n d i t i o n  is needed  f o r ,  l i n e a r  
stabf l i t y .  The s e c o n d  . c o n d i t i o n  is. a n o n - l i n e a r  
s t a b i l i t y  r e q u i r e m e n t ,  

Whi le  t h e s e  r e s u l t s .  a p p l y  s t r i c t l y  o n l y  t o  t h e  c a r t e s i a n  

form o f  t h e .  l a v i e r - S t o k e s  e q u a t i o n s ,  s imi l a r  r e s u l t s  may b e  

d e r i v e d  u s i n g  t h e  h e u r i s t i c  a p p r o a c h  of H i r t  (35); f o s  t h e  : 

c y l i n d r i c a l l y  s y m m e t r i c  f o r n  u sed  i n  t h i s  work. - H o v e r e r ,  it 

was f o u n d  t h a . t  t h e  s o l u t i o n s  o b t a i n e d  u s i n g  o n l y  Eq, (54) as 

a r e s t r i c t i o n  on S t  showed no  s i g n s  of i n s t a b i l i t y .  T h u s  

f u r t h e r  i n v e s t i g a t i o n  of . t h e  s t a b i l i t y  r e q u i r e m e n t s  was n o t  

n e c e s s a r y .  

The  . a c c u r a c y  o f  t h e  method  is n o t  p r e c i s e l y  s t a t e d '  i n  

t h e  HAC manual. The  p r i m a r y  r e a s o n  for  t h i s  i s  t h a t  t h e  

error a n a l y s i s  of. t h e  e n t i r e  proble in  .is e x t r e m e l y  d i f f i c u l t ,  

and would t a k e  more time a n d  e f f o r t  t h a n  t h e  g e n e r a t i o n  . . .  of 

t h e  method i n  t h e  f i r s t  p l a c e .  T h u s  t h e  complete a n a l y s i s  o f  

t h e  method r e m a i n s  t o  be done .  Welch, et  a l .  (57)  d o s p e c i f  y , 



some u s e f u l  a n d  h e l p f u l  e n p i r i c a l  r e s u l t s  t h a t  a re  o n l y  

b r i e f l y  o u t l i n e d  here; 

a )  C e l l s  must  b e  81ni11 enough  t h a t  n o  f i e l d  v a r i a b l e  C# . D, 

or  Q c h a n g e s  by much across any  ce l l  (much is n o t  d e f i n e d  in 

t h e  MAC manual) .  

b) C e l l s  must  a l so  be small enough  t o  r e s o , l v e  t h e  most i n -  

t e r e s t i n g  a n d  u s e f u l  f e a t u r e s  o f  t h e  Elow ( d e f i n e d  by  t h e  

problem) . 
. .  . 

c) The time s t e p  mus t  be s m a l l  enough  t o  p r e v e n t  . 

i n s t a b i l i t y ,  b u t  l a r g e  enough  t o  i n c l u d e  m e a n i n g f u l  p rob l ems .  

Welch, et al.. (571 . t a k e  t h e  time s t e p  a s  l a r g e  a s  t h e  s t a -  

b i l i t y  r e q u i r e m e n t s  w i l l  a l l o w  a t  a n y  p o i n t  i n  t h e  s o l u t i o n .  

d) The number o f  p a r t i c l e s  i n  a  c a l c u l a t i o n  i s ' c e l a t i v e l y  

u n i m p o r t a n t  as  t h e y  do  n o t  e n t e r  t h e  c a l c u l a t i o n s  d g r e c t l y  

( t h i s  i s  n o t .  t r u e  f o r  t h o s e  darticies. which  d e s i g n a t e  t h e  

free. s u r f a c e ,  b u t  r e m a i n s  t r u e  f o r  t h e  bu lk  o f  t h e  p a r t i c l e s  

w i t h i n  t h e  f l u i d  r e g i o n  when t h e  #AC method is m o d i f i e d ) .  

e) The c o n s e r v a t i o n  of momentum is most i m p o r t a n t ,  and  c a n  

b e  o b s e r v e d  d u r i n g  t h e  c a l c u l a t i o n  as  t h e  magn i tude  of t h e  

D-. terms. TO t h e  e x t e n t ,  t h a t  t h e  Du- terms d o  not v a n i s h ,  
'I 'J  

t h e  s y s t e m  is n o t  c o n s e r v i n g  mass p r o p e r l y .  (The error 
. . 

commi t t ed  h e r e  is bounded by t h e  a c c u r a c y  w i t h  which t h e  

b ,oundary c o n d i t i o n s  on t h e  p r e s s u r e  d i s t r i b u t i o n  are known 

and  a p p l i e d )  . 
I f  none of t h e  a b o v e  c o n d i t i o n s  a r e  s e r i o u s l y  v i o l a t e d  d u r i n g  



a c a l c u l a t i o n  it is f a i r l y  c e r t a i n  t h a t  t h e  s o l u t i o n  .is 

v a l i d ,  t hough  a d e s c r i p t i o n  of t h e  errors 

i n c u r r e d  t r i l l  ,have t o  a w a i t  a  more c o m p l e t e  ana lys i s ' . .  

S e v e r a l  a u t h o r s  (7 ,  36, 46) h a v e  r e c e n t l y  r e p o r t e d  t h e  

n e e d  f o r , i n c r e a s e d  a c c u r a c y  in t h e  method of i n c o r p o r a t i n g  

t h e  free s u r f a c e  boundary  c o n d i t i o n s  i n  , t h e  MAC method. 

T h e s e  a u t h o r s  are c o n c e r n e d  w i t h  more a c c u r a t e  a p p r o x i m a t i o n  

of t h e  t a n q e n t i a l  stress c o n d i t i o n  Eq. (13 ) ,  and  more p r e c i s e  

'. l o c a t i o n  of t h e  ' p r e s s u r e  {normal  stress) boundary , .  c o n d i t i o n ,  

Bq, (12) .  While these improvemen t s  b e a r  d i r e c t l y .  o n  t h e  

p rob lem c o n s i d e r . e d  h e r e ,  t h e y  f a l l  s h o r t  of t h e  a b i 1 i t . y  t o  

i n c l u d e  s u r f a c e  t e n s i o n  a t  t h e  i n t e r f a c e  as  a p a r t  of t h e  

no rma l  stress bounda ry  c o n d i t i o n .  

Normal stress v a l u e s  h a v e  u s u a l l y  been  i n c o r p o r a t e d  a t  

t h e  c e n t e r s  of t h e  s u r f a c e  cells, a s  i n  t h e  o r i g i n a l  HAC 

method. T h i s '  a p p r o x i m a t i o n .  is s t a b l e  p r o v i d e d  t h a t  t h e  

v a l g e s  u sed  as  bounda ry  c o n d i t i o n s  a n d  t h e . c e l 1  s ize  a r e  

s m a l l .  However, ' t h e r e  .may . be  large errors a s s o c i a t e d  w i t h  

t h e  choice of l o c a t i o n  of the norma l  stress bounda ry  v a l u e s .  

C o n s i d e r  t h e  f o l l o r i b p  . . e r g u n e n t .  . . I n  t h e  a p p r o x i m a t i o n  of 

t h e  . d i f f e r e n c e  ' e r p p r o x i ! n a O t ~ g s  g s e d  b y  the-. o r i g i n a l  HAC method 

a re v2+ %&.&-$ii) - ~ 0 . b  (hi - #i-A + 

ri IT& (Eq. cont'd) 



+ $ij-l-2+ij/'p 
( 5 6 )  

C o n s i d e r i n g  t h i s  as a t r u n c a t e d  T a y l o r  series e x p a n s i o n ,  t h e  

a p p r o x i a a t i d n  p l u s  t h e  first  terms d r o p p e d  is g i v e n  by ' 

E q u a t i o n  (56) t h e n  h a s  a n  a c c e p t a b l e  error of o r d e r  

0(8r2,8z2) , p r o v i d e d  t h a t  t h e  i n f o r m a t i o n  n e e d e d  a t  . a l l  t h e  

a b o v e  p o i n t s  is a v a i l a b l e , .  However.  i f  t h e  value of were 

a c t u a l l y  a v a i l a b l e  a t  t h e  p o i n t s  i+a j ,  i j + l ,  i - l ' j ,  a n d  i j -1 .  

w h e r e  OSa.31. a n d  t h e  a s s u m p t i o n  "ere n a d e  t h a t  t h e y  w o u l d  b e  

e q u a l l y  v a l i d  when u s e d  i n  Eq.. (56). t h e n  t h e  a p p r o x i m a t i o n  
. . 

t o  En. (56) p l u s  t h e  f i rst  terms d r o p p e d  uoul 'd  b e  

Rere t h e  error term may b e  as l a r g e  a s  t h e  b o u n d a r y  v a l u e  

i t s e l f  (o( l / s r ) ) ,  a n d  so t h e  ' a p p r o x i m a t i o n  is m u c h ' l e s s  de- 

s i r a b l e .  

T h i s  a p p r o x i m a t i o n  i n t r o d u c e s  errors  i n t o  t h e  p r e s s u r e  
1 .  . . 

e q u a t i o n  rh,icb; i f  a l l o w e d  t o  grow u n c h e c k e d ,  w i l l  e v e n t u a l l y  



c a u s e  t h e  s u r f a c e  s h a p e  t o  become i r r e g u l a r  a n d  m e a n i n g l e s s  

i f  r e s o l u t i o n  less, t h a n  a ' f e u  ce l l  w i d t h s  is  d e s i r e d .  T h i s  , 

t y p e  of r e s u l t  is  shown i n  P i g ,  10, w h e r e  a d r o p  of water 

s u b j e c t e d  t o  a r e d u c e d  s u r f  ace t e n s i o n  force a t  t h e  c e n t e r s  

o f  i ts  s u r f a c e  cel ls  is a l l o * e d  t o  f a l l  u n d e r  t h e  i n f l u e n c e  

of g r a v i t y .  The s e v e r i t y  o f  t h e  i n s t a b i l i t y  i n t s o d u c e d  b y  

s h i f t i n g  t h e  p r e s s u r e  b o u n d a r y  c o n d i t i o n s  o n l y .  s l i g h t l y  f  rota 

' t h e i r  a c t u a l  p o i n t s  of  a p p l i c a t i o n '  is , e v i d e n t .  

Chan a n d  S t r e e t  ( 7 ) .  u s e d  a more a c c u r a t e  a p p r o x i m a t i o n  . . 

t o  t h e  p r e s s u r e  e q u a t i o n ,  b a s e d  o n  t h e  l o c a t i o n s  a t  which t h e  

free s u r f a c e  i n t e r s e c t e d  t h e  p r e s s u r e  grid. By u s i n g  t h e  

u n e q u a l  i n t e r v a l  d a t a ,  t h e  o r d e r  o f  t h e  e r r o r  i n t r o d u c e d  by  

t h e  i n c o r p o r a t i o n  o f  t h e  f r e e  s u r f a c e  bounda ry  p r e s s u r e s  may 

b e  r e d u c e d  c o n s i d e r a b l y .  An example  is shown i n  F ig .  11. 

ff a T a y l o r  series e x p a n s i o n  b a s e d  on u n e q u a l l y  s p a c e d  

p o i n t s  is u s e d  t h e n  Eq. (55) is a p p r o x i m a t e d  b y  

'which h a s  a much l o w e r  e r r o r  term (0 (&,a=) ) a s s o c i a  tea w i t h  

it t h a n  d i d  Eq. (,58). . . 



RADIUS, R(cm) 

0.5 .O.4 . . 0.3. 0.2 . 0 .I 0.0 

Pipure  10. ~ l l u s t r a t i o o  of t h e  effect of bouddary.  prestiurei 
. . 

c a l c u l a t e d  . a t  t h e  i n t e r f a c e ,  bu t  a p p l i e d  . . . a t  nearby'  c e l l  ' 
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(b CELL CENTERS .OR 
BOUNDARY DATA 

iLOCATlON OF. MAC 

BOUNDARY -. DATA 'IS 

AT CELL CENTERS ONLY) 

FRACTIONAL CELL WIDTHS 
o i a ,  i l  ;l=l # . . .  #4. 

BETWEEN DATA POINTS 
OF THE "IRREGULAR STAR" , 

CELL ij ABOVE 

Figure 1 1 .  I l l u s t r a t i o n  6 f  the l o c a t i o n  of var iab les  about 
t h e  "irregular s tarn  .cell  i]. 



The  method h a s  some d i f f i c u l t i e s .  The d i f f e r e n c e  ap -  

p r o x i m a t i o n  Eq. (59) is n o t  a l g e b r a i c a l l y  c o n s i s t e n t  wi t .h  t h e  

f o u r  v e l o c i t y  e q u a t i o n s  w h i c h  s u p p o s e d 1  y  p roduced  it. A s  

s t a t e d  p r e v i o u s l y ,  t h e  way t o  p r e s e r v e  t h e  a l g e b r a i c  c o n s i s t -  

e n c y  o f  t h e  f i n i t e  d i f f e r e n c e  a p p r o x i n a t i o n s  r e l a t i n g  

v e l o c i t y  a n d  p r e s s u r e ,  is t o  s t a r t  w i t h  t h e  velocity eqoa- 

t i o n s  a n d  combine  them i n  a form t h a t  r e d u c e s  t o  Eq. (55)  . 
However, if t h i s  is n o t  done ,  !hen t h e  time r a t e  o f  c h a n g e  o f  

, . 

d i v e r g e n c e  w i l l  n o t  a g r e e  w i t h  t h e  v e l o c i t y  e q u a t i o n s ,  a n d  a s  

a c o n s e q u e n c e ,  t h e ,  advanced '  t i a e  . d i . v e r g e n c e s  w i l l ,  n o t  . b e  z e r o  

a s  d e s i r e d .  T h i s  r e s u l t  is u n a c c e p t a b l e  b e c a u s e  it a l 1 0 v s  
. . 

e r r o r .  t o  a c c u m u l a t e  i n  t he  s o l u t i o n s  a n d  p e r m i t s  

i n s t a b i l i t i e s  t o  d e v e l o p .  

a l t h o u g h  Chan a n d  Street (7) d i d  n o t  a l l o w  v e l o c i t r  cal- 

c u l a t i o n s  t o  b e  made i f  t h e  l o c a t i o n  of t h e  v e l o c i t y  was o u t -  

s i d e  t h e  f l u i d  r e g i o n ,  t h e y  made no. m e n t i o n  of t h e  f ac t  t h a t  
. . 

t h e  v e l o c i t y  a n d  p r e s s u r e  e q u a t i o n s  d o  n o t  a g r e e  i f  s p e c i a l  

t r e a t m e n t  i.s n o t -  g i v e n  t o  t h e  " i r r e g u l a r  starm cells .  Never-  

t h e l e s s ,  t h e i r  r e s u l t s  show c o n s i d e r a b l e  improvement  o v e r  ' t h e  

o r i g i n a l  HAC t e c h n i q u e  i n  t i e  smoothness of t h e  f ree  surface 

a n d  v e l o c i t y  . p r o f i l e s .  

They a l s o  u s e d  a  Newton-Gregory f o u r - p o i n t  backward  d i f  - 
f e r e n c e  a p p r o x i m a t i o n  t o  t h e  d e r i v a t i v e s  of t h e  v e l o c i t i e s  i n  

o r d e r  t o  e x t r a p o l a t e  them a c r o s s  t h e  i n t e r f a c e .  T h i s  

t e c h n i q u e  a l l e v i a t e d  t h e .  p rob lem.  of d e c i d i n g  w h i c h  b o u n d a r y  



73 

c o n d i t i o n  t o  a p p l y  t o  t h e  v e l o c i t i e s  a t  t h e  free s u r f a c e .  
I 

. . 

The method r e q u i r e s  t h a t  t h e .  f i r s t  d e r i v a t i v e  o f  t h e  v e l o c i t y  

b e  c o n t i n u o u s ,  w h i c h  s a t i s f i e s  n e i t h e r  t h e  c o n s e r v a t i o n  o f  

volume n o r  t h e  t a n g e n t i a l  stress c o n d i t i o n s .  . However, i t  

d o e s  p r o d u c e  s m o o t h l p  v a r y i n g  v e l o c i t i e s  a s  t h e  t r a n s i t i o n  

i n t o  empty s p a c e  i s  made, s o m e t h i n g  t h a t  t h e  o r i g i n a l  H A C ,  ' 

method d i d  n o t  do. T h e  free s u r f a c e  c a n  t h u s  b e  u s e d  a s  a 

' r e f e r e n c e  b o u n d a r y  b e c a u s e  i t  is n o  l o n g e r  i r r e g u l a r .  T h e s e  

r e s u l t s  are of c o n s i d e r a b l e  i m p o r t a n c e  t o  t h @  s o l u t i o n  of t h e  

f o r m i n g .  a n d  s e p a r a t i n g  d r o p  p r o b l e m .  

I n  t h e  p r e v i o u s  d i s c u s s i o n ,  i t  h a s  b e e n  assumed  t h a t  a 

t e c h n i q u e  is a v a i l a b l e  t o  a c c u r a t e l y  d e t e r m i n e  t h e  l o c a t i o n  

a n d  s h a p e  of t h e  free. s u r f a c e .  T h i s  is n e c e s s a r y  f o r  t h e  

c a l c u l a t i o n  o f  t h e  f r a c t i o n a l  ce l l  w i d t h s  s e e n  i n  F ig .  11, 

a n d  f o r  t h e  c a l c u l a t i o n  of s u r f a c e  t e n s i o n  forces. However., 

t h e  BAC method  p r o , v i d e s  n o  means  of r e s o l v i n g  t h e  f l u i d  

i n t e r f a c e  more a c c u r a t e l y  t h a n  a cel l  w i d t h .  A l s o ,  n0n.e o f  

t h e  articles just r e v i e w e d  r e s o l v e d  t h e  i n t e r f a c e  more  

a c c u r a t e l y  t h a n  t h e  c h o r d s  t h a t  c o n n e c t  t h e  i n t e r f a c e '  p a r t i -  

cles. While  t h e  l a t t e r  r e s o l u t i o n  is e n o u g h  t o  i n c o r p o r a t e  

, a c c u r a t e  b o u n d a r y  data  i n t o  p r e s s u r e  c a l c u l a t f o n s ,  'it is  n o t  

s u f f i c i e n t  t o  c o m p u t e  s u r f a c e  t e n s i o n  forces. F o r  t h e  compu- 

t a t i o n  of s u r f a c e  t e n s i o n  f o r c e s  it is n e c e s s a r y  t o  know 

a c c u r a t e l y  t h e  first a n d  s e c o n d  d e r i v a t i v e s  o f  t h e  f u n c t i o n  

r e p r e s e n t i n g  t h e  free s u r f a c e ,  f r o m  w h i c h  R, a n d  B2 map be  



c a l c u l a t e d .  

D a l y  (9, . l o )  a n d  D a l y  a n d  P r a c h t  (1.1) i n c o r p o r a t e a  

s u r f a c e  t e n s i o n  'forces i n  .two f l u i d  c a l c u l a t i o n s  by us in .g  

i n t e r f a c e  p a r t i c l e s  t o  d e s i g n a t e  t h e  l o c a t i o n  of t h e  free 

s u r f a c e ,  a n d .  s p l i n e  i n t e r p b l a t i n g  f u n c t i o n s  t o  r e p r e s e n t  it 

. b e t w e e n  p a r t i c l e s .  T h i s  t e c h n i q u e ,  allows t h e  c a l c u l a t i o n  of ' ' 

b o t h  t h e  l o c a t i o n  o f  t h e  i n t e r f a c e  a n d  t h e  s u r f a c e  t e n s i o n  . . 

force a t  a n y  p o i h t ,  v i t h i n  t h e  a c c u r a c y  of t h e  i n t e r p 6 1 a t h g  . , . . '  

p o l y n o m i a l s .  

I n  a s u b s e q u e n t  p a p e r  D a l y  (12)  d e m o n s t r a t e d  how t h e  
. . 

s u r f a c e  may be r e s o l v e d  by  p i e c e w i s e  c u b i c  s p l i n e s  t o  

i n t e r p o l a t e  t h e  m o n o t o n i . ~  s e g m e n t s  o f  t h e  i n t e r f a c e . .  l l h e r e  

t h e  p a r t i c l e s  are n o t .  monotone  f o r  more t h a n  f i v e  s u c c e s s i v e .  

,. p a r t i c l e s ,  h e  s u g g e s t s  u s i n g  c i r c u l a r  s e g m e n t s  t o  a p p r o x i m a t e  
. . 

t h e  s n r f a c e  a n d  t a k i n g  t h e  r a d i i  of c u r v a t u r e  . to be t h e  r a d i -  

u s  'of t h e  circle a n d  t h e  d i s t a n c e  a l o n g  t h e .  r a - d i u s  t o  t h e  z- 

a x i . s  r e s p e c t i v e l y .  The p r o c e s s  d e s c r i b e d  is c o m p l e t e  i n  t h a t  

it al lows f o r  f o l d i n g  of t h e  s u r f a c e  u p o n  i t se l f .  I t  a l s o  

p e r m i t s  p a r t i c l e s  t o  b e  a d d e d  t o  or  d e l e t e d  from t h e  

i n t e r f a c e  when the d e n s i t y  becomes i r r e g , u l a r .  I n  a d d i t i o n ,  

s m o o t h i n g  c a n  b e d o n e  i n  t h o s e  p l a c e s  w h e r e  t h e  s u r f a c e .  

becomes too p e a k e d  f o r  p r o p e r  r e s o l u t i o n  by s p l i n e s .  

The  s c h e a e  d o e s  h a v e  some d r a w b a c k s .  The s u r f a c e  

t e n s i o n  forces are  t r e a t e d  a s  c o m p o n e n t s  of t h e  v e l o c i t y  

J e q u a t i o n s .  S i n c e  t h e  v e l o c i t i e s  d o  n o t  a l w a y s  f a l l  o n  t h e  , , 



i n t e r f a c e ,  t h e  forces are a p p l i e d  a t  t h o s e  v e l o c i t y  l o c a t i o n s  

c l o s e s t  t o  t h e  i n t e r f a c e .  T h i s  i n t r o d u c e s  errors d u e  t o  t h e  

d i f f e r e n c e s  i n  l o c a t  i o n ,  s imi la r  t o  t h o s e  d i s c u s s e d  f o r  

p r e s s u r e .  ! 
I i 

Also, Daly ' s  t e c h n i q u e  is d i f f i c u l t  t o  i m p l e m e n t  i n  t h e  

g e n e r a l  case v h e r e  t h e  s u r f a c e  c u r v a t u r e  may v a r y  'widely. 

The f i t t i n g  p r o c e d u r e s  are n o t . d i f f i c u l t  t o  i m p l e m e n t ,  b u t  

s e n s i n g  v h e r e  t h e  c u r r e  s h o u l d  b e  b r o k e n  i n t o  s e g m e n t s  is  

v e r y  d i f f i c u l t  t o  f o r m u l a t e  w i t h  g e n e r a l i t y .  T h u s  M h i l e  the 
. . 

o v e r a l l  s c h e m e  p r e s e n t e d ,  by .  Daly  (12)  c o u l d  h a v e  been  u s e d : i r i  

t h i s  work, i m p o r t a n t  m o d i k i c a t i o n s  h a v e  b e e n  made. 



RESULTS 

Drop  ~ o d i f  i c a t i o n s  

T h e  f i r s t  m o d i f i c a t i o n .  t h a t  was  i n c o r p o r a t e a  i n t o  t h e  

HAC method f o r  t h i s  work was t h e  a d d i t i o n  of t h e  ' i n t e r f a c e  

f i t t i n g  p r o g r a m  j u s t  d i s . c u s s e d .  It was n o t  p o s s i b l e  t o  i a -  

p l e m e n t  D a l y ' s  (12)  t e c h n i q u e s  f o r  i n t e r f a c e s . v h i c h  became 

d o u b l e  v a l u e d .  T h e  r e a s o n  f o r  t h i s  was t h e  c o m p l e x i t y  o f  t h e  ' 

r o u t i n e s  n e e d e d  t o  s p l i t  u p  t h e  i n t e r f a c e  particles i n t o .  
' 

m o n o t o n i c a l l y  v a r y i n g  s e q u e n c e s .  

A f t e r  some e x p e r i m e n t i n g  w i t h  t h e  Daly a p p r o a c h ,  it was 

f o u n d  t h a t  t h e  a c c u E a c y  n e a r  f u n c t i o n a l  d i s c o n t i n u i t i e s  was 

u n a c c e p t a b l e .  T h i s  is i l l u s t r a t e d  i n  T a b l e  I f o r  t h e  

i n t e r f a c e  c o n f i g u r a t i o n  shown i n  P i g .  12. I n  a d d i t i o n ,  when 

a n  a t t e m p t  was made. t o  f i t  t h e  same i n t e r f a c e  a s  a p i e c e w i s e  

' f u n c t i o n  of z, t h e .  me thod  f a i l e d  c o m p l e t e l y .  T h i s  . m o t i v a t e d  

a s e a r c h  f o r  a B o r e  e a s i l y  i m p l e m e n t e d ,  a c c u r a t e  t e c h n i q u e .  

A h l b e r g ,  N i l s o n  a n d  Walsh (1) h a v e  s u g g e s t e d  t h a t  a g e n e r a l  

c u r v e  f i t t i n g  t e c h n i q u e  u s i n g  p a r a m e t r i c  e q u a t i o n s  would  s i g -  

n i f i c a n t l y  ease t h e  programming p r o b l e m  a n d  p r o v i d e  a c c u r a t e  

r e s u l t s  a s  well. 

T h e  p a r a m e t e r  c h o s e n  f o r  t h i s  work was t h e  c u m u l a t i v e  

c h o r d  l e n g t h  be tween  i n t e r f a c e  p a r t i c l e s ,  w h i c h  i s  a p p r o x i -  

m a t e l y  e q u a l  t o  arc l e n g t h  f o r  c l o s e l y  s p a c e d  p a r t i c l e s .  Cu- 

m u l a t i v e  c h o r d  l e n g t h  is  a  m o n o t o n i c a l l y  i n c r e a s i n g  i n d e p e n -  



interface function 

z = 112 +(I /4)cos(4nr)' . O < ~ C  0.625 

0.625G.r < I Z =  a + b r + c r  . 
a=3.347099 b=-9.1691.24 c=4.822025 

fluid data 

p, = 0.5 gmlcc 

T, = 71.97 dyneslcm 

6x = 0.1 cm 
6t = 0.001 sec 

71 par t ic les  were used to  describe the 
in ter face 

' ~ i ~ u r e  12. . A f u n c t i o n  u s e d  t o  test t h e  D a l y  (12) t e c h n i q u e  
for interface f i t t i n g .  



Table  I .  Approximate and known v e l o c i t y  components due ' t o  
s u r f a c e  t e n s i o n ,  f o r  t h e  f u n c t i o n  shown i n  F i g .  

I 12. 

cel l  computed known e r r o r .  . I e r r o r  
v e l o c i t y  v e l o c i t y  

, . (cm/sec) (crn/sec) 

1Large e r r o r  due to  l o c a l  maximum i n  z 

2Large e r r o r  due t o  c u r v a t u r e  d i s c o n t i n u i t y  



d e n t  v a r i a b l e  which c a n  be u s e d  for  any  i n t e r f a c e  c o n f i g u r a -  

t i o n .  T h u s  it is p o s s i b l e  t o  f i t  r a d i u s  a n d  h e i g h t  s e p a r a t e -  

l y  . v e r s e s  c u m u l a t i v e  c h o r d  l e n g t h ,  f o r  t h e  e n t i r e  l e n g t h  o f  

t h e  i n t e r f a c e ,  i n  a  s i m p l e  o n e  s t e p  p r o c e s s .  

A co.par ison o f  t h e  two p r o c e s s e s  u s e d  i n  t h e  computa -  

t i o n  of s u r f a c e  t e n s i o n  forces is shown i n  T a b l e  II; fo r  t h e  

i n t e r f a c e  c o n f i g u r a t i o n  s e e n  i n  F i g .  13. From T a b l e  11 it 
, . 

c a n  b e  s e e n  t h a t  t h e  neu  s c h e m e  sacrifices some a c c u r a c y  be- 

c a u s e  two f i t s  must  b e  made. I n  some. p l a c e s  f i t t i n g  e r r o r s  

w i l l  a d d  a n d  i n  o t h e r s  t h e y  w i l l  c a n c e l .  However,  no 'where i n  

t h e  new method does t h e  l a r g e  error d u e  t o  m i s m a t c h e d  f i t s  

o c c u r  a s  i t  d i d  u s i n g  D a l y 8 s  t e c h n i q u e .  T h e  new method a l s o  

u s e s  less s t o r a g e  f o r  t h e  c o m p u t e r  c o d e  n e c e s s a r y  t o  p r o c e s s  

t h e  i n t e r f a c e s .  

The f i t t i n g  'of  t h e  i n t e r f a c e  p r o c e e d s  as '  f o l l o v s ;  

1. A s i n g l e r o w  of p a r t i c l e s  is d e s i g n a t e d  as  t h e  i n t e r f a c e .  

T h e s e  p a r t i c l e s  are a l w a y s  numbered c o n s e c a t i v e l y  b e g i n n i n g  

a t  t h e  z -ax i s .  k= l , .  .. ,k* , a n d  t h e  n u n b e r i n g  i s  m a i n t a i n e d  

c o n s e c u t i v e  w h e t h e r  or n o t  p a r t i c l e s  are  a d d e d  o r  removed.  

T h e  p a r t i c l e s  s t r i n g  b e g i n s  a n d  e n d s  w i t h  f i c t i t i o u s  p a r t i -  

cles numbered 0 a n d  P+I w h i c h  l i e ,  o u t s i d e  of a n d  on t h e  

p h y s i c a l  b o u n d a r i e s  of t h e  f l u i d ,  r e s p e c t i v e l y .  

2. The  f i t t i n g  s c h e m e  is t h e  s i m p l e  p i e c e w i s e  c u b i c  

p o l y n o m i a l  p r e s e n t e d  by  D a l y  (12) a n d  by A h l b e r g ,  N i l s o n  a n d  

Walsh . . (1) .  T h e  p a r a m e t r i c  f u n c t i o n  r (x )  a n d  its f i r s t  a n d  



TEST # 

interface function 

y1(0)=2flY/X=tan oc = 1.5 

fluid data 
p,, =0.5gm/cc 

T = 71 9 7  dyneslcrn 

bx= 0.1 cm 

6t = 0.001 sec 

41 partic'les were used to describe the 
interface 

Ffqure  13. A f u b c t i o n  .used t o  test  b o t h  t h e .  Daly  412) 
i n t e r f a c e  f i t t i n g  scheme and t h a t  used  i n  t h i s  work. 



Table  11. ' 'Approximate  and known v e l o c i t y  components  due t o  
s u r f a c e  t e n s i o n  for t h e  f u , n c t i o n  s e e n  i n .  Fig .  13. 

ce l l  known v e l o c i t y  % e r r o r  s e l o c i . t y  (A error 
v e l o c i t y  Daly (12)  t h i s  work 
(cm/sec) (cm/sec) (cm/sec) 

ILarge errors due to  breaks  i n  s p l i n e  s e q u e n c e s  



s e c o n d  d e r i v a t i v e s  r g  (x)  a n d  r" ( x )  are, 

X - X  )5 M 1 (u3 + M r ( ~  + (A - y)(X-Xk,) Mk-l 6~~ k 61k 
k 

where  Lk is  t h e  c h o r d  l e n g t h  b e t w e e n  p a r t i c l e s  k a n d  k - 1 ,  a n d  

X j  is t h e  c u m u l a t i v e  c h o r d  l e n g t h  t o  p a r t i c l e  j. 

4. ' The e n d  ' p o i n t  c o n s t a n t s  Fib a n d  ?Ir must b e  s p e c i f i e d .  
I?+ I 

They may be o b t a i n e d  i n  t h e  f o l l o u i n g  manner  

where  t h e  X ' s  are c o n s t a n t s  c h o s e n  f o r  t h e  b e s t  f i t .  

5. The c o n s t a n t s  H' a n d  t h e i r  c o m p a n i o n s  flZ i n  t h e  corre- 
k k 

i r 
s p o n d i n g  z formulae are r e l a t e d  t o  t h e i r  n e i g h b o r s  flk_(and Wk+l 

which c a n  be ' w r i t t e n  as ' t h e  t r i d i a g o n a l  s y s t e m  of e q u a t i ' o n s ,  



= h e  a b o v e  s y s t e m  c a n  be s o l v e d  f o r  t h e  HL , b y  t h e  method of 
. . 

Thomas which is  a s i m p l e  r e c u r s i v e  r o u t i n e  for  t h e  i n v e r s i o n  

o f  t r i d i a g o n a l  matrices a n d  t h e  s i r n u l t a n e o u s . s o l u t i o n  o f  

t h e i r  associated s y s t e m s ,  

6. A similar, p r o c e d u r e  is u s e d  t o  d e t e r m i n e  z ( x ) .  

7, With t h e . s p l i n e  f i ts  c o n ' p l e t e d ,  o n e  e a c h  f o r  r a n d  2,: t h e  

i n t e r f a c i a l  t e n s i o n  force a t  a n y  p o i n t  (r (x) ,z (x) ) o n  t h e  

interface may be c a l c u l a t e d  from t h e  r e l a t i o n  
. - .  

where  t h e  p r i m e s  i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  n. 

F i g u r e  14 s h o w s  a f l o w  d i a g r a m  of t h e  i n t e r f a c e  f i t t i n g  

p rogram,  A d j u s t m e n t s  t o  t h e  p a r t i c l e  d e n s i t y  a l o n g  t h e  

i n t e r f a c e  are  made first, w i t h  c o n t i n u i t y  of t h e  n u m b e r i n g  

s c h e m e  m a i n t a i n e d .  The i n t e r f a c e  p a r t i c l e s  a r e  t h e n  s p l i n e -  

f i . t t e d  by  t h e  method o u t l i n e d  a b o v e ,  a n d  a  c h e c k  o f  t h e  



Master. Flowsheet 

h 

Figure 14. A f lowsheet  of the f i t t i n g  scheme used in t h i s  
work. . 
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c u r v a t u r e  a t  e a c h  p a r t i c l e  is made, s u b j e c t  t o  t h e  restric- 

t i o n  t h a t  

a s  s t a t e d  b y  ~ a l y '  ( 12 ) .  T h i s  restricts t h e  f l u i d  mo t ion  due .  
P . .  . 

t o  s u r f a c e  t e n s i o n  t o ' d i s t a n c e s  less t h a n  a cell w i d t h  i n ' o n e  

t i n e  s t e p .  P a r t i c l e s  i n  v i o l a t i o n  of E q .  (68) a r e  s u b j e c t e d  

t o  a s m o o t h i n g  by a least  s q u a r e s  p a r a b o l i c  f i t  o f  t h e i r  

n e a r e s t  n e i g h b o r s  a n d  a s u b s e q u e n t  r e a d  j u s t  s e n t  o f  t h e i r  

o r d i n a t e  v a l u e s .  I f  a p a r t i c l e  n e e d s  s m o o t h i n g  .more t h a n  
. . 

f o u r  c o n s e c u t i v e  times it is i g n o r e d ,  b e c a u s e  f u r t h e r  

s m o o t h i n g  would mos t  l i k e l y  n o t  r e d u c e  its c u r v a t u r e . .  
. . 

When t h i s  a p p r o a c h  is compared w i t h  t h e  i n t e r f a c e  f i t -  

t i n g  t e c h n i q u e  of Daly  ' (12)  (F ig ,  15) it c a n  b e  s e e n  t h a t  

some r e d u c t i o n  o f  l o g i c  h a s  o c c u r r e d .  What is n o t  a p p a r e n t  

from s u c h  a c o m p a r i s o n  is t h a t  D a l y a s  "subdivision o f  

i n t e r f a c e w . s u b r o u t i n e  a c c o u n t e d  f o r  o n e  t h i r d  o f . t h e  t o e a i  

c o d e  r e q u i r e d  fo r  t h e  program. 

~ i t h ' t h e  a d d i t i o n  o f  t h e  i n t e r f a c e  f i t t i n g  , c a p a b i l i t y ,  

it was b e l i e v e d  t h a t  t h e  HAC method would p r o d u c e  accurate 

d r o p l e t  p r o f i l e s ,  g i v e n  t h e  c o r r e c t  . i n i t i a l  c o n d i t i o n s .  This .  

was n o t  t h e  case. The errors i n c u r r e d  by t h e  u s e  of s u r f a c e  

f o r c e s  a t  l o c a t i o n s  d i f f e r e n t  from t h o s e  t h a t  a c t u a l l y  g a v e  

r i se  t o  them c a u s e d  more d i s t o r t i o n  o f  t h e  i n t e r f a c e  t h a n  had 

been  e x p e r i e n c e d  b e f o r e ,  T h e r e  was a l s o  d i s t o r t i o n  due  t o  
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Figure 15. A flowsheet of t h e  f i t t i n g  scheme pr6posed by 
Daly ( 1 2 ) .  . . 



t h e  v e l o c i t y  e x t r a p o l a t i o n s  of t h e  u n m o d i f i e d  MAC method .  

. The m o d i f i c a t i o n s  o f  Chan a n d  S t r e e t  (7)  may b e  a p p l i e d  

t o  correct t h e s e  p r o b l e m s .  By a d j u s t i n g  t h e  p r e s s u r e  e q u a -  

t i o n ,  Eg, ( 5 6 ) ,  t o  a c c e p t  i r r e g u l a r l y  s p a c e d  b o u n d a r y  d a t a ,  

a n d  u s i n g  t h e  i n t e r f a c e  f i t t i n g  s c h e m e  j u s t  d i s c u s s e d ,  i t  is 

p o s s i b l e  t o  a p p l y  p r e s s u r e  f o r c e s  a t  t h e i r  correct l o c a t i o n s .  

T h e  f o l l o w i n g  a p p r o x i m a t i o n  t o  Eq. (18) d i s p l a y s  t h e  ad- 
. . 

j u s t m e n t s  t o  Eq. (56) v h i c h  were n e c e s s a r y  t o  . i n t r o d u c e  

i r r e g u l ' a r l y  s p a c e d  p r e s s u r e  d a t a .  

where  

Here a n d  cijti r e p r e s e n t  a l l  t h e  terms. e x c e p t  f o r  

p r e s s u r e  on t h e  r i g h t  h a n d  s i d e s  of Egs. . ( 2 2 )  and (23), . re- 

s p e c t  i v e l y ;  and are u s e d  f o r  n o t a t i o n a l  c o n v e n i e n c e .  Equa- 

t i o n  (70) is  shown t o  e m p h a s i z e  t h e  f a c t  t h a t  t h e  v e l o c i t y  

l o c a t i o n s  a r e  u n c h a n g e d  from t h e  o r i g i n a l  EIAC method,  ' and  

o n l y  t h e  l o c a t i o n s  o f  t h e  p r e s s u r e  b o u n d a r y  d a t a  a t  t h e  f r e e  

s u r f a c e  h a v e  b e e n  a l t e r e d .  



T h u s  E q .  (18 )  may now be a p p r o x i m a t e d  b y  Eq.  (69) i n  a 

manne r  c o n s i s t e n t  v i t h  t h e  v e l o c i t y  e q u a t i o n s .  T h e  a c c u r a c y  

of t h i s  a p p r o x i m a t i o n  is O ( S r ,  82) a s  may b e  s e e n  from t h e  . 

l a s t  term of Eq.  (7 1 ) .  

T h i s  p a r t i c u l a r  a r r a n g e m e n t  o f  t h e  v e l o c i t y  a n d  p r e s s u r e  

e q u a t i o n s '  t o g e t h e r  w i t h  l i n . e a r  e x t r a p o l a t i o n  o f  t h e  

v e l o c i t i e s '  n e a r  t h e  free s u r f a c e  p r o d u c e d  a .  s o l u t i o n '  t o  t h e  

f o l l o w i n g  h y p o t h e t i c a l  p r o b l e m  p r o p o s e d  a s  a test  o f  t h e  

t e c h n i q u e ,  

A q u i e s c e n t  water d r o p  is h a n g i n g  from a f l a t  s u r f a c e .  

Its s h a p e  is i n i t i a l l y  g i v e n  b y  t h e  L a p l a c e  e q u a t i o n  a n d  its 

i n i t i a l  p r e s s u r e  d i s t r i b u t i o n  is h y d r o s t a t i c .  ' A t  time t = O  

t h e  s u r f a c e  t e n s i o n  f o r c e  r e s t r a i n i n g  t h e  d r o p  is r e m o v e d  a n d  

t h o  d r o p  is allowed t o  f a l l  u n d e r  t h e  i n f l u e n c e  o f  g r a v i t y  

s u b j e c t  o n l y  t o $ = 0  a t  t h e  free s u r f a c e .  

T h e  i n i t i a l  i n t e r f a c e  a n d  t h e  ce l l  g e o m e t r y  are s h o w n  i n  

F i g .  16.  T h e  s o l u t i o n s  are  r e p r e s e n t e d  by  t h e  s e q u e n c e  o f  

i n t e r f a c e  p r o f i l e s  shown a t  l a t e r .  times i n  F i g .  17. A t  times 
. . 

t > 1 , 0  t h e  i n t e r f a c e  b e g i n s  t o  d e v e l o p  l u m p s  w h i c h  c a n  b e  
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Figure 16. The iditial i n t e r f a c e  and c o m p u t a t i o n  mesh u s e d  
t o  s i m u l a t e  t h e  f a l l  of a w a t e r  drop. . . 



Figure 17. The prof i l e s  of a drop of .water  separating u i t h -  
out surface tension. T h e  lumps appear l a t er  i n  t h e  separa- 
t ion  and are due t o  volume conservation errors. 
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t r a c e d  back  t o  t h e  v e l o c i t y  e x t r a p o l a t i o n  p r o c e d u r e .  ~ u e  t o  
. . 

t h e  i n d e p e n d e n t  e x t r a p o l a t i o n  of  u  a n d  v .  t h e  d i v e r g e n c e  i n  

cel ls  o u t s i d e  t h e  f l u i d  is n o t  n e c e s s a r i l j  zero. T h i s  is 

u n i a p o r t a n t  u n t i l  a  cell  which  h a s  n o t  been u s e d  i n  t h e  

p r e s s u r e  c a l c u l a t i o n s  becomes a n  n i r r e g u l a r  stir", b e c a u s e  o f  

.movement. of f l u i d  i n t o  t h e  cell. At t h i s  t i n e  its v a l t i e  of 

D i j  is i n c o r p o r a t e d  i n t o  t h e  p r e s s u r e  c a l c u l a t i o n .  S i n c e  

t h e r e  is n o  way t o  c o n t r o l  t h e  s i z e  o f  D.. for  cel ls  o u t s i d e  
'1 

t h e  f l u i d  r e g i o n ,  ' t h e s e  r a l y e s  b a y  b e  l a r g e .  I n  t h e  c a s e  

p r e s e n t e d .  h e r e  t h e y .  are l a r g e  enough.  t o  p roduce  t h e  lumps  i n  

t h e  i n t e r f a c e .  The v e l o c i t y  e q u a t i o n s  r e s p o n d  t o  t h e  tempo- 

r a r y  l o s s  of momentum by i m p a r t i n g  momentum i n  t h e  o p p o s i t e  

d i r e c t i o n ,  c a u s i n g  t h e  lumps.  

The problem o f  Pumps d u e  t o  t h e  i n c o r p o r a t i o n  o f  D e e  
I J 

e r r o r s  i n t o  t h e  p r e s s u r e  s o l u t i o n  was e l i m i n a t e d  by f o r c i n g  

Dij  =O i n t o  t h e  cel ls  s u r r o u n d i n g  t h e  f l u i d  r e g i o n .  T h i s  was 

a c c o m p l i s h e d  by first l i n e a r l y  e x t r a p o l a t i n g  t h e  v v e l o c i t y  
\ 

v a l u e s  a s  b e f o r e ,  a p p r o x i m a t e l y  t h r e e  ce l l  w i d t h s  away f r o m  

t h e  i n t e r f a c e .  Then,  u s i n g  t h e  u  v e l o c i t i e s  i n s i d e  t h e  ' f l u i d  

a t  t h e  i n t e r f a c e  as  boundary  d a t a  f o r  t h e  u v e l o c i t i e s  o u t -  

s i d e  t h e  f l u i d ,  t h e  d i f f e r e n c e  a p p r o x i m a t i o n  t o  D.. = O  was 
- IJ 

u s e d  . t o  d e t e r m i n e  t h e  r e m a i n i n g  u  v e l o c i t y  i n  e a c h  cell  

a d j a c e n t  t o  t h e  f l u i d  r e g i o n .  T h i s  p r o c e s s .  was u sed  t o  

e x t e n d  u  t o ,  t h e  n e x t  row o f  cel ls  a n d  s o  on u n t i l  a l l  needed  

o u t s i d e  v e l o c i t i e s ,  b o t h  u  a n d  v, were s p e c i f i e d  and- t h e  d i -  



I . v e r g e n c e s  v a n i s h e d  a t  t h e  cel l  c e n t e r s ,  

Uhen t h e  above  e x t r a p o l a t i o n  t e c h n i q u e  was a p p l i e d  t o  

t h e  problem of t h e  f a l l i n g  d r o p ,  t h e  i n t e r f a c e  ' p r o f i l e s  i n  

Fig .  18 r e s u l t e d ,  A s  c a n  b e  c l e a r l y  s e e n ,  t h e  l umps  h a v e  

d i s a p p e a r e d  a n d  t h e  i n t e r f a c e  is sniooth abd a c c e l e r a t i n g  a t  

t h e  g r a v i t a t i o n a l  r a t e .  T h u s  whi . l e  s l i g h t l y  ' less a c c u r a t e  
. . 

t h a n  o t h e r  p o s s i b l e  schemes ,  Eq. (69) t o g e t h e r  w i t h  l i n e a r  

v e l o c i t y  e x t r a p o l a t i o n  p r o v i d e s  t h e  needed  a c c u r a c y  for  t h e  

s o l u t i o n  o f  ' t h i s  p a r t i c u l a r  f a l l i n g  d r o p  problem. 

O t h e r  p e r t i n e n t  i n f o r m a t i o n  a b o u t  t h e  d r o p  . b e s i . d e s  its 

p r o f i l e  may b e  g a t h e r e d  i n  t h i s  p r o c e s s .  F i g u r e  19 p r e s e n t s  

t h e  r a t e  of s u r f a c e  a r e a  p r o d u c t i o n  f o r  t h e  d rop ,  T h i s  i n -  

f o r m a t i o n  a l o n g  w i t h  t h e  v e l o c i t y  d i s t r i b u t i o n s  p e r m i t s  s t u d -  
. . 

ies of mass t r a n s f e r  w i t h i n  t h e  d r o p . '  However, s i n c e  t h e  

v e l o c i t y  h i s t r i b u t i o n ' s  a r e  g e n e r a t e d  i n  t a b u l a r  form it is 

n o t  c o n v e n i e n t  t o  p r e s e n t  t h e  time v a r i a t i o n s  of e a c h  o f  ': 

t h e s e  d i s t r i b u t i o n s .  A t y p i c a l  v e r t i c a  1 v e l o c i t y  d i s t r i b u -  

t i o n  is shown i n  F ig .  20 t o  i l l u s t r a t e  t h e  q u a n t i t y  o f  i n f o r -  

m a t i o n  which i s  a v a i l a b l e  i n  eaah , d i s t r i b u t i o n .  T h u s ,  t o  

s a v e  s p a c e  and  and  make m e a n i n g f u l  a s s e s s m e n t  o f  . t h e  f l o w  

e a s i e r ,  t h e  v e l o c i t y  d i s t r i b u t i o n s  a r e  p r e s e n t e d  i n  t h e  form 

o f  v e c t o r  f i e l d s ,  which  w i l l  b e  e x p l a i n e d  l a t e r .  The marke r  

p a r t i c l e  p l o t s  a r e  i n c l u d e d  where  t h e y  i n d i c a t e  some u s e f u l  

f l o w  p r o p e r t y ,  s u c h  a s  t h e  amount o f  s u r f a c e  s t r e t c h i n g  i n  

t h e  f a l l i n g  d r o p  problem. The  p r e s s u r e  d i s t r i b u t i o n s  a r e  n o t  
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F i q u r e  18. The p r o f i l e s  of a drop of  water s e p a r a t i n g  u i t h -  
o u t  surface t e n s i o n .  The s m o o t h n e s s  of t h e  p r o f i l e s  i n d i -  
c a t e s  a  l a c k  of volume c o n s e r v a t i o n  errors. 



TIME ( s e c l g ) ' .  

F i g u r e  19. 'Phe surtace area of t h e  drop'seen in pig. 1'8 . a s  a 
f u n c t i o n  of time. 
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Figure 20. The v v e l o c i t y  f u n c t i o n  shown a s  a f u n c t i o n  of r 
and z. The velocity scale s h o u l d  b e  multiplied b y  J980 t o  
c o n v e r t  the v a l u e s  t o  ca/sec. T h e s e  v e l o c i t i e s  a r e  t a k e n  
from t h e  r u n  whose p r o f i l e s  a r e  s e d n  i n  Fig. 18, at time 0.5 
s ~ c / ~ S I J .  
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p r e s e n t e d  b e c a u s e  of t h e  d i f f i c u l t y  i n  p r e s e n t i n g  them i n  a 

manner which would c o n t r i b u t e  t o  t h e  u n d e r s t a n d i n g  o i  t h e  

b a s i c  f l ow .  

8ost r e c e n t l y ,  t h e  f a l l i n g  d r o p  problem was a g a i n  s o l v e d  

by a t e c h n i q u e  somewhat  d i f f e r e n t  from t h a t  j u s t  p r e s e n t e d .  

. I n  t h i s  t e c h n i q u e  Eg.  .(69) . i s  u s e d  t o  a p p r o x i m a t e  Eq. ( 5 5 ) .  

T h i s  e q u a t i o n  was o n l y  u s e d  t o  p r e d i c t  t h e  p r e s s u r e  d i s t r i b u -  

t i o n .  Once t h e  p r e s s u r e  d i s t r i b u t i o n  was  p r o p e r l y  . r e l a x e d ,  

t h e  p r e s s u r e s  were e x t r a p o l a t e d  t o  cell  c e n t e r s  o u t s i d e  t h e  

f l u i d .  T h i s  was d o n e  i n  s u c h  a' manner  as  t o  p r e s e r v e  t h e  ac- 

c u r a c y  of t h e  a p p r o x i m a t i o n  t o  Eq.  ( 6 9 ) ,  b u t  t o  .relocate t h e  

p r e s s u r e s  f o r  more a c c u r a t e  u s e  i n  t h e  v e l o c i t y  e q u a t i o n s ,  

The  e x t r a p o l a t i o n  was made i n  t h e  f o l l o w i n g  manner. F o r  

any  " i r r e g u l a r  staru cell, t h e  a p p r o x i m a t i o n  t o  c2 is 
dZ2 

2 2 

where t h e  d a t a  are a s s u i e d  t o  b e . u n e q u a l l y  spaced .  However, 

e q u a l l y  s p a c e d  d a t a  c o u l d  h a v e  g i v e n  rise t o  t h e  same v a l u e  

of t h e  s e c o n d  d e r i v a t i v e  from t h e  f o l l o w i n g  a p p r o x i m a t i o n ,  

If Q4=l,  t h e s e  two a p p r o x i m a t i o n s  may be  set e q u a l  t o  g i v e  



(74) 
. =. (Pi,+(,+ $ij-l-.2$ij . , 

. , . .  

which may b e  s u b ~ e q ~ e n t l y  r e a r r a n g e d  t o  s o l v e  fo r  #)ij+l' . If 

t h e  e x t r a p o l a t e d  v a l u e s  of # , a r e  u s e d  i n  p l a c e  of t h e  free. .  
. . 

s u r f a c e  v a l u e s  i n  t h e  v e l o c i t y  e q u a t i o n s  t h e n  it is p b s s i b l e  

t o  write. v e l o c i t y  a n d  p r e s s u r e  e q u a t i o n s  which a r e ,  

a l g e b r a i c a l l y  c o n s i s t e n t  a n d  have  error terms sf o r d e r  

0 (sr2 , 8z2 )  . T h i s  may be  shown a s  f o l l o w s .  With t h e  e x t r a p o -  

l a t e d  p r e s s u r e  d a t a  a v a i l a b l e  a t  e q u a l l y  s p a c e d  p o i n t s ,  i t  i s  

p o s s i b l e  t o  u s e  t h e  o r i g i n a l  v e l o c i t y  e q u a t i o n s ,  Eqs. (22)  

and  (23 ) .  The p r e s s u r e  d e r i v a t i v e s  i n  t h e s e  e q u a t i o n s  are 

a c c u r a t e  t o  terms o f  o r d e r  0(ar2) ,  as gpposed  t o  t h e  errors 

of o r d e r  O(8r) i n c u r r e d  by u s i n g  t h e  b o r d e r  v a l u e s  a'nd Eqs. 

(69) a n d  (70). The e r r o r  i n c u r r e d  i n  e x t r a p o l a t i n g  t h e  

p r e s s u r e s  is .  o f  o r d e r  0 (ar2) a s  may be s e e n  from . com'paring . 

t h e  t r u n c a t i o n  e r r o r s  of t h e  two s e c o n d  d e r i v a t i v e  . approxi faa-  
. . 

t i o n s .  Thus  t h e  a c c u r a c y  o f  t h e  p r e s s u r e  d e r i v a t i v e  terms i n  

t h e  v e l o c i t y  e q u a t i o n s  may be i n c r e a s e d  by one  o r d e r  of mag- 

n i t u d e ,  and  a t  t h e  same time t h e  v e l o c i t y  a n d  p r e s s u r e  equa -  

t i o n s  a r e  made c o n s i s t e n t  w i t h  o n e  a n o t h e r .  

T h e s e  two . changes  a l o n e  have a c c o u n t e d  f o r  a  l a r g e ' r e -  

d u c t i o n  i n  t h e  error i n t r o d u c e d  a t  t h e  free s u r f a c e .  The re- 

s u l t i n g  i n t e r f a c e  p . r o f i l e s  a r e  shovn  i n  P ig .  21. A s  c a n  b e  

s e e n  from a  c o m p a r i s o n  w i t h  t h o s e  o f  F i g .  18, t h e  new 

p r o f i l e s  are n o t  t h a t  much d i f f e r e n t  f r o m  t h e  o l d  p r o f i l e s ,  

however ,  t h e  g r e a t e s t  i r i p r o v e a e n t  i s  i n  t h e  smoo the r  



ng with- 
using 

RADIUS, R (cm) 
0.5 '0.4 0.3 0.2 . . 0.1 0.0 . . 

1 I 1 1 0.0 

. .. 
. . . '. . '.. . '. . '.. . '. . .. 

t=TIME ( secg )  i 
" ... :... 

- 
.'.... .'..... '.. ............ 

'.. t= 1.00 
% 

', 
- 

\ 

\ 
'\ 

,\: 
t=  1.20 - 

0.7 

0.8 

0.9 

1.0 
Figure 21. The profiles of a drop of water .sagatati 
out surface tension. This calculat ion vas:'performed 
surface .pressures extrapolated ' t o  c e l l .  centers. 



v e l o c i t i e s  a t  t h e  i n t e r f a c e .  

F a l l i n g  p r o p  Problem 

Using  t h e  l a t e s t  methods  p r e s e n t e d  i n  t h e  p r e v i o u s  sec- 

t i o n ,  t h e  u n r e s t r a i n e d  o r  p a r t i a l l y  r e s t r a i n e d  f a l l  of a  d r o p  

u a s  c o n s i d e r e d .  I n  t h i s  p rob lem,  t h e r e  is n o  f l o w  i n t o  o r  

o u t  o f  t h e  drop ,  b u t  its s h a p e  c h a n g e s  w i t h  time a s  i t  f a l l s  

u n d e r  t h e  i n f l u e n c e  of g r a v i t y .  The  d r o p s  c o n s i d e r e d  u s e d  

t h e  f o l l o w i n g  f l u i d  p a r a m e t e r s :  . d e n s i t y ,  1 gm/cm3, v i s c o s i t y ,  

10 c e n t i p o i s e ,  i n i t i a l  s u r f a c e  ' t e n s i o n ,  12.26 dynes/cm, 

i n i t i a l  f l u i d  v e l o c i t y  0 cm/sec a n d  a g r a v i t a t i o n a l  

a c c e l e r a t i ' o n  o f  980,662 cm/sec2. The s u r f a c e  t e n s i o n  was 

c h o s e n  t o  g i v e  a  d r o p  s h a p e  which c o u l d  b e  f o l l o w e d .  for  a t  

l e a s t  1 c e n t i m e t e r  a s  it s t r e t c h e d  o u t .  Thus  t h e  mos t  

d e f o r m a t i o n  c o u l d  b e  o b s e r v e d  w i t h i n  t h e  r e g i o n ,  which was 

l i m i t e d  by  t h e  amount  of compu te r  s t o r a g e  a v a i l a b l e .  ' A t  t h e  

s t a r t  o f  c a l c u l a t i o n ,  t h e  s u r f a c e  t e n s i o n  was r e d u c e d  t o  some 

f r a c t i o n  o f  its o r i g i n a l  v a l u e .  

I n  t h e  f i rs t  example ,  P i g .  22, t h e  p r o f i l e s  and  marke r  

p a r t i c l e s  a r e  p r e s e n t e d  fo r  a d r o p  whose s u r f a c e  t e n s i o n  was 

r e d u c e d  t o  zero. A s  c a n  b e  seen from the v e c t o r  v e l o c i t y  

p l o t s  i n  Pig .  23 t h e  flow is dom' inan t ly  v e r t i c a l  a t  t h e .  a p e x  

and a p p r o x i m a t e s  t h e  f l o w  p a t t e r n  o f  a n .  i n v i s c i d  jet  , . 

i m p i n g i n g  o n  a  f l a t  p l a t e  n e a r  t h e ' b a s e .  T h i s  is s e e n  i n  t h e  

f i g u r e  a s  downward d i r e c t e d  l i n e  . s e g m e n t s  n e a r  t h e  d r o p  a p e x  

and  s h o r t  l i n e s  w h i c h  a p p r o x i m a t e  t h e  t a n g e n t s  o f  a  
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3 

Piqure  2 2 . .  Marker p a r t i c l e  p l o t s  f o r  Example 1 .  Here a free 
s l i p . v e l o c i t y  boandary  c o n d i $ . i o n  was a p l i e d  a t  t h e  base of 
the. d r o p .  blo s u r f a c e  t e n s i o n  was a p p l  ! e d .  
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F i g u r e  23. velocity v e c t o r  p l o t s  f o r  Example 1 .  A t  e a c h  
time the v e c t o r s  are s c a l e d  so t h a t ,  t h e  l o n g e s t  v e c t o r  h a s  
length 0.01 cm and c o r s e s p o n d s  t o  t h e  maximum v e l o c i t y  i n  t h e  
f i e l d .  A t  .times 0 . 1 ,  0 ; 5 ,  and 1.0 s e c o  t h e . m a x i i ' u m ~  
oeloe'ities are 0.097,  . 0.493,'  . and 0.914 cm/sec6 





h y p e r b o l i c  f a m i l y  n e a r  t h e  b a s e .  

A p r i n c i p a l  f e a t u r e  o f  t h i s  c a l c u l a t i o n  i s  t h e  free s l i p  

bounda ry  c o n d i t i o n  a p p l i e d  a t  t h e  b a s e  of t h e  d rop ,  T h i s  was 

a s  much a tes t  of t h e  bounda ry  c o n d i t i o n  a s  a d e t e r m i n a t i o n '  

o f  t h e  flow p a t t e r n ,  a n d  it r e v e a l s  t h a t  t h e  f r e e  s l i p  c o n d i -  

t i o n  d o e s  n o t  a d e q u a t e l y  r e p r e s e n t  t h e  , f l ow  n e a r  t h e  b a s e ,  

The c a l c u l a t i o n  e x t e n d s  o v e r  t h e  time p e r i o d  from 0 t o  0.032 

s e c o n d s ,  i n d i c a t i n g  t h e  magn i tude  of t h e  a c c e l e r a t i . o n s  i n -  

vo lved ,  O f  p r i m a r y  . i n t e r e s t  is t h e  f ac t  t h a t  t h e  f l u i d  
. , 

. w i t h i n  t h e  d r o p  d o e s  n o t  r o t a t e  b e c a u s e  o f '  t h e  v e r t i c a l  f l o w ,  

b u t  r a t h e r  a p p r o a c h e s  p l u g  flow; T h i s  t y p e  of mo t ion  c a u s e s  

t h e  f l u i d  n e a r  t h e  s u r f a c e  of t h e  d r o p  t o  r ema in  n e a r  t h e  

same s u r f a c e  e l e m e n t s  as  time p a s s e s ,  a n d  t h e r e  i s  n o  

t r a n s p o r t  of m a t e r i a l  f rom t h e  c e n t e r  o f  t h e  d r o p  t o '  its 

s u r f a c e  b y  c o n v e c t i o n ,  

The s e c o n d  e x a m p l e  c a l c u l a t i o n .  u s e s  t h e  same i n i t i a l  

c , o n d i t i o n s  and  f l u i d  p a r a a e t e r s  a s  Example I ,  b u t  i n  t h i s  

c a s e  t h e  bounda ry  c o n d i t i o n  a t  t h e  b a s e  o f  t h e  d r o p  is  

r e s t r i c t e d  t o  no s l i p ,  The marke r  p a r t i c l e  p l o t s  a n d  t h e  
. . 

free s u r f a c e  are i n d i c a t e d  i n  F i g ,  24 a n d  t h e  v e c t o r  v e l o c i t y  

. . 
f i e l d s  i n  P i g .  25, The b a s i c  f l o w  p a t t e r n  is t h e ,  same a s  

t h a t  of Example I ,  b u t  t h e  a p e x  o f  t h e  d r o p  is s l i g h t l y  

r e t a r d e d  by t h e  i n i t i a l  r e s i s t a n c e  t o  flow e x e r t e d  b y  t h e  
. . 

b a s e ,  T h i s  c a n  b e  s e e n  by c o m p a r i n g  t h e  a p e x  h e i g h t s  o f  t h e  

d r o p s  i n  F i g s .  22 a n d  2'4 a t  time t= 1 ( s e c h )  , Also  a s  time 
. . 
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F i g u r e  24. Marker p a r t i c l e  p l o t s  for Example 2. Here a n o  
s l i p  v e l o c i t y  boundary c o n d i t i o n  was a p p l i e d  a t  t h e  base of 
t h e  d r o p .  l o  s u r f a c e  t e n s i o n  was a p p l i e d .  
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P i q u r e  25. Vector v e l o c i t y  p l o t s  for Example 2. A t  eac ,h  
time t h e  v e c t o r s .  a r e , s c a l e d  so t h a t  t h e  longest v e c t o r . h a s .  

, l e n g t h  '0 .01 ca ,and correspoedls t o  t h e  maximum v e l o c i t y  i n  t h e  
. f i e l d .  A t  times 0'. 1 ,  0.5, and ,1,0 sec- t h e  marimum 
v e l o c i t i e s  'are 0.101, 0.455, and 0,919 cm/secfl. 
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. p a s s e s ,  t h e  f l u i d  s t r e t c h e s  o u t  i n t o  a t h i n  f i l m  o v e r  t h e  

b a s e ,  i n  a manner r e s e m b l i n g  t h e  way i n  which  r e a l  d r o p s  s ep -  

arate. Again t h e  f l o w  p a t t e r n  is s imi l a r  t o  t h a t  o f  an  

i n v i s c i d  je t ,  a n d  t h e  ' f l u i d  e l e m e n t s  w i t h i n  t h e  d r o p  r e m a i n  

v i r t u a l l y  s t a t i c  w i t h  r e s p e c t  t o  t h e  s u r f a c e  e l e m e n t ' s  t h e y  

are adjacent  to .  I 

One effect n o t  y e t  m e n t i o n e d  i s  t h e  d r a g  e x e r t e d -  on  t h e  

f l u i d  e l e m e n t s  a b o u t  midway be tween  t h e  c e n t e r l i n e  a n d  t h e  

i n t e r f a c e ,  T h i s  c a n  b e  s e e n  i n  t h e  marker p a r t i c l e  p l o t s  by 

f o l l o w i n g  a s i n g l e  h o r i z o n t a l  row o f  p a r t i c l e s  f rom t h e  

c e n t e r l i n e  t o  t h e  i n t e r f a c e ,  a t  a g i v e n  time., C l e a r l y  t h e  

p a r t i c l e s  a b o u t  midway a l o n g  t h e  row .are n o t  a c c e l e r a t i n g  as  

r a p i d l y  as t h o s e  a l o n g  e i t h e r  t h e  c e n t e r l i n e  o r  t h e  free 

s u r f a c e .  Here, f l u i d  f rom the e d g p  of t h e  d r o p  whose momen- 

tum i s  m o s t l y  h o r i z o n t a l l y  d i r e c t e d  is merg ing  w i t h  f l u i d  

wh ich  is m o s t l y  moving v e r t i c a l l y ,  A s  t h e s e  t w o  f l o w s  merge ,  

the h o r i z o n t a l l y  moving f l u i d  is a c c e l e r a t e d  i n  t h e  v e r t i c a l  

d i r e c t i o n ,  a n d  a s  i t  c h a n g e s  d i r e c t i o n ,  t h e r e  is  a l o c a l  de- 

crease i n  t h e  v e r t i c a l  momentum of t h e  f l u i d  which  mixed w i t h  

it. T h i s  is  i n d i c a t e d  by ttie c h a n g e  i n  d i r e c t i o n  o f  t h e  

v e l o c i t y  v e c t o r s  i n  Fig ,  25. T h i s  effec t  'would  b e  p r e s e n t  

e v e n  i f  f l u i d  were e n t e r i n g  t h r o u g h  t h e  n o z z l e ,  a s  t h e  f l u i d  

r e s t i n g  n e a r  t h e  b a s e  must  b e  a c c e l e r a t e d  h o r i z o n t a l l y  b e f o r e  

i t  c a n  be a c c e l e r a t e d  v e r t i c a l l y .  Some damping  o f  a n y  

c i r c u l a t i o n  p a t t e r n s  d u e  t o  i n c o m i n g .  f l u i d  would n e c e s s a r i l y  



r e s u l t .  
\ 

A s  c a n  b e  s e e n  by , i n s p e c t i o n  o f  t h e  laark6r p a r t i c l e s ,  

t h e r e  is a g r e a t  d e a l  o f  s t r e t c h i n g  a t  t h e  i n t e r f a c e .  'Com- 

p a r i s o n  o f  s u c c e s s i v e  time p l o t s  r e v e a l s  t h a t  most o f  t h e  

i n t e r f a c e  s t r e t c h i n g  t a k e s  p l a c e  on  t h e  s i d e s  o i  t h e  d r o p  . . 

' n e a r  t h e  b a s e ,  wh i l e ,  . v e r y  l i t t l e  s t r e t c h i n g  t a k e s  p l a c e  n e a r  

t h e  a p e x .   he . n o n - u n i f o r m i t y  o f  t h i s  t y p e  o f  s t r e t c h i n g  

would  p r o d u c e  l o c a l l y  h i g h  mass  t r a n s f e r  r a t e s  b e c a u s e  new 

s u r f a c e  area is b e i n g  c r e a t e d  a n d  material from i n s i d e .  t h e  

d r o p  is t h u s  drawn t o  t h e  i n t e r f a c e .  ' T h i s  r e s u l t  would cor-. 

r e s p o n d  w i t h  t h e  e x p e r i m e n t a l  o b s e r v a t i o n  t h a t  . 
. 

most  o f  t h e  

d i s t u r b a n c e  of d r o p s  d u e  t o  n a s s  t r a n s f e r  t a k e s  p l a c e  a l o n g  

- t h e  s i d e s  w h i l e  v e r y  l i t t l e  d i s t u r b a n c e  t a k e s  p l a c e  . a t  t h e  

'apex.  ' 

The  t h i r d  e x a m p l e  c a l c u l a t i o n  a g a i n  uses t h e  same bound- 

a r y  a n d  i n i t i a l  c o n d i t i o n s  a n d  f l u i d  . p a r a m e t e r s  a s  i n  Example  

2. However, i n . t h i s  c a l c u 1 a t i o n . a  s u t f a c e  t e n s i o n  . f o r c e  . 

e q u a l  t o  o n e  h a l f  of t h e  i n i t i a l  v a l u e  was a p p l i e d  a t  t h e  

free s u r f a c e .  When t h i s  was first a t t e m p t e d ,  . . t h e  d r o p  became 
. . 

v e r y  u n s t a b l e ,  a n d  t h e  s u r f a c e  was d i s t o r t e d .  Thus ,  a d d i -  

t i o n a l  m o d i f i c a t i o n s  ,to t h e  c a l c u P a t i o n  t e c h n i q u e  were n e c e s -  

s a r y .  

It was f o u n d  i n  tes t  c a l c u l a t i o n s  i n  which t h e  s u r f a c e .  

t e n s i o n  was n o t  z e r o  t h a t  t h e  s p l i n e  f i t t i n g  t e c h n i q u e  was 
, . 

n o t  c a p a b l e  o f  p r o d u c i n g  smoo th  p r e s s u r e  b o u n d a r y  c o n d i t i o n s  



( c u r v a t u r e s )  a t  t h e  iqterface. The e r r o r s  a p p e a r  t o  b e  d u e  
. . 

t o  s l i g h t  f l u c t u a t i o n s i n  t h e  p o s i t i o n s  o f  t h e  i n t e r f a c e  p a r -  

t ic les  which ;p roduced  l a r g e  f l u c t u a t i o n s  i n  t h e  c u r v a t u r e s  o f  

t h e  s p l . i n e s .  T h i s  problem was r e m e d i e d  by l e a s t  s q u a r e s  f i t -  

t i n g  t h e  c u r v a t u r e s  p roduced  by t h e  s p l i n e s  and  a p p l y i n g  . . 

- - t h e s e  smoo thed  c u r v a t u r e s  a s  p r e s s u r e  b o u n d a r y  c o n d i t i o n s .  

The r e s u l t i n g  d r o p  s h a p e s  a n d  marke r  p l o t s  a r e  shown 

i n  P ig .  26 a n d  t h e  . v e c t o r  v e l o c i t y  p l o t s  i n  F ig .  27. 

A s  c a n  be s e e n  from t h e  marke r  p a r t i c l e  p l o t s ,  F i g s .  24 

and  26,  t h e  d r o p  mo t ion  is i n i t i a l l y  r e s t r a i n e d  b y  t h e  

s u r f a c e  t e n s i o n  f o r c e s . .  However, t h e  s h a p e  o f  t h e  d r o p s  d o e s  

n o t  v a r y  s i g n i f i c a n t l y .  T h i s  r e s u l t  i n d i c a t e s  . t h a t  . t h e  

s u r f a c e  t e n s i o n  f o r c e s  a r e  n o t  y e t  s i g n i f i c a n t  i n  d e t e r m i n i n g  

t h e  s h a p e  o f  t h e  d r o p  compared w i t h  t h e  a c c e l e r a t i o n s  o f  t h e  

- fluid and  g r a v i t y .  

A t  l a t e r  times t h e  d r o p  s u r f a c e  becomes somewhat r a g g e d  

a s ' t h e  s m o o t h i n g  f u n c t i o n  u s e d  i n  t h e  s u r f a c e  t e n s i o n  c a l c u -  

l a t i o n  is a f f e c t e d  by s t r o n g  v a r i a t i o n s  i n  t h e  c u r v a t u r e s  

c a l c u l a t e d  by t h e  s p l i n e s .  T h e s e  r e s u l t s  show the i n h e r e n t  

l i m i t a t i o n s  i n  t h e  s a o o t h i n g  a p p r o a c h ,  Whereas t h e  c u r v a t u r e  

of t h e  s u r f a c e  is a c t u a l l y  c a l c u l a t e d  b y  s p l i n e s  p a s s i n g  

t h r o u g h  t h e  i n t e r f a c k  u h i c h  may c o n t a i n  errors due  

t o  p a r t i c l e  f l u c t u a t i o n s ,  t h e  s m o o t h i n g  f u n c t i o n  mus t  f o l l o w  

t h e  c u r v a t u r e  d a t a  r e g a r d l e s s  o f  how bad t h e  d a t a  might  be ,  

Thus,  a s  t h e  c a l c u l a t i o n  p r o c e e d s  a n d  t h e  p a r t i c l e s  become 
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Pigare 26. Earker p a r t i c l e  plots for Example 3. A no s l i p  I 

velocity boundary c o n d i t i o n  was a p p l i e d  a t  the base of t h e  I 

drop and a snrface t e n s i o n  force equal t o  on-s h a l f  t h e  I 

initial value  vas appl ied  at the free surface. I 

I 
I 
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Figure 27. Velocity vector plots for Example 3. A t  each 
t i n e  t h e  vectors are scaled so t h a t  the l o n g e s t  wector - h a s  
l e n g t h  0-02 cm and corresponds to  t h e  maxinun v e l o c i t y  i n  the 
f i e l d .  A t  times 0 . 1 ,  0.5 ,  1.0,  and 1 . 4  sec- the maximum 
velocities are 0.056 ,  0.276, 0.626,  and 1.034 cm/sec Q, 
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more a n d  more i r r e g u l a r l y  s p a c e d ,  t h e  s p l i n e s  b e g i n  t o  

o s c i l l a t e  r a p i a . 1 ~  i n  o r d e r  t o  p a s s  t h r o u g h  t h e  p a r t i c l e s . '  

T h i s  r e s u l t s  i n  e x t r a n e o u s  c u r v a t u r e s  which t h e  l e a s t  s q u a r e s  

f u n c t i o n  must f i t .  A s  t h e s e  d a t a  a r e  t h e n  used  a s  p r e s s u r e  

bounda ry  c o n d i t i o n s ,  t h e  e n t i r e  c a l c u l a t i o n  must e v e n t u a l l y  

Become u n s t a b l e .  T h e  f i r s t  s i g n s  o f  t h i s  t y p e  o f  i n s t a b i l i t y  

are t h e  lumps  a t  t h e  free s u r f a c e  s e e n  i n  Fig. 26. 

B e f o r e .  t h e  i n s t a b i l i t y  becomes l a r g e ,  however,  it i s  i n -  

t e r e s t i n g  t o  n o t e  t h e  s i m i l a r i t y  o f  t h e  f l o w s  of Example 2  

and .  t h i s  example.  C l e a r l y  t h e  s h a p e s  are n e a r l y  i d e n t i c a l ,  

b u t .  a t  d i f f e r e n t  times. Also t h e  f l o u  p a t t e r n s  a r e  v e r y  s i m -  

i l a r .  T h e s e  r e s u l t s  would i n d i c a t e  t h a t  i n i t i a l l y  t h e  e f f e c t  

of s u r f  a c e  t e n s i o n  o n  t h e  b a s i c  f l o w  p a t t e r n  i s .  v e r y  s l i g h t , .  

however;  t h e  s u r f a c e  t e n s i o n  is s m a l l  a l s o .  

The s o l u t i o n  a t  l a t e  times i n d i c a t e s  t h a t  t h e '  effect of 

s u r f a c e  t e n s i o n  becomes much g r e a t e r  a s  t h e  d r o p  s t r e t c h e s  

o u t .  Comparison of the l a s t  times p r e s e n t e d  i n  Example 2 and 

. t h i s  example  ( P i g s .  24 a n d  26 ,  r e s p e c t i v e l y )  shows t h a t ,  uhen 

~ u r f a c e  t e n s i o n  is  prwsen t  t h e  d r o p  b e g i n s  t o  b u l g e  more a t  

t h e  t , o p  a n d  c o n s t r i c t  more a l o n g  t h e  .stem t h a n  i t  d o e s  when 

s u r f a c e  t e n s i o n  is n o t  p r e s e n t .  Also, t h e  v e l o c i t y  v e c t o r  

f i e l d  of Fig.  27, i n d i c a t e s  t h a t  t h e  f l u i d  i n  t h e  stem i s  be- 

. g i n n i n g  t o  accelerate more r a p i d l y  t h a n  t h a t '  n e a r  t h e  apex.  

T h i s  is  s e e n  i n  t h e  f i g u r e  a s  l o n g e r  v e c t o r s  near .  t h e  bo t tom 
. , 

. . 

of t h e  stem, t h a n  i n  t h e  b u l k  f l u i d  i n  t h e  drop.. F i g u r e  28 is  



i n c l u d e d  t o  show t h e  effect of s u r f a c e  t e n s i o n  i n  r e t a r d i n g  

t h e  acceleration o f  a f a l l i n g  drop .  I n  t h i s  f i g u r e  d r o p s  

w i t h  a n d  w i t h o u t  s u r f a c e  t e n s i o n  are compared a t  t h e  same 

time. C l e a r l y  t h e  d r o p  w i t h o u t  s u r f a c e  t e n s i o n  is 

a c c e l e r a t i n g  more r a p i d l y  a s  i n d i c a t e d  by its g r e a t e r  l e n g t h .  

It -is i n t e r e s t i n g  t o  n o t e  t h a t  e v e n  w i t h  s u r f a c e  t e n s i o n  

p r e s e n t ,  t h e  s a n e  p a t t e r n s  of s u r f a c e  s t r e t c h  and  p a r t i c l e  

p o s i t i o n  r e l a t i v e  t o  s u r f a c e  e l e m e n t s  is p r e s e r v e d .  T h i s  

would i n d i c a t e  t h a t  t h e  b a s i c  flow p a t t e r n  w i t h i n  t h e  d r o p  i s  

n o t  g r e a t l y  a l t e r e d  bi t h e ~ a p p l i c a t i o n  of a s m a l l  s u r f a c e  

t e n s i o n  f o r c e ,  a n d  t h a t  s u r f a c e  t e b s i o n  serve .  mai 'n ly  t o  

c h a n g e  t h e  s h a p e  o f  t h e  d rop .  

The p r e v i o u s  t h r e e  examples  o f  f a l l i n g  d r o p  p rob lems  a l l  

show t h a t  t h e r e :  i s  n o  i n t e r n a l  r o t a t i o n  i n d u c e d  by  t h e  s e p a -  

r a t i o n  motion.  ' I n  f a c t ,  t h e  o p p o s i t e  effect is i n d i c a t e d  by 

t h e  marker  p a r t i c l e  p l o t s .  T h e  b a s i c  flow. p a t t e r n  a p p e a r s  t o  

b e  p l u g  flow i n  t h e  v e r t i c a l  d i r e c t i o n  (u=O,v=cons tan t )  n e a r  

t h e  t o p  of t h e  drop .  Near t h e  base ,  t h e  flow a p p e a r s  t o  be 

t h e  same as t h a t  0 f . a  j e t  imp ing ing  o n  a f l a t  p l a t ,  b u t  i n  

t h e  o p p o s i t e  d i r e c t i o n .  T h i s  flow is g i v e n  by (u=-Ar, * 

v=2Az),  where A is a n  a r b i t r a r y  c o n s t a n t .  

The t h r e e  c a l c u l a t i o n s  a l s o  r e v e a l  a marked s i m i l a r i t y  

i n  t h e  r e g i o n s  where t h e  s u r f a c e  b e g i n s  t o  s t r e t c h .  1.n e a c h  

c a s e  t h e  s i d e  or stem of .  t h e  d r o p  shows t h e  most s t r e t c h i n g  

be tween  p a r t i c l e s  a n d  a t  t h e  same time a s t r e t c h i n g  of t h e  
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Figure 2 8 .  tlarker p a r t i c l e  plo t s  a t  , t h e  same t~me, for d r o p s  
with, ,  and without s u r f a c e  t e n s i o n ,  taken f roar Examples .  2 and ' ' 3.. . .The . ' shor te ' r .  dro'p :has s u r f  ace tension . , r e s t r a i n i n g  it ,  and .. 

. . 
' i n d i c a . t e s  the magni.t'ude ;of ' t h i s '  .effect. 
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f l u i d  w i t h i n  t h e  d r o p  n e a r  t h e  s u r f a c e .  Near t h e  t o p  o f  t h e  . . 

d r o p  v e r y  l i t t l e  s t r e t c h i n g  is a p p a r e n t ,  a n d  t h e  f l u i d  w i t h i n  

t h e  d r o p  is ' v i r t u a l l y  u n d i s t u r b e d  from its o r i g i n a l  a r r a n g e -  

ment. 

The  f o l l o w i n g  i n f o r m a t i o n  p e r t a i n s  t o  t h e  c a l c u l a t i o n  

p a r a m e t e r s  u sed  i n  t h e  p r e v i o u s l y  d i s c u s s e d  f a l l i n g  d r o p  

prob1em.s. S q u a r e  cells were used  i n  a l l  o f  t h e  f a l l i n g  - d r o p  

c a l c u l a t i o n s ,  t h u s  8-r=&= 0.02 cm. The  cells were a r r a n g e d  

i n t o  a r e c t a n g l e  39 cells  wide  a n d  52 cells h i g h .  T h e  e n t i r e  
. . 

h e i g h t  o f  t h e  mesh was u s e d  b y  t h e  f l u i d  a s  t h e  d r o p  

s t r e t c h e d  o ,u t ,  a n d  more h e i g h t  could h a v e  b e e n  added ,  b u t  .at  

t h e  e x p e n s e  o f  i n c r e a s e d ' c o n p u t e r  s t o r a g e .  

The  time s t e p ,  a t ,  u s e d  i n  a l l  o f  t h e s e  c a l c u l a t i o n s  was 

0.02 secA. T h i s  was  t h e  l a r g e s t  v a l u e  which  c o u l d  be u s e d  

w i t h o u t  d i s t o r t i n g  t h e  i n t e r f a c e  o r  c a u s i n g  i n s t a b i l i t i e s .  

S m a l l e r  v a l u e s  of a t  were t r i e d  b u t  no  improvement  i n  t h e  

i n t e r f a c e  r e s u l t e d .  Also  d e c r e a s i n g  t h e  t i m e  s t e p  p r o d u c e d  
, .  

o n l j  s l i g h t  improvemen t s  i n  t h e  a c c u r a c y  o f  t h e  s o l u t i o n s .  

The i n i t i a l  i n l e i l a c e  was a p p r o x i m a t e d  by 4 1  p a r t i c l e s ,  

b u t  d u e  t o  t h e  s t r e t c h i n g  o f  t h e  i n t e r f a c e ,  p a r t i c l e s  h a d  t o  

b e  added  a s  t h e  c a l c u l a t i o n  p roceeded .  ~ h u ' s  b y  t h e  end o f  

t h e  c a l c u l a t i o n  a s  many a s  20  p a r t i c l e s  might  h a v e  been  

added ,  t h o u g h  t h e  e x a c t  numb.er is n o t  t h e . s a m e  f o r  e a c h  o f  

t h e  r u n s  p r e s e n t e d  here .  No p a r t i c l e s  were added  o r  d e l e t e d  

from a n y  o t h e r  p a r t  o f  t h e  f l u i d  r e g i o n .  



The  c o m p u t a t i o n  times r e q u i r e d  were a p p r o x i m a t e l y  15 

m i n u t e s  f o r  Examples  1 a n d  2 ,  a n d  52  m i n u t e s  f o r  Example 3. 

The c o m p u t a t i o n s  were, c a r r i e d  o u t  o n  a n  IBH 360 model  65 com- 

p u t e r ,  and  . each  c o m p u t a t i o n .  r e q u i r e d  352,000 b y t e s  o f  ' s t o r -  

age .  

a meed ; f n t e r n a &  C i s c n l a t i o n  prop FrobPera 

I n  a n  a t t e m p t  t o  s i m u l a t e  t h e  f l o w  w i t h i n  s l o w l y  g rowing  

d r o p s ,  t h e  problem o f  f o r c e d  . i n t e r n a l  c i r c u l a t i o n  w i t h i n  a 

c o n s t a n t  volume d r o p  was c o n s i d e r e d ,  I n  t h i s  s i t u a t i o n ,  

f l u i d  i s  added  t o  a n d  wi thdrawn f rom t h e  d r o p  a t  t h e  s a n e  

r a t e .  The f l o w  w i t h i n  t h e  d r o p  w i l l  become s t e a d y  o n c e  

i n i t i a l  t r a n s i e n t  f l o w s  h a v e  d i e d  away, and  t h e  r e s u l t i n g  

flow p a t t e r n s  s h o u l d  r e s e m b l e  t h o s e  w j t h i n  a  s l o w l y  g rowing  

d r o p  (56). 

I n  o r d e r  t o  s t u d y  t h i s  p rob lem,  t h e  RAC method was a g a i n  

m o d i f i e d  t o  i n c o r p o r a t e  t h e  a p p r o p r i a t e  boundary  c o n d i t i o n s .  

The p r e s s u r e  b o u n d a r y  c o n d i t i o n  a t  t h e  i n t e r f a c e  c o n s i s t s  o f  

t h r e e  components ;  a p p l i e d  o r  a t m o s p h e r i c  p r e s s u r e ,  s u r f a c e  

t e n s i o n ,  a n d  norma l  s t r e ~ c  d u e  t o  f l u i d  motion.  The f i r s t  

term is c o n s t a n t  and is t a k e n  t o  b e  zero, The s e c o n d  term i s  

d i r e c t l y  p r o p o r t i o n a l  t o  t h e  c u r v a t u r e  o f  t h e  d rop .  . T h e ,  d r o p  

s h a p e  was t h a t  o f  a  s t a t i c  d r o p  a n d  t h e  s u r f a c e  t e n s i o n  com- 

p o n e n t  r e d u c e s  t o  a  h y d r o s t a t i c  term which d o e s  n o t  v a r y  w i t h  

time. The t h i r d  term is p r o p o r t i o n a l  t o  t h e  amount o f  momen- 

tum t r y i n g  t o  c r o s s  t h e  i n t e r f a c e ,  A t  s t e a d y  s t a t e ,  t h e  
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f l u i d  f l o w s  t a n g e n t i a l  t o  t h e  i n t e r f a c e ,  t h u s  t h i s  term must  

e v e n t u a l l y  v a n i s h .  T h i s  is e q u i v a l e n t  t o  a free s l i p  

v e l o c i t y  b o u i d a r y  c o n d i t i o n  and  a h y d r o s t a t i c  p r e s s u r e  bound- 

a r y  c o n d i t i o n .  

T h e  p r e s s u r e  b o u n d a r y  c o n d i t i o n  a t  t h e  i n t e r f a c e  may 

t h u ~  b a  w r i t t e n  

+ = +(,+gz+c(O.5) 

= a p p l i e d  p r e s s u r e  

gZ = h y d r o s t a t i c  term 

c(Z.fl)= dynamic  p r e s s u r e  o p p o s e d  t o  t h e  n o r m a l  momentum 

t r y i n g  t o  cross t h e  i n t e r f a c e  

T h i s  a p p r o a c h  o r i g i n a t e d  w i t h  Viecelli (55)., vho  f i r s t  a p -  

. . 
p l i e d  i t  t o  t h e  c a l c u l a t i o n  of flows i n  g e o m e t r i e s  w i t h  a r b i -  

t r a r i l y  c u r v e d  b o u n d a r i e s  by t h e  flAC method.  H i s  t e c h n i q u e  

r e q u i r e s  t h e  s i m u l t a n e o u s  i t e r a t i o n  of b o t h  p r e s s u r e  a n d  

v e l o c i t y ,  b u t  h a s  t h e  a d v a n t a g e  o f  t h e  f o l l o w i n g  p r e s s u r e  

. .  Boundary  condit ic in,  which c o n s e r v e s  volume and  a l l o v s  n o  mo- 

mentum t o  c r o s s  t h e  i n t e s t a c e :  

d 

Here is t h e  loca l  v e l o c i t y  v e c t o r ,  n is. t h e  l o c a l  s u r f a c e  

n o r m a l  and  $ is t h e  w i d t h  o f  t h e  cell .  f l  is a n  i t e r a t i o n  pa- 

r a m e t e r  u s e d .  t o  r e l a x  t h e  p r e s s u r e  a n d  v e l o c i t y  e q u a t i o n s .  
I 



Viecelli's a p p r o a c h  d i f f e r s  f r o m  t h a t  u s e d  h e r e ,  . Fie . . 
. . 

i t e r a t e d  p r e s s u r e  a n d  v e l o c i t y  s i l s u l t a n e o u s l y  be tween  time 

s t e p s  i n  o r d e r  t o  c o n s e r v e  vo lume a n d  f o r c e  t a n g e n t i a l  f l o w ,  

H i s  s cheme  is, however ,  c l o s e l y  a n a l o g o u s  t o  t h . a t  u s e d  h e r e  

when t h e  s o l u t i o n  s o u g h t  is s t e a d y  s ta te ,  I n  t h a t  case h i s  

i t e r a t i o n  p a r a m e t e r  c l o s e l y  r e s e e b l e s  t h e  t i n e  p a r a m e t e r  o f  

t h i s  work. The  t w o  a p ' p r o a c h e s  d i f f e r  i n  t h e  manner  i n  .which 

volume c o n s e r v a t i o n  is f o r c e d  i n  t h e  . s u r f a c e  cel ls ,  a n d  how 

t h e  i n t e r f a c e .  p o s i t i o n  i s  d e t e r m i n e d .  Viecelli u s e d  t h e  

o r i g i n a l  MAC .method t o  f o r c e  volume . c o n s e r v a t i o n .  . . I n  t h i s  

work, v e l o c i t i e s  are e x t r a p o l a t e d  from w i t h i n  t h e  f l u i d  i n  a 

m a n n e r . u h i c h  i n s u r e s  b o t h  c o n t i n u i t y  o f  t h e  v e l o c i t i e s  a t  t h e  

i n t e r f a c e  a n d  c o n s e r v a t i o n  of volume. I n  t h e  a p p r o x i m a t , i o n  

of t h e  b o u n d a r y  p o s i t i o n ,  Viecelli u s e d  s h o r t  s t r a i g h t  l i n e  

. . 
s e g a e n t s ,  w h i l e  i n  t h i s  work t h e  s p l i n e  f i t t i n g  method  d i s -  

c u s s e d  p r e v i o u s l y  w a s  u s e d .  

I n  t h i s  manner it was p o s s i b l e  t o  a p p l y  t h e  p r e s s u r e  

f o r c e  a t  a l o c a t i o n  n e a r e r  t o  t h e  c o r r e c t  l o c a t i o n  of t h e  

free sti~face a n d  a t  t h e  same time c o n s e r v e  volume. Viecelli 

(55) g i v e s  more d e t a i l  c o n c e r n i n g  t h e  d i v e r g e n c e  t h e o r e m  

a n a l o g y  o n  which t h i s  b o u n d a r y  c o n d i t i o n  a p p r o x i m a t i o n  is 

b a s e d ,  a n d  shows  how it may b e  c o r r e c t l y  i n c o r p o r a t e d  i n t o  

d y n amic  c a l c u l a t i o n s .  

T h e  p r e v i o u s l y  d i s c u s s e d  b o u n d a r y  c o n d i t i o n s ,  w h i l e  

somewhat  e m p i r i c a l ,  i n d e e d  p r o d u c e d  f Sows t a n g e n t i a l  t o  t h e  



i n t e r f a c e .  The  f lows show c i r c u l a t i o n  p a t t e r n s .  s i m i l a r  t o  

th 'ose  o b s e r v e d  i n  n a t u r e  ( 5 6 ) ,  a n d  are  a p p r o x i m a t e l y  what  ode  

would e x p e c t .  T h e c e  d o e s ,  a p p e a r  t o  b e  some d i s c r e p a n c y  i n  

t h e  f l o w  p a t t e r n  v e r y  n e a r  t h e  free s u r f a c e , . w h i c h  a l l o w s  t h e  

e s c a p e  of  some n o r m a l  momentum; However, i t  c a n n o t  b e  a t t r i -  

b u t e d  e n t i r e l y  t o  t h e  a p p r o x i m a t e  boundary  c o n d i t i o n  d i s -  

c u s s e d  above.  P a r t  of t h e  prob lem i n  t h i s  r e g i o n  o f  t h e  c a l -  

c u l a t i o n  is t h e  l a c k  o f  r e s o l u t i o n  d u e  t o  f i n i t e  ce l l  s i z e .  

Because  t h e  g r i d  is composed of  s q u a r e  cells a n d  t h e  

i n t e r f a c e  d o e s  n o t  l i e  o n  a  US0 s l o p e ,  ' t h e  g r i d  must  h a v e  

s e v e r a l  " s t e p s "  i n  i t  t o  a p p r o x i m a t e l y  match t h e  t r u e  

i n t e r f a c e  p o s i t i o n .  A t  t h e s e  " s t e p s " ,  t h e r e  is a  p o . s s i b i l i t y  

of d i s c o n t i n u i t y  i n  t h e  v e l o c i t y  b o u n d a r y .  c o n d i t i o n s ,  which  

a r e  b a s e d  o n -  e x t r a p o l a t i o n s  from w i t h i n  t h e  f l u i d  r e g i o n .  

However, as  r i l l  be s e e n  i n  t h e  f o l l o k n g  f i g u r e s ,  t h e  error 

is n o t  l a r g e ,  and t h e  b a s i c  f low p a t t e r n  is n o t  s i g n i f i c a n t l y  

e f f e c t e d .  

F o r c e d  i n t e r n a l  flow -of f l u i d  w i t h i n  d r o p s - w a s  s t u d i e d  

by v a r y i n g  f l u i d  v i s c o s i t y  a n d  i n l e t  v e l o c i t y  i n d e p e n d e n t l y  

and o b s e r v i n g  t h e  s t e a d y  s t a t e  f l o v  p a t t e r n s .  v i s c o s i t i e s  i n  

t h e  r a n g e  of 1 t o  80 c e n t i p o i s e  (cp)  a n d  i n l e t  v e l o c i t i e s  of 

0.2 t o  5 c e n t i m e t e r s  p e r  s e c o n d  (cm/sec) ,  r e s p e c t i v e l y ,  were 

used.  %Two o r t h o g o n a l  sets o f  e x p e r i m e n t s  were c o n d u c t e d ,  o n e  

h o l d i n g  i n l e t  v e l o c i t y  c o n s t a n t  a t  1 cm/sec and  v a r y i n g  

v i s c o s i t y  (1, 10, 20, 50, a n d  80 c p )  an'd t h e  o t h e r  h o l d i n g  



v i s c o s i t y  c o n s t a n t  a t  1 c p  a n d  v a r y i n g  i n l e t  q e l o c i t y ,  (0.2, 

0.4, 0.5, and  1.0 cm/sec) . I n  t h i s  i a n n e r  any  t r a n s i t i o n s  i n  

t h e  f l o w  p a t t e r n  c o u l d  b e  d e t e c t e d  a d d  b r a c k e t e d  w i t h o u t  de- 

p e n d i n g  on dynamic s imi lar i ty .  

The f i r s t  set o f  e x p e r i m e n t s ,  h o l d i n g  v i s c o s i t y  c o n s t a n t  

and v a r y i n g  v e l o c i t y ,  a r e  p r e s e n t e d  in F i g s .  29, 30 and 31. 

F i g u r e s  29 and  30 p r e s e n t  t h e  s t e a d y . . s t a t e  p a r t i c l e  p a t h s  and  

Pig.  3 1  p r e s e n t s  t h e  v e c t o r  v e l o c i t y  p l o t s  c o r r e s p o n d i n g  t o  

t h e  h i g h e s t  and  lowest . i n l e t  v e l o c i t i e s .  The  f i r s t -  e x p e r i -  

ment was c o n d u c t e d  a t  a n  i n l e t  v e l o c i t y  o f  1 c a / s e c .  The 

s t r i k i n g  c i r c u l a t i o n  p a t t e r n  r e v e a l s  t h a t  a l a r g e  p o r t i o n  of 

t h e  f l u i d  w i t h i n  t h e  v o r t e x  n e v e r  p .a ' sses  o u t  of t h e  r e g i o n  

t h a t  it o c c u p i e s  i n  F ig .  29. T h i s  c a n  b e  s e e n  by f o l l o w i n g  

a n y  p a t h l i n e  o f  t h e  v o r t e x  b . eg inn ind  " i t h  t h e  t h i r d  p a t h l i n e  

down from t h e  base .  

Each of .  t h e s e  l i n e s  e w e n t u a l l y  retraces i t s e l f ,  i n d i c a t -  . 

i n g  a l a c k  of m i x i n g ,  e v e n  i n  t h e  , p r e s e n c e  o f  a  s t r o n g  

v o r t e x .  The o u t e r  p a t h l i n e s  o f  t h e  v o r t e x  d o  n o t  r e t r a c e  o n e  

< 
a n o t h e r ,  i n d i c a t i n g  the e x t e u t  of mixing .  The two o u t e r  

p a t h l i n e s  which t e r m i n a t e  n e a r  t h e  b a s e  o f  t h e  d r o p  were 

a c t u a l l y  c r o s s i n g  t h e  i n t e r f a c e  n e a r  t h i s  p o i n t .  The program 

which computed t h e  p a t h s  f rom t h e  s t e a d y  s t a t e  v e l o c i t y  d i s -  

t r i b u t i o n  u a s  i n s t r u c t e d  t o  t e r m i n a t e  s u c h  p a t h s  b e c a u s e . . i t  
. . 

h a s  been  f o u n d  t h a t  o n c e  a p a r t i c l e  c r o s s e s  t h e  i n t e r f a c e ,  

f o r  v h a t e v e r ' r e a s o n ,  t h e  v e l o c i t y  f i e l d  is n o t  g e n e r a l l y  ac- 
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F i g u r e  29, Steady s t a t e  p a r t i c l e  p a t h s  for drops  w i t h  forced 
i n t e r n a l  c i r c u l a t i o n .  The upper drop  h a s  an i n l e t  v e l o c i t y  I 

of 1 c a / s a c  and a  v i s c o s i t y  of 1 cp .  The l o v e r  drop has  an I 

i n l e t  v e l a c i t y  of 0 . 5  cm/sec and a  v i s c o s i t y  o f  1 c p .  
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I 

Figure 30. Steady s t a t e  particle paths  for drops with forced 
I 

internal  c i rcu la t ion .  The upper d r o p  has an i k l e t  v e l o c i t y  I 

of 0.5 cla/sec and a v i s c o s i t y  of 1 cp. The lower d r o p  has n n  
inlet velocity of 0 . 2  cm/sec and a v i s c o s i t y  of 1 c p .  
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F i g u r e  .31. V e c t o r  v e l o c i t y  p l o t s  for drops  with forced i n - .  , 

ternal c i r c u l a t i o n ,  The upper drop. h a s  a n  i n l e t  v e l o c i t y .  of 
1 cm/sec axid a v i s c o s i t y '  of 1 cp .  The lover drop  h a s  an 
i n l e t  v e l o c i t y  of 0 - 2  cm/sec a n d . .  a v i s c o s i t y  o f  1 c p .  ' . 
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c u r a t e  enough t o  r e t u r n  t h e  p a r t i c l e  t o  t h e  f l u i d  r e g i o n .  

The p a t h l i n e s  of t h o s e  p a r t i c l e s  v h i c h  e n t e r  t h e  comput- 

i n g  r e g i o n  t h r o u g h  t h e  n o z z l e  mouth u l t i m a t e l y  a l l  p a s s  

w i t h i n  0.05 cm o f  t h e  i n t e r f a c e  a n d  a c h i e v e  t h e  l a r g e s t  

l i n e a r  v e l o c i t y  o f  a n y  path. '  T h i s  p a t t e r n  a l s o  shows t h a t  

t h e  aaxiaurs w e l o c i t y ' d o w n  t h e  i n t e s f a c e . i s  a c h i e v e d  in t h e  

r e g i o n  where t h e  most s u r f a c e  area is p r e s e n t .  T h i s  means 

t h a t  t h e s e  p a r t i c l e s  are i n ,  a n  i d e a l  p o s i t i o n  f o r  mass  t r a n s -  

fer, a n d  t h e  model t h e y  s u g g e s t  i s .  t h e  p e n e t r a t i o n  t h e o r y  

model. 

1 t  s h o u l d  a l s o  be n o t e d  t h a t  t h e  v e c t o r  v e l o c i t y  p l o t s  

i n  a l l  t h e  f o l l o w i n g  r e s u l t s  are s c a l e d  s o  t h a t  t h e  maximum 

v e l o c i t y  v e c t o r  h a s  a l e n g t h  of 0 - 1  cm. Thus' i f  a v e c t o r  h a s  

a l e n g t h  of A cm, t h e n  t h e  v e l o c i t y  it r e p r e s e n t s  corre- 

s p o n d s  t o  10AVmax c a / s e c ,  By r e p r e s e n t i n g  t h e  v e l o c i t y  

f i e l d s  i n  t h i s  manner t h e  r e l a t i v e  m a g n i t u d e s  o f  t h e  e n t i r e  

flow may be seen a t  a g l a n c e .  

These p l o t s  are a l s o  u s e f u l  i n  d e t e r m i n i n g  v e l o c i t y  

p r o f i l e s  ( u  ( a )  1 r = c o n s t a n t ,  o r  v  ( r )  ( z = c o n s t a n t )  . The 

profiles may b e  seen b y  s i g h t i n g  down t h e  f i g u r e  h o l d i n g  it  

n e a r l y  e d g e w i s e  t o  t h e  eye.  A s  an  example,  F ig .  31, i f  

viewed e d g e w i s e  a t  a r a d i u s  of a b o u t  0 .15 cm shows a  

h o r i z o n t a l  v e l o c i t y  p r o f i l e  which i s  p o s i t i v e  a t  t h e  a p e x  and  

n e g a t i v e  a t  t h e  b a s e  o f  t h e  drop .  T h i s  is one  method of de- 

t e r m i n i n g  i f  r o t a t i o n  is p r e s e n t  i n  a flow. However, i t  



s h o u l d  be  p o i n t e d  o u t  t h a t  t h e  v e c t o r  c o m p o n e n t s  are a c t u a l l y  
. . 

a v e r a g e s  of  t h e  v e l o c i t i e s  w h i c h  b o r d e r  a g i v e n  cell. ~ h u s '  

i n .  t h e  case of a v e r y  small v o r t e x ,  t h e  r o t a t i o n  i s  masked by  

t h e  a v e r a g i n g  p r o c e s s .  

C o m p a r i s o n  o f  t h e  d r o p s  shown i n  P i g  29 r e v e a l s  t h e  

change inn c i r c u ~ a t i o ~ n  pattern as t h e  falet v e l o c i t y  is 

d e c r e a s e d  from 1 cm/sec t o  0.5 cm/sec, w h i l e  v i s c o s i t y  i s  

h e l d  c o n s t a n t  a t  1 cp.  T h e  v o r t e x  c e n t e r  h a s  c h a n g e d ,  a n d  

t h e  p a r t i c l e s  which p r e v i o u s l y  p a s s e d  w i t h i n  0.05 cm o f  t h e  
.. . 

i n t e r f a c e  now p a s s  w i t h i n  0.1 cm. A l s o  by c o m p a r i s o n  o f  t h e  

r e l a t i v e  s p a c i n g  o f  t h e  + m a r k s  o n  t h e  p a t h l i n e s  i t  c a n  be 

s e e n  t h a t  when t h e  i n l e t  v e l o c i t y  is 1 cm/sec t h e  r e s i d e n c e  

time f o r  p a r t i c l e s  n e a r  t h e  i n t e r f a c e  is much less  t h a n  when 

t h e  i n l e t  v e l o c i t y  i s  0.5 cm/sec. 

F i g u r e  30 f u r t h e r  r e v e a l s  t h e  t r e n d  i n  t h e  r e d u c t i o n  o f  

i n t e r n a l  v e l o c i t i e s  a n d  t h e  i n c r e a s e  of r e s i d e n c e  times a t  

t h e  d r o p  s u r f a c e .  T h e  d r o p s  shown i n  t h i s  f i g u r e  h a v e  i n l e t  

v e l o c i t i e s  o f  0.4 a n d  0 .2  cm/sec. A l s o  as t h e  i n t e r n a l  

v e l o c i t i e s  d e c r e a s e ,  t h e  s i z e  o f  t h e  v o r t e x  t e n d s  t o  d i m i n i s h  

a n d  i ts c e n t e r  t e n d s  t o w a r d ' t h e  c o r n e r  o f  t h e  i n l e t  n o z z l e .  

I n  t h i s  s t u d y ,  t h e  i n l e t  v e l o c i t y  was n o t  r e d u c e d  f a r  e n o u g h  

t o  e l i m i n a t e  v o r t e x  m o t i o n  a l t o g e t h e r ,  however ,  t h e  l o w e s t  

v e l o c i t y  c a l c u l a t e d  showed a v o r t e x  t h a t  . is . t h e  smallest ' 

r e s o l v a b l e  by t h i s  t e c h n i q u e ,  o n e  cell  w i d t h  a t  its n a r r o w e s t  

p o i n t .  . T h i s  l e a d s  t o  t h e  c o n c L u s i o n  t h a t '  a t  some i n l e t  



v e l o c i t y  less t h a n  0.2 cm/sec t h e  v o r t e x  must be  e l i m i ' n a t e d  

a l t o g e t h e r ,  and  t h a t  l a m i n a r  f l o w  t h r o u g h o u t  t h e  d r o p  . - 

p r e v a i l s .  . . 

When e x p e r i m e n t s  were c o n d u c t e d  u s i n g  a f i x e d  i n l e t  

v e l o c i t y  a n d  v a r y i n g  . v i s c o s i t i e s ,  a  lower l i m i t  f o r  v o r t e x  

f l o w  was e s t a b l i s h e d .  - It was found  t h a t  a b o v e  a v i s c o s i t y  o f  . . 

20 c p  c i r c u l a t i . o n  d i d  n o t  o c c u r ,  when . t h e  i n l e t  v e l o c i t y  was 

h e l d  a t  1 cm/sec. 1'f dynamic s i m i l a r i t y  i s  a  v a l i d  assump- 

t i o n ,  t h e n  t h e  v e l o c i t y  a t  which t h i s  same t r a n s i t i o n  would 

o c c u r  a t  1 c p  would be  be tween  0.1 cm/sec a n d  0.05 cm/sec. 

However, t h i s  r e m a i n s  t o  be shown, 

The r u n s  c a l c u l a t e d  v a r y i n g  v i s c o s i t y '  w h i l e  h o l d i n g  

v e l o c i t y  c o n s t a n t  a r e  p r e s e n t e d  i n  F i g s .  32, 3 3  a n d  34. A s  

c a n  b e  s e e n  by c o m p a r i n g  t h e  p a r t i c l e  p a t h s  of t h e  20  c p  r u n  

and  t h e  50 c p  r u n ,  P i g s .  32 and  33, t h e  b r e a k  i n  flow p a t t e r n  

is a p p a r e n t .  T h i s  i s  p r o b a b l y  c a u s e d  b y  t h e  limits of r e s o -  

l u t i o n  i n  t h e  c a l c u l a t i o n  scheme as  o n c e  t h e  l i m i t i n g  v o r t e x  

w i d t h  h a s  been  r e a c h e d  r o t a t i o n  c a n n o t  b e  d e t e c t e d . .  However, 
, . 

i t  is  s a f e  t o  s a y  t h a t  i f  t h e r e  were a c t u a l l y  a n y  v o r t e x  

. p r e s e n t  beyond t h e  l i m i t s  e s t a b l i s h e d  here, its o v e r a l l  

e f f e c t  on t h e  flow p a t t e r n s  i s  i n s i g n i f i c a n t .  

One f u r t h e r  o b s e r v a t i o n  t h a t  c a n  b e  m a d e - i s  t h a t  fo r  

v i s c o s i t i e s  g r e a t e r  t h a n  50 cp,  t h e  p a r t i c l e  p a t h s  r e m a i n  

v i r t u a l l y  unchanged. Thus  beyond a  c e r t a i n  p o i n t ,  f u r t h e r  

i n c r e a s e s  i n  v i s c o s i t y  .no ' l o n g e r  effect t h e  f l o w  p a t t e r n ,  b u t  
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P i g a r e  33.. S t e a d y  state p a r t i c l e  paths. for  d r o p s  w i t h  f o r c e d  
i n t e r n a l  . c i r c u l a t i o n ,  The upper d r o p  has a v i s c j s i t y  of "50..  
c p  .and t h e  l o v e r  d r o p  h a s  a .  v i s c o s i t y  o f  80 c p . .  Bot:h d r o p s  
have i n l e t .  welocities of .1 cm/sec, 
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l i q u r e '  34. Vectoz v e l o c i t y  p l o t s  for drops  w i th  f o r c e d  i n -  . 
t e r n a l  c i r c u l a t i o n .  The upper drop h a s  a  viscasity o f  10 c p  ' 

and t h e  l o v e r  drop h a s  a viscosity of  8 0  cp .  E.oth drops  have 
inlet v e l o c i t i e s  o f  1 cm/sec. 
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r a t h e r  j u s t  slow i t  doun. , T h i s  c a n  b e  v i e w e d  a s  t h e  p o i n t  a t  

which t h e  s e c o n d  o r d e r  term i n  t h e  v e l o c i t y  e q u a t i o n s  is 

d o m i n a n t  w i t h  r e s p e c t  t o  t h e  t h e  rest o f  t h e  terms. 

Two a d d i t i o n a l  flows were c a l c u l a t e ' d  f o r  c o m p a r i s o n  w i t h  

t h o s e  j u s t  p r e s e n t e d ,  o n e  a t  10 c p  a n d  5 cm/sec i n l e t  ' . 

reiocity,  and t h e  o t h e r  a t  50 c p  a n d  1 oin/sec i n l e t  v ' e l o c i t y ,  

b u t  w i t h  a v a r i a t i o n  i n  free s u r f a c e  v e l o c i t y  b o u n d a r y  c o n d i -  

t i o n s .  The  f i r s t  c a l c u l a t i o n  shown i n  F i g .  35 is  a n  a t t e m p t .  

t o  v e r i f y  t h e  dynamic  s i m i l a r i t y  c o n c e p t  d i r e c t l y .  ,Here a  

d r o p  w i t h  t h e  same R e y n o l d s  number a s  t h e  1 c p ,  0.5 cm/sec 

r u n  p r e s e n t e d  i n  P i g .  29 is shown. It c a n  i m m e d i a t e l y  b e  

s e e n  t h a t  w h i l e  t h e  flow p a t t e r n s  a r e  n o t  i d e n t i c a l ,  t h e y  are  

v e r y  similar.  When t h i s  d i f f e r e n c e  was d i s c o v e r e d ,  a c h e c k  
. . 

o f  t h e  maximum v e l o c i t i e s  i n  t h e  n o z z l e  mouth was made.. It 

was f o u n d  t h a t  a l t h o u g h  t h e  R e y n o l d s  number f o r  t h e s e  t w o  

f l o w s  b a s e d  o n  t h e  i n l e t  v e l o c i t y  was t h e  same, t h e  R e y n o l d s  

number b a s e d  o n  t h e  a v e r a g e  v e l o c i t y  a t  t h e  n o z z l e  mouth were 

n o t .  The  d i f f e r e n c e .  i n  R e y n o l d s  number,  d u e  t o  t h e  d i f f e r e n t  

rates a t  which a p a r a b o l i c . v e l o c i t y  in t h e  n o z z l e  s e c t i o n  was 

e s t a b l i s h e d ,  was s i g n i f i c a n t  enough  t o  d i s t i n g u i s h  t h e  t w o  

c a l c u l a t i o n s .  However,  v e r i f i c a t i o n  of dynamic  s i m i l a r i t y  i s  

i m p l i e d  by t h e  c l o s e n e s s  o f  t h e  two s o l u t i o n s .  

The  s e c o n d  a d d i t i o n a l  c a l c u l a t i o n  was made o n  a d r o p  

w i t h  a v i s c o s i t y  o f  50 c p  a n d  a n  i n l e t  v e l o c i t y  o f  1. c n / s e c  

a n d  i t  is a l s o  shown i n  Fig .  35. . However, t h e  f l u i d  v e l o c i t y  
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F i g u r e  35. S t e a d y  s t a t e  p a r t i c l e  p a t h s f o r  drops  w i t h .  f o r c e d  
i n t e r n a l  c i r c u l a t i o n .  - - The upper d r o p  has a v i s c o s i t y  of. 10 '. . ' 

cp- .and  an i n l e t  v e l o c i t y  o f  5 'cla./sec., T h i s .  was a test  of dy- 
namic s i m i l a r i t y .  The l o v e r  drop has a v i s c o s i t y  of.  50 c p  . ' 

and an i n l e t  v e l o c i t y . o f  1 cm/sec. The. v e l o c i t i e s  a t  t h e .  
s u r f a c e  of t h i s  d r o p  were. set t o  ze.ro to.  s i m u l a t e  d r a g  a t  t h e  
i n t e r f a c e .  
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a t  t h e  s u r f a c e  was r e s t r j c t e d  t o  be z e r o .  T h i s  was a n  a t -  ' . : 

t e m p t  t o  test  t h e  e f f e c t  o f  a no  s l i p  c o n d i t i o n  a t .  t h e  .. . 

. . 

i n t e r f a c e . .  ' It w a s  d e c i d e d  t h a t  t h i s  bounda ry  c o n d i t i o n  w a s  

i n a p p r o p r i a t e .  on t h e  b a s i s  of t h e  p a r t i c l e  p a t h s  which re- 

s u l t e d .  . ,  As . c . a n  b e  s e e n  f rom.  P ig .  35, some o f  t h e  p a r t i c l e s  
. . 

t r a v e l  t o  t h e  i n t e r f a c e  and. t h e n  s t a g n a t e ,  or  d r i f t  v e r y  

s l o w l y  t o w a r d  t h e  c e n t e r l i n e .  A l s o  o n l y  a b o u t  h a l f  o f  t h e  

p a r t i c l e .  p a t h s  t h a t '  o r i g i n a t e  i n  t h e  n o z z l e  mouth t e r m i n a t e  

i n  t h e  a n n u l u s .  T h i s  i m p l i e s  t h a t  momentum, is b e i n g  l o s t  

across t h e  i n t e r f a c e .  

F i n a l l y ,  two p h o t o g r a p h s  t a k e n  by W e a t h e r s  (56) o f  

f o r c e d  i n t e r n a l  c i r c u l a t i o n  d r o p s  a r e  i n c l u d e d  f o r  g e n e r a l  

compar i son . :  The f i rs t  is a d r o p  w i t h  a v i s c o s i t y  o f  a b o u t  83 

c p  a n d  a n  i n l e t ,  v e l o c i t y  o f  .2 cm/sec, shown i n  Fig'.  . 36. A 

d r o p  of lower v i s c o s i t y ,  1.4 c p ,  a n d  t h e  same i n l e t  v e i o c i t y  

is p r e s e n t e d  i n  P i g .  37. T h e s e  p h o t o g r a p h s  were t a k e n  d u r i n g  

a two f l u i d  e x p e r i m e n t  i n  a n  a t t e m p t  t o  e s t a b l i s h  the f l o w  

p a t t e r n s  w i t h i n  g r o w i n g  d r o p s  e x p e r i m e n t a l l y .  F o r  t h i s  r e a s o n  

it is r e m a r k a b l e  t h a t  t h e  f l o w s  compare  a s  w e l l  a s  t h e y  d o  

w i t h  t h e  r e s u l t s  of t h i s  work. The s i m i l a r i t y  o f  t h e  p a r t i -  

cle p a t h s  o f  P i g s .  3 7  a n d  29  are o b v i o u s ,  e v e n  t h o u g h  t h e  

d r o p  i n  t h e  p h o t o g r a p h  is o f  a d i f f e r e n t  v i s c o s i t y ,  i n l e t  

v e l o c i t y ,  i n t e r f a c e  bounda ry  c o n d i t i o n  and  shape .  T h e  same 

t y p e  o f  c o m p a r i s o n  c a n  b e  made b e t w e e n  F i g s .  3 6  a n d  33, a n d  

a g a i n  t h e  f l o w s . a r e  s imi la r  d e s p i t e  t h e  d i f f e r e n c e s  i n  t h e  
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Figure 36. Time l a p s e  photograph  of a  two f l n i d  drop .  
Aluainun p a r t i c l e s  were added  t o  t h e  d r o p  p h a s e  t o  c r e a t e  t h e  
particle p a t h s .  T h i s  drop h a s  a v i s c o s i t y  of € 3  c p  and a n  
i n l e t  v e l o c i t y  of 2 cm/sec. 
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Figure  37. Time lap- photograph of a t r o  f l u i d  drop. 
A l u ~ i n u r  particles rn the drop phase produce the particle 
paths. T h i s  drop has.a v i s c o s i t y  of 1.4 cp and an inlet 
velocity of 2 cm/sec. 





p h y s i c a l  s i t u a t i o n s .  T h u s  i t  is b e l i e v e d  t h a t  t h e  f l o w  pat- 
t e r n s  p r e s e n t e d  h e r e  are  v a l u a b l e  g u i d e s  t o  t h e  t , y p e s  o f  flow 

which  is f o u n d  b o t h  i n  d r o p s  w i t h  f o r c e d  i n t e r n a l  

c i r c u l a t i o n , ,  a n d  s l o w l y  g r o w i n g  d r o p s .  F u r t h e r m o r e ,  it h a s  
. . 

b e e n  d e m o n s t r a t e d  t h a t  t h e  MAC method  w h e n  a p p r o p r i a t e l y  

m o d i f i e d  c a n  p r o d u c e  s o l u t i o n s  t o  t h e  f o r c e d  i n t e r n a l  

c i r c u l a t i o n  d r o p  p rob l em,  a n d  t h a t  i f  a s p e c i f i c  d r o p  p rob l em 
. . 

s o l u t i o n  were d e s i r e d ,  i t  would b e  possible t o  u s e  t h i s  

t e c h n i q u e  t o  o b t a i n  it.. 



C o n c l u s i o n s  

(1) The  flow w i t h i n ,  a f a l l i n g  d r o p  r o u g h l y  a p p r o x i m a t e s  

t h e  . f l o w  w i t h i n  a  s e p a r a t i n g  d r o p ,  a n d  i n d i c a t e s  t h a t  s u r f a c e  

s t r e t c h  o c c u r s  m o s t l y  a t  t h e  s i d e s  o f  t h e  d rop .  T h u s  t h e  

c r e a t i o n  of new s u r f a c e  a r e a  is t h e  most l k k e ~ y  m,eans o f  mass 

t r a n s f e r  i n  t h i s  s i t u a t i o n .  

( 2 )  The v e l o c i t y  d i s t r ' i b u t i o n  i n  t h e  f a l l i n g  d r o p  i s  

p l u g  f l o w  i n  t h e  d i r e c t i o n  o f  g r a v i t y .  No ro ta t ioq  was Eound 

i n  t h i s  flow. . . 

(3) The c i r c u l a t i o n  p a t t e r n s  i n  d r o p s  w i th  f o r c e d  i n t e t -  

n a l  c i r c u l a t i o n  o b t a i n e d  by the m o d i f i e d  1AC method i n d i c a t e  

two r e g i m e s  of flow, r o t a t i n g  and  n o n - r o t a t i n g . ,  The 

o c c u r r e n c e  of r o t a t i o n  was o b s e r v e d  o n l y  above  Beyno'lds num- 

b e r s  o f  0.8 i f  t h e  Reyno lds  number is b a s e d  on t h e  d r o p  . 

v i s c o s i t y ,  t h e  i n l e t  ' v e l o c i t y ,  t h e  n o z z l e  d i a m e t e r , .  and  t h e  

d r o p  d e n s i t y .  

(4 )  T h e  d r o p s  w i t h  f o r c e d  i n t e r n a l  c i r c u l a t i o n  shoved  
. . 

h i g h  v e l o c i t i e s  a t  t h e  interlace i n  t h e  region where t h e  

s u r f a c e  area is g r e a t e s t .  T h i s  s u g g e s t s  t h a t  p e n e t r a t i o n  

t h e o r y  would e x p l a i n  t h e  mass t r a n s f e r  p r o c e s s .  

Recommendat ions  

(1) The' BAC method h a s  t h e  p o t e n t i a l  t o  s o l v e  t h e  com- 

b i n e d  problem o f  a  f o r m i n g  a n d  s e p a r a t i n g  drop.  However, a 

means of c a l c u l a t i n g  smooth  and  a c c u r a t e  s u r f a c e  c u r v a t u r e s  



must  b e  found .  b e f o r e  t h i s  p o t e n t i a l  c a n  be r e a l i z e d .  

(2) B f u l l  two f l u i d  s i m u l a t i o a  s h o u l d  b e  made of t h e  

f o r c e d  i n t e r n a l ,  c i r c u l a t i o n  d r o p  p'rob.lem, i n  o r d e r  t o  d e t e r -  

mine t h e  effects of a second ' .  p h a s e  o n  t h e  flow . p a t t e r n s  n e a r  

t h e  i n t e r f a c e .  A l s o  t h e  correct n o r m a l  and t a n g e n t i a l  stress 

bounda ry  c o n d i t i o n s  s h o u l d  b e  u s e d  i n  a n y  f u t u r e  s i m u l a t i o n s  

of d r o p s  w i t h  f o r c e d  i n t e r n a l  c i r c u l a t i o n ,  i n  o r d e r  t o  d e t e r -  

mine t h e  effect of t h e i r  o m i s s i o n  i n  t h i s  work. 

(3) An effor t  s h o u l a  b e  made t o  r e d u c e  t h e  amount o f  

.co.mputer c o d e  n e c e s s a r y ,  t o  i mplenent  . t h e  m o d i f i e d  flAC method, 

a s  c o n s i d e r a b l e  e f f i c i e n c y  c o u l d  b e  i n t r o d u c e d  i n  f u t u r e  cal- 

c u l a t i o n s . ,  



a 

D - d i v e r g e n c e '  (=V*u) 

g .  - g r a v i t a t i o n a l  a c c e l e , r a t i o n  I 

K - c u r v a t u r e  

lk -. c h o r d  l e n g t h  b e t r e e u  particles h aud kl 

- s e c o n d  d e r i v a t i v e  o f  i n t e r f a c e  s p l i n e  
A 

n  - l o c a l .  o u t w a r d  surface normal 

0 - term i n d i c a t i n g  t h e  o r d e r  o f  error i n c u r r e d  i n  

t r u n c a t i n g  a T a y l o r  series e x p a n s i o n  

P - p r e s s u r e  

Q - p r e s s u r e  g e n e r a t i o n  term 

r - r a d i a l  d i s t a n c e  

B - r e g i o n  c o n t a i n i n g  f l u i d  

dR - bounda ry  o f  r e g i o n  c o n t a i n g  f l u i d  

R, - p r i n c i p a l  r a d i u s  o f  c u r v a t u r e  

t r a n s v e r s e  r a d i u s  of c u r v a t u r e  

time 

i n t e r f a c i a l  t e n s i o n  c o e f f i c i e n t  
8 .  

h o r i z o n t a l  v e l o c i t y  component  

v e r t i c a l  v e l o c i t y  component  

(may refer t o  o t h e r  component  d i r e c t i o n s  

i f  s u b s c r i p t e d )  

c u m u l a t i v e  c h o r d  l e n g t h  be tween  i n t e r f a c e  p a r t i c l e s  

a x i a l  d i s t a n c e  



Greek Letters 

. . 

a - f r a c t i o n a l  cel l  'width of a n  n i r r e g o l a r  s t a r h  

p - relaxation parameter  

61 - r a d i a l  cell ' r i d t h  

st - time s t e p  

82 - a x i a l  cell  w i d t h  

'E - c o n v e r g e n c e  c r i t e r i o n  

' 7 - normal d i r e c t i o n  

- a r b i t r a r y  c o n s t a n t .  

/1 - v i s c o s i t y  

- k i n e m a t i c  v i s c o s i t y  

p - d e n s i t y  

. . 
T - t a n g e n t i a l  d i r e c t i o n  

- p r e s s u r e  to  d e n s i t y  r a t i o  

S u p e r s c r i p t s  

r - r a d i a l  d i r e c t i o n  

t - time 

z - a x i a l  d i r e c t i o n  

8 - d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  x 



S u b s c r i p t s  

f -. ' free, s u r i a c e  

i -. r a d i a l  d i r e c t i o n  index 

j - a x i a l  d i r e c t i o n  i n d e x  

k - p a r t i c l e i n d e x  

r - r a d i a l  d i r e c t i o n  

w - wall or l i n e  of symmetry 

z - a x i a l  d i r e c t i o n  

0 - a n g u l a r  d i r e c t i o n  



The a u t h o r  would  l i k e  t o  t h a n k  D r .  L. E. B u r k h a r t  f o r  

p r o p o s i n g  t h i s  p r o j e c t  and  fo r  h i s  c o n t i n u e d  g u i d a n c e  a n d  

e n c o u r a g e s e n t .  S p e c i a l  t h a n k s  are a l s o  'due t o  D r .  F. 8 .  

Harlow of t h e  Los Alamos. S c i e n t i f i c  L a b o r a t o r y  f o r  p r o v i d i n g  

t h e  SLOSH c o m p u t e r  c o d e  a n d  o u t p u t  l i s t i n g  which were the 

b a s i s  f o r  t h e  c a l c u l a t i o n s ,  a n d  a l s o  f o r  p r o v i d i n g  many 

i n v a i u a b l e  r e f e r e n c e s  t o  UAC c a l c u l a t i o n s .  Thanks  are  a l so  

due  t o  D r .  R i c h a r d  Seemann, L a r r y  ~ t r e t z  a n d  B i l l  F r a z i e r  f o r  

t h e i r  h e l p f u l  s u g g e s t i o n s  a n d  p a t i e n c e  i n  l i s t e n i n g  t o  many 

i d e a s  which were n e v e r  p u r s u e d .  Many t h a n k s  are  a l s o  d u e  t o  

t h e  e n t i r e  Compu ta t i on  C e n t e r  s t a f f  f o r  t h e i r  e n d l e s s  h e l p  i n  

c l e a r i n g  up  c o m p u t a t i o n  d i f f i c u l t i e s ,  a n d  f o r  p u t t i n g  up  w i t h  

my c o n s t a n t  p r e s e n c e .  F i n a l l y  I would l i k e  t o  t h a n k  my wife 

f o r  p a t i e n t l y  e n d u r i n g  t h e  many f r u s t r a t i o n s  o f  g r a d u a t e  

s t u d y ,  f o r  h e r  c o n s t a n t  s u p p o r t ,  and  f o r  l e t t e r i n g  a l l  t h e  

e q u a t i o n s  a n d  many of t h e  f i g u r e s  u s e d  i n  t h i s  t h e s i s .  
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