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Abstract:

We presént a class of algorithms for solving constrained
optimization problems. In the algorithm non-negatively constrained
quadratic programming subproblems are iteratively solved to
obtain estimates of Lagrange multipliers and with these estimates
a sequence of points which converges to the solution is generated.
To achieve a superlinear rate of convergence the matrix appearing
in the subproblem is required to be an approximate inverse of the
Hessian of the Lagrangian. Some well-known variable meéric
updates such as the BFGS update are employed to generate the
matrix and the resulting algorithm converges locally with a
superlinear rate. When the penalty Lagrangian developed by
Hestenes, Powell and Rockafellar is incorporated in the algorithm.
it turns out to be closely related to the recently developed the
method of multipliers. Unlike the method of multipliers, our
algorithm possesses a superlinear rate of convergence even without
requiring a penalty parameter goint to infinity and therefore avoids

the numerical instability so caused.

+ This research was supported in part by the National Science
Foundation under Grants ENG 75-10436 and GJ 35292.



DUAL VARIABLE METRIC ALGORITHMS
FOR CONSTRAINED OPTIMIZATION

1. Introduction

The techniques for solving quadratic programming problems
have been developed so extensively that it becomes feasible to
deal with the general nonlinear programming problem by reducing it
to a sequence of quadratic programming subproblems. Adopted by
many authors [17, 18, 22, 23} and shown very effective, this
approach allows us to approximate the nonlinear programming problem
quadratically and affords an extension of Newton's and Newton-like
methods to constrained optimization. Following this approach, we
- present in this work a class of algorithms in thch we iteratively
solve non-negatively c;nstrained quadratic programming subproblems-
to obtain estimates of Lagrange multipliers and with these estimates
generate a sequence of points which converées to the solution. To
achieve a superlinear rate of convergence the matrix appearing in
the subproblem is required to be an approximate inverse of the
Hessian of the Lagragian. We suggest variable metric updates to
generate these matrices and justify our suggestion by showing that,
when some well-known updates such as the BFGS update are employes
in this context, the algorithm converges locally with a superlinear
rate. The penalty Lagrangian developed by Hestenes [24], Powell (33}
and Rockafellar [37] may also be incorporated into the algorithm

to replace the ordinary Lagragian; the resulting algorithm turns
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no inequality constraint. Now we can state the algorithm as

follows.

Algorithm step 1. Start with an estimate of a Kuhn-Tucker

0 0

triple z = (xo,u ,vo) of Problem (P) and

an estimate of AO of the inverse of the

Hessian of the Lagrangian.
step 2. Set k = 0.

step 3. Find a z-solution of DQ(xk,Ak) and call

this z-solution zk+l = (xk+l,uk+l,vk+l

).

If there is more than one such z-solution,

choose one which is closest to zk.

k+1 k+1 k+1 k+1
X7, 'V

step 4. If z = ( ) satisfies a

prescribed convergence criterion, stop;
otherwise, update Ak+l by some scheme, set

k = k+l1 and go to step 3. a

In the algorithm, with an estimate (uk+1,vk+l) of the

Lagrange multipliers obtained from solving QD(xk,Ak), we find a

k+1

new point x by taking one step of a gradient method to minimize

the Lagrangian L(x, uk+l, vk+l); when A, = V__ L(xk,uk+l,vk+l)—l,

a Newton step is carried out. 1In this paper we are more interested
in the variable metric way to generate the matrix Ak; for example,
the very successful BFGS update in unconstrained optimization can
be so employed here. It is perhaps worth mentioning that the
updated matrix Ak is used to find not only xk+1 but also the

k+1 _k+1
v

multipliers (u ).



By Dorn's duality theorem [28) and under the assumption
that A is symmetric and positive definite, the quadratic program

DQ(x,A) is dual to the gquadratic program

min Vf(x)Ts + %STA-IS
. s
(2.3)
s.t. gix) + Yg(x)7s < 0

h(x) + Vh(x)Ts

o,

which can be viewed as a quadratic approximation to problem (P)
1

if A7 is the Hessian of the Lagrangian. Some efficient algorithms
{17, 18, 21, 22] based on (2.3) have been developed; however, our
algorithm seems more promising since the subproblem (2.1) has only
non-negative constraints and no constraints at all if problem (P)
‘has only equality const;aints. Moreover, some unconstrained-
optimization updating schemes are more naturally incorporated in
(2.1) than in (2.3). _

The algorithm is related to the dual, feasible direction
algorithm developed by Mangasarian [29]; but unlike it we do not
require the generated points to be feasible for the original
problem (P) and therefore never need an anti-zigzag procedure to
avoid the jamming situation.

For solving DQ(xk,Ak) there are a number of effective
methods in the extensive literature of quadratic programming.

These include Beale's method [2]}, Wolfe's method [40], Ritter's

method [36] and the principal pivoting method (10, 11].
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Definition 3.3 A Kuhn-Tucker triple z* = (x*,u*,v*) of problem (p)
satisfies the Jacobian uniqueness condition if the following

three conditions are simultaneously satisfied

(a) u,* >0 if i€ I(x*) ={j: gj(x*) = 0}

(b) the gradients {Vgi(x*)} (all i € I(x*)), {th(x*)}, j=1,...9

are linearly independent
(c) for every non-zero vector y satisfying yTVgi(x*) = 0 for all
i e I(x*) and yTth(x*) =0, j=1,...q9, it follows that

T .
Yo v L(z)y > 0. 0

We note here that conditions (a) and (c) have also been
called the strict complementarity condition and the second order
sufficiency condition respectively.

Our convergence theorems. also need the following two lemmas;
the proof of the first one follows from the mean value‘theoremA
and appears in [21].

n+m+q

lemma 3.4 If z* = (x*,u*,v*) € R and £, ¢ and h € LC%[x*],

. then there exists a neighborhood N(x*,¢) and two positive numbers

X and K such that for any x and £ in N(x*,e¢) and any (6,0) in

Rm+q we have

(3.8) |{VxL(i,ﬁ,O)-VxL(§,ﬁ,0)—VxxL(x*,u*,v*)(i—;)}[

(% max{| [X-x*[], ||x-x*||} + il[(G,O)-(u*,v*)[I)lli-ill- O

na

Corollary 3.5 If all the assumptions of Lemma 3.4 hold and VxxL(z*)
is non-singular then there exist positive numbers e, n and £ such

that whenever x, % € N(x*,c) and (Q,0) € N((u*,v*),e) then



nl %% <[V, L&, Q,9-V, L(x,0,0][< E][x-%[1, 0

lemma 3.6 If £, g and h € ch[x*] and VxxL(z*) is non-singular,
then for any a > 0 there exist two positive numbers £ and § such
that for any x in R and any A in L(R") satisfying ||x-x*||< ¢
and IIA'VXXL(Z*)—lllé § it follows that

]IAVXL(x,u*,v*)+(x*-x)|| < aflx*-x|].

Proof. ILet a > 0 be given and let

(3.9) A= max{||7_Lz0) 7 ], |17, L% |1},
Choose € and § such that
(3.10) : § < 1/2,
= 2%
(3.11) (6+A)(KE+I:T3 ) o

where K is the constant defined in Lemma 3.4. Since
]iA-VxxL(z*)-l||: §, it follows from (3.9), (3.10) and the

perturbation Lemma [25] that A is non-singular and

2
- AT8
(3.12) a1t 1535 .
Then
IIAVXXL(x,u*,v*)+(x*—x)]]i]]A[I ]|VxL(x,u*,v*)+A-l(x*-x)ll
SHALT T, L 0x,u%,v*) =V L (2*) (x*-x) ||

1AL 119, Lz -a" ] | xr=x] |
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12

(3.16)  (a) Max {18,226} < r

®) e <=
- 3

(c) for any Z in R ong any A in L(R™) with

[ 1Z-2z*]] < € and [IA—VxxL(z*)-llli § we have

that ||G(X,A,z*) || < _r [|x-x*{].
- 21

- The existence of such € and § follows from Lemma 3.6 and by
observing that u*i gi(x*) =0, (i=1,...m) and h(x*) = 0.

Assume that a vector Z = (%,4,¥) in R and a symmetric

A in L(R®) satisfy [12-z*||{< ¢ ‘and {IA‘VXXL(Z*)—I]IS 8, then

we have
Heper gl a7, 2@ ™ 1 (HTg e [ 14119 1) < 64 g7 < 1.
(by 3.13 and 3.15.a)

Hence by the non-singularity of C* and the perturbation Lemma

[25] CA is also non-singular and

-1
(3.17) fex 1z "2. 2 1% <. (by 3.16 and 3.14)
1-1°8 r
Define the function S§ Al Rn+m+q - Rn+m+q, associated

with ¥ and A as follows
-
S:": p(z) =z CP G(X,A,Z).

For any z in N(z*,E) we have that



13

A

- . -1 -1 . e
117,85 a@ | I=l11-c31v 6 &a,2) || ¢ [IGGHT lIegt-v,6 A1) "

A

T 1, (by 3.15.a and 3.17)

which implies that S).E A is a contraction mapping in N(z*,®).
. ’

Since from (3.16.b), (3.16.c) and (3.17) we also have

]lz*'si A(z*)lli t|{6(%,a,2%) || L E
! - -2
Thus, the contraction mapping theorem [26] implies that Si A has
r

a unique fixed point, say z, in N(z*,e) which satisfies
(3.18)  ||z-z*]|< 27| |6(%,A,2%) | |< r||%-x*][< r||Z-z*]].

We now show that z is a z-solution of DQ(X,A). Since z
is the unique fixed point of Sg , in N(x*,g), z is the unique
) JA .

zero of G(X,A,*) in N(z*,€). Thus

(3.19) A(VE (R)+Vg(X)u+Vh(X)v) + (x-%) = 0,
and for i = 1,...m,
(3.20) G, (g, (R)+9g, (%) T (x-%)) = 0,

1 1 1

and for j =1,...q9,
(3.21) hj(§)+th(i)T(§-i) = 0.
By (3.15.b) and (3.15.c) in the choice of ¢ and also by

(3.20) we have
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Corollary 3.8 Let the assumptions of Theorem 3.7 hold and let

{jk} be a subsequence of positive integers with j, < k. 1If zq

I -
is sufficiently close to z* and ]lAk— s (2 ky l||_<_ o, where

k
{ak} is a sequence of non-negative numbers bounded by a sufficiently
small number, then the sequence {zk} generated by the algorithm
exists and converges to z* with at least a Q-linear rate.

Furthermore, if jk + o and o, -+ 0, then {zk} converges to z*

k
with at least a Q-superlinear rate. E]
The simplest way to generate the matrices {Ak} in th»

1

Iy -
algorithm is by setting Ak = VXXL(z k) + a, = 0 and jk = k we

k
abtain a Newton-type method which can be shown to possess a
quadratic rate of convergence; and for the equality constraint
problem this method turns out to be similar to a method studied
py Polyak [32].

- Inequality (3.18) in the proof of Theorem 3.7 shows that

we actually can get the sharper result ||z-z*||< r||%-x*{], and

thus the following corollary.

Corollary 3.9 Let all the assumptions of Theorem 3.7 hold. Then '
for any r € (0,1) there exists two positive numbers e(r) and

§(r) such that if |]%-x*||< ¢(r) and }[A—VxxL(z*)lli §(xr) then an

h
unique Kuhn-Tucker point (u,V) of DQ(X,A) in N((u*,v*), e(r)) exists
and |§(G,§)—(u*,v*)l]; r [ 1R-x*|]. Moreover,'ﬁi =0 if u,* = 0. O
The result of Corollary 3.9 has nothing to do with the way
we generate x, and hence can be applied to establish the
convergence theorem for some other methods in which xk+l is

generated by another way. Indeed, this corollary has been so
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employed in [23].

) To achieve convergence, according to Theorem 3.7 the
matrices {Ak} in the algorithm are required to remain close tp
VxxL(z*)_l. In the theorem below we give a sufficient condition
which ensures such closeness and at the same time can be satisfied
by some variable metric updates. Tﬂis condition was first studied
by Broyden, Dennis and Moré [7] for non-linear system of equations
and unconstrained optimization and some techniques of their

proof will be employed here. Throughout this work |[|+||' denotes

any fixed matrix norm which may be different from ]r-l].

Theorem 3.10 Let z* = (x*,u*,v*) be a Kuhn-Tucker triple of
problem (P) and let £, g and h € LCZEx*] and VxxL(z*) be
non-singular. Let the Jacobian uniqueness condition

hold at z* and let there exist two non-negative numbers oy and o,
such that for an update which generates symmetric matrices the
following condition holds

(3.28) |[Ak+1-vxxL(z*)'l]1'

[

(Ltay | |252% | ) | [a, -7, L2072

+

k
5yl 125=2# .

Then for any r € (0,1) there exist two positive numbers e(r) and
86(r) such that if |}z0-2#]| < e(r) and ]IAO—VxxL(z*)-III; s (r)
then the sequence {zk} generated by the algorithm is well defined
and converges Q-linearly to z*. Furthermore, e(r) and 8(r) can
be chosen small enough to ensure the non-singularity of all the

updated matrices {Ak} and the uniform boundedness of {A;l}.
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Proof. By the equivalence of matrix norms, there exist two

positive numbers of d and d' such that for any A in L(RY) we have

(3.20)  allall” 2 Al ama  a'[lall 2 I1all

v

Let r € (0,1) be given. By Theorem 3.7 there exist two

positive numbers ¢ and 3§ such that if ||z-z*|| 2 € and

IIA-VXXL(Z*)—l{| < § then the closest z-solution 2 of DQ(X,A)
I

exists and |[|2-z*|] < r [|z-z*||. We choose two positive numbers

€ and § such that the following conditions hold

(3.30) (@) e < €
(b) 2dad's6 <3
€

(c) (2aléd‘+az) = 2 4'5.

If we can show that for each k

(3.31) [1z5-z*]] < £f¢ .
and

_l i
(3.32) f IAk—VxxL(z*) | < 2a's,

then ||zk—z*]] < € and []Ak—vxxL(z*)-lll < §, and the theorem

follows immediately from Theorem 3.7.
We prove (3.31) and (3.32) by induction. They are obviously
true for k = 0. Assume that they are true for j, 0 < j < k; then

it follows from (3.28) that

'!Aj+l_v xL(z*)_l| l!}; Zald'aér]+a2€rj,

ST _
% | g,Aj VXXL(z*)
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and by taking the sum from j = 0 to j = k,

-1,," -1,1" €
HAk+l-VxxL(z*) I ;IIAO-VXXL(Z*) [ + (20,d"8+a,) 725

A

a's+a's < 2a's. .

Therefore, (3.32) is true for j = k+l. Moreover, we have

-1 = . : :
[IAk+1—VxxL(z*) | < 8, and by the 1n§uct10n hypothesis and
(3.30.c) we have llzk—z*lli e < €. Thus, it follows from
Theorem 3.7 that z°'% exists and ||zk+l-z*lli r||zk-z*]|: e,

The second part of the theorem follows directly from

(3.32) and the perturbation Lemma. a0

4, Superlinear Rate of Convergence -

In this section sufficient conditions are given which
guarantee a superlinear rate of convergence for the sequence of
points generated by the algorithm. We first introduce a Lefma
which is due to Mangasarian [30] and is closely related to av

result of Dennis and Moré [13]; its proof can be found in [22].

Lemma 4.1 Let z* be a Kuhn-Tucker triple of problem (P) satlsfylng
the Jacobian uniqueness condition and £, g and h € LC [x*]. A
sequence {z } converges to z* with a Q-superlinear rate of {zk}

converges to z* and

(4.1) tm _||EEH L,

ke k+1 k
[1z% "=z ||

n+m+q

+m+
where E : R nrm q,

+ R
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E(z) =

In £he Lermma above there ié no specification on how thea
sequence {zk} is generated; nevertheless, if the sequence is
gener;ted by our algorithm then we can derive from Lemma 4.1
some other criteria, which are contained in the following two

theorems.

Theorem 4.2 Let all the assumptions of Lemma 4.1 hold. If a
sequence {zk} constructed by the algorithm converges to z* and

7,5 ]

=0,

(4.2) lim

koo

!Izk+l_zk!l

then {zk} converges Q-superlinearly to z*.

Proof By Lemma 4.1 we need only to establish (4.1). By virture

of (3.6) and (3.7) in the proof of Lemma 3.1 we have
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k+1 ktl kel kel m
e 12l 17 2w 1+ omeE )+ 3 uf g, ot
i=]1
+,
I, L T R on ) -7 688 Tkt ek
o k+1 +1 x kT k+l_k :
+ 3 g, M —g, 8 -vg, (9 Tix NI -
i=1
;IIVXL(xk+lluk+llvk+1)|l + °(.|[Xk+l kll)

Hence (4.1) follows. a

Theorem 4.3 Let all the assumptions of Lemma 4.1 hold; furthermore,
let VXXL(z*) be non-singular and let {zk} be a sequence of points
generated by the algorithm with respect to a sequence of
non-singular symmetric matrices {Ak} with {A;l} uniformly bounded.

If {zk} converges to z*, and

-1, k
(4.3) lim BV, @0 Ty
koo k =0
Hy 1l
where yk=VxL(xk+l,uk+l,vk+1) -v L(xk uk+l, k+l), then {zk} converges

Q-superlinearly to z*.

k+1

Proof By the assumptions z is a z-solution and

Akv L(xk, k+1 k+l) + (xk+l xk) =0,

which yields

(-7, Lz Y = Ay 1@ ey r LR Tk

and in turn implies
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then {ak} converges. 0

Lemma 5.2 Let A be ény nxn symmetric matrix and s, 4 and y be
vectors in R with d'y # 0 and define A by (5.1). If M is a

non-singular symmetric nxn matrix with

-1 -1
(5.4) [1Ma-M""y|]< 8|IM yl]
for some B8 € [0,1/3], then for any symmetric nxn matrix B with
B # A we have

-1
(5.5) |1E-B]], < (12022 4 5 J_IMCII#LL) l1a-Bl 1,
Myl

+ Az [s-Bz
Hyll

where A € (0,1), and Al and Xz are constants which only

depend on M and n, and.

(5.6) | M(a-B)y ]|
6 -1
Ha-Bl ], [M "y]]
if A # B and 6= 0 otherwise. O

The following theorem gives a sufficient condition for

the superlinear convergence of the algorithm with an update of
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form (5.1); this condition turns out to be satisfied by updates

(5.2) and (5.3).

Theorem 5.3 Let z* = (x*,u*,v*) be a Kuhn-Tucker triple of

problem (P) satisfying the'Jacobian uniqueness condition and;f; g
and h € ch[x*]. Suppose that VxxL(z*) is non-singular and in the
algorithm the matrices {Ak} are updated by formula (5.1) with any

dk such that for yk £#0,

k_ -1k
(5.7) lMd -M Y ll ; ¥ max {llzk—z.||r Ilzk"'l_z*ll}

[ty

for a constant p and an arbitrary but fixed non-singular symmetric
matrix M. If zo and AO are sufficiently close to z* and
-VxxL(z*)-l respectively then the sequence (zk}'generated by ‘the

algorithm is well defined and converges Q-superlinearly to z*.

Proof For any r € (0,1) let e(r) and 6 (r) be defined as in

Theorem 3.10 with matrix norm ||-|| as ||-]]| Now set

;.
0, = AjH,, 0, = A (R+K) | |V L(z*)-ll| where ¥ and K are the constants
1 1"1 2 - XX

defined Lemma 3.4 and Xl and kz are as in Lemma 5.2 and n is as

in Corollary 3.5. We further require e(r) to satisfy

Q?H’

(5.8) e(r) <

We first show by induction that if ||z°-z*|| < e(r) and

-1 .
||A0-VxxL(z*) || < 6(r) then the generated sequence (zk} exists

and converges Q-linearly to z*; that is,
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and the boundedness of {pk} into consideration we have

W8

2 .
P, < ® .
i OAk k

Since A € (0,1) and P, > P with p # 0, we must have lim ek =0

k>
which implies

lim || (Ak-vxxL(z*)'l)ykI I

ko = 0.

Tl

Hence the result also follows from Theorem 4.3.
Our main results are contained in the following theorem
which shows that Algorithms D1 and D2 possess local superlinear

convergence properties. ]

Thedrém 5.4 Let z* = (x*,u*,v*) be a Kuhn-Tucker triple of (P)

satisfying the Jacobian uniqueness condition and f, g and h € hcz[x*].
If VXXL(z*) is non-singular and the starting point z0 and the
starting matrix AO are sufficiently close to z* and \7xxL(z‘*)_l
respectively then the sequence {zk} generated by Algorithm D2
exists and converges Q-superlinearly to z*. If further assume

VxxL(z') to be positive definite then the conclusion is also true

for Algorithm D2.

Proof By Theorem 5.3 it is sufficient to establish (5.7) for
some suitable matrix M and constant u. Since it is obviously

valid for Algorithm D2, we only need to verify it for Algorithm D1.
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With V_ L(z*) positive definite we can set M = (VxxL(z*))l/z.
By Lemma 3.4 we have

k -1k
| [Ms™-M "y [

A

]Iy s (zns®] ]

IAa

LML ] (ReR) maxt]|25-2# ], [ |25 e2e | 1) |18

and by Corollary 3.5 we have that for some £ > 0, llskll < Ellykll.

Therefore,

-1 k

e LG I I

| |Ms5- % < 1L ] R max{ 252 ], | |2

Thus (5.7) is true with u = £|[M[]] M"Y ®&). O
We note here that local superlinear convergence can also

be achieved for the algorithm if the following updates are

used (21], !
: T T
(5.12) E=p-RYya , ss ,
. T T
Yy Ay sy
T T
(5.13) R=a+ (s-Ay)s "+s (s—-Ay)

2 sTy

(5.14) (s=Ay)y +y (s-Ay) T

A=na+
T
2yy

The non-symmetric updates such as

T
(5.15) A=a 4 lsmAp)s”
STy



*0 = 39g -z de3s
'T_(D';A'*X)JXXA s0 O
93ewWT3IS® Ue pue (T°9) JO (¥A’xX) = x2Z ITed
x9ong-uyny e jo (OA‘OX) = 0z 93ewT3Se

ue ‘n xo3swexaed A3reuad e yzTm 3Ie3s °T doas W W3 TI0BTY

*SMOTTOJ Se
paTITPOW a9 Ued A PUR 1A Swy3lTIoblivy ‘(T°9) watqoxd xog

-adX3

PeXTW JO S3UTRIISUOD YITM métqoxd Texauab ayz o3 srqeor1dde

9Ie swylTiobie pOTFTPOW BY3 3BY3 230U SM ‘ATburpzrodooe pauryep

OSTe® I8 UOTITPUOD SsausnbTun ueTqoOoR[L SY3 PUuR J UOTIDUNI aY3

10 f'(x)ﬁ "3°s
x .
(x)3 uTw (€°9)

waTqoad jurexlsuod A3trenbaur °y3 pue

0 ={(X)y °3°s
X
(x)3 utuw (z°9)
wuaTqoxd jurex3zsuod A3rrenbs sy3z Arsjexades
IBPTSUOD 9M UO IJFET ILDTO Swoddq TITM UOTYM SUOSedx 10J
*pobieius aq 03 ATONTT ST SOUSHIBAUOD JO
utewop ay3 os ‘sjutod I[GTISedIUT °Yy3z burzrreuad yo K3ixsdoad ay3
Sey J UOT3IOUNI ¥Y3l © 9HIeT ® YITM ‘I9acaion °1 uetbuexbe] ay3

sooeTdaa g UOTIIOUNI BY3J JT POXR[SI S URD p°G puR £°G SWIIOdYL

TC



ut T uerbuexbe] oyl uo suoridumsse 2yl ITNSIX STYI YITM
[]  -°3TUTIOP SATITSOA ST (0/4A’yNfyX)a A
usyy © =0 JT 3°Y3 YOmS (0 < 0 U®R SISTXD 9I9Y3 USUL °UOTITPUOD
ssausnbTun uerqoder Y3 SOTISTILS YOTUM OSTdTII ISYONL-Uyny

L@ 8q (yA’xN'xX) = 4Z pue [;x]zaq 3 Yypue 6 ‘3 397 T'9 wuwe]

*{1] °smoH pue pInoH

MOIIY O3 9Np ST YOTYM Puwe] BUTMOTTIOF 9Y3 UT ITNSSI STY} d3e3s aM

o z93ourexed X3Teuad =H6IeT JUSTOTIINS e Hursooys Aq 3no pIatIIEd

aq ued 2inpa501d UOTIELOTITXDAUOD TEOOT © 3IBY3 ST UOTIDUNY STY3 3O

‘axn3jesy aArloeIlIR AIDA Y '{Fn+(x)Tﬁn'o} Xew = +(In+(x).'t£m) sSI19YM
z T+ T Te oy o2

(X) Uy (X) U4 (X) U A+ (D=7 ("04 (%) "BD) ) 3 Ppr(03 = (0'ATINL (T09)

Xq peu?;ap‘st ‘9« I+b+m+uu L S VA% IEIIGJEXQOH

pue [gg] TTemod ‘[pz) sdu@3isoH Aq pador=2asp uetbueabeq L3yeuad

e 03 AT3us091 uaaTH u9BQ SBY UOTIUIIIL DTRIIPTSUOD

uetbuexbe]T AjTeuad ® BTA UOTIEOTITPOW *9

*A1aaT309dsax {Tg€] YOTWIODOW

pue [g] uspioxg Aq parpnis uaaq aaey (971°G) pue (§T°G) pue

93epdn TT9MOd-I8Yyd3aTJ-usaprard snowey syl ST (Z1°S) uorizezturido
pauTeazsuodun uy *poa3oIpaid axe s3Insax yons ybnoyz ‘wayz Io3F se3ex
JeautTIadns~-) SUTYSTIYLISD UT POpPaI|aoONS 30U aaey aM ‘Iaaamoy

{50UsbadAUOD JO S23BI ILDUTT-) SsSossod 03 uMoys g OSTe ued

LK (R-s) tvs (9T°9)

0¢




32

Step 3. Solve the system of linear equations
(6.4) Bv = b
where B = Vh(xk)TAth(xk) ,
b = h(x)-7n (&) Ta (7265 ramm My n )y,

and let the solution be vk+l. Set

k+1 k k _k+
(6.5) X = x —AkaF(x vV l,a).
Step 4. Check convergence; if not, generate Ak+l
from Ak’ sk = xk+l—xk and yk = VXF(xk+l,vk+l,a%

VxF(xk,vk+1,a) either by (5.2) or by (5.3).

Set k = k+1 and go to Step 3. g

To show the superlinear convergence of Algorithm M, we
consider the following auxiliary problem
. o T
(6.6) min f(x) + zh(x) h(x)
X

s.t. h(x) = 0.

It is evident that problems (6.2) and (6.6) have the same
Kuhn-Tucker pairs and furthermore, the function F(x,v,a) is the
Lagrangian of problem (6.6). When Algorithm D1 or D2 is adopted
to solve (6.6), the resulting algorithm is just Algorithm M.
Therefore, taking Lemma 6.1 into consideration, the following

results follows from Theorem 5.4.

Theorem 6.2 let z* = (x*,v*) be a Kuhn-Tucker pair of (6.2)
satisfying the Jacobian uniqueness condition and let £, g and

he LCz[x*]. If the penalty parameter o is sufficiently large
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and if the starting point zo = (xo,vo) and the starting matrix AO
are sufficiently close to z* and Vxx?(x*,v*,m)-l respectively
then the sequence {zk} generated by Algorithm M exists and converges
Q-superlinearly to z*, O . ..

For the inequality constraint problem (6.3) the modification

is the following.

Algorithm M' Step 1. Start with a positive number a and an
estimate zo = (xo,uo) of a Kuhn-Tucker
pair z* = (x*,u*) of (6.3) and an estimate

Ao of VxxF(x*,u*,a)-l.

Step 2. Set k = 0.
Step 3. Solve the following guadratic programming
subproblem
' : 1
(6.7) min 3, (ul)TAk Oy (u)-uTq (xk)
u
s.t.u>0

where ¢k = Vf(xk)+u I gi(xk)Vgi(xk)+Vg(xk)u

leIk
e Ky s . .
and I, = {l.gi(x ) 2 uk/a}, let its
solution be u**! and set
(6.8) e e A IRt P

Step 4. Check convergence; if not, generate matrix
+ k
Ak+l from Ak' sk = xk l-x and
yk = VxF(xk+1,uk+l;u)-VxF(xk,uk+l,a) either
by (5.2) or by (5.3). Set k = k+1 and go

to Step 3. a
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multiplier method we need to do a whole unconstrained minimization

process. It is noted that a similar approach can be found in [23].

7. Comments and Computational Experiences

(1). The algorithm based on the subproblem

x
min Vf(xk)T(x-xk) + %(x—x”)THk(x—xk)
x

s.t. g(xk) + Vg(xk)T(x-xk) <

A
o

It
o

h(xk) + Vh(xk)T(x—xk)

can be viewed as primal to the algorithm discussed in this paper
because its quadratic programming subproblem is primal to
subproblem (2.1). To achieve local superlinear convergence for

the primal algorithm the matrices'{Hk} need to be good es;imatesr
to the Hessian of the Lagrangian rather than to the inverse of tﬁe
Hessian. In [22] local superlinear convergence has been established

for the primal algorithm when {Hk} are updated by the following

schemes
(7.1) H=1H+ (y-Hs)yTW(y-Hs)T - sT(y-Hs)ny
yTs (yTs)z
(unconstrained case: Davidon-Fletcher-
Powell [12,15))
(7.2) T=n+ (y—Hs)sT+s(y—Hs)T— sT(y—Hs)ssT
sTs (sTs)z

(unconstrained case: Powell [34,35])
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where s and y are defined as in (5.1). It is noted that updates
(7.1) and (7.2) are dual to updates (5.2) and (5.3) respectively
in the sense of Fletcher [16]. The duality of updating schemes
and the duality of mathematical programming have been defined and
used in two different contexts; it is very interesting that in our
approach they are coincidentally connected to each other. We also
note that though some theorems in this paper are analogous to
those in [22], there is no.direct implication among them.

{2). As the primal algorithm our algorithm is in a sense
a natural extension of variable metric algorithms to general
non-linear programming; this extension provides a fruitful field
of future research. A lot of results in the extensive literature
of variable metric algorithms need to be investigated and developed
. for non-linear programming and the whole theory'can be treated in
a unified way in both éonstrained and unconstrained optimization.

(3). All the results in this paper are local. One approach
studied by this author for achieving gloﬁal'convergence is to
determine a stepsize in each iteration which maintains a monotone
decrease of an exact penalty function or the penalty Lagrangian
defined in (6.1). Some global convergence results have already
been established [21].

Computational tests of the algorithms in this paper have
been performed and are still going on. A report on the tests
results is expected to be published in the near future. However,
it would be unfair to finish without at least giving some idea of

the power of these algorithms in practice. We state in the table
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