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Abstract 

Part of this paper refers to a research study developed by Jossa and the writer [ l ]  
now awaiting publication. 
It is well known that the static and kinematic behaviour of ancient dry block 
masonry structures is predominantly regulated by two parameters: self-weight 
and friction. And it is also well known that any investigation on the safety levels 
of these structures implies difficulties of analysis. due to the non-associated flow 
rules imposed by friction. Possibilities of non-unique solutions are directly 
consequent. This is, therefore, one of the main problems in every programme for 
the conservation and repair of such structures. 
The basic guideline of this research is to provide appropriate requirements to 
treat frictional materials within the framework of the standard limit analysis. 
This is possible, as shown in the paper, if a way to limit the space of statically 
admissible solutions can be defined in favour of safety. 
Generally, in classic plastic theory, an equilibrated distribution of internal forces 
gives a safe solution if the relative virtual work done, with reference to the true 
collapse configuration of the structure, is not greater than the virtual work done 
by the true force distribution. 
Therefore, in order to define a safe rigid-plastic model for frictional materials, a 
heuristic procedure to evaluate the minimum value of normal forces, with regard 
to the whole set of the statically admissible distributions, is herein proposed. 
Thus? a safe solution is obtainable with standard limit analysis by assuming the 
limiting frictional resistance to be that associated with this minimum normal force. 
The heuristic aspect of this procedure is particularly highlighted in the two case 
studies herein analysed: the 2D masonry wall subject to in-plane traction forces 
and the voussoir arch subject to its own weight. 
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252 Structural Studies, Repairs and Maintenance of Historical Buildings 

1 Introduction 

Investigation of the behaviour of masonry structures comprising rigid blocks 
continued for most of the last century, Kooharian and Heyman ([2], [3]), being 
the first to provide a description of vaulted block structures in terms of limit 
analysis. These authors treated the analysis of such structures under the 
assumption that friction between block interfaces was sufficiently high to 
prevent sliding. This leads, in the case of arches, to the well known hinging 
mechanisms discussed by Heyman [4]. 
However, especially for ancient buildings, the quality of the contact surfaces or 
of the binding materials might be so deteriorated as to reduce the original friction 
coefficient substantially. In particular, with reference to ancient dry block 
masonry structures we know that friction and self-weight predominantly regulate 
the structural behaviour. In addition, some particular shapes of masonry 
structures, e.g. flat arches, would never collapse unless sliding occurred. 
Hence, it is necessary to study this group of problems under the more realistic 
assumptions of presence of sliding. It is also known that within these problems 
the bounding theorems of plastic limit analysis do not generally provide unique 
solutions for collapse loads, due to the non-associated flow rules imposed by 
friction. 
Drucker [5] was perhaps the first to point out that whilst the exact solution to a 
problem involving Coulomb friction interfaces could be bounded from above 
and below, unfortunately such bounds will often be too wide to be of use in 
practice. In this class of problems, in fact, the bound from below is generally the 
condition that assumes no friction and cannot obviously be propounded for the 
analysis of most masonry structures. 
Over the last forty years many researchers have attempted to study this issue 
further, with varying degrees of success ([6], [7] ,  [8], [g], [10], [ l  l], [12], [13]). 
However a review of existing limit analysis approaches for block masonry 
structures has revealed a lack of such consistent methods that assures the 
reliability of solutions for non-standard materials. 
Jossa and the present writer have done extensive work on this theme ([14], [15], 
[16], [17]). Particularly their more recent studies have allowed them to define 
significant cases in which the solution is unique and easily attainable ([l 81, [19]), 
or cases in which certain procedures can be developed to achieve a solution and, 
at the same time, to test its limits of validity [20]. 
In t h s  paper we are interested in providing appropriate requirements for the 
treatment of this class of block masonry as a standard unilateral rigid-plastic 
material, with associated flow rules. This goal can be achieved by defining an 
appropriate model through a few general rules chosen for their safety factors, as 
proposed in the following sections. 

2 A strategy for the analysis 

We begin by pointing out that, as a consequence of the lack of available 
compatibility conditions, we must work within admissible equilibrium states. 
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We then look at a general model that could be easily used in static limit analysis. 
We assume that friction obeys a cohesionless linear Coulomb's law. for which 
the normalit) flow rule is not generally satisfied in plastic anal).sis. This means 
that admissible equilibrium conditions cannot certainly assure a safety state of 
the structure. as it would be required. Therefore, we must deal with this problem 
first. 
Consider the Coulomb's cone in Figure I(a). It is both known ([21], [22]) and 
obvious. that. if the normal force is given at some block interface, then it can be 
ignored in defining the limit surface. Hence, the cone reduces to a circle, with a 
constant value of the limiting friction force and with the normality rule once 
again guaranteed. as shown in Figure l(b).  Obviously. in 2D problems, such as 
those we are herein interested. the Coulomb's cone and the circle reduce to a 
bilateral yield line and to a line segment, respectively. 
This statement is assumed to be the basic guideline of the present work. 
The main goal of this research is to propose a heuristic procedure to construct 
such reference sub-models for frictional material in order to bound the range of  
all the statically admissible solutions from above. These sub-models, with regard 
to the statement previously described. can allow us to develop static analysis and 
to work within a safe class of  statically admissible solutions. 
In point of fact, let us suppose that. at every block interface of a masonry 
structure, we have succeeded in evaluating the minimum absolute value that the 
compressive normal force can assume, with regard to the whole set o f  the 
statically admissible solutions. Let N,,,,, be this value and let p be the limit 
friction angle at the interface. Then, according to the Coulomb's law and in 
favour of safety, we may assume that at that interface the masonry behaves 
essentially as a standard rigid-plastic material with the limiting value of shear 
forces defined by the product N,,,,,,tanq. This means that the internal virtual work 
done by these limiting shear forces. related to an equilibrated solution and with 
respect to the true collapse configuration of the structure; results not greater than 
the internal work done by the true shear forces. As a consequence, the load factor 
corresponding to any statically admissible solution is not greater than the true 
collapse factor and hence the solution is safer than the exact one. In other words 
the construction of such minimum >ield conditions must guarantee high levels of 
reliability in the analysis. in observance of the normality rule. 

Figure 1 :  (a) Cohesionless Coulomb's cone 
(b) Yield domain in the plane of  the shear forces 

                                                             Transactions on the Built Environment vol 55, © 2001 WIT Press, www.witpress.com, ISSN 1743-3509 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



254 Structural Studies, Repairs and Maintenance of Historical Buildings 

Moreover this safety criterion allows us, as shown in later examples and better 
explained in [ l ] .  also to take into account irregularities of shape and layout that 
always characterise real masonry structures. 
However, the theoretical simplicity of the described statement does not 
correspond to practical simplicity as well, because the local minimum normal 
force is not always easily attainable. This is due to difficulties in examining both 
every block interface, especially inside the complexity of a masonry wall, and all 
the statically admissible distributions of internal forces in a masonry structure. 
This means that the formulation of a general procedure may not be obtainable 
and might lead us to abandon the attempt. Actually. we can still decide: 
a) to define only certain general rules to follow in order to formulate a possible 

procedure; 
b) to specify an appropriate method for particular cases. 
Both these suggestions have been developed in the following sections, with 
reference to the two case studies of masonry walls subject to in-plane loads and 
voussoir arches under their own weight. 

2.1 The model and a few general rules 

Although it seems difficult to investigate every block interface in a masonry 
structure so as to determine the proposed N,,,,,,, our attention can easily be 
focused on a fracture line passing through a certain number of block interfaces 
where sliding between blocks is prevalently concentrated. It should be observed 
that this line, as the site of global sliding failure, occurs when the resultant 
frictional resistance, linearly dependent on the total weight resting on it, has been 
achieved. Therefore, according to the strategy described above, it is in our 
interest to identify such N,,,,,, as the minimum resultant of the normal forces 
acting on all block interfaces involved in the fracture line. 
On the other hand the definition of the proposed reference sub-model can be 
useful only if easily practicable. To this end it was decided to search such 
integral values of N,,,,,, along possible fracture lines: given by equilibrated 
distributions of internal forces. not necessarily admissible anywhere in the 
structure. This means that we have chosen to work inside a class of equilibrated 
distributions not less than the class of statically admissible ones. It is, once again, 
for the sake of safety. 
For our purpose the triangular masonry scheme in Figure Xa), with rigid blocks 
interacting only along the horizontal joints, has been appropriately chosen to 
analyse a limiting situation. It represents, for a masonry wall, the maximum 
distribution of the load Q acting on its top and is referred to the 
Tartaglia's triangle. 
Due to the absence of shear forces at the interfaces the solution 
determined and the distribution of Q is such that the generic normal 
on the kth support point and at the i th row can be written in this form: 

/i- . l  ' (i-  l)(;-2) ...( i- k + l )  
p~ p-----.p-- 

well known 

is statically 
force acting 

(1 )  
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Figure 2: The Tartaglia's distribution 

These values can be combined with a set of self-equilibrated reactions. as shear 
forces limited by friction. Indeed, as discussed elsewhere [ l ] ,  although these 
forces contribute to maximise the spreading of Q, they do not affect the safety 
level of the analysis and are, therefore, not included in this law of spreading. 
On the other hand. the Tartaglia's model is properly defined only to maximise 
the distribution of a single load. Obviously: its validity does not hold when 
referred to the whole structure, because it does not include such possible 
combinations of several loads as would otherwise allow greater spreading. The 
heuristic nature of this procedure is here quite evident. 
However. by assuming that the chosen distribution corresponds approximately to 
a maximum possible spreading of loads inside block masonry, this procedure 
reveals its pa~ticular relevance. In fact, we shall later show that. in many 
situations, the required N,,,,,, on a fracture line does depend on this described 
condition of maximum distribution. 
As a numerical example Figure 3 sketches the resultant normal forces acting on 
the fifth and tenth row of a scheme made by UN1 blocks (6xI2,5x25 cm) and the 
corresponding angles p, of maximum spreading. 
It should be noted that the angle p, is defined by the line linking the application 
points of Q and the resultant normal force acting on a half r o w  

30.76 c m  

Figure 3: Representation of the angle p, 
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256 Structural Studies, Repairs and Maintenance of Historical Buildings 

3 Case studies 

3.1 Masonry wall subject to its own weight and to horizontal forces 

The strategy proposed can be adopted, for example, in evaluating the frictional 
resistance for a retaining wall provided by a buttress wall connected to it (Fig. 4). 
In this case, if we assume that the dead load of the buttress wall is uniformly 
distributed, e.g. within the hypothesis of regularity of shape and layout of the 
wall, all the fracture lines shown in Figure 5 will have the same probability of 
occurring. That is to say that the resultant frictional resistance along a generic 
fracture line (e.g. line 2 in Figure 5 )  is equal to the resistance along the 
maximum possible slope (line 1 in Figure 5), defined by the dimension of the 
blocks. Then, with reference to the scheme in Figure 6(a), being: 

h 2  t a n a  
Q =  

L 

the area of the triangle of masonry bounded by the maximum slope (A-B = line 
1) and the vert~cal from its lowest point (B-G), forming angle a ,  the said 
frictional resistance will be: 
T = y b Q t a n y  (3) 
where y, b and tany are, respectively, the specific weight, the thickness and the 
friction coefficient between the blocks of the wall being analysed. 
With reference now to a generic fracture line (C-B = line 2) inclined at g in 
respect to the vertical, the resultant frictional resistance is still given by eqn (3) 
but the area of masonry now concerned will be: 

Figure 4: Retaining wall, with buttress, subject to horizontal forces. 

line l line 2 

Figure 5: Possible cracks in the buttress wall. 
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h tan a' 

Figure 6: (a) Scheme of possible cracks. 
(b) Distribution of the elementary weight d W  according t o  angle a+ 

h '  t a n g  
Q = ------- 
- 7 

L 

Therefore, to determine the frictional resistance as function of  the  area R (and 
the col-responding weight of masonry) we increase Q by the coefficient 6= QQ. 
This coefficient, since it expresses an equivalence justified only for geometrical 
reasons, is still valid when we take into account irregularities in the dead-load 
distribution. In this case, in fact, the search for N,,,,,, to define a safe resistance 
criterion does not alter the number of interfaces involved in the fracture line, but 
refers only to the reduction of lveight resting on them. 
Let us, then, imagine that collapse is caused by the activation o f  the fracture line 
C-B in Figure 6(a) (line 2). Having fixed angle p, as reference for the spreading, 
in agreement with what has previously been said, we may distinguish two cases: 

a) _a> q1 
In this case, although all the weight resting on the interfaces of  the f i x t u r e  line 
(region C-B-G), must be increased by the coefficient 6 previously described. part 
of it (region D-B-G), defined by the spreading angle p!, inay result in a different 
distribution, which we now wish to identifq with the aim of  minimising the 
normal force. Therefore. being: 

the weight of  the elementary cone of m a s o m  E-B-F. it can easily be observed, 
in Figure 6(b), that the smallest value of  d W l  acting on the generic line I-B is 
found when the equilibrium condition maximises the distance s between the two 
forces d W  and dW1.  Knowing that such maximisation is guaranteed, even if 
approximately. by the definition of reference angle 91 for the spreading, and that, 
in this case, the two distances r and s in Figure 6(b) are equal (since n*=p!). we 
simply obtain: 

dWl = dW 
2 

l + t a n p  tanp,  

In consequence. on the Interfaces i n ~ o l v e d  In the fracture lme C-B in F l y r e  6(a), 
the minimuin normal force ~ $ 1 1 1  be 
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25 8 Structural Studies, Repairs and Maintenance of Historical Buildings 

1 l 
d B  + W(,,,, n'  sin'^ ( 1  + t a n p  t a n q )  

(7) 

1 
where W(CBD) is the weight of the region C-B-D and 6 is the amplifying 
coefficient (6= AreqABG, /AreqrB~)  = t a n a  i tang). 
By integrating func t~on  (7) we get. 

N,,,., = I y  b h '  ( l +  in (cosp , )+  ln(sinp,)-ln(siii(2pI i)hanp, + wccBDll8 (8) 

b? U < @  
In this case the part o f  masonry resting on the interfaces of  the fracture line is 
inside the slope of  the spreading angle and the new value of  d W , ,  taking into 
account that r = s t a n g  cot p, (since a*=@, becomes: 

t a n g  + tan p, 
dW, = d W  

tan g (1 + t a n p  tanq ,  ) 
The  integral of function (9) determined for the range (ni2-Q? - (7r12), on the 
fracture line gives: l [ ( ~ n ( c o s g ) +  

y b h 2  t a n g + t a n p ,  
N m m  = t a n g  

t ( l j  + ~n(sin;, )+ S (11) 
- I 

L- ln(sin(L? +P, 1) 
In conclusion. with reference to the possible fracture line C-B. one can safely 
assign the limiting shear force: 

T = N,,,n tan p (11) 
where p is the fr-iction angle and N,,,,, is obtained fi-om eqn (8) or from eqn (10) 
depending on the case. 
By way of  example for case a) let us consider a masonry wall consisting of  UN1 
blocks ( 6 ~ 1 2 . 5 ~ 2 5  cm)  and with specific weight y =  18 K N I ~ ' ,  in which a crack 
inclined at angle g = 40" in respect to the vertical, involving a height h = 0,54 m 
(equal to 9 rows), is generated. 
Being p, = 29,67" the relative spreading angle found in the example in Figure 3, 
and p = 32" the friction angle, the limiting shear force along this line according 
to eqn (1 1) is T = 3 15 N, equal to about 73,894 of the resistance corresponding to 
the hypothesis o f  regular and uniform weight distribution o f  the wall. 

3.2 Voussoir arch subject to its own weight 

A circular masonry arch, with radial disposition of blocks, subject to its own 
weight, is now considered. 
In this case. in determining NI,,, acting on the possible generic radial crack: one 
can choose to operate in a more or less precise manner. 
An approximate calculation can be made, simply based on the conditions 
required for the equilibrium of the two parts of the arch divided by the fracture 
line and considered as rigid bodies. This means. the approximation of the choices 
not being changed. minimising in favour- of safety the normal force, by operating 
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on a range o f  solutions wider than that which covers the statically admissible 
solutions for all the sections. 
Alternatively, one can decide to develop the analysis by constructing true and 
proper statically admissible solutions. 
We wish now, by way of  example, to investigate the minimum normal forces at 
the springing joints and in certain sections of the constant thickness arch in 
Figure 7. operating with reference to  a conventional friction angle p*: chosen in 
function of  the value of  p and of  the spreading angle p,. The problem will then 
be reduced to that of minimising the normal forces in the sections chosen. in 
respect to  the said angle, with reference t o  all possible three-hinge arches such as 
arch A-C-E in Figure 7 .  However, the minimisation of these forces. 
corresponding to the components of  the vectors GF. GH and G1 normal to the 
block interfaces, will have to respect the condition that these vectors d o  not fall 
outside the friction cone. 
A simple computation programme has been worked out for the minimisation 
procedure, which developments are omitted here for the sake of  brevity. 

Figure 7. The voussoir arch of  constant thickness 

Figure 8. Miniln~lrn normal forces on  the block interfaces identified by P. 
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260 Structural Studies, Repairs and Maintenance of Historical Buildings 

Table 1. Limit shear forces on the block interfaces identified by P. 

Figure 8 gives the results in terms of the adimensional ratios N,,,,IW (W is the 
total weight of the arch) in function of the position of the generic sections of the 
arch identified by P. The results refer to a constant thickness arch with a ratio 
thicknessiaverage radius of 0,2, angles of embrace a = 25" and y = 135" and 
conventional friction angle p*= 35". 
The values obtained can now be used to construct a safe solution with limiting 
shear forces given in table 1. 

4 Conclusions 

A safe rigid-plastic model for frictional materials such as dry block masonry 
structures has been set out in this paper in order to treat them within the 
framework of the standard limit analysis. This provides such reduced resistance 
conditions for problems involving Coulomb friction that any statically 
admissible solution succeeds in assuring a safety state for them. 
To this end a heuristic procedure has been outlined herein, accounting for both 
the irregularities of shape and layout of real masonry structures. 
On the other hand the approximation that some choices have required so as to 
reduce the complexity of such problems, is rightly accomplished for the sake of 
reliability that sustains this research. 
Further development of the model and the heuristic procedure are referred to [ l] .  
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