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Dual Quaternions and Dual Quaternion Vectors
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Abstract

We introduce a total order and an absolute value function for dual numbers. The abso-
lute value function of dual numbers takes dual number values, and has properties similar
to the those of the absolute value function of real numbers. We define the magnitude of
a dual quaternion, as a dual number. Based upon these, we extended 1-norm, oco-norm

and 2-norm to dual quaternion vectors.
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1 Introduction

Quaternions were introduced by Hamilton in 1843 [9]. In 1873, Clifford [5] introduced dual
numbers, dual complex numbers and dual quaternions. This results in a new branch of algebra
- geometric algebra or Clifford algebra. Now, dual numbers, dual complex numbers and dual
quaternions have found wide applications in automatic differentiation, geometry, mechanics,
rigid body motions, robotics and computer graphics [T, 3, [, [6] [7], 111, [14].

However, there are some gaps between the applications of dual quaternions and their math-

ematical foundations. For example, unit dual quaternions play an important role to represent
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the motion of a rigid body in 3D [II, [ [10]. This involves the definition of the magnitude or

norm of a dual quaternion. In [I0], the magnitude of a dual quaternion is defined as

lall = aq”,

where ¢* is the conjugate of ¢. In the above definition, the left side has only one ¢ factor, while

the right side has two ¢ factors. This is not consistent. It is better to change it to

lqll* = qq".
Then
lgll = vag*.
This is not well-defined if ¢ is infinitesimal. Also, now, ||¢|| is a dual number. Does || - || still

obeys the triangular inequality? Some investigations are needed.

In the next section, we introduce a total order for dual numbers. We also define the square
root function for dual numbers.

Then, in Section 3, we define the absolute value function for dual numbers. We see that it
inherits many properties of the absolute value function of real numbers.

We show in Section 4 that the sum of the product of a quaternion and the conjugate
of another quaternion, and the product of the other quaternion and the conjugate of that
quaternion, is a real number.

We define in Section 5 the magnitude of a dual quaternion, as a dual number. This definition
matches the definition of unit dual quaternions in applications.

Based upon these, in Section 6, we extend 1-norm, oco-norm and 2-norm to dual quaternion
vectors. The first two extensions are direct, while the third extension is nontrivial.

Some final remarks are made in Section 7.

We denote scalars, vectors and matrices by small letters, bold small letters and capital

letters, respectively.

2 A Total Order for Dual Numbers

Denote R and D as the set of the real numbers, and the set of the dual numbers, respectively.
A dual number ¢ has the form ¢ = ¢ + gz¢, where ¢ and ¢z are real numbers, and € is
the infinitesimal unit, satisfying €2 = 0. We call g the real part or the standard part of g,
and ¢z the dual part or the infinitesimal part of g. The infinitesimal unit € is commutative
in multiplication with real numbers, complex numbers and quaternion numbers. The dual
numbers form a commutative algebra of dimension two over the reals. If g5 # 0, we say that ¢
is appreciable, otherwise, we say that ¢ is infinitesimal.

We may define a total order < over . Suppose p = pg + pz€, ¢ = qst + qze € D. We have
q < pif qs < pst, OF @y = pse and qz < pz. We have g = p if ¢ = py and gz = pz. Thus, if
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q > 0, we say that ¢ is a positive dual number; and if ¢ > 0, we say that ¢ is a nonnegative
dual number. Denote the set of nonnegative dual numbers by D, and the set of positive dual

numbers by D, .

For p = py + pre, ¢ = qst + qre € D and a positive integer k, we have

p+q=Dps+ s+ (pz+ qr)e, (1)
Pq = PsiGst + (Pstqz + Prqst)€, (2)
¢ = q5 + ki qze. (3)

Then we have the following theorem.

Theorem 2.1. For any p,q € D and a positive integer k, we have the following conclusions.
1. ¢ eDy;
2. P+ ¢ —2pg e Dy;
3. Ifp,qge Dy, then pg e Dy,
4. If p,q € D, and at least one of them is appreciable, then pqg € D, |

Proof. 1. By (3]), we have
0" = g + 2kq " gze.

If g # 0, then ¢2* > 0. This implies ¢** > 0. If ¢, = 0, then ¢** = 0.

2. By 1, we have p? + ¢*> — 2pq = (p — q)* > 0.

3. If p > 0 and g5 > 0, then pgyqs > 0. By @), pg > 0. If p; = 0 and g5 > 0, then pz > 0
asp > 0. By @), pq = pzgse > 0. Similarly, if pg; > 0 and g = 0, then by @), pg = psgre > 0.
If ps; = g = 0, then by [@]), pg = 0.

4. This may be proved similarly to 3.

0

Clearly, many inequalities of real numbers can be extended to dual numbers without diffi-

culty.
For p,q € D, suppose that p < ¢. Then we may define

p,q) ={ueD:p<u<yq}

[p,+oo) ={ueD:p<u},

(p,+00) ={ueD:p<u},

(oo, gl ={ueD:u<q},

(—00,q) ={ueD:u<q}.
If furthermore p < ¢, then we may define

p.q) ={ueD:p<u<q},
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(p, g ={ueb:p<u<q},

(pq) ={ueD:p<u<qg}
If ¢ is appreciable, then ¢ is invertible and
¢ = a5 — gzl arge

If ¢ is infinitesimal, then ¢ is not invertible.
If ¢ is nonnegative and appreciable, then the square root of ¢ is still a nonnegative dual

number. If ¢ is positive and appreciable, we have

Vi = T + Q\Q/Iq;e. (4)

When ¢ = 0, we have ,/q = 0.

3 The Absolute Value Function of Dual Numbers

Recall that for any u € R,
1,if u >0,

sgn(u) = 0, if u =0,
—1,if u < 0.

We define the absolute value of ¢ € D as

‘q| o {|QSt| + Sgn(QSt)QIEa if qst 7& 07

lgz|e, otherwise.
We have the following theorem.

Theorem 3.1. The mapping | -|: D — D,. Suppose that p,q € D. Then,
1. |q| =0 if and only if ¢ = 0;

gl =qif ¢ >0, |q| > q otherwise;

g = \/qi2 if q is appreciable;

- |pal = Ipllql;

p+ql < Ipl + gl

v ™~ L o

Proof. By definition, |- | : D — D, , and we may verify conclusions 1 and 2 directly.
Suppose that g is appreciable. Then gy # 0. We have ¢* = ¢ + 2q.qze. This implies that

2(:Z8th
V@ = Vot e = |aw| + sgn(gu)gze = |l

qst

We have conclusion 3.



We have
Pq = DstGst + (Pstqz + Prqst)e.
Then,
Ipg| = {|pstqst| + sgn(psiqst) (Pseqr + prast)€, if psiqse # 0,
|pstar + prqsi|€, otherwise.
If pst # 0 and gy # 0, then

sgn(Psi@st) = sgN(Pst)sgn(Gst)-
We have

pgl = |pseqse| + sgn(psiqst) (pseqz + prgse)e
= |Pstl|gst| + |pstlsen(as)gze + sgn(ps)pzlgsle
= (Ipstl + sgn(ps)pze) (Igse| + sgn(gst)gze)
= Ipllql.
If p = 0 and gy # 0, then pg = prgse. This implies that |pg| = |pz||gsi]e. On the other
hand, we have |p| = |pz|e and |q| = |gs| + sgn(gs:)gre. Therefore,
pllal = [pzllgsile = Ipal-

Similarly, if pg; # 0 and gy = 0, then we have |pl||q| = |pq|.
If pst = qs¢ = 0, then pg = 0, |p| = |pz|e and |q| = |gz|e. We still have |pg| = |p||q|. Hence,
conclusion 4 holds.

We now show conclusion 5. We have

|Dst + qst| + sgn(pst + ¢st) (P + qr)€, if psr + st # 0,

|pz + qzl€, otherwise.

If pst # 0 and qg # 0, then

Ip| + |q| = |pst] + |gst] + (sen(pse)pz + sgn(gse)gz)e.

We have [p+ q| < |p| + |q|, as |pst| + |gse] > 0 and [ps + gt < |pst| + [gst]-
If ps; = 0 and ¢y # 0, then

Ip| + |q] = [qst| + (pz] + sgn(gse)qz)e.

We have
P+ gl = |gst| + sgnlase) (pz + qz)e < [p| + gl

Similarly, if ps # 0 and g = 0, then we have |p + ¢| < |p| + |q|.
If Dst = qst = 0, then

Ip+q| = [pz + qzle < (Ipz| + lgzl)e = |p| + lql.

Thus, in any case, we have |[p + ¢| < |p| + |q|- O
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We see that the absolute value concept of dual numbers extends the absolute value concept
of real numbers.

In fact, for p,q € D, |p — ¢q| defines the distance between p and ¢. This distance satisfies the
triangular formula, and provides the basis for dual analysis.

Based on this distance measurement, we can define limits and continuous dual functions. A
function f : (a,b) — D, where a,b € D, a < b, is called a dual function. Then we see that the
properties of dual functions are different from real functions. Consider f(x) = z* — ¢, defined
on D. We have f(0) = —e < 0 and f(1) =1 — ¢ > 0. However, we cannot find x € [0,1] C D
such that f(z) =0.

4 A Mixed Product Sum of Two Quaternions

Denote QQ as the set of the quaternions. A quaternion ¢ has the form ¢ = gy + ¢11 + ¢2j + 3k,
where qo, q1,¢2 and g3 are real numbers, i,j and k are three imaginary units of quaternions,
satisfying i = j> = k? = ijk = —1, ij = —ji = k, jk = —kj = i, ki = —ik = j. The real part
of q is Re(q) = qo. The imaginary part of ¢ is Im(q) = ¢11 + ¢2j + ¢gsk. A quaternion is called
imaginary if its real part is zero. The multiplication of quaternions satisfies the distribution
law, but is noncommutative.

The conjugate of ¢ = qo + q1i + ¢2j + g3k is ¢* = qo — 11 — ¢2j — gzk. The magnitude of

qis |g| = /@@ + ¢ + ¢ + ¢2. Tt follows that the inverse of a nonzero quaternion g is given by
q ' = ¢*/|q|*. For any two quaternions p and ¢, we have (pq)* = ¢*p*.
By Theorem 2.1 of [16], we have the following proposition.

Proposition 4.1. For any p = pg + p1i+ paj + p3k, ¢ = qo + 11 + @2j + @sk € Q, we have
1. |ql = lg*|;
2. q'q=qq" = 9> = 6§ + @i + & + @3;
3. lq| = 0 if and only if ¢ = 0;
4- lp+al <pl+lal;
5. |pal = |pllal-

By direct calculation, we have the following theorem.

Theorem 4.2. Suppose that p = pg + p1i + paj + psk, ¢ = qo + @i + ¢2j + sk € Q, where
Po, P1,P2,P3, 40,41, 492, 43 e R. Then

pq"+qp* = D¢+ ¢"p = 2poqo + 2p1¢1 + 2p2G2 + 2p3qs, (6)

which s a real number.



5 The Magnitude of a Dual Quaternion

We may denote the set of dual quaternions as DQ. A dual quaternion ¢ € DQ has the form

q = (st + qze,

where qg,q7r € Q are the standard part and the infinitesimal part of ¢ respectively. The
conjugate of ¢ is

¢ = qq +qze
See [1I [, 10]. If g5 # 0, then we say that ¢ is appreciable.
We can derive that ¢ is invertible if and only if ¢ is appreciable. In this case, we have

¢ =a - 0 e
The magnitude of ¢ is defined as

(gste97 + azqy) .
S —S b f S 07
|q‘ — |q t| + 2|qst| €, 1 (st # (7)
lgz|e, otherwise,

which is a dual number. Note that this definition reduces to the definition of the absolute

function if ¢ € D, and the definition of the magnitude of a quaternion if ¢ € Q.

Theorem 5.1. The magnitude |q| is a dual number for any q € DQ. If q is appreciable, then

lql = Vaq*. (8)

For any p,q € DQ, we have

1. 99" = q*¢;

2. lal = lqg"l;

3. |lq| > 0 for all q, and |q| = 0 if and only if ¢ = 0;
4. |pal = Ipllal;

5. lp+4ql <lp|+lql.

Proof. By Theorem B2l ¢s:q5 + qzql, is a real number. As |gy| is also a real number, |g|, defined
by (), is a dual number. If g is appreciable, then ¢y # 0. We have

40" = G @l + (qqs + az@ly)e = astl” + (02005 + azdly)e.
By (@) and (@), we have ().
1. We have
99" = qstQs + (915 + Gstq7)€
and

4"q = @5qse + (G705t + Tpaz)e-
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Then by Proposition 1] and Theorem [£2] we have qq* = ¢*q.

2. If ¢ is appreciable, then by (), |¢| = v/q¢* and |¢*| = v/¢*q. By 1, we have |q| = |¢*|.
If ¢ is not appreciable, then ¢ = gre and ¢* = ¢fe. We have |q| = |¢z|e and |¢*| = |¢}|e. By
Proposition A1 |¢z] = |¢5|. Thus, we also have |¢| = |¢*| in this case.

3. By (@), we have the conclusion.

4. Let d = pq. Denote p = ps+pze, ¢ = qstqre and d = dgy+dze, where py, pr, ¢st, gz, dot, dz €
Q. Then dg = psqst, dr = prqst + Pstqz, and

(dspds + dzd?,
det| + 5
=T

>€, if dst 7é O,
lgz|e, otherwise.

If psy # 0 and gy # 0, then dy = pgqse # 0. We have

p| = [pul + (pstPT + PIP3)
2|pst| ’
gl = |qu| + Gt + 020)
2|qst|
(dStd} + dl'd*t)
= |d| = |d, s
Ipg| = |d| = [ds| + T
We have
pllgdl = [psellgs + (Ipst\(qstqz+qzqst) |qSt‘<psth+pIpst)) )
2|q5t| 2|pst|
= pugul + [Pt (9097 + aza%) + || (P + Prp%y)
- stYst
2|psthst|
_ ) 1al*(9aaz + 4rq3) + laul* (Pap + prpl)
- | st|+ 2|d | €.
st

Thus, to show that |pg| = [pl||g| in this case, it suffices to show that

dsdy + dzd?, = |psi|*(qseqs + qza’) + |gst|” (pses + prply). (9)

We have dy = pgqs and dz = prqy + psqz. Then d3, = ¢;,p;, and d7 = ¢5p7 + q7p}. From
these, (@) can be derived. Thus, |pq| = |p||g| in this case.

If pss = 0 and gqs # 0, then pg = prgge. This implies that |pg| = |pz||gsile. On the other
hand, we have p = pze, which implies that |p| = |pz|e. Since

(qstq7 + a2 0%)

| = [qse| +
' 2|qst|

)

we have [p||q| = |pz||gst|e = |pql.
Similarly, if pg; # 0 and gy = 0, we also have |pq| = |pl|q].



If pst = gst = 0, then p = pre, |p| = |pzle, ¢ = qz€, |g| = |gzle. We have [pg| = 0 = |pl[q.
Thus, |pg| = |p||g| in all the cases. This proves Conclusion 4.

5. We have i} .
(psty + DY)

2|pst|
(9597 + qr43)
2|qstl
(st + 4s) (P + a7) + (Pz + a2) (P + G30)
2[pst + Gt
We may also divide to four cases, namely, a. py # 0 and gg # 0, b. py = 0 and ¢5 # 0, c.

Pl = |pat| +

I

|9l = lgul +

)

Ip+q| = |pst + qst| +

pst 7 0 and gy = 0, and d. pgy = g = 0, to prove Conclusion 5. We omit the technical details
here. U

If |¢| = 1, then ¢ is called a unit dual quaternion, which plays an important role to represent
the motion of a rigid body in 3D [Il 4 10]. Thus, ¢ is a unit dual quaternion if and only if
|QSt| =1 and

qstq7 + qzqs = 0.

This matches the definition of unit dual quaternions in applications [T}, 4 [10].

6 Norms of Dual Quaternion Vectors

Denote the collection of n-dimensional quaternion vectors by Q", and the collection of n-
dimensional dual quaternion vectors by DQ". For x = (z1, 2, - ,7,) € Q" with x; =
(i)o + (zi)1i+ (2;)2 + (xi)sk for (z;); e R, i=1,2,--- ,n,j =0,1,2,4, denote

x™ = ((z1)0, (1)1, (#1)2, (T1)3, (T2)0, -+, (T)3) | € RY™.

Then

n

n
Ixlls = o[ D l? = ([ D (@) + @) + (@3 + (@)3] =[x
i=1 i=1
This connects the 2-norms of real vectors and quaternion vectors, and will be useful for us to
discuss the 2-norm of dual quaternion vectors.

For x = (.Tl,l'g, e 7xn)—ray = <y17y27 e 7yn)T € @n’ define X*y = E?:l 55:1%7 where

* *

x* = (z},x3,--- ,x}) is the conjugate transpose of x. By Theorem .2 we have the following

rn

proposition.

Proposition 6.1. Forx,y € Q", we have x*y + y*x < 2||x||2]|y¥ |2



Proof. By Theorem .2, we know

ziyi + yiwe = 2[(x)o(yi)o + (@)1 (yi)1 + (@0)2(vi)2 + (4)3(yi)s]-

Consequently, it holds that

n

Xy +yx =) (wiyi+yiz) = 2xH) Ty <2yl = 2)x[2]ly ]
1=1

For x € DQ", we may also write
X = Xgt + Xz€,

where x4, x7 € Q" are the standard part and the infinitesimal part of x respectively.
A function v : DQ"™ — D is called a norm on DQ" if it satisfies the following three properties:
1. For any x € DQ", v(x) > 0, and v(x) = 0 if and only if x = 0;
2. For any x € DQ" and ¢ € DQ, v(gx) = |g|v(x);
3. For any x,y € DQ", v(x +y) < v(x) +v(y).
Suppose that x = (x1,2, - ,2,)". We may extend the 1-norm and oco-norm to dual

quaternion vectors as follows:
n
Il = Jal, (10)
i=1

and

Il = max ;. (11)

1<y )

. ($i)st($i)§+($z‘)z($i)§t€i .
g = 1T E0 12
|(z;)z|€, otherwise.

Proposition 6.2. The 1-norm and the oco-norm, defined above satisfy the three properties of

norms.

Proof. Consider the 1-norm first. Let x € DQ". If x = 0, then z; =0 for7=1,2,--- ,n. By
(I2), we have |z;| = 0 fori=1,2,---,n. By ([[), we have ||x||; = 0. On the other, if ||x||; = 0,
then by (), we have |z;| =0 for i =1,2,--- ,n, as |z;] > 0 for i = 1,2,--- ,n. By Theorem
(.1, we have z; = 0 for ¢ = 1,2,--- ,n. Hence x = 0. This proves Property 1 for the 1-norm.
Now, let ¢ € DQ. We have

laxll = > lgzil = ) lallzil = lal Y _ |zl = lallIx]|s.
i=1 i=1 i=1
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Then, Property 2 of the norm holds for the 1-norm. Finally, for x,y € DQ", we have

n n

e+ ylle= > lwi il < Y (ol + lwl) = D lwal + ) lwil = Ixlh + Iy lh-
i=1 i=1

i=1 i=1

This proves Property 3 for the 1-norm. Hence, the 1-norm is a norm.
We see that the proof for the 1-norm is the same as in the real vector space. The proof for

the co-norm is also the same as in the real vector space. Hence, we omit the details here. [

However, for 2-norm, we may not simply define

(13)

We should define ||x||2 by ([I3) if not all of x; are infinitesimal. If all x; are infinitesimal, we

have x; = (x;)ze for i = 1,2,--- ,n. Then we define

Ix[l2 =

> I(@zPe. (14)

Proposition 6.3. For any x = x4 + xz€ € DQ" with x4 # 0, it holds that
R\Ty R
0t) X2 < fll + lxelae. (15)

%5t ]2
Proof. Since x4 # 0, by (I2) and (I3]), we have

[1x[2 = fIxstll2 +

n

Ixll2 = \Zw

(@3)se ()5 + (2) () \°
= (@) st| + €] + () zel?
\ (mi)g#o ( 2|() st ) (mi)gzo
= Z ([ () se|* + () se (i) 7 + (25)z(20) 3 )€)-
()20

Since (z;)%, = 0 when (x;)s; = 0, we further have

X[l = Z (@)l + <Z(($i)st($i)§ + (ﬂ)z(@&)) €

1=

_—

= ”XstH% + (Z((l’z)st(xz); + (l’l)I(.Tz)zt)> €.

i=1

_—
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Consequently, by () and Theorem [1.2] we have

Yo (@) se(wo)y + (z)z(2:)%,) .
. . 2%l )
> i ()5 (i) + (xi)z(l’z‘)st)E
. . 2%l
¢atl + Xot X2 + X7 Xst
2Lz
xaela + (Xst)ixla
1%t |2

Ixll2 = lIxall2 +

= Ixsll2 +

which means that the equality in (I3]) holds. Finally, the inequality in (IH]) follows from the
fact that (x2) T < ||xgll2|lxz||2- O

Theorem 6.4. The 2-norm, defined by (13) and (I4), satisfies the three properties of norms.

Proof. By ([3) and ([d), if x = 0, then ||x[|s = 0. On the other hand, assume that [|x||s = 0.
If one of z; is appreciable, by (I3), we have |z;| = 0 for i« = 1,2,--- n. This implies that
r; =0 fori=1,2,---,n. Hence x = 0. If all of x; are infinitesimal, i.e., x; = 0, then by
(I4), we have |(z;)z| =0 for i = 1,2,--- ,n. By Proposition [4.1], this means that (z;)7 = 0 for
1=1,2,--- ., n. Hence, x; =0 fort=1,2,--- n, i.e., x = 0. Thus, Property 1 holds for the
2-norm.

Assume that ¢ € DQ is appreciable. If at least one x; is appreciable, then the corresponding
qx; is also appreciable. By (I3]),

lgxll2 =

By Theorem 511 |gx;| = |q||z;|. Hence,

lgxll2 =

a1 |zl = /lal|x13.
1=1

By Theorem 511, |x;| > 0 for all 7. Then |z;]* > 0 for all i. By (@), |z;|, hence |z;]? is appreciable,
if x; is appreciable. This implies that Y | |#;|* > 0 and is appreciable. Since ¢ is appreciable,
by (@), |q| > 0 and is also appreciable. Thus, |¢|* > 0 and is appreciable. Then, |¢|?||x[|3 > 0

and is also appreciable. We have

llgxll2 = /lalPlx[13 = lalllx[l2.

If all x; are infinitesimal, then all gz; are also infinitesimal. By ([4]), we have

laxlle = | S laea(wi)zle = [
=1

12



Since qg # 0, by (), we have

2‘Qst|

Z |(zi)z]e = |q|
i=1

Assume now that ¢ is infinitesimal. Then ¢ = gre, which implies that all qz; = gr(x;)q€ are

|QSt‘ = |q‘ -

_ qstq7 + qzqst”
lgx[l2 = { lq| — — o1 €
|QSt‘

> l(@izl2e = gl [xl2-
i=1

infinitesimal. Consequently, by (I4]), we have

laxllz = || D laz(ai)al?e = lazl
i=1

D I)sl?e = lazl %l oe. (16)
i=1

If x5 # 0, then by (@) and Proposition [6.3] we have
R\T R
ol = bl (1l = S5 ) € =l = el
stl]2
If x& = 0, then ¢gx = 0, which implies ||¢x||2 = 0 by (I4]). But in this case, by ([I4)), ||x||2 is also
infinitesimal, which implies, together with the fact that |q| = |gz|e, that |¢|||x]]2 = 0. Hence
|lgx||2 = |q|||x||2. This proves that Property 2 holds for the 2-norm.
Finally, let x = x4 + xX7€6,y = Y& + yz€ € DQ". We wish to prove that

1%+ ylla < [z + llyll2- (17)

By the properties of the 2-norm for quaternions [I5], we have

1%t + ¥stllz < [[xstll2 + [[ystll2- (18)

If
st + Ystlla < lI%sell2 + [ystll2, (19)

then x4 # 0 and y, # 0. If x; + y # 0, then by Proposition [6.3], we have
[x + yll2 = [[xst + ystllo + ue,

where u = (xE + yB)T(xE + y &) /||xst + ystll2- Since x4 # 0 and y; # 0, by Proposition [6.3]

we have R\TR R\TR
I+l = s + Iyl + (S 05 4 ) Y2
1%t |2 [yst]]2
By (I9), we know that (I7) holds. If x5 + ys = 0, then ||xg + ysllo = 0 < ||xst|l2 + [[¥stll2-
Thus, (I7) still holds.
If x5t + ¥sell2 = ||Xstll2 + || ystll2, then by the argument at the beginning of this section, we

know that

et + ytll2 = llxcillz + 1yt l2-
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By the properties of the 2-norm of real vectors, either x,; = 0 or y, = 0 or there is a real
positive number ¢ such that y, = txy. Hence, we divide this case to four subcases.

a. Xg = yst = 0. Then x = x7¢ and y = yze. We have x +y = (x7 + y7)¢, and by (I4),
[x+yll2 = lIxz + yzll2e < (lIxzll2 + llyzll2) € = lIxzll2¢ + lyzll2e = [Ix][2 + [l¥[2-

b. x¢ =0 and y # 0. Then x +y =y + (X7 + yz)e. Since ys # 0, by Proposition [6.3]
we have ||x + yll2 = [[ysll2 + ve, where

oo ) FHys)  va)'xF | (va) ' ¥7

Hyst”Q ”yst”2 HYStHQ '

Consequently, we have

(vs)'x7 N (vs)'y7
”ystH2 HystH2
R\TR
=yl + (vst) X7,

HystH2

<y lle + [1xzll2e

x4yl = lysllz+

= yllz + lIxll2,

where the last second inequality is due to the fact that (y%)"xZ < ||y &|l2||xF(l2 = ||ysell2|%z]]2-
Thus, we have ([I1).

c. xg # 0 and y, = 0. By exchanging x and y in the subcase b, we also have (IT).

d. x4 # 0 and yy = txg for a real positive number t. In this case, since x +y =
(1 +t)xg + (x7 + yz)€, by Proposition [6.3, we have
(x) " (xF +¥7)

st ]2

where the second equality comes from y = tx. By Proposition again, we know that ([IT)
holds. Thus, Property 3 holds for the 2-norm. O

(xB)"'xF  (yE)TyE
€+ ,
%t |2 | ystll2

%+ yll2 = 1+ )%l +

€ = [xstll2 + lysell2 +

For any x € DQ", it is not difficult to show that ||x|| < ||x|]2 < [|x/|:-

For x = (21,29, ,2n) ¥y = (Y1,¥2, -+ ,yn) € DQ", let the conjugate transpose of x be
x* = (xf, 23, -+ ,2}), and define x*y = >~ | zfy;. If x*y = 0, then we say that x and y are
orthogonal. It is not difficult to show that x*x = 1 if and only if ||x||s = 1. In this case, we say
that x is a unit dual quaternion vector. If x), x® ... x™ < DQ", and (X(i))*X(j) = 0,5 for
i,7 = 1,2,---,n, where ¢;; is the Kronecker symbol, then we say that {x(l),x@), e ,x(")} is

an orthonormal basis of DQ".

7 Final Remarks

In the study of robotics, dual quaternion optimization problems are studied [, 4]. In such dual

quaternion optimization problems, are the variables of the functions involved dual quaternion
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vectors? Are those functions real valued or dual number valued? How to analyze such opti-
mization problems and their algorithms? A further study is needed to address these problems.

The further study and applications of dual numbers, dual complex numbers and dual quater-
nions inevitably lead to the study on dual number matrices, dual complex matrices, dual quater-
nion matrices and their spectral theories [2] [§, [12]. In particular, recently, Gutin [§] studied
spectral theory and singular value decomposition of dual number matrices, Qi and Luo [12] stud-
ied spectral theory and singular value decomposition of dual complex matrices. What about

the spectral theory of dual quaternion matrices? This may be also worth further studying.

References

[1] G. Brambley and J. Kim, “Unit dual quaternion-based pose optimization for visual runway
observations”, Iet Cyber Systems and Robotics 2 (2020) 181-189.

[2] D. Brezov, “Factorization and generalized roots of dual complex matrices with Rodrigues’
formula”, Advances in Applied Clifford Algebras 30 (2020) 29.

[3] S. Bultmann, K. Li and U.D. Hanebeck, “Stereo visual SLAM based on unscented dual
quaternion filtering”, 2019 22th International Conference on Information Fusion (FUSION)
(2019) 1-8.

[4] J. Cheng, J. Kim, Z. Jiang and W. Che, “Dual quaternion-based graph SLAM”, Robotics
and Autonomous Systems T7 (2016) 15-24.

[5] W.K. Clifford, “Preliminary sketch of bi-quaternions”, Proceedings of the London Math-
ematical Society 4 (1873) 381-395.

[6] K. Daniilidis, “Hand-eye calibration using dual quaternions”, The International Journal
of Robotics Research 18 (1999) 286-298.

[7] C. Gunn, “On the homogeneous model of Euclidean geomery”, in: L. Dorst and J. Lasenby,

eds., Guide to Geometric Algebra in Practice, Springer, 2011, London.

[8] R. Gutin, “Generalizations of singular value decomposition to dual-numbered matrices”,
Linear and Multilinear Algebra (2021) doi.org/10.1080/03081087.2021.1903830.

[9] W.R. Hamilton, “On quaternions; or on a new system of imaginaries in algebra”, Letter
to John T. Graves, October 17, 1843.

[10] B. Kenright, “A biginners guide to dual-quaternions”, 20th International Conference in
Central Europe on Computer Graphics, Visualization and Computer Vision, Plzen, Czech,
2012.

15



[11]

G. Matsuda, S. Kaji and H. Ochiai, Anti-commutative Dual Complex Numbers and 2D
Rigid Transformation in: K. Anjyo, ed., Mathematical Progress in Expressive Image Syn-
thesis I: Extended and Selected Results from the Symposium MEIS2013, Mathematics for
Industry, Springer, Japan (2014) pp. 131-138.

L. Qi and Z. Luo, “Eigenvalues and singular value decomposition of dual complex matri-
ces”, larXiv:2110.02050.

L. Rodman, Topics in Quaternion Linear Algebra, Princeton University Press, Princeton,
2014.

X. Wang, C. Yu and Z. Lin, “A dual quaternion solution to attitude and position control
for rigid body coordination”, IEEE Transactions on Robotics 28 (2012) 1162-1170.

M. Wei, Y. Li, F. Zhang and J. Zhao, Quaternion Matrix Computations, Nova Science
Publisher, New York, 2018.

F. Zhang, “Quaternions and matrices of quaternions”, Linear Algebra and its Applications
251 (1997) 21-57.

16


http://arxiv.org/abs/2110.02050

	1 Introduction
	2 A Total Order for Dual Numbers
	3 The Absolute Value Function of Dual Numbers
	4 A Mixed Product Sum of Two Quaternions
	5 The Magnitude of a Dual Quaternion
	6 Norms of Dual Quaternion Vectors
	7 Final Remarks

