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Dual-Hop FSO Transmission Systems over
Gamma-Gamma Turbulence with Pointing Errors

Emna Zedini, Student Member, IEEE, Hamza Soury, Student
Member, IEEE, and Mohamed-Slim Alouini, Fellow, IEEE

Abstract—In this paper, we analyze the end-to-end perfor-
mance of dual-hop free-space optical (FSO) fixed gain relaying
systems under heterodyne detection and intensity modulation
with direct detection techniques in the presence of atmospheric
turbulence as well as pointing errors. In particular, we derive
the cumulative distribution function (CDF) of the end-to-end
signal-to-noise ratio (SNR) in exact closed-form in terms of the
bivariate Fox’s H function. Capitalizing on this CDF expression,
novel closed-form expressions for the outage probability, the
average bit-error rate (BER) for different modulation schemes,
and the ergodic capacity of dual-hop FSO transmission systems
are presented. Moreover, we present very tight asymptotic results
for the outage probability and the average BER at high SNR
regime in terms of simple elementary functions and we derive
the diversity order of the considered system. By using dual-hop
FSO relaying, we demonstrate a better system performance as
compared to the single FSO link. Numerical and Monte-Carlo
simulation results are provided to verify the accuracy of the
newly proposed results, and a perfect agreement is observed.

Index Terms—Free-space optics (FSO), dual-hop relaying,
pointing errors, Gamma-Gamma, outage probability, average bit-
error rate (BER), ergodic capacity.

I. INTRODUCTION

Free-space optical (FSO) communication systems have
gained a growing research interest due to their various fea-
tures. These include high data rates due to their very high
bandwidth, with high security level at the unlicensed optical
spectrum, robustness to electromagnetic interference, and ease
of deployment among others. This promising technology is
able to overcome the spectrum scarcity issue in wireless
communications systems [1]–[8].

However, fluctuations in both the phase and the intensity
of the received signal caused by the atmospheric turbulence
may lead to a severe performance degradation, especially over
a range of several kilometers [1]. Several statistical channel
models have been presented to characterize the turbulence-
induced fading in FSO systems, and Gamma-Gamma distri-
bution is the most suitable model to characterize moderate to
strong turbulence regimes [9]. Moreover, FSO transmission
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is sensitive to weather conditions, such as rain, aerosols,
and particularly fog. This dependence on the atmospheric
conditions can significantly affect the reliability of FSO sys-
tems. Furthermore, thermal expansion, wind loads, and small
earthquakes cause building sway that results in deviation of
the beam from its original path. This misalignment between
the transmitter and the receiver, known as pointing error, can
significantly impact the quality of FSO links [10].

FSO systems can be classified into two categories based on
the detection type at the receiver side, namely coherent and
non-coherent. Non-coherent systems, also known as intensity
modulation with direct-detection (IM/DD), are commonly used
in FSO links mainly because of their simplicity and low
cost [6]. In such systems, the receiver directly detects the
intensity of the emitted light. With recent advances in inte-
grated circuits as well as high-speed digital signal processing,
coherent detection is becoming more attractive [11]–[14]. In
such systems, the incoming optical signal is mixed with a
local oscillator (LO) before photo-detection, which improves
the receiver sensitivity [15], [16]. Another interesting property
of coherent detection is that amplitude, frequency, and phase
modulation can be employed, which considerably increase
the system spectral efficiency [14]. Furthermore, coherent
detection allows background noise rejection [17]. Coherent
systems can be further categorized into two classes, homodyne
and heterodyne systems. In homodyne detection, the LO is
running at the same frequency as the incoming radiation while
in heterodyne detection, the frequency of the local oscillator
and the incoming radiation can be different.

Relaying technique has been demonstrated as an efficient
solution to mitigate the short range as well as the turbulence-
induced fading. By using short hops, this technology can
broaden the coverage and improve the FSO link performance
[18]–[21]. As such, considerable efforts have been devoted
to study the relay system performance when FSO and radio-
frequency (RF) are used in series in the so-called mixed
RF/FSO systems under both heterodyne and IM/DD tech-
niques employing decode-and-forward (DC) or amplify-and-
forward (AF) relaying [22]–[30]. In such system models,
multiple RF users can be multiplexed and sent over the
FSO link. This also has increased the interest to study the
performance of dual-hop mixed FSO/RF systems, where the
FSO link is used as a broadcast channel that serves different
RF users. As per authors’ best knowledge, the first exact
closed-form performance analysis of dual-hop FSO/RF fixed
gain relaying systems has been carried out in [31]. Having
such interesting results motivates further the analysis of dual-
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hop FSO fixed gain relaying communication systems. In
[32], bounds for the performance analysis of dual-hop FSO
system with channel-state information (CSI)-assisted amplify-
and-forward (AF) relay are presented. An experimental setup
of an all-optical 10-Gbps dual-hop FSO system using an AF
relay has been presented in [33].

Highly motivated by the experimental verification in [33],
this paper studies the end-to-end performance of dual-hop
FSO systems in exact closed-form. To the best of the au-
thors’ knowledge, this represents the first exact closed-form
performance study of such systems. Indeed, the use of fixed
gain relay introduces a shift in the expression of the end-
to-end signal-to-noise ratio (SNR) making the analysis quite
challenging. Hence, we develop a new analytical framework
to evaluate the performance of dual-hop FSO systems with
either of the two types of detection techniques (i.e. IM/DD
or heterodyne detection) under the combined effect of atmo-
spheric turbulence and pointing errors. The results show a
significant improvement in the performance of the dual-hop
FSO system over the single FSO link and are as such in a
perfect agreement with what was observed experimentally in
[33]. More specifically, we derive the cumulative distribution
function (CDF) of such systems in terms of the bivariate Fox’s
H function. Then, we derive the performance metrics such us
the outage probability, the average bit-error rate (BER) for
different modulation schemes, and the ergodic capacity of the
dual-hop FSO system. At high SNR, we provide very tight
asymptotic results for the outage probability and the average
BER in terms of simple elementary functions, and we derive
the diversity order of the considered system.

The remainder of this paper is organized as follows. In
Section II, we introduce the channel and communication
system model. We derive the cumulative distribution function
(CDF), the probability density function (PDF), the moment
generating function (MGF), and the moments of the end-to-
end signal-to-noise ratio (SNR) of dual-hop FSO systems in
Section III. Capitalizing on these results, we present closed-
form expressions of the outage probability, the average BER,
and the ergodic capacity along with the asymptotic analysis
at high SNR regime in Section IV. Section V presents some
numerical and simulation results to illustrate the mathematical
formalism presented in the previous section. Finally, some
concluding remarks are drawn in Section VI.

II. CHANNEL AND SYSTEM MODELS

We consider a dual-hop optical communication system
where the source terminal S is communicating with the
destination terminal D through a half-duplex relay terminal
R. The two FSO hops (i.e. S-R and R-D) are assumed
to be subject to independent but not necessarily identically
distributed Gamma-Gamma fading that accounts for pointing
errors and both types of detection techniques (i.e. IM/DD as
well as heterodyne detection). In this paper, we assume a high-
energy FSO system whose performance is limited by shot
noise as well as thermal noise. In this case, the noise can be
modeled to high accuracy as zero mean, signal independent
additive white Gaussian noise (AWGN) (a widely accepted
assumption in many reported works in the literature [34]–[37]).

The overall instantaneous SNR of a dual-hop FSO system
employing AF equipped with fixed gain relay under the
assumption of negligible saturation can be written as [38] 1

γ =
γ1 γ2

γ2 + C
, (1)

where C is a constant inversely proportional to the squared
relay’s gain [38], and γi is the instantaneous SNR of the ith
hop for i ∈ (1, 2) with the PDF given in [29, Eq.(3)] as

fγi(γi) =
ξ2
i

ri Γ(αi) Γ(βi) γi

×G3,0
1,3

[
αi βi hi

(
γi
µri

) 1
ri

∣∣∣∣ ξ2
i + 1

ξ2
i , αi, βi

]
, (2)

where hi =
ξ2i
ξ2i+1

, ri is the parameter that represents the
type of detection being used (i.e. ri = 1 is associated with
heterodyne detection and ri = 2 associated with IM/DD), ξi
denotes the ratio between the equivalent beam radius at the
receiver and the pointing error displacement standard deviation
(jitter) at the receiver given as ξi =

wzeq,i
2σs,i

, with σ2
s,i is the

jitter variance at the receiver and wzeq,i is the equivalent beam
radius at the receiver [10], G·,··,· (·) is the Meijer’s G function,
and µri refers to the average electrical SNR of the ith hop. In
particular, for ri = 1,

µ1i = µheterodynei = E[γi] = γi, (3)

and for ri = 2,

µ2i = µIM/DDi
=

αi βi ξ
2
i (ξ2

i + 2)

(αi + 1)(βi + 1)(ξ2
i + 1)2

γi, (4)

with αi and βi the fading parameters related to the atmospheric
turbulence conditions [3]. More specifically, assuming a plane
wave propagation in the absence of inner scale, αi and βi can
be determined from the Rytov variance as [3]

αi =

exp

 0.49σ2
R,i(

1 + 1.11σ
12/5
R,i

)7/6

− 1


−1

(5)

βi =

exp

 0.51σ2
R,i(

1 + 0.69σ
12/5
R,i

)5/6

− 1


−1

, (6)

where σ2
R,i = 1.23C2

n,i

(
2π
λi

) 7
6

L
11
6
i is the Rytov variance,

C2
n,i denotes the refractive-index structure parameter, λi is the

wavelength, and Li represents the propagation distance of the
ith hop for i ∈ (1, 2). Moreover, by using [39, Eq.(2.24.2/3)]
then [40, Eq.(2.4.5)], we can obtain the CDF of γi as

Fγi(γi) = 1− ξ2
i

Γ(αi) Γ(βi)

×G4,0
2,4

[
αi βi hi

(
γi
µri

) 1
ri

∣∣∣∣ 1, ξ2
i + 1

0, ξ2
i , αi, βi

]
. (7)

1For tractability, we neglect the saturation effect of the relay amplifier.
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III. END-TO-END SNR STATISTICS

A. Cumulative Distribution Function

1) Exact Analysis: The CDF of the overall SNR, γ, for a
dual-hop FSO system under both types of detection techniques
(i.e. heterodyne detection as well as IM/DD) with pointing
errors taken into account can be given in exact closed form as

Fγ(γ) = 1− ξ21 ξ
2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)
H0,1:4,0:0,3

1,0:1,4:3,2

(1, 1
r2
, 1
r1

)
−

(1 + ξ22 , 1)
(ξ22 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

(1− ξ21 , 1)(1− α1, 1)(1− β1, 1)
(−ξ21 , 1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣
α2β2h2

(
C

µr2

) 1
r2

,

(
µr1
γ

) 1
r1

α1β1h1

 ,
(8)

where H.,.:.,.:.,.
.,.:.,.:.,.(·, ·) is the bivariate Fox’s H function, known

also as the Fox’s H function of two variables [41] whose
MATLAB implementation is presented in [42].

Proof: See Appendix A.
It is worthy to mention that for the special case where

the two FSO hops operate under heterodyne detection, i.e.
r1 = 1 and r2 = 1, the unified expression given by (8) can
be simplified in terms of the extended generalized bivariate
Meijer’s G function, G.,.:.,.:.,.

.,.:.,.:.,. with the help of [40, Eq.(2.9.1)]
as

FHγ (γ) = 1− ξ2
1 ξ

2
2

Γ(α1)Γ(α2)Γ(β1)Γ(β2)
G0,1:4,0:0,3

1,0:1,4:3,2[
1
−

∣∣∣∣∣ 1 + ξ2
2

ξ2
2 , α2, β2, 0

∣∣∣∣∣ 1− ξ2
1 , 1− α1, 1− β1

−ξ2
1 , 0

∣∣∣∣∣α2β2h2C
µr2

,
µr1

α1β1h1γ

]
.

(9)

Note that an efficient MATHEMATICA implementation for
G.,.:.,.:.,.
.,.:.,.:.,.(·, ·) is presented in [43, Table II].

2) High SNR Analysis: The exact expression of the CDF
in (8) is derived in terms of the bivariate Fox’s H function
which is a quite complex function and is not a standard built-
in function in most of the well-known mathematical software
packages such as MATLAB and MATHEMATICA, and as
such it reveals limited physical insights. Therefore, we present
an asymptotic analysis of the CDF in the high SNR regime. In
particular, a very tight asymptotic result for the CDF in (8) can
be obtained by using [41, Eq.(1.1)] and [40, Eq.(1.8.4)] with
some algebraic manipulations as shown by (10). It should be
noted here that the CDF expression given in (10) includes only
summations of basic elementary functions, as compared to the
exact CDF expression derived in terms of the bivariate Fox’s
H function in (8). This result, being much more analytically
tractable, is very accurate and converges perfectly to the exact
result at high SNR. Interestingly enough, with the help of this
simple result, one may easily derive the diversity order of the
dual-hop FSO system in the presence of pointing errors for
both heterodyne and IM/DD detection techniques. As can be
seen from (10), the diversity order of the considered system is
a function of the type of receiver detection being used in each
hop (i.e. r1 and r2), the two FSO hop’s turbulence parameters
(i.e. α1, β1, α2, and β2), and the pointing errors (i.e. ξ1 and
ξ2).

Proof: See Appendix B.

It is important to note that this expression is very useful to
obtain asymptotic results for the MGF and the average BER
at high SNR range as will be shown in the next sections.

Fγ(γ) ≈
µr1 ,µr2�1

Γ(α1 − ξ2
1)Γ(β1 − ξ2

1)

Γ(α1)Γ(β1)

(
(α1β1h1)

r1 γ

µr1

) ξ21
r1

+
ξ2
1Γ(β1 − α1)

(ξ2
1 − α1)Γ(1 + α1)Γ(β1)

(
(α1β1h1)

r1 γ

µr1

)α1
r1

+
ξ2
1Γ(α1 − β1)

(ξ2
1 − β1)Γ(α1)Γ(1 + β1)

(
(α1β1h1)

r1 γ

µr1

) β1
r1

+
ξ2
2Γ(α1 − ξ2

1)Γ(β1 − ξ2
1)Γ(α2 − ξ2

1
r2
r1

)Γ(β2 − ξ2
1
r2
r1

)

2(ξ2
2 − ξ2

1
r2
r1

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)

(
(α1β1h1)

r1 (α2β2h2)
r2 Cγ

µr1µr2

) ξ21
r1

+
ξ2
1ξ

2
2Γ(β1 − α1)Γ(α2 − α1

r2
r1

)Γ(β2 − α1
r2
r1

)

2(ξ2
1 − α1)(ξ2

2 − α1
r2
r1

)Γ(1 + α1)Γ(α2)Γ(β1)Γ(β2)

(
(α1β1h1)

r1 (α2β2h2)
r2 Cγ

µr1µr2

)α1
r1

+
ξ2
1ξ

2
2Γ(α1 − β1)Γ(α2 − β1

r2
r1

)Γ(β2 − β1
r2
r1

)

2(ξ2
1 − β1)(ξ2

2 − β1
r2
r1

)Γ(α1)Γ(α2)Γ(1 + β1)Γ(β2)

(
(α1β1h1)

r1 (α2β2h2)
r2 Cγ

µr1µr2

) β1
r1

+
ξ2
1Γ(α1 − ξ2

2
r1
r2

)Γ(β1 − ξ2
2
r1
r2

)Γ(α2 − ξ2
2)Γ(β2 − ξ2

2)

(ξ2
1 − ξ2

2
r1
r2

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)

(
(α1β1h1)

r1 (α2β2h2)
r2 Cγ

µr1µr2

) ξ22
r2

+
ξ2
1ξ

2
2Γ(α1 − α2

r1
r2

)Γ(β1 − α2
r1
r2

)Γ(β2 − α2)

(ξ2
1 − α2

r1
r2

)(ξ2
2 − α2)Γ(α1)Γ(1 + α2)Γ(β1)Γ(β2)

(
(α1β1h1)

r1 (α2β2h2)
r2 Cγ

µr1µr2

)α2
r2

+
ξ2
1ξ

2
2Γ(α1 − β2

r1
r2

)Γ(β1 − β2
r1
r2

)Γ(α2 − β2)

(ξ2
1 − β2

r1
r2

)(ξ2
2 − β2)Γ(α1)Γ(α2)Γ(β1)Γ(1 + β2)

(
(α1β1h1)

r1 (α2β2h2)
r2 Cγ

µr1µr2

) β2
r2

. (10)
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B. Probability Density Function

Differentiating (8) with respect to γ results in the exact
closed-form expression of the PDF of γ in terms of the
bivariate Fox’s H function, that is,

fγ(γ) =
ξ21 ξ

2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2) γ
H0,1:4,0:0,3

1,0:1,4:3,2

(1, 1
r2
, 1
r1

)
−

(1 + ξ22 , 1)
(ξ22 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

(1− ξ21 , 1)(1− α1, 1)(1− β1, 1)
(−ξ21 , 1)(1, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣
α2β2h2

(
C

µr2

) 1
r2

,

(
µr1
γ

) 1
r1

α1β1h1

 .
(11)

Proof: See Appendix C.

C. Moment Generating Function

1) Exact Analysis: The MGF, defined as Mγ(s) =
E[e−γs], can be expressed in terms of the CDF by using
integration by parts as [23]

Mγ(s) = s

∫ ∞
0

e−γsFγ(γ) dγ. (12)

Substituting the CDF expression derived in Appendix A into
(12), and applying [44, Eq.(3.381/4)] then [41, Eq.(1.1)], the
MGF of γ can be given in terms of the bivariate Fox’s H
function by

Mγ(s) = 1− ξ21 ξ
2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)
H0,1:4,0:1,3

1,0:1,4:3,3

(1, 1
r2
, 1
r1

)
−

(1 + ξ22 , 1)
(ξ22 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

(1− ξ21 , 1)(1− α1, 1)(1− β1, 1)
(1, 1

r1
)(−ξ21 , 1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣
α2β2h2

(
C

µr2

) 1
r2

,
(sµr1)

1
r1

α1β1h1

 ,
(13)

When r1 = 1 and r2 = 2, (13) becomes the MGF of dual-hop
FSO systems using the heterodyne detection technique and can
be represented in terms of the bivariate Meijer’s G function as

MH
γ (s) = 1− ξ21 ξ

2
2

r1 r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)
G0,1:4,0:1,3

1,0:1,4:3,3[
1
−

∣∣∣∣∣ 1 + ξ22
ξ22 , α2, β2, 0

∣∣∣∣∣ 1− ξ21 , 1− α1, 1− β1
1,−ξ21 , 0

∣∣∣∣∣α2β2h2C
µr2

,
s µr1

α1β1h1γ

]
.

(14)

2) High SNR Analysis: By substituting (10) into (12) then
applying the integral identity [44, Eq.(3.381/4)], the MGF in
(13) can be asymptotically expressed at high SNR in terms of
basic elementary functions as shown by (15).

It is important to note here that the asymptotic result for
the MGF in (15) is easily tractable and particularly useful to
evaluate the average symbol error rate (SER) of M-PSK and
M-QAM by applying the MGF-based approach. By utilizing
this method, the SER can be calculated based entirely on
knowledge of the MGF of the end-to-end SNR without ever
having to compute its PDF and CDF [45].

Mγ(s) ≈
µr1 ,µr2�1

Γ(α1 − ξ2
1)Γ(β1 − ξ2

1)Γ
(

1 +
ξ21
r1

)
Γ(α1)Γ(β1)

(
(α1β1h1)

r1

sµr1

) ξ21
r1

+
ξ2
1Γ(β1 − α1)Γ

(
1 + α1

r1

)
(ξ2

1 − α1)Γ(1 + α1)Γ(β1)

(
(α1β1h1)

r1

sµr1

)α1
r1

+
ξ2
1Γ(α1 − β1)Γ

(
1 + β1

r1

)
(ξ2

1 − β1)Γ(α1)Γ(1 + β1)

(
(α1β1h1)

r1

sµr1

) β1
r1

+
ξ2
2Γ(α1 − ξ2

1)Γ(β1 − ξ2
1)Γ(α2 − ξ2

1
r2
r1

)Γ(β2 − ξ2
1
r2
r1

)Γ
(

1 +
ξ21
r1

)
2(ξ2

2 − ξ2
1
r2
r1

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)

(
C (α1β1h1)

r1 (α2β2h2)
r2

sµr1µr2

) ξ21
r1

+
ξ2
1ξ

2
2Γ(β1 − α1)Γ(α2 − α1

r2
r1

)Γ(β2 − α1
r2
r1

)Γ
(

1 + α1

r1

)
2(ξ2

1 − α1)(ξ2
2 − α1

r2
r1

)Γ(1 + α1)Γ(α2)Γ(β1)Γ(β2)

(
C (α1β1h1)

r1 (α2β2h2)
r2

sµr1µr2

)α1
r1

+
ξ2
1ξ

2
2Γ(α1 − β1)Γ(α2 − β1

r2
r1

)Γ(β2 − β1
r2
r1

)Γ
(

1 + β1

r1

)
2(ξ2

1 − β1)(ξ2
2 − β1

r2
r1

)Γ(α1)Γ(α2)Γ(1 + β1)Γ(β2)

(
C (α1β1h1)

r1 (α2β2h2)
r2

sµr1µr2

) β1
r1

+
ξ2
1Γ(α1 − ξ2

2
r1
r2

)Γ(β1 − ξ2
2
r1
r2

)Γ(α2 − ξ2
2)Γ(β2 − ξ2

2)Γ
(

1 +
ξ22
r2

)
(ξ2

1 − ξ2
2
r1
r2

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)

(
C (α1β1h1)

r1 (α2β2h2)
r2

sµr1µr2

) ξ22
r2

+
ξ2
1ξ

2
2Γ(α1 − α2

r1
r2

)Γ(β1 − α2
r1
r2

)Γ(β2 − α2)Γ
(

1 + α2

r2

)
(ξ2

1 − α2
r1
r2

)(ξ2
2 − α2)Γ(α1)Γ(1 + α2)Γ(β1)Γ(β2)

(
C (α1β1h1)

r1 (α2β2h2)
r2

sµr1µr2

)α2
r2

+
ξ2
1ξ

2
2Γ(α1 − β2

r1
r2

)Γ(β1 − β2
r1
r2

)Γ(α2 − β2)Γ
(

1 + β2

r2

)
(ξ2

1 − β2
r1
r2

)(ξ2
2 − β2)Γ(α1)Γ(α2)Γ(β1)Γ(1 + β2)

(
C (α1β1h1)

r1 (α2β2h2)
r2

sµr1µr2

) β2
r2

. (15)
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D. Moments

The nth moments of the end-to-end SNR of a dual-hop
FSO system using both types of detection techniques, defined
as E[γn] =

∫∞
0
γn fγ(γ) dγ, can be shown to be given in

terms of the Fox’s H function by

E[γn] =
ξ2
1 ξ

2
2 Γ(r1n+ α1) Γ(r1n+ β1)µnr1

Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(n)(r1n+ ξ2
1)(α1β1h1)r1n

×H4,1
2,4

[
C (α2β2h2)

r2

µr2

∣∣∣∣ (1− n, 1)(1 + ξ2
2 , r2)

(ξ2
2 , r2)(α2, r2)(β2, r2)(0, 1)

]
.

(16)

Proof: See Appendix D.
Note that an efficient MATHEMATICA implementation for

evaluating the Fox’s H function H·,··,· (·) is presented in [47].
Furthermore, in the special case of a dual-hop FSO system
operating under heterodyne detection (i.e. r1 = 1 and r2 = 1),
(16) simplifies to

EH [γn] =
ξ2
1 ξ

2
2 Γ(n+ α1) Γ(n+ β1)µnr1

Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(n)(n+ ξ2
1)(α1β1h1)n

×G4,1
2,4

[
Cα2β2h2

µr2

∣∣∣∣1− n, 1 + ξ2
2

ξ2
2 , α2, β2, 0

]
. (17)

It is worthy to mention that the moments expressions in (16)
and (17) are useful to obtain closed-form expressions for the
nth-order amount of fading given as [48]

AF (n)
γ =

E[γn]

E[γ]n
− 1. (18)

IV. END-TO-END PERFORMANCE METRICS

A. Outage Probability

The outage probability is a standard performance metric of
an FSO communication system. It is defined as the probability
that the end-to-end SNR, γ, falls below a certain specified
threshold, γth. An exact closed-form expression for the outage
probability of dual-hop fixed gain relaying FSO systems in
operation under both heterodyne detection as well as IM/DD
with pointing error impairments can be easily obtained from
(8), that is, Pout = Fγ(γth).

B. Average Bit-Error Rate

1) Exact Analysis: A unified expression for the average
BER can be given in a compact form as

Pe =
δ

2Γ(p)

n∑
k=1

∫ ∞
0

Γ(p, qk γ)fγ(γ) dγ, (19)

where n, δ, p, and qk vary depending on the type of detection
(heterodyne technique or IM/DD) and modulation being as-
sumed. It is worth accentuating that this expression is general
enough to be used for both heterodyne and IM/DD techniques
and can be applicable to different modulation schemes. Prior
to presenting the unified BER closed-form results, we shall
introduce Theorem 1 as follows

Theorem 1. Let a, b ∈ R∗+. Define I(a, b) as I(a, b) =
1

2Γ(a)

∫∞
0

Γ(a, b γ)fγ(γ) dγ, then I(a, b) can be expressed in
closed-form in terms of the bivariate Fox’s H function as

I(a, b) =
1

2
− ξ21 ξ

2
2

2r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(a)
H0,1:4,0:1,3

1,0:1,4:3,3

(1, 1
r2
, 1
r1

)
−

(1 + ξ22 , 1)
(ξ22 , 1)(α2, 1)(β2, 1)(0, 1

r2
)

(1− ξ21 , 1)(1− α1, 1)(1− β1, 1)
(a, 1

r1
)(−ξ21 , 1)(0, 1

r1
)

∣∣∣∣∣∣∣∣∣∣∣∣
α2β2h2

(
C

µr2

) 1
r2

,
(b µr1)

1
r1

α1β1h1

 .
(20)

Proof. See Appendix E.

Based on Theorem 1, we get a general expression of the
average BER for OOK, M-QAM, and M-PSK modulations as
follows

Pe = δ

n∑
k=1

I(p, qk), (21)

where n, δ, p, qk are summarized in Table I.
2) High SNR Analysis: The average BER expression in (19)

can be rewritten in terms of the CDF of γ by using integration
by parts as

P e =
δqpk

2Γ(p)

n∑
k=1

∫ ∞
0

γp−1e−qkγFγ(γ) dγ. (22)

Utilizing (22) together with (10), we obtain a very tight
asymptotic expression of the average BER at high SNR in
terms of simple elementary functions as shown in (23).

Table I: Parameters for Different Modulations a

Modulation Scheme δ p qk n Detection Type
OOK 1 1/2 1/2 1 IM/DD

BPSK 1 1/2 1 1 Heterodyne

M-PSK 2
max(log2M,2) 1/2 sin2

(
(2k−1)π

M

)
max

(
M
4 , 1

)
Heterodyne

M-QAM 4
log2M

(
1− 1√

M

)
1/2 3(2k−1)2

2(M−1)

√
M
2 Heterodyne

aIn case of OOK modulation, the parameters δ, p , qk , and n are determined via [46, Eq.(26)] and in case of M-PSK and M-QAM modulation
schemes, these parameters may be determined utilizing [31, Eqs.(30) and (31)].
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Pe ≈
µr1 ,µr2�1

δΓ(α1 − ξ2
1)Γ(β1 − ξ2

1)Γ(
ξ21
r1

+ p)

2Γ(α1)Γ(β1)Γ(p)

n∑
k=1

(
(α1β1h1)

r1

qk µr1

) ξ21
r1

+
δξ2

1Γ(β1 − α1)Γ(α1

r1
+ p)

2(ξ2
1 − α1)Γ(1 + α1)Γ(β1)Γ(p)

n∑
k=1

(
(α1β1h1)

r1

qk µr1

)α1
r1

+
δξ2

1Γ(α1 − β1)Γ(β1

r1
+ p)

2(ξ2
1 − β1)Γ(α1)Γ(1 + β1)Γ(p)

n∑
k=1

(
(α1β1h1)

r1

qk µr1

) β1
r1

+
δξ2

2Γ(α1 − ξ2
1)Γ(β1 − ξ2

1)Γ(α2 − ξ2
1
r2
r1

)Γ(β2 − ξ2
1
r2
r1

)Γ(
ξ21
r1

+ p)

4(ξ2
2 − ξ2

1
r2
r1

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

) ξ21
r1

+
δξ2

1ξ
2
2Γ(β1 − α1)Γ(α2 − α1

r2
r1

)Γ(β2 − α1
r2
r1

)Γ(α1

r1
+ p)

4(ξ2
1 − α1)(ξ2

2 − α1
r2
r1

)Γ(1 + α1)Γ(α2)Γ(β1)Γ(β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

)α1
r1

+
δξ2

1ξ
2
2Γ(α1 − β1)Γ(α2 − β1

r2
r1

)Γ(β2 − β1
r2
r1

)Γ(β1

r1
+ p)

4(ξ2
1 − β1)(ξ2

2 − β1
r2
r1

)Γ(α1)Γ(α2)Γ(1 + β1)Γ(β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

) β1
r1

+
δξ2

1Γ(α1 − ξ2
2
r1
r2

)Γ(β1 − ξ2
2
r1
r2

)Γ(α2 − ξ2
2)Γ(β2 − ξ2

2)Γ(
ξ22
r2

+ p)

2(ξ2
1 − ξ2

2
r1
r2

)Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

) ξ22
r2

+
δξ2

1ξ
2
2Γ(α1 − α2

r1
r2

)Γ(β1 − α2
r1
r2

)Γ(β2 − α2)Γ(α2

r2
+ p)

2(ξ2
1 − α2

r1
r2

)(ξ2
2 − α2)Γ(α1)Γ(1 + α2)Γ(β1)Γ(β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qk µr1µr2

)α2
r2

+
δξ2

1ξ
2
2Γ(α1 − β2

r1
r2

)Γ(β1 − β2
r1
r2

)Γ(α2 − β2)Γ(β2

r2
+ p)

2(ξ2
1 − β2

r1
r2

)(ξ2
2 − β2)Γ(α1)Γ(α2)Γ(β1)Γ(1 + β2)Γ(p)

n∑
k=1

(
C (α1β1h1)

r1 (α2β2h2)
r2

qkµr1µr2

) β2
r2

. (23)

Furthermore, the diversity order of the dual-hop FSO system
can be given by

Gd = min

(
ξ2
1

r1
,
α1

r1
,
β1

r1
,
ξ2
2

r2
,
α2

r2
,
β2

r2

)
. (24)

C. Ergodic Capacity

The ergodic capacity of dual-hop FSO communication sys-
tems in operation under both heterodyne technique and IM/DD
can be given by [49, Eq.(26)], [50, Eq.(7.43)], [51, Eq.(15)],

C ,
1

2
E[ln(1 + c γ)] =

1

2

∫ ∞
0

ln(1 + c γ)fγ(γ) dγ, (25)

where the factor 1
2 is used because the relay terminal R is

assumed to be operating in half-duplex mode, and c is a
constant such that c = e/(2π) for IM/DD technique (i.e.
ri = 2) and c = 1 for heterodyne technique (i.e. ri = 1) for
i ∈ (1, 2). Note that the expression in (25) is exact for ri = 1
while it is a lower-bound for ri = 2, and can be derived in
closed-form in terms of the bivariate Fox’s H function as

C =
ξ2
1 ξ

2
2

2 r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)
H0,1:4,0:1,4

1,0:1,4:4,3
(1, 1

r2
, 1
r1

)

−
(1+ξ22 ,1)

(ξ22 ,1)(α2,1)(β2,1)(0, 1
r2

)

(1−ξ21 ,1)(1−α1,1)(1−β1,1)(1, 1
r1

)

(1, 1
r1

)(−ξ21 ,1)(0, 1
r1

)

∣∣∣∣∣∣∣∣∣∣
α2β2h2

(
C

µr2

) 1
r2

,
(c µr1)

1
r1

α1β1h1

 .
(26)

Proof: See Appendix F.

In the special case when the two FSO links use the hetero-
dyne detection technique (i.e. r1 = 1 and r2 = 1), the ergodic
capacity in (26) further simplifies to

C
H

=
ξ2
1 ξ

2
2

2 r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)
G0,1:4,0:1,4

1,0:1,4:4,3[
1
−

∣∣∣∣∣ 1 + ξ2
2

ξ2
2 , α2, β2, 0

∣∣∣∣∣ 1− ξ2
1 , 1− α1, 1− β1, 1

1,−ξ2
1 , 0

∣∣∣∣∣α2β2h2C
µr2

,
c µr1
α1β1h1

]
.

(27)

V. NUMERICAL RESULTS

In this section, we provide some numerical results to illus-
trate the mathematical formalism presented above and prove
its correctness by means of Monte Carlo simulations. Without
loss of generality, we assume equal average SNRs of both
the links, γ1 = γ2 = γ with turbulence parameters for S-
R and R-D FSO links α1 = α2 = α and β1 = β2 = β
and pointing errors ξ1 = ξ2 = ξ, except for Fig. 3 and
Fig. 5. The wavelength is assumed to be λ = 1550 nm. A
fixed relay gain C = 1.1 is considered. Moderate turbulence
is characterized by C2

n = 3 × 10−14m
−2
3 , whereas strong

turbulence is associated with C2
n = 1× 10−13m

−2
3 [3].

Fig. 1 demonstrates the impact of the pointing error on
the outage probability of a dual-hop FSO link with LS−R =
LR−D = 1000 m under moderate turbulence with turbulence
parameters α = 5.42 and β = 3.79 calculated from (5) and
(6), respectively. Results for a single 2000 m long FSO link
with turbulence parameters obtained from (5) and (6) as α = 4
and β = 1.65, are also included for comparison purposes
(we divide the single link into two 1000 m long links). The
exact closed-form expression for the outage probability of a
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single FSO link under both heterodyne detection and IM/DD
is given in [52, Eq.(5)]. Clearly, we observe from Fig. 1 that
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Fig. 1: Outage probability of single FSO and dual-hop FSO links for various
values of ξ under moderate (C2

n = 3 × 10−14m−
2
3 ) turbulence conditions

using IM/DD technique with a total length of 2000 m.

the analytical results provide a perfect match to the MATLAB
simulated results proving the accuracy of our derivation. As
expected, it can also be observed from this figure that for both
dual-hop FSO and single FSO links, the outage probability
performance degrades in the case of strong pointing errors.
Furthermore, it can be seen that connecting two FSO links in
series can significantly mitigate the pointing error impairments
and as such improve the system performance, compared to the
single FSO link. This result is in a perfect agreement with
what was experimentally demonstrated in [33]. For example,
at SNR=20 dB, for ξ = 6.7, the outage probability of the
single FSO link is Pout = 8.551300 × 10−2 and it decreases
to 1.07390010−2 in the case of the dual-hop FSO links.
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Fig. 2: Outage probability of a dual-hop FSO system for negligible pointing
errors (ξ1 = ξ2 = 6.7) with strong (C2

n = 1 × 10−13m−
2
3 ) and moderate

(C2
n = 3× 10−14m−

2
3 ) turbulence conditions.

Fig. 2 depicts the outage probability performance of a dual-
hop FSO system in the presence of moderate (α = 5.42,
β = 3.79) and strong (α = 4, β = 1.71) turbulence conditions
under both IM/DD and heterodyne detection for negligible
effect of the pointing error (ξ = 6.7). We observe that for
a given type of detection, Pout increases with an increase in
the turbulence severity leading to a performance deterioration.
It can also be shown that implementing heterodyne detection
results in a considerable improvement in the dual-hop system
performance compared to IM/DD, as expected. In fact, despite
its complexity, heterodyne detection has been proposed as an
alternative type of detection in FSO communication systems
being able to better overcome the turbulence effects, relative to
IM/DD technique [53]. For example, in the case of moderate
turbulence, to achieve an outage probability of 10−3, an SNR
of 13 dB is required for the heterodyne detection technique
while this increases to 26 dB when using the IM/DD tech-
nique.
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Fig. 3: Outage probability of a dual-hop FSO system using IM/DD technique
for varying pointing errors along with the asymptotic results at high SNR.

The outage performance of the considered dual-hop system
in operation under IM/DD technique (i.e. r1 = 2 and r2 = 2)
for different pointing errors is illustrated in Fig. 3. The first
FSO link undergoes strong turbulence and the second link
undergoes moderate turbulence. It can be observed from Fig. 3
that the smaller the value of the pointing error parameter
(i.e. the larger the value of the jitter), the stronger is the
impact of the pointing error and therefore, the higher is the
outage probability of the dual-hop FSO system. For example,
at SNR=35 dB, the outage probability Pout = 6.47× 10−3 for
ξ = (2.1, 6.7) and it increases to 2.72×10−2 and 1.29×10−1

when ξ = (1.12, 1.45) and ξ = (0.76, 0.93), respectively. The
asymptotic results of the outage probability at high SNR values
obtained by using (10) are also shown in Fig. 3. As clearly
seen from this figure, the asymptotic results of the outage
probability are in a perfect match with the analytical results in
the high SNR regime. This observation justifies the accuracy
and the tightness of the derived asymptotic expression in (10).

In Fig. 4, the average BER for 64-QAM, 16-QAM, 16-PSK,
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and OOK modulation schemes of a dual-hop FSO system
derived in (21) is plotted versus the average SNR, under
strong turbulence conditions and negligible pointing errors.
Moreover, this figure includes the average BER results for a
single FSO link that experiences the Gamma-Gamma fading
with pointing errors taken into account. Expectedly, it can be
observed from Fig. 4 that the dual-hop FSO system offers
better performance in terms of turbulence-induced fading
mitigation for all types of modulation schemes, as compared
with the single FSO link. This result, being experimentally
verified in [33], emphasizes the effectiveness of the dual-hop
FSO system in improving the performance of FSO links. For
example, at BER=10−3, using dual-hop relaying results in a
SNR gain of approximately 10 dB for OOK, and 5 dB for 64-
QAM, 16-QAM, and 16-PSK modulation schemes. Further-
more, it can be inferred from Fig. 4 that heterodyne systems
using M-QAM or M-PSK modulations perform much better
than IM/DD systems with OOK modulation. This performance
enhancement is due the fact that heterodyne technique can
better overcome the turbulence effects which comes at the
expense of complexity in implementing coherent receivers
relative to the IM/DD technique. It can also be noticed from
Fig. 4 that 16-QAM outperforms 16-PSK, as expected.
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Fig. 4: Average BER for 64-QAM, 16-QAM, and 16-PSK and OOK modula-
tion schemes of single FSO and dual-hop FSO links under strong turbulence
conditions with negligible pointing errors for a total length of 2000 m.

Fig. 5 presents the average BER of dual-hop FSO IM/DD
systems with OOK as well as dual-hop FSO heterodyne sys-
tems using different modulation schemes for strong pointing
error ξ = (1.12, 1.45). The first and the second FSO links
are assumed to operate under strong and moderate turbulence
conditions, respectively. It can be observed from Fig. 5 that the
asymptotic expression of the average BER at high SNR given
in (23) matches exactly the analytical expression derived in
(21) proving the accuracy of the proposed asymptotic results
at high SNR regime.

The ergodic capacity for both dual-hop FSO and single
FSO links in operation under heterodyne detection as well as
IM/DD is presented in Fig. 6. We can see from this figure that
the analytical results of the ergodic capacity given by (26) for

the dual-hop system and [52, Eq.(13)] for the single FSO link
are in a good match with the simulated results. One of the most
important outcomes of Fig. 6 is the capacity gain achieved by
cascading two FSO links in series. For example, at SNR=30
dB, the capacity improves by 1.48% and 3.51% for IM/DD
technique and heterodyne detection technique, respectively.
Expectedly, it can be seen from this figure that heterodyne
detection outperforms the IM/DD technique for both dual-hop
and single FSO links.

0 5 10 15 20 25 30 35 40 45 50
10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

Average SNR (dB)

A
ve

ra
ge

B
it-

E
rr

or
R

at
e

OOK
64-QAM
16-PSK
16-QAM
BPSK
High SNR
Simulation

Fig. 5: Average BER for different modulation schemes of a dual-hop FSO
system along with the asymptotic results at high SNR.
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Fig. 6: Ergodic Capacity of single FSO and dual-hop FSO links under
moderate turbulence conditions using both heterodyne detection and IM/DD
with negligible pointing errors for a total propagation distance of 2000 m.

The ergodic capacity of the dual-hop FSO system in opera-
tion under IM/DD technique is presented in Fig. 7 for strong
and moderate turbulence conditions with different pointing
errors. It can be seen from this figure that as the effect
of the turbulence and pointing error increases, the ergodic
capacity degrades. Interestingly, it can observed that the effect
of the turbulence conditions on the system capacity is more
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intense when the FSO link undergoes negligible pointing errors
(ξ → ∞) as compared to the scenario when the FSO system
is under severe pointing errors (ξ → 0).
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Fig. 7: Ergodic Capacity of a dual-hop FSO system using IM/DD technique
under moderate and strong turbulence conditions for varying pointing errors.

VI. CONCLUSION

In this paper, we have investigated analytically for the
first time the outage performance, the average BER, and the
ergodic capacity of a dual-hop FSO system using AF fixed
gain relaying in operation under both heterodyne detection as
well as IM/DD including pointing error effects. In addition,
tight asymptotic results for the outage probability and the
average BER at high SNR have been derived in terms of
simple functions. We demonstrated that the dual-hop FSO
system outperforms the single FSO link and is capable of
mitigating turbulence-induced fading and pointing errors. The
effect of atmospheric turbulence and pointing errors on the
dual-hop FSO link performance has also been studied and,
as expected, severe pointing errors and strong turbulence can
severely degrade the overall system performance of both single
FSO and dual-hop FSO links.

APPENDIX A
CDF OF THE END-TO-END SNR

In this appendix, we derive the CDF of the end-to-end SNR
γ starting with

Fγ(γ) = Pr

[
γ1 γ2

γ2 + C
< γ

]
, (A.1)

which can be expressed as

Fγ(γ) =

∫ ∞
0

Pr

[
γ1 γ2

γ2 + C
< γ|γ2

]
fγ2(γ2) dγ2

=

∫ ∞
0

Fγ1

(
γ

(
1 +

C

γ2

))
fγ2(γ2) dγ2

=

∫ ∞
x=0

∫ γ

t=0

fγ1(t)fγ2(x) dt dx

+

∫ ∞
x=0

∫ γ+Cγ
x

t=γ

fγ1(t)fγ2(x) dt dx. (A.2)

Integrating over the same area and interchanging the integrals
yields

Fγ(γ) =

∫ γ

t=0

∫ ∞
x=0

fγ2(x)fγ1(t) dx dt

+

∫ ∞
t=γ

∫ Cγ
t−γ

x=0

fγ2(x)fγ1(t) dx dt

= Fγ1(γ) +

∫ ∞
γ

Fγ2

(
Cγ

t− γ

)
fγ1(t) dt. (A.3)

Substituting (2) and (7) in (A.3) we obtain

Fγ(γ) = 1− ξ2
1 ξ

2
2

r1 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

×
∫ ∞
γ

1

t
G4,0

2,4

α2β2h2

µ
1
r2
r2

(
Cγ

t− γ

) 1
r2

∣∣∣∣ 1, ξ2
2 + 1

0, ξ2
2 , α2, β2


×G3,0

1,3

α1β1h1

µ
1
r1
r1

t
1
r1

∣∣∣∣ ξ2
1 + 1

ξ2
1 , α1, β1

 dt. (A.4)

Using the change of variable x = t − γ and the primary
definition of the Meijer’s G function in [44, Eq.(9.301)] with
the integral identity [44, Eq.(3.194/3)], the CDF can be written
as

Fγ(γ) = 1− ξ2
1 ξ

2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

× 1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2
+

t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

× Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1

(
µr1
γ

) 1
r1

)t
ds dt,

(A.5)

where C1 and C2 are the s-plane and the t-plane contours,
respectively. Now, by utilizing [41, Eq.(1.1)], we obtain the
CDF expression of the end-to-end SNR given in (8).

APPENDIX B
HIGH SNR ANALYSIS

Using (A.5) and [41, Eq.(1.1)], the CDF can be written as
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Fγ(γ) ≈ 1− ξ21ξ
2
2

2r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

2πi

∫
L1

×
Γ(ξ22 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s

r2
)

Γ(1 + ξ22 − s)

(
α2β2h2

(
C

µr2

) 1
r2

)s

×H4,0
2,4

[
α1β1h1

(
γ

µr1

) 1
r1

∣∣∣∣∣ (1 + ξ21 , 1), (1, 1
r1

)

( s
r2
, 1
r1

), (ξ21 , 1), (α1, 1), (β1, 1)

]
ds

− ξ21ξ
2
2

2r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

2πi

×
∫
L2

Γ(ξ21 + t)Γ(α1 + t)Γ(β1 + t)

Γ(1 + ξ21 + t)Γ(1 + t
r1

)


(
µr1
γ

) 1
r1

α1β1h1


t

×H4,1
2,4

[
α2β2h2

(
C

µr2

) 1
r2

∣∣∣∣∣ (1− t
r1
, 1
r2

), (1 + ξ22 , 1)

(ξ22 , 1), (α2, 1), (β2, 1), (0, 1
r2

)

]
dt.

(B.1)

For high values of µr1 and µr2 the Fox’s H functions in (B.1)
can be approximated using the identity [40, Eq. (1.8.4)] as

H4,0
2,4

[
α1β1h1

(
γ

µr1

) 1
r1

∣∣∣∣∣ (1 + ξ21 , 1), (1, 1
r1

)

( s
r2
, 1
r1

), (ξ21 , 1), (α1, 1), (β1, 1)

]

≈
µr1�1

r1
Γ(ξ21 − s r1r2 )Γ(α1 − s r1r2 )Γ(β1 − s r1r2 )

Γ(1 + ξ21 − s
r1
r2

)Γ(1− s
r2

)

(
(α1β1h1)r1

γ

µr1

) s
r2

+ Γ(
s

r2
− ξ21
r1

)
Γ(α1 − ξ21)Γ(β1 − ξ21)

Γ(1− ξ21
r1

)

(
(α1β1h1)r1

γ

µr1

) ξ21
r1

+
Γ( s

r2
− α1

r1
)Γ(β1 − α1)

(ξ21 − α1)Γ(1− α1
r1

)

(
(α1β1h1)r1

γ

µr1

)α1
r1

+
Γ( s

r2
− β1

r1
)Γ(α1 − β1)

(ξ21 − β1)Γ(1− β1
r1

)

(
(α1β1h1)r1

γ

µr1

) β1
r1

, (B.2)

and

H4,1
2,4

[
α2β2h2

(
C

µr2

) 1
r2

∣∣∣∣∣ (1− t
r1
, 1
r2

), (1 + ξ2
2 , 1)

(ξ2
2 , 1), (α2, 1), (β2, 1), (0, 1

r2
)

]

≈
µr2�1

r2

ξ2
2

Γ(α2)Γ(β2)Γ(
t

r1
) + Γ(

t

r1
+
ξ2
2

r2
)Γ(α2 − ξ2

2)

× Γ(β2 − ξ2
2)Γ(−ξ

2
2

r2
)

(
(α2β2h2)

r2 C

µr2

) ξ22
r2

+ Γ(
t

r1
+
α2

r2
)
Γ(β2 − α2)Γ(−α2

r2
)

(ξ2
2 − α2)

(
(α2β2h2)

r2 C

µr2

)α2
r2

+ Γ(
t

r1
+
β2

r2
)
Γ(α2 − β2)Γ(−β2

r2
)

(ξ2
2 − β2)

(
(α2β2h2)

r2 C

µr2

) β2
r2

(B.3)

Substituting (B.2) and (B.3) into (B.1) with some algebraic
manipulations, we get the asymptotic expression of the CDF
in the high SNR regime in (10).

APPENDIX C
PDF OF THE END-TO-END SNR

Taking the derivative of (A.5) with respect to γ yields

fγ(γ) = − ξ2
1 ξ

2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

× 1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2
+

t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

× Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s µ
1
r1
r1

α1β1h1

t

dγ−
t
r1

dγ
ds dt,

(C.1)

which can be rewritten as

fγ(γ) =
ξ2
1 ξ

2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)γ

× 1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2
+

t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

×
t
r1

Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1

(
µr1
γ

) 1
r1

)t
ds dt.

(C.2)

Using Γ(1 + t
r1

) = t
r1

Γ( t
r1

), (C.2) can be further simplified
yielding

fγ(γ) =
ξ2
1 ξ

2
2

r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)γ

× 1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2
+

t

r1

)

×
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

× Γ(ξ2
1 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ2
1 + 1 + t)Γ( t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1

(
µr1
γ

) 1
r1

)t
ds dt.

(C.3)

Applying [41, Eq.(1.1)], we get the desired PDF expression
given by (11).

APPENDIX D
MOMENTS

The moments can be written as
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E[γn] =
ξ21 ξ

2
2

r1r2Γ(α1)Γ(α2)Γ(β1)Γ(β2)

∫ ∞
0

1

x
H1,0

0,1

[
x

∣∣∣∣ −(0, 1)

]
×H4,0

1,4

[
α2β2h2

(
Cx

µr2

) 1
r2

∣∣∣∣ (1 + ξ22 , 1)
(ξ22 , 1)(α2, 1)(β2, 1)(0, 1

r2
)

]∫ ∞
0

γn−1

×H0,3
3,2


(
µr1
γ
x
) 1
r1

α1β1h1

∣∣∣∣(1− ξ21 , 1)(1− α1, 1)(1− β1, 1)
(−ξ21 , 1)(1, 1

r1
)

 dγ dx,
(D.1)

by means of substituting (11) into the definition of the
moments then applying [41, Eq.(2.3)] to represent the the
bivariate Fox’s H function in terms of an integral involving
the product of three Fox’s H functions. Using [54, Eq.(1.59)]
along with the Mellin transform of the Fox’s H function given
by [54, Eq.(2.8)], (D.1) reduces to

E[γn] =
ξ2
1 ξ

2
2 Γ(r1n+ α1) Γ(r1n+ β1)µnr1

Γ(α1)Γ(α2)Γ(β1)Γ(β2)Γ(n)(r1n+ ξ2
1)(α1β1h1)r1n

×
∫ ∞

0

xn−1H1,0
0,1

[
x

∣∣∣∣ −(0, 1)

]
×H4,0

1,4

[
α2β2h2

(
Cx

µr2

) 1
r2

∣∣∣∣ (1 + ξ2
2 , 1)

(ξ2
2 , 1)(α2, 1)(β2, 1)(0, 1

r2
)

]
dx.

(D.2)

Finally, employing [40, Eq.(2.8.4)] together with [54,
Eq.(1.59)], the moments can easily simplify into (16) by means
of some algebraic manipulations.

APPENDIX E
AVERAGE BIT-ERROR RATE

Substituting (A.5) into the definition of I(a, b) and then
utilizing [44, Eq.(3.381/4)], I(a, b) may be written as

I(a, b) =
1

2
− ξ2

1 ξ
2
2

2r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

(2πi)2

×
∫
C1

∫
C2

Γ

(
s

r2
+

t

r1

)
Γ(ξ2

2 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s
r2

)

Γ(1 + ξ2
2 − s)

×
Γ(ξ2

1 + t)Γ(α1 + t)Γ(β1 + t)Γ(a− t
r1

)

Γ(ξ2
1 + 1 + t)Γ(1 + t

r1
)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s(
1

α1β1h1
(bµr1)

1
r1

)t
ds dt.

(E.1)

Using [41, Eq.(1.1)] results in the closed-form expression of
I(a, b) given in (20).

APPENDIX F
ERGODIC CAPACITY

By substituting (C.3) into (25), the ergodic capacity can be
written as

C =
ξ21 ξ

2
2

2 r1r2 Γ(α1)Γ(α2)Γ(β1)Γ(β2)

1

(2πi)2

∫
C1

∫
C2

Γ

(
s

r2
+

t

r1

)

×
Γ(ξ22 − s)Γ(α2 − s)Γ(β2 − s)Γ(− s

r2
)

Γ(1 + ξ22 − s)
Γ(ξ21 + t)Γ(α1 + t)Γ(β1 + t)

Γ(ξ21 + 1 + t)Γ( t
r1

)

×

(
α2β2h2

(
C

µr2

) 1
r2

)s µ
1
r1
r1

α1β1h1

t ∫ ∞
0

γ
− t
r1
−1

ln(1 + c γ) dγ ds dt.

(F.1)

Now, using [44, Eq.(4.293/10)] and [41, Eq.(1.1)], the ergodic
capacity can be obtained in closed-form as in (26).
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