PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 138, Number 10, October 2010, Pages 3623-3635
S 0002-9939(10)10383-9

Article electronically published on May 7, 2010

DUAL OF THE FUNCTION ALGEBRA A~*°(D) AND
REPRESENTATION OF FUNCTIONS IN DIRICHLET SERIES

A. V. ABANIN AND LE HAI KHOI

(Communicated by Mario Bonk)

ABSTRACT. In this paper we present the following results: a description, via
the Laplace transformation of analytic functionals, of the dual to the (DFS)-
space A~°°(D) (D being either a bounded C?-smooth convex domain in CV,
with N > 1, or a bounded convex domain in C) as an (F'S)-space A of entire
functions satisfying a certain growth condition; an explicit construction of a
countable sufficient set for A;°°; and a possibility of representating functions
from A~°°(D) in the form of Dirichlet series.

1. INTRODUCTION

1.1. Basic notation and definitions. O(D) (D being a domain in C") denotes
the space of functions that are holomorphic in D, with the topology of uniform
convergence on compact subsets of D.

O(K) (respectively C*®(K)), with K being a compact set in C, denotes the
space of germs of functions holomorphic on K, endowed with the topology of in-
ductive limit, O(K) = lim ind O(w), where w are open neighborhoods of K
(respectively the space of functions that are infinitely differentiable on K).

If 2, € CN, then |z| = (2121 + - - + 2n2n) Y2 and (2,0) = 21¢0 + - - - + 2n .

The supporting function of a convex set M in CV is

HM(&) ‘= Sup R€<Z,£>, g € (CN
zeM

(see, e.g., [§]). This is a positively homogeneous, semi-additive function in C.
For a set E C CN (such that 0 € E) we denote by E the conjugate set of E; i.e.,

E:={weCN: (z,w)#1 for any z € E}.
In the case where F is open, its conjugate Eisa compact set and plays the role of

“the exterior” in the duality of Martineau and Aizenberg (3], [15]).

1.2. The function spaces A~>°(D) and A,>. Let D be a bounded domain in
CN. Put
d(A) = if IA—¢l, AeD,
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3624 A. V. ABANIN AND LE HAI KHOI

the minimum Euclidean distance between A and the boundary 0D of D. The space
A~°(D) is defined as follows:

A™(D) = {f € O(D) : 3 n,C > 0 such that sup |[f())
xeD

WMPSC}.

Notice that the condition in the definition of A=>°(D) is the familiar polynomial
growth condition sup (1 — |A])"|f(N\)| < C if the domain D is the open unit ball.
AeD

The space A~>°(D) can be thought of as the union of the Banach spaces

AT"(D) = {f €eO0D):|flln= sup FCVINCICVIERS +OO};
that is,

A=>(D) = | A™(D).
n=1

We can endow the space A~ (D) with the natural topological structure of inductive
limit of spaces A~"(D).

Now let D be convex. Without loss of generality, we can assume that 0 € D.
Define a space

ABOO — {f c O((CN) . ‘fln = sup |f(2:)|(1 + |Z|)n

< ooforallne Ny,
zeCN €xp HD(Z) }

where Hp is the supporting function of D, endowed with the topology given by the
system of norms (] - |,)22;.

It is easy to see that A,> is a Fréchet-Schwartz space (briefly, an (FS)-space)
while A=*°(D) is a dual Fréchet-Schwartz space (briefly, a (DFS)-space). We refer
the reader to [24] and [16] for detailed information on these notions.

The aim of this paper is to establish that the dual of the space A=*°(D) is
isomorphic, via the Laplace transformation, to A;,>. As an application of this
result, we give an explicit construction of a sufficient set for the Fréchet space
Ap5; due to the duality description, we are able to show that any function from
the algebra A~°°(D) can always be represented in the form of Dirichlet series.

It should be noted that the duality problem for the space A~>°(D) has been
studied by several authors, using different methods. In particular, Bell [5], Straube
[20], Barret [4], Kiselman [I1], and others established the duality between A~ (D)
and the space A>(D) of holomorphic functions in D that are in C*°(D), and there-
fore their results are quite different from ours. Also, the representation problem is
never treated in above-mentioned papers.

One final remark is that similar problems for the space A, (establishing its
dual via the Laplace transformation and the possibility of representating functions
from this space in Dirichlet series) have been studied in our recent paper [2]. Also
note that some of our results were announced in [I].

2. THE SPACE A;™ 1S A DUAL OF A~*°(D)

The Laplace transformation of an analytic functional ¢ on the space A=>°(D) is
defined as follows:

Fl)(z) == pa(ef*N), @ e (A™=(D)),zeCV.
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DUAL SPACE TO A™°°(D) AND APPLICATIONS 3625

Theorem 2.1. Let D be either a bounded convex domain with C? boundary in CV,
for N > 1, or an arbitrary bounded convex domain in C. The Laplace transforma-

tion establishes a topological isomorphism between the strong dual (A_OO(D))b of
A™°°(D) and the space Ap™.

For N =1 this theorem was obtained by Melikhov [I§]. To prove it for N > 1,
we need some notation and auxiliary results.

For the sake of simplicity we write H(z) instead of Hp(z). We also let r :=
min,eg H(z) and R := max,cs H(z), where S := {z € CN : |z| = 1}. Tt is clear
that 0 <r < R < oo and 0 < d(\) < R for every A € D.

Lemma 2.2. Let

e ()" ()} et (2

For every n € N,
eH(2) eH(2)
an < 7| < Ap—
A=y < 7 S Ay
Proof. Obviously, Sg(A) := {£€ CN :|¢ =X =d(\)} C D for any A € D. Then
for each z € CV and ¢ € S4(N),
Re(z, A\) = Re(z,&) + Re(z, A — &) < H(z) + Re(z, A = &).

(2.1) , VzeCN.

Hence

Re(z,\) < H(z) +£ei§if(/\)Re<z,>\ —&) = H(z) — |z|d(X).

From this it follows that

||e(z,~> |n = sup eRe<Z”\>[d()\)]" < eH(z) sup e~ 121d(N) [d()\)]n
AeD AeD
. eH(z)
< Ot Rgypre= (24t — 4 = .
>0 (L+1[z])"

_ For the lower bound in (ZI)), write B, = {z € CN : |z|] < r} and consider
Dy:={Ae D :d(\) >t} with 0 <t < r. Since

D= (1—3)D+353 (1—3)D+ER,
r r r T
we have D; D (1 — %)ﬁ From this it follows that for each z € CV there exists
€ € 0D, such that
t t
Re(z,&) > (1 - —)H(z) > H(z) — —-R|z|.
T T

Clearly, d(&) = t. Therefore, for |z| > % we have

H(z)

nryn"e

||e(z,~)||n > sup sup eRe(zA) > H(2) sup tn67t§\z| _ (_) - .
0<t<r d(\)=t o<t<r erR/ |z

On the other hand, for |z| < % we have

n n H(z)
el = sup RN " 2 [d(0))" =" = (5) e 2 (1)
xeD (
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3626 A. V. ABANIN AND LE HAI KHOI

Thus
H(z)

. e
||e<z7 >Hn > an

>ap——— Yz eCN. 0
(T+ [z

Proposition 2.3. The system EV := {e<z"> 1z € (CN} is complete in A=°°(D).
Proof. Let ¢ € (A=°°(D))’. Then for each n € N there exists C,, > 0 such that

lo(H)] < Cullflln, Vf € A7"(D).

Define a Banach space of continuous functions
Co"(D):={fe€C(D):|flln < oo, F(N[dN)]*—0asA— 0D}

By the Hahn-Banach theorem, ¢ can be extended as a continuous linear func-
tional on Cy"(D) for every n € N. Obviously, A~""1(D) — C;"(D) (here and
in the sequel, the symbol — denotes the continuous embedding). From this it
follows that for each n € N there exists a Borel complex measure p,, on D with

Jpld(N)] ™™ dprpn](A) < 0o such that

o(f) = /D SO dptgn(N), VS € A=H(D).

Note that d(\) is a concave function on D (see, e.g., [9, Theorem 2.1.24]). There-
fore, d(yA) > vd(X) for all 0 <y <1 and A € D. Then f(v-) € L(D, iy ) for any
f € A7"TYD) and v € [0,1], where L(D, u,,») is the space of all i, ,-integrable
functions on D. By the Lebesgue dominated convergence theorem, we have

lim ¢ (f(v-)) =171§111/D JFOYA) dpg (N Z/Df(A) dpon(X) = @(f).

Y11

So
(2.2) o(f) = Ligw(f(v-)) for all f € A™®(D).

Furthermore, it is clear that f(y-) € O(D) for any v € (0,1) and that O(D) <
A~°°(D). From this and ([Z2)) we conclude that O(D) is dense in A=°°(D).

To finish the proof it remains to note that the system £V is complete in O(D).
O

Proposition 2.4. Let D be a bounded convex domain with C? boundary in CV,
for N > 1. For each f € AL there exists o € (A™>°(D))’ such that F(p) = f.

Proof. Define

) —=d()\), XeD,
PN = {d(A), A¢ D.

Since D has C2 boundary, p(\) € C? in some neighborhood of dD. Take § > 0
sufficiently small so that p € C?(D \ Ds), where D5 = {\ € D : d()\) > §}.
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DUAL SPACE TO A™°°(D) AND APPLICATIONS 3627

We put
[ Op dp
V,\p = <(9)\17”.,(9>\N) y
dp/OX Op/OAN
D?p/ONONL -+ D%p/ONON
Rj ()\) = det p/ . ! ! [j] p/ . _1 N )
82p/8;\N8/\1 62p/85\N8)\N
N
(AN Vap) = (N Vap) ™D Ri(N)dA AL [f] . AdAN AdAr AL A dAy,
j=1

where A is the symbol for exterior multiplication,
u(>‘) = <)" pr>_1V>\p = (U1(>\), s ’UN()‘))a

and

Now let f be a fixed function in A;,>. For each w € dD choose ¢ € C with
|| =1, Re& > 0 and H(éw) = Re&. Then, for u = yw with 0 <y < 1, put
§N—1

m /0 f(tﬁu)tN_le_tfdt.

By [15] and [22], F is a holomorphic function in int D and the value of F(u),
for u € int lN), does not depend on the choice of £ above. In [2, Lemma 2.7], it was
shown that F' is infinitely differentiable on D as a function of 2N real variables.
By Whitney’s extension theorem for C'*° functions, |23 Theorem IJ, there exists an

infinitely differentiable function F on R?N such that F |5 = F and supp F C D;.
Consider

F(u) :=

(N1 OF Ry -
(0.9) 1= G / 0D G ONR VAN, g € AT (D)

We claim that (g, f) is a linear continuous functional on A=°°(D). Indeed, it is
well known that «(\) maps 0D onto 9D. In this case, for each A € D\ Ds we have
dist(u(X),0D) nf[u(d) —wl = inf [u(A) ~u(©)] < Cp inf ]A~€] = Cod(N),
where C, is some constant depending only on p.
Next, since OF = OF = 0 on D, it follows from Taylor’s formula that
OF

S (V)| < G dist(u(N), oD))" < C(C,)"d(N)])", YA € D\ Dy, ¥n € N.

Also, since R is continuous on D\ Dy, there exists B > 0 such that |R;(\)| < B
for all A € D\ Ds.

So
BCnC;;N! n
‘<g,f>|§WmGS(D)Han, Vg€ A7"(D), Vn €N,

where mes(D) is the Lebesgue measure of D. Therefore, ¢ := (-, f) € (A=>°(D))".
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3628 A. V. ABANIN AND LE HAI KHOI

Now let g € O(D). By direct calculations, we can verify that
900D S ()R, (A A dA = d (g0 F(u(N)@(X, Vap))

In this case, by the Green—Stokes formula,
(N —1)! ~
0.0) = G | sF)E0. V).
Hence, by Martineau’s projective formula ([3], [I5]) we have
gy = S [ Az, Vap) = 1(2), ¥z € O
@mi)N Jap
that is, F(p) = f. O

Proof of Theorem 21l From Lemma[Z2it obviously follows that F: (A~>°(D)), —
Ap™ is a continuous mapping. By Proposition 2.3, this mapping is injective,
while by Proposition 2.4] it is surjective. Hence, by the open mapping theorem,
F: (A=>°(D)), — Ap™ is a topological isomorphism. O

3. DISCRETE SUFFICIENT SETS IN THE (FS)-SPACE A,™

Let D be a bounded convex domain in C¥ (N > 1) such that 0 € D, with the
supporting function H(z).
Let S be a subset of CV. For each f € A,> define

[f (A +]z)"

fln,s :==sup , n=1,2....
s =30 e )
Notice that | - |, is in general a semi-norm and that the space A;> can also

be endowed with the topology given by the system of semi-norms (| - |,,5)5%;.
Obviously, this topology is weaker than the global “original” topology given by the
system of norms (|- [,)52 ;. If these two topologies coincide, S is called a sufficient
set for A,

Sufficient sets for some spaces of entire and infinitely differentiable functions
were considered by Ehrenpreis [7], Taylor [21], Schneider [I9] and others. It should
be noted that almost all results concern the case where the spaces are inductive
limits of countable sets of weighted Banach spaces.

For our space A, the definition of a sufficient set is as follows.

Definition 3.1. Let D be a bounded convex domain in CV. A subset S ¢ CV is
said to be sufficient for the space A, if
VpeN3Im=m(p)eN, 3C=C(p) >0:
()X + |=])P ()L + =)™

\f f
b O A

Vf e A

In particular, a sequence A = () C C¥ is said to be sufficient for the space Ay
if
Vpe NIm=m(p) eN, 3C =C(p) >0:

IO+ _ 0 DI+ )™

|f
zi%% et (2) T k> e (Ax)

LV e AR,
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DUAL SPACE TO A™°°(D) AND APPLICATIONS 3629

Below we present an explicit construction, in the form of an algorithm, of a dis-
crete sufficient sequence in the space A;,™. This construction exploits the method
given in [I0] for the case of inductive limit spaces (for N = 1 see also [13]).

Fort > 0let S, := {z € CN : H(z) =t} and M,(f) :=sup_¢g, | f(2)|-

Algorithm 3.2.
Step 1. Take a sequence 0 < (tg) T oo such that

t
(3.1) lim 2+ =1,
k—oo T

Step 2. Take a sequence 0 < (si) T 0o such that

(3.2) lim — .
koo Sk (te41 — tk)
Step 3. Take and fix some natural number Ng > 1; on each S, with
k= No, No+1, ..., mark y points z ; (7 =1,2,..., ), which
form a 1/si-net on St, .
Step 4. We re-enumerate the obtained system of points {zp; : 1 <
J < i,k > No} in one sequence, denoted by A = (/\n)zozl,
by writing first all the points with k = Ny and then those with
k= No+1, etc.

We will show that the countable set thus obtained is as desired.

In order to simplify the exposition, in the sequel we take tp = k (k = 1,2,...),
although the result is valid for the general case.

Observe that r|z| < H(z) =t < R|z|, Vz € §;. Then, writing a := log min(1, %)
and f := log max(1, %), we have

(3.3) a+log(l+1t) <log(l+|z]) < B +log(l+1t), Vz €S, Vt > 0.

Therefore,

[f(2)

My(f) M,(f)
_ B t _ B t
(34) |f|p - zelgif eH(z)—plog(leD <e pSllp ePP su

_ - )
>0 et plog(1+t) >0 e9p(t)

where g,(t) =t —plog(1l +1t) (t > 0).
Obviously, (gp)pen is a decreasing sequence and g,(t) is decreasing on (0,p — 1]
and increasing on [p — 1, 00). Moreover,
t+2
t+1

(3.5) gp(t+1) —gp(t) =1—plog <1, Vt>0, VpeN.

We estimate the quantity

oo M)
t>IO) egp(t) ’

feAy™.

For t € (0,p — 1],
Mt(f) < Mp—l(f) < Mp—l(f)

e9r® = egp(p—1) = egpi1(p—1)

(3.6)

Furthermore, due to [B1), for ¢t € (¢,¢+ 1] with ¢ > p — 1 we have
Mi(f) o Meea(f) _ Meaa(f)

(37) egp(t) - egp(e) - egp+1(f+1) ’
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3630 A. V. ABANIN AND LE HAI KHOI

Now let J > p; we have

X e sup Melf) max{ M(f) Mt<f>}

sup :
o<t<p—1 €9® Ty e ®

o { Myo(f) o Mea(h) }

edpr+1(p—1) ’p71<£<J71 e9p+1(£+1)

0<t<J egp(t)

IN

Me(fg) — )

= e sup
p—1<<g €9p+1(

For each ¢ there exists wy € Sy such that |f(we)| = Mp(f). We can find, by
Step 3 of Algorithm B2 some point z;;, € S, that satisfies |wp — 24, < 1/s¢.
Now use the following result from [10].

Lemma 3.3. For any numbers 0 < s <t, if z,w € Sy and f € O(CV), then

RNVN

(33) £(2) = )| < =2

Mi(f)lz — wl.

By this lemma, we have

M(f) = 1f(ze,50)| < 1f(we) = f(20,55)]

< RNVNMyi (f)|lwe = 20,5, <

BN o),

which, due to (B3], implies that
M(f) o fGes)l | BNVN  Meia(f)

edpr1(8) = egpt1(0) Sp eIp+1(£)

fes)l , RNV My (f)

edp+1(£) Sy edp+1(£+1) "

Then we get

£ (2030)] eRNVN  Myy(f) }

V5 < su N :
p—1<i<g €9p+1(0) p—1<e<J—1 Sp egp+1(6+1)

N eRNVN  My(f)
Sy edp+1(J+1)

Define

A
Ty = sup sup ‘f( k2|
p—1<U<J ALES, eIp+1(£)

and notice that z¢ j, € S¢. Then, assuming from the beginning that s; > 4eRNV/'N,

we obtain
vo< Ty s {Helll], SN ()
< Ti+ %3& + eRJSVJ\/N : eﬁfﬁffﬁ :
or equivalently
59 e O S
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At this point we pause in our estimates for a moment and present the following

fact:

Lemma 3.4. For each nontrivial function f € AL,
o Mya(f)

3.10 liminf ——== <e

( ) k—00 Mk(f) -

Proof. Assuming ([BI0) is not true, we can then find ro > 1 and ko € N so that
My 1(f) > e™ Mp(f), Yk > ko.
Therefore for every k > 1,
Mgk (f) > "0 My, (f)-

Hence,
log M,
(3.11) lim inf 282 S sy
k—o0 k
On the other hand, using (B3), we have
_ /(2 ap M(f)  _ ap ., Mi(f)
(B12)  Iflp = s e 2 €7 S Gposien — ¢ S a0
Thus,
log My (f) <log|flp — ap+gp(k), Vk > 1.
This implies
. log My (f) . gp(k)
= —
fmsup P < Jim 5 =1
which contradicts (BIT]). O

Now we return to estimate ([8.9). Take and fix a number o > 1. By Lemma [3.4]
there is a sequence (k;) 1 0o with sy, > 4e°*'RNV/N and k; > p such that

Mkj+1(f) < eJMkj (f)a v] > L
In (39) putting J = k;, kjt1,... we obtain
6RN\/N_ My, +1(f)

3
Zykj < Ty, +

J Sk, eIp+1(k;+1)
et'RNVN My, 1
< T, + M) gLy,
I Sk, edp+1(k;) (AR A

J

This means that V;, < 2776]. for all j.
By B3, for all j,

A
Ej _ sup sup |f( kl‘
p—1<l<k; Azes, €9r+1(d)

Ak)|
< —(p+1)a |f( k
= € b tobek, x e, eHOW= () los(T+1A:])
e FOW) e
S e TS ey ¢ e

Thus, for all j,

o M0

_ 1—(p+1
= Ay < ey < 2eTh < 2e (PHDa| A
0<t§k‘j €7r
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3632 A. V. ABANIN AND LE HAI KHOI

Letting k; — oo in the last inequality, we obtain

oy M)
>0 e9r(®)

< 2" PEDfl 0 4
Combining this and 34) yields

|flp < P sup Mi(f)

1—(p+1
t>0 edn( §2eﬁpe rt )a|f|p+1,A-

This means that the desired estimate in Definition B] of a sufficient set for A;>
holds with m = p + 1 and C = 2efPti—alp+1),

4. REPRESENTATION OF FUNCTIONS FROM A~°°(D)
BY DIRICHLET SERIES

In this section, as an application of the results obtained above, we show that
any function from the space A=°°(D) can always be represented in the form of a

Dirichlet series,
[o ]

flz) = che<>"“’z>, Vze D,
k=1
that converges absolutely in the space A~*°(D).

Recall that, in a general setting (see, e.g., Korobeinik [12]), a sequence (a:k) of
nonzero elements of a locally convex space H is said to be an absolutely representing
system in H if any element x from H can be represented in the form of a series

o0

r = E CrT[

1

which converges absolutely in the topology of H.

It should be noted that this concept is more general than the concept of basis,
for which uniqueness of representation is essentially required.

In studying representing systems, Korobeinik obtained criteria for a countable
system to be absolutely representing in Fréchet and (DFS)-spaces. Later those
results were proved for more practical spaces. In particular, the following result,
which follows directly from [I4], Chapter 2, Theorem 7] and [I7, Theorem 5], is of
use to our case considered in this paper.

Proposition 4.1. Let E = lim ind(E,, || - ||») be a (DFS)-space, where E,, are
Banach spaces with E1 C Eo C ..., and let X = (x)72, be a system of elements
from Ey such that

(4.1) T L L i
koo ||@kln
The system X is absolutely representing in E if and only if

VpeNIm=m(p)eN, 3C=C(p) >0:

swp ()] < Csup 28
z€Ep,|z]p<1 k>1 kaHm

, Vpe E'.

Now return to the situation considered in the present paper. For each A\; €
CN (k= 1,2,...) write zx(2) = e?*?) 2 € D. We first study the question of
whether the conditions in Proposition ] are satisfied by the system (zx(2)).
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By Lemma 22] for each kK =1,2,... we have

N \ eHk)
k()1 = [le?* 7l = sup [eP**]d(z) < A +00,
zeD

— <
W
which shows that xy(z) € A~Y(D).
For condition ([@II) we notice, by Lemma again, that

any1 1 2kt _ Angr 1
A T4 el 7 llzeOlle — an T4 Al
which implies that condition @Il holds if and only if |Az| — oo as k — oco.

Applying Proposition 1] to the spaces A, and A~°°(D), by Theorem [Z1] we
obtain the following criterion.

Proposition 4.2. Let D be either a bounded conver domain with C? boundary
in CN, for N > 1, or an arbitrary bounded convexr domain in C. Further, let
A € CN (k= 1,2,...) with |\x] = 00 as k — oo. The system (e<)‘k’z>)oi is
absolutely representing in the space A=*°(D) if and only if
VpeN3Im=m(p)eN, 3C=C(p)>0:
1 P 1 m
A+ D _ o ORI+ )

su |f
T el =TT o)

, Vfe Ap™

or, in other words, if and only if the sequence of frequencies (/\k):;l 1s sufficient
for the space Ap™.

Combining Algorithm [3:2 and Proposition L2 yields the following representation
result for the function algebra A~>°(D).

Theorem 4.3. Let D be either a bounded convexr domain with C? boundary in
CN, for N > 1, or an arbitrary bounded convex domain in C. There is an explicit
construction of A = ()\k)iozl C CV such that the system (eo"“z)):):l is absolutely
representing in the space A~°°(D); that is, any function f € A=°°(D) can be
represented in the form of a Dirichlet series

(4.2) flz)= Z cre?) Yz e D,
k=1
which converges absolutely in the space A~ (D).

5. CONCLUDING REMARKS

Summarizing the results on this subject that have been obtained in our papers
[2] and the present one (together with [6]), we see that for the well-known function
algebra A=°°(D) and the newly introduced space A, of entire functions in C¥
satisfying a certain growth condition, the following statements hold:

(1) There is a mutual duality between A™*°(D) and AL>; specifically, the
Laplace transformation of analytic functionals establishes a topological iso-
morphism between the following spaces:

(a) the strong dual (A_OO(D))b of A=°°(D) and the space A,™;

(b) the strong dual (ABOO); of A> and the space A~>°(D).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3634 A. V. ABANIN AND LE HAI KHOI

(2) In both spaces A=>°(D) and A,™ there exists an absolutely representing
system of exponentials £y = (e<>"€’z>)z.;1; that is, any function f(z) from
either space can be represented in the form of a Dirichlet series

o0
f(z) = Z cpelre?)
k=1

that converges absolutely in the topology of the corresponding space.
Equivalently, there exists a sequence ()\k):):l, where

(a) (\x) C C¥ for the space A=>°(D),

(b) (Ax) C D for the space A,

which is (weakly) sufficient for the corresponding space. Moreover, the

frequencies (A;) can be constructed explicitly.

These results not only allow us to study deeper properties of functions from
the spaces A=*°(D) and A, but may also have important applications to func-
tional equations and approximations of functions in those spaces. Problems in this
direction are being investigated and will be presented in our forthcoming work.
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