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ABSTRACT: In 4-dimensional supergravity theories, covariant under symplectic electric-
magnetic duality rotations, a significant role is played by the symplectic matrix M(y),
related to the coupling of scalars ¢ to vector field-strengths. In particular, this matrix enters
the twisted self-duality condition for 2-form field strengths in the symplectic formulation
of generalized Maxwell equations in the presence of scalar fields.

In this investigation, we compute several properties of this matrix in relation to the
attractor mechanism of extremal (asymptotically flat) black holes. At the attractor points
with no flat directions (as in the N' = 2 BPS case), this matrix enjoys a universal form
in terms of the dyonic charge vector Q and the invariants of the corresponding symplectic
representation Rg of the duality group G, whenever the scalar manifold is a symmetric
space with G simple and non-degenerate of type Er.

At attractors with flat directions, M still depends on flat directions, but not MQ,
defining the so-called Freudenthal dual of Q itself. This allows for a universal expression of
the symplectic vector field strengths in terms of Q, in the near-horizon Bertotti-Robinson
black hole geometry.
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1 Introduction

One of the most appealing properties of extended (ungauged) four-dimensional supergrav-
ities (i.e. locally supersymmetric models with no less than 8 supercharges) is their on-shell
global symmetry which is conjectured to encode the known string/M-theory dualities [1].
The corresponding global symmetry group G, to be also dubbed U-duality, is the isom-
etry group of the scalar manifold (i.e., global symmetry of the scalar field sigma-model),
whose (non-linear) action on the scalar fields is combined with a linear symplectic action
on the n electric field strengths F ;f,,, A =0,...,n—1, and their magnetic duals G|, [2]
(electric-magnetic duality action of G). The latter action being defined by an embedding
of G in the symplectic group Sp(2n,R), so that Flj\y, together with Gy ,,,, transform under
electric-magnetic duality in a symplectic representation Rg of G. This embedding, which
determines the couplings of the vector fields to all the other fields in the action, is built-in
the definition of a flat symplectic bundle over the scalar manifold, which is a common
mathematical feature of N' > 2-extended supergravities [3-5].

Solutions to these theories naturally arrange themselves in orbits with respect to the
action of (G, and important physical properties are captured by G-invariant quantities.

A notable example are the extremal, static, asymptotically-flat black holes in D = 4,



which have deserved considerable attention in the literature during the last 20 years or so,
since they provide a valuable tool for studying string/M-theory dualities. These solutions
are naturally coupled to scalar fields as a consequence of the non-minimal couplings of
these to the vector fields in the supergravity action. Near the horizon, however, they
exhibit an attractor mechanism [6-10]: the near-horizon geometry, which is described by
an AdSy x S? Bertotti-Robinson space-time [11], is independent of the values of the scalar
fields at radial infinity, and only depends on the quantized magnetic and electric charges
p™, qa. In particular the horizon area A, which is related to the entropy S of the solution
through the Bekenstein- Hawking formula [12, 13|, is expressed in terms of the quartic
invariant I4(p, q) of the representation Rg of G, only depending on p?, gx (we set 871G =
c=h=1):

5= 21— Ll (1.1)

This is a consequence of the fact that the horizon represents an asymptotically stable
equilibrium point for the radial evolution of those scalar fields which are effectively coupled
to the solution and thus affect its geometry. In other words, such scalars flow from radial
infinity to the horizon toward values which only depend on the quantized charges (fixed
values). The horizon fixed point is defined by extremizing an effective potential Vi (¢;p, q)
(¢ generically denoting the scalar fields) [10]:

Vi (¢, Q) = —3 0" M() Q. (12)

where @ = (p”, qa) is the vector quantized charges in the representation Rg of G. The
value of this potential at the horizon defines its area, being equal to +/|I4(p,q)|. The
scalar fields which are not fixed at the horizon are those which are not effectively coupled
to the black hole charges, and they are flat directions of Vgp. They will be denoted by
Ofiat- In the above formula, M(y) is a 2n x 2n symmetric, symplectic, negative-definite
matrix-valued function of the scalar fields. In all extended supergravities it is defined by
the flat symplectic bundle over the scalar manifold. In fact, it encodes all the information
about the non-minimal couplings of the scalar to the vector fields in the action through the
kinetic term of the latter and the generalized theta-term. Moreover it allows to define the
so called Freudenthal duality [14], extensively studied in [15-17], which we shall be dealing
with in the following.

An interesting question to be posed is what happens to the geometric structures asso-
ciated with the scalar manifold, e.g. pertaining to its symplectic bundle, near the horizon.
In the present investigation, we focus on the matrix M(y), because of its relevance to the
geometry of the supergravity model.

At the horizon M(y) depends on Q, through the fixed scalars, and on the
flat directions:

M(Qp)‘horizon = MH(Q’ Spﬂ&t) . (13)

The dependence on the flat directions drops out already when we contract M* once with
the charge vector. This implies the independence of the vector field-strengths at the horizon
from pgat.



On general grounds, using the properties of M(¢), one can show that if we act on the
solution by means of an element g of G, which maps ¢ into ¢’ and Q into @', the matrix
M(ip) at the horizon transforms as follows:!

M, gl ) =g T M (Q, ppar) g7 (1.4)

where, with an abuse of notation, we have denoted by ¢ also the symplectic 2n x 2n matrix
representing the corresponding G-element on contravariant vectors of Ro.

In the absence of flat directions, the above equation suggests that M (Q) should
be described in terms a symmetric, symplectic, negative-definite matrix defined on the
G-orbit of Q, and thus constructed out of @ and of G-invariant tensors. Restricting our
analysis to symmetric models with group G simple of “type E7” [18] (with the exclusion
of the degenerate cases, see footnote 7 below), for charge vectors Q with I4(Q) > 0 we
could construct such a matrix M(Q) using a simple Ansatz, which involves only Q and
G-invariant tensors, and imposing the following properties of M :

MCM =C; (1.5)

MO - € 0l
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where I; =: €|I,|, and C is the symplectic invariant 2n x 2n antisymmetric matrix.? Starting

from the same general Ansatz we actually find two solutions to the above equations, denoted
by M;(Q) and M_(Q). For charges with I,(Q) > 0 and no flat directions, we give
arguments in favor of the identification of one of these matrices (M, ) with M (Q). The
other solution (M_), on the other hand, is never negative definite and has the general form:

M — PV (Q)] (1.7)

MN T T HQMpQN

This Hessian has been considered in the literature, see [19, 20], though in different contexts.

As far as regular BPS solutions in A/ = 2 supergravities are concerned, the two matrices
ML enjoy an interesting interpretation as the value at the horizon of two characteristic
symplectic, symmetric matrices of the theories: the matrix M which is constructed out
of the real and imaginary parts of the period matrix Myx(¢) (defining the generalized
theta-term and the kinetic term for the vector fields, respectively), and a matrix M)
constructed just as M, but in terms of the real and imaginary parts of a different complex
matrix, namely the Hessian Fjy; of the holomorphic prepotential of the special Kéahler
manifold. In terms of the covariantly holomorphic section V = (VM) of the special Kihler

"Here and in the following we use the short-hand notation g~7 := (g=*)7.
“Note that the second of (1.5) [15] implies

o' M Q=-2/|L(Q); (1.6)

however, it can be checked that this yields the same condition (namely, (B.1) further below) on the real
coefficients A, B and C of the Ansatz (3.9)—(3.10).



manifold describing the vector multiplet scalars 2%, and of its covariant derivatives U; =
D;V = (UM) (we use the notations of [21]), the two matrices have the following expressions:

M(z,2) =C(VVT + VVT + U g"U] + Usg'U) C, (1.8)
MB(z,z) =C (VVT +VVT - U, g70T - U397 UF) C. (1.9)

The former was given in [5] and [22], and it is the real part of the identity (1.16)
of [15]. On the other hand, the latter expression follows from (1.13) of [16]; furthermore,
QT M) (z,2)Q agrees with eq. (57) of [23]. In N > 2-extended supergravities, for charge
orbits characterized by I4(Q) < 0, the two matrices My, though still satisfying the second
of (1.5), are anti-symplectic, namely for them the following property holds:

MiCM; = —C. (1.10)

The matrix M, in particular, for all regular charge-orbits, as opposed to M_, has the
notable property of being an automorphism of the U-duality algebra g, that is g, in the
representation Rg, is invariant under the adjoint action of M, (if Iy < 0, being M,
anti-symplectic, will be characterized as an outer automorphism). On the other hand M_
is still, in all regular orbits, identified with the Hessian (1.7). Moreover both M, are
invariant, up to a sign, under Freudenthal duality at the horizon.
For a generic regular charge-orbit we will find the following relation between M and
the automorphism M, :
M =M, A, (1.11)

where A is an involutive automorphism of G in the stabilizer of Q, depending in general
on Q and g,t. For Iy < 0, both M, and A are anti-symplectic outer-automorphisms of
G, while for Iy > 0, A € G and, in the absence of flat directions, it is the identity matrix.

Besides the interpretation in terms of M at the horizon, which holds only for M, in
specific orbits, the solution M_ is the symplectic metric on the G-orbit of Q [20] and thus
it has a mathematical relevance per se.

The plan of the paper is the following.

In section 2, we recall some basic facts about extremal black hole solutions in ex-
tended supergravities, as well as their properties under the global symmetry of the models.
This includes a review of the Freudenthal duality, and sets the stage for the discussion of
our results.

In section 3, which focuses on the cases without flat directions, we construct, out of a
general Ansatz involving suitable contractions of the K-tensor and of the symplectic metric
Cprnv with a number of charge vectors Q, a symmetric matrix M satisfying conditions (1.5).
As anticipated above, restricting our analysis to simple “non-degenerate type E7” U-duality
groups, treated in subsection 3.1, we actually find, for I,(Q) > 0, two solutions: My and
M_. The former is identified with M, while the properties of the latter are studied at
the end of the same section. The definition of the matrices M4 is then generalized to the
14 < 0 orbit, in section 3.2; here general properties of My, in any regular charge-orbit
14 # 0, are discussed.



In section 3.3 we consider N/ = 2 theories, where we show that M_, in the BPS-orbit,
is identified with the matrix M),

A general analysis, which includes the case of regular solutions with flat directions, is
finally given in section 4, where we also summarize the previous results.

In appendix A, we recall the main properties of the independent lowest-order invari-
ant tensors, namely Cy/n (symplectic metric) and Ky npg (K-tensor), in the symplectic
black hole charge representation Rg of the U-duality groups of symmetric four-dimensional
Maxwell-Einstein (super)gravity theories (to which we restrict our present investigation).
Appendices B and C contain details of the derivation of some results of section 3, while ap-
pendix D, containing a discussion of anti-symplectic outer-automorphisms of the U-duality
algebra, concludes the paper.

2 Symmetry properties of extremal black holes in extended supergravi-
ties

One of the basic ingredients of the symplectic formulation of electric-magnetic duality in
N > 2-extended supergravity theories in four dimensions, whose bosonic Lagrangian reads
(in the absence of gauging)

R 1 o
L=—5 + 595 () Oup' 0" + L Ins () Fp ¥ +

1
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is the 2n x 2n real, negative definite, symmetric matrix M [24]:

I —R I 0 I 0 I+RIT'R —RI!
M = = , (2.2)
0 I 0 11! —R I —I7'R I!

where n denotes the number of Abelian vector fields, and I denotes the (n)-dimensional

Ras (90) EMVpO-F;I}Vsz; ) (21)

identity matrix. Iy is the kinetic vector matrix, and Ry enters the topological theta term
in (2.1); they are usually regarded as the imaginary resp. real part of a complex kinetic
matrix Ay, such that (2.2) yields M = M[R,I] = M [Re(N),Im (N)]. Moreover, it
is symplectic:

MCM = M'CM =C. (2.3)

Let us recall the main properties of this matrix which will be relevant to our subsequent
discussion.

We shall restrict our analysis to theories in which the scalar manifold is homogeneous
symmetric of the form G/H. The symplectic structure of the generalized special geome-
try [4, 5] of scalar fields yields that M can be equivalently rewritten as

M=—(LL") " =L L, (2.4)

where L is an element of the Sp(2n, R)-valued symplectic bundle of generalized special
geometry (in the symmetric case, it is a coset representative of G/H in the representation
Ro). As anticipated in the introduction, the isometry group G of the scalar manifold
defines the on-shell global symmetry of the theory. Under the action of a generic isometry



g € G, mapping ¢ into ¢'(¢) (to be also denoted in the following by (g * ) (¢) = ¢'(¢)),
M transforms as follows:

M) =g " M(p) g™, (2.5)

the matrix g representing the action of G on contravariant vectors in Rg.

The matrix M is an essential ingredient for writing the equations in a manifestly
symplectic-covariant way, thus making their invariance under U-duality group apparent.
To show this, as far as the Maxwell equations are concerned, let us arrange the (Abelian)
vector field strengths FA (A = 0,1,...,n — 1; in N/ = 2 theories, the naught index is
reserved for the graviphoton) and their magnetic duals G in a symplectic vector in the
representation Rg of G

H = (HM)

T N oL
(FA,GA) < GA‘,U,I/ = Q(SF'A“U’) 5 (26)

where * denotes, as usual, the Hodge-duality (which is anti-involutive in D = 4 spacetime:
%2 = —Id). This quantity satisfies the so called (twisted self-duality condition) [24]>

H=CM *H, (2.7)

which is a symplectic-covariant relation expressing the dependence of G on FA, *FA and
the scalar fields. The Maxwell equations are then written, in terms of H, as follows:

dH = 0. (2.8)

Notice that consistency of the twisted self-duality condition (2.7) with the anti-involutivity
of the Hodge-operation is a direct consequence of the symplecticity (1.10) of M itself.
Indeed eq. (2.7) can be written in the form:

"H=-S(p)H ; S(p):=CM(p). (2.9)
Eq. (1.10) then implies that the matrix S(y) is actually an anti-involution:
S%(p) =CM(p)CM (¢) =C* =~ 1, (2.10)

representing a scalar-dependent almost-complex structure [17] which can be defined in
every generalized special geometry [5]. For U-duality? groups G of type E7 [18], S (p) €
Aut(F) = G, where F denotes the corresponding Freudenthal triple system [17]; in these
theories, & may be regarded as the projection onto the adjoint in the symmetric tensor
product of the symplectic representation Rg of G, carried by F itself.

Following [17], one defines the “generalized scalar-dependent Freudenthal duality”

§: H— F(H):=-SpH, (2.11)

3Throughout this paper we use for the symplectic invariant matrix the following form: C = (fﬁ?ﬂ g’; )

*Here U-duality is referred to as the “continuous” symmetries of [25, 26]. Their discrete versions are the
U-duality non-perturbative string theory symmetries introduced by Hull and Townsend [1].



whose general features are discussed in the same paper. By the above properties of the
matrix S(¢), § is anti-involutive: 2 = —Id. The compatibility of the two anti-involutive
structures, defined by § and the Hodge-operation *, directly follows from (2.7) and the
anti-involutivity of S(¢) [17]:

H=-§(H)=—"§(H). (2.12)

The matrix M plays an important role in the study of the properties of black hole
solutions to ungauged extended supergravities, in relation to the U-duality group of the
model. In the background of a static, spherically symmetric, asymptotically flat, dyonic
extremal black hole (7 := —1/r)

dr® 1 } , (2.13)

ds? = — VN g2 4 V) [4 + = (d6? + sin dy?)
T T

one can introduce the symplectic vector Q = {pA, qa} of asymptotic magnetic and electric
fluxes of H as follows:

1 1 1
Q=— H & ph=— FA gy = — Gy,
47 S2 4 S2 47 S2

S? being any sphere of radius . The spherical symmetry requires the scalar fields to depend
on 7 (or equivalently r) only. The action of a generic global symmetry transformation ¢ in
G maps a black hole in this class, described by scalar fields ¢(7) = (¢%(7)) and a charge
vector Q, into a solution of the same kind with a charge vector @' = ¢ Q and scalar

fields ¢'(7) = g * o(7):
geG : [p(r), A — lgxe(r), 9Q]. (2.14)

The generalized Freudenthal duality in (2.11) induces a scalar-dependent transformation
on the electric-magnetic charges

Q—>3<Q>=s<1/32H>: L [ sy =-s(p) 0.

e i Ja

The action of §F on O represents the “non-critical”, scalar-dependent generalization of the
so-called Freudenthal duality [14], defined first in [15]. Condition (2.7) then implies that:

3(Q) ! /52 *H . (2.15)

T 4r

The Abelian 2-form field strengths H, in the background (2.13), can be written, using the
matrix M, in the following Sp(2n,R)-covariant form (cfr. e.g. [27-29])

H(p,U, Q) = 2YCM (p) Qdt A dr + Qsin0d A dip
= —e?YF(Q)dt Adr + Qsinfdf A dif (2.16)

thus implying that (recall (2.7))

*H(QD, U, Q) = S"(H(gp, U, Q)) = €2Uth NdT + S(Q) sin 0df A dip = H((,O, U, S(Q))a



consistently with (2.12). Note that the dependence of H on the scalars is completely
encoded in M (), or, equivalently, in the “non-critical” Freudenthal duality § (2.11).

M also defines the (positive definite) effective black hole potential (1.2), such that
§ (2.11) can equivalently be defined as

oVeu
0Q -

The potential Vg (1.2) governs the radial evolution of the scalar fields ¢(7) as well as of

§:9-F(Q):=C (2.17)

the warp factor U (7):

U oy ' i wOVBH
Gz ¢ Ve gy =T

By virtue of (2.5), Vpm(p, Q) is invariant under a U-duality transformation (2.14):

Vge G : Vpulgryp, 9Q) = Veu(y, Q). (2.18)

At the event horizon of an extremal black hole® (1 — —oc0), the attractor mechanism [6-10]
implies that, regardless of the initial (asymptotic) conditions, the scalar fields evolve to-
wards values ¢’ (Q) which only depend, up to flat directions [30], on the quantized charges:

lim, oo’ = % (Q) . (2.19)

The fixed point ¢p corresponds to the minimum of Vpy:

oVeH
0y’

=0. (2.20)
PY=vYH
Flat directions, generically denoted by g, are scalar fields which Vg does not depend
on, and thus they are not fixed by the above extremality condition (at least at Einsteinian
level [30]). These directions in symmetric supergravities span a symmetric submanifold of
the scalar manifold of the form [30]:

Go G

— — 2.21

P € o C g (2.21)

where Gg is the stabilizer in G of the charge vector Q and Hg its maximal
compact subgroup.

Excluding, for the time being, the existence of g,t, which shall be dealt with sepa-

rately, the U-duality invariance (2.18) of Vpp implies that

er(9Q) =g*eu(Q). (2.22)

In the near-horizon limit also M, computed on the solution, will evolve towards a matrix
MH | defined as
MT = lim M (p (1) = M(ply) = M7 (Q). (2.23)

T——00

SHere we shall restrict to the so called “large”, i.e. regular, extremal black holes, namely to solutions
whose singularity is hidden inside an event horizon with finite area Ap. These solutions are characterized
by the property Ag = 4w \/m # 0, see egs. (2.27) and (2.30) below, i.e. that the quartic invariant Iy,
defined below, computed on their electric and magnetic charges, is non-vanishing.



We now introduce a set of dual charges Q = (QM) defined as:
Q :=lim,, §(Q) =-CMH1Q, (2.24)
which defines a “critical” Freudenthal duality [14]:
Su(Q) =90=-8"9, (2.25)

where ST := CM. Tt can be shown [15] that

(2.26)

where Spp denotes the Bekenstein-Hawking entropy [12, 13] of the extremal black

hole (2.13), given by

A
Spu = TH = —gM]\H/[NQMQN. (2.27)

Note that (2.27) implies that M is homogeneous of degree zero in the charges.
For U-duality groups of type E; [18], Q can also be written as [14, 15]

Ov— e 2
VA

where ¢ = £1, the index M was lowered by means of C, QM =Cnm QN, and Ky npg is

KunpoQN oo, (2.28)

the so-called K-tensor, which is the invariant tensor in the 4-fold symmetric product of the
representation Rg, whose properties are summarized in appendix A. In terms of it, one
can express the invariant quartic homogeneous polynomial 14 in the charges Q as:

Iy := KynpoQY N o Q@ = ¢ |1y, (2.29)

thus implying that the Bekenstein-Hawking entropy Spp (2.27) can be written as

Spr = m/|14] . (2.30)

The above expression of the entropy is manifestly invariant under a “critical” (as well as
“non-critical”) Freudenthal duality, since the latter amounts to acting on the charge vector
by means of S (or S in the “non-critical” case), which is an element of G.

Using eqs. (2.24) and (2.28), we find that the charge-dependent matrix M# satisfies
the following distinctive property:

MHQ:— € 8]4__2 €

211109 /I

which clearly implies QT MH* Q = —2\/|I4| = =2 Spu /T, i.e. eq. (2.27).
From the above discussion we conclude that, at the event horizon of the extremal black

KunpMoNor o, (2.31)

hole, the symplectic field strength vector

Hy :=lim,,_H (¢ (7)) (2.32)



reads

Hy = 2VHC M Qdt A dr + Qsindf A dop
= U Qdt A dr + Qsin0dd A dip = —Fy ("Hp), (2.33)

where Uy is the leading order contribution in 7 of the near-horizon limit of U(7). From
eq. (2.31) it follows that, in the presence of flat directions, although MH in general depends
on them, the fields strengths Hy near the horizon do not.

The expression of the matrix M evaluated on the radial flow of the scalar fields in
a black hole solution, can be rather complicated due to the highly non-linear dependence
that M can have on the scalars ¢ (in generic d-geometries, for instance, the expression of
the real symmetric matrices Ipy; and Rpy can be found e.g. in section 2 of [31]; see also
appendix A of [32]). One would however expect, by virtue of the attractor mechanism,
the near-horizon behavior of the matrix M to simplify considerably, since all the physical
properties of the solution, in this limiting region, only depend on the quantized charges
p™, qa. Characterizing this behavior is the main motivation of our investigation.

As previously pointed out, in the absence of flat directions, when all the scalars ¢’s are
stabilized to a (purely) O-dependent value ¢ (Q) (2.19) at the horizon, by the attractor
mechanism, also the limiting value M of M is a function of Q only, see eq. (2.23).
Consequently, the action of an element g of the U-duality group G on the solution, which
maps the initial charge vector Q into Q' = ¢ Q, induces a linear transformation on M,
as a result of egs. (2.5), (2.23) and (2.22):

M (g Q) = M(pr(9 Q) = M(g*or(Q)) = g " M(pr(Q))g ™ = g~ T M (Q)g™".
(2.34)
The above transformation property hints at some intrinsic group-theoretical characteriza-
tion of M since any symmetric Sp(2n, R)-covariant matrix M (Q)asn, built out of the
charge vector Q and of G-invariant tensors, transforms under G as M in (2.34). Cer-
tainly an Sp(2ny + 2, R)-covariant, symmetric matrix M (Q), only built out of Q and of
G-invariant tensors in products of the representation Rg, satisfies the above transforma-
tion property. These G-invariant tensors in products of the representation Rg include the
symplectic-invariant metric Cysny and the rank-4 completely symmetric invariant K-tensor
Kyvpg (cfr. appendix A). In the next sections we address the problem of expressing MH
in terms of a matrix M (Q) of this kind, restricting ourselves to D = 4 Maxwell-Einstein
(super)gravity theories whose scalar manifold is a symmetric space G/H (which corre-
spond to characterizing G as a group of type E7 [18]). We find a simple identification for
the I, > 0 orbits in the absence of flat directions. For a generic orbit, on the other hand,
we will be able to identify M with a charge-dependent G-covariant matrix, modulo the
multiplication by an involutive automorphism of GG in the stabilizer of Q.

3 The M-matrix and M without flat directions

In the present section we focus on a class of four-dimensional Maxwell-Einstein (su-
per)gravity theories with symmetric scalar manifolds G/H. We look for a matrix M (Q) N

,10,



constructed out of Q and of the G-invariant structures Ky/npg, Carnv, which satisfy the
distinctive properties (2.3), (2.31) of M (Q)arn. These conditions turn out to be rather
restrictive and, starting from a general Ansatz for M(Q), we were able to find a solution
only in the I4(Q) > 0 orbit. We were able instead, for a generic orbit of Q, to find solutions

to the equations
e 0l

2 /|14 99
where [,(Q) = €|I4(Q)|. Notice the difference between the first of the above equations
and (2.3), in the presence of the sign € of I; on the right hand side of the former. In fact,

MCM =€¢C ; MQ= (3.1)

for e = —1, the first of eq.s (3.1) defines an anti-symplectic symmetric matrix instead of a
symplectic one. For each regular orbit (I > 0, I < 0), we find two distinct solutions My
with different properties.

In the present investigation we shall only consider simple U-duality groups G non-
degenerate of type E; [18, 33| (see footnote 7 below), leaving the treatment of the other
cases to future work. In the absence of flat directions and for Iy > 0 (e = +1), we can
identify one of the two matrices (M) with M1 .. Thus, even if the definiton of My is
general, the identification My = M turns out to hold only for (cfr. e.g. [30]):

1. (1/2-)BPS attractors in all N' = 2 simple non-degenerate-type E7 symmetric models
(we exclude from our analysis the minimal coupling ones);

2. non-BPS Zy = 0 attractors in STU model with I, > 0.

As mentioned in the Introduction, in the most general case, M coincides with M
modulo multiplication by a transformation A in the little group of Q. For Iy < 0 (e = —1),
A is non-trivial also in the absence of flat directions, as in the case of the N' = 2 T3-model,
since M, is antisymplectic as opposed to M.

Non-degenerate U-duality groups G “of type E7” [18, 33| will be considered in subsec-
tions 3.1, 3.2 and 3.3. Here we first construct the solutions M4 for Iy > 0, discuss their
geometric properties and the relation of one of them to M. Then we move to the defini-
tion of M in the Iy < 0 case, generalizing some of their properties to all regular orbits.

3.1 The I, > 0 case and MH

We start by considering the orbit I4 > 0 (i.e. € = +1) of Q and we look for a G -covariant
symmetric matrix M (Q), solution to the equations (1.5):

MynMpgCNY = Cug; (3.2)

1 ol ~
MynQY = = — Q. (3.3)

2./|I| 09M
We use for M the following general Ansatz (A, B, C € R):

A B C B1Bs(~B2B4
Myn(Q) = WKMKN + WKMN + WKMBleKNBg,le(C C , (3.4)
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where:
Kunp = KunpgQ©®, Kuy = KunpoQP QY. K := KynpoQ Q7 QY. (3.5)

The derivations below strongly rely on the properties of the K-tensor, for simple G, dis-
cussed in appendix A. By recalling (2.28) [14, 15], it holds that

1 -
Ky = ge L' Qur, (3.6)

such that (3.4) can be rewritten as

A

MMN(Q) 4’I4|1/2

QMQN + KMN + KMBlB2KNB3B4(CB1B3(CBQB4. (37)

B
‘I ‘1/2 ‘I ’1/2

By exploiting the identity®

1 1
Ky 4, K paga, CHACHA = —— [(27 —1)Eyp+ — (1—1) CayCpya, Q™M QAQ} :

12
(3.8)
where 7 is defined in eq. (A.8), the Ansatz (3.4) (or, equivalently (3.7)) can be further
simplified as

A 1 (1-27) c (r-1)
M = Ky K B C|K
mn(Q) P Bk + TALE ( + ) MN + CIALE QmeN
(3.9)
A 1 (1-27) c (r—-1)
= B C|K T T .
NTARE QuOn + L2 ( o ) MN + CIALE Qm 9N
(3.10)

In appendix B, the real coefficients A, B and C in (3.4) and (3.7) are determined by
exploiting the properties (3.1).

It should be remarked that a term proportional to Q Q ~y cannot occur in (3.7) (or
equivalently, in (3.10)), because it is not consistent with (3.3) [15].

A consistent solution to (3.2)—(3.3) within the Ansatz (3.4) can be found only for
€e=+41< 1y > 0, and it reads

6(1—27F7)
(tr—1) ’

367 (1+£1)

AL =-2F6, By= r—1)

Cy=— (3.11)
The splitting into “+” branches generally corresponds to two independent expressions,
namely M, and M_, in terms of suitable contractions of the K-tensor itself and of the
symplectic metric Cysn with charge vectors Q’s; note that M_ lacks the term proportional
to Qp9n, because C_ = 0. From eq.s (3.10), (3.11), see appendix B.2, we can write the

two solutions in a universal form:

2+6 6 1+1
Mj:|MN(Q) |I |3/2 KMKN + |] ‘1/2 KMN 2|] ‘1/2 QMQN, (3.12)

6As discussed in [34] and in [33], this is a consequence of a general identity involving the quantity
Kunpa, Kpora,C*142 given by (5.16) of [34].
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This “4” ambiguity can be removed when considering the relation to the negative-
definite matrix M*. Indeed M_(Q) always has (at least) a positive eigenvalue and thus
can never be identified with M. This result is illustrated in appendix C by a direct
computation in the STU model (and its rank-2 (ST?) and rank-1 (7°) “degenerations”
determine the corresponding symmetric models), and thus holds at least in all rank-3
symmetric models of which the STU one is a universal sector. This check allows one to
conclude that only the “+” branch can be consistent with the properties required for the
matrix M (at the horizon).

Using (3.12), direct computations in the STU model and its contractions (e.g. the 7
model) suggests the following identification (recall I > 0)

1 8
MG (Q) = Myyn(Q) = in (14 KyKn — 6Ky + QMQN)
1 .

which, as far as the STU model is concerned, holds for both the BPS and non-BPS or-
bits Iy > 0.

Let us now show that, once proven for the STU model (and its “degenerations” ST?
and T3 models), the above identification holds for the BPS solutions to any symmetric
N = 2 theory of which the STU model (or its “degenerations”) is a consistent truncation.”
These comprise all the theories originating from dimensional reduction from D = 5 and
include the “magical” ones [39, 40]. The corresponding symmetric special Kéhler manifold
G/H has the isotropy group H of the form H = U(1) x Hy, where H is the compact
real form of the duality group in D = 5 and is also isomorphic in G to the stability group
Gy of a charge vector Q in the BPS orbit. This group, being compact, coincides with its
maximal compact subgroup Hg, so that Hg and Hq are isomorphic in G. With respect to
Ho (or, equivalently Hy) the representation Rg branches as follows:

Ro ™% 1+R+1+R, (3.14)

where R is, for the “magical” theories, an irreducible representation. We can choose a
representative Q of the BPS orbit whose stabilizer Hy coincides with the isotropy group Ho
of the manifold. The components of the vector Q correspond to the singlets 141 in (3.14).
The charges in the STU truncation comprise these two singlets and six components in the
representation R + R, defining the normal form of a generic element of R with respect to
the action of Ho. Both the two matrices M (Q) and M, (Q) commute with Ho:

hMHE(Q) BT = MH(h Q) = MH(Q) [h, MH(Q)] =0
VheHy : & ,
h M (Q)h" = My (h Q) = My (Q) [h, M1 (Q)] =0

"This class of models have the feature that G is of type E7 and does include the minimal-coupling models

with special K&hler manifold S%((ln)n) only as a degenerate [33] instance, which we shall not be dealing with in

this paper. An other class of degenerate-type E7 models are the N/ = 3 supergravities, with scalar manifold

%, which will be dealt with elsewhere.
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where we have used the properties that the symplectic duality action of H is represented
by orthogonal matrices and that Hg is the stabilizer of Q. If R is irreducible, by Schur’s
lemma, M (Q) and M, (Q) are both proportional to the identity on R and thus, since
they coincide on the STU model, which comprise charges in R, they do coincide on the
whole Rog.

As for the infinite series of models with special Kahler manifold SSL(()2(’2H§) X SO?QC))E?éTg(TL)’
with Ho = SO(2) x SO(n), R is reducible, being R = 1+n. In these cases we did not derive
the explicit form of the solutions to (3.2), (3.3) in terms of the covariant building blocks

defined above, and we leave this task for a future investigation. Here, we limit ourselves to
remark that, if we had the explicit form for the solution My, which reduces to M, once
truncated to the STU model, by the same token, since the STU truncation comprises four
charges in n + n, the identification M = M would hold for the BPS solutions to these
models, as well.

Notice that the above argument does not apply to the A/ > 2 models in which the
BPS solutions have non-trivial flat directions since, with respect to the maximal compact
subgroup Hj of the stabilizer Gy of Q in G, the representation R in (3.14) is generally
reducible: R = Ry + Ry + .... Moreover M depends on both Q and g, and thus it
commutes with Hy only at pgat = 0, being Hy the stabilizer of this point. If however the
charges of the STU truncation belong to the 1 + 1 + R + Ry, we can at least state that
MH " at o = 0, and M, should coincide on the corresponding subspace. Consider, for
instance, the ' = 8 theory. In this case G = Eq(7), Go = Eg(2), Ho = SU(2) x SU(6) and
the representation Rgo = 56 branches as:

56 2% 14 (1,15)+(2,6)+1+ (1,15) + (2,6), (3.15)

The charges of the STU truncation are in the 1 + (1,15) + 1 + (1,15) and thus we ex-
pect M at . = 0, and M, to coincide on these representations, though not on

the (2,6) + (2,6).8
There is another notable property of both M, and M* which is not shared by M_:
just as for MH | the adjoint action of M, is an automorphism of G, namely

(M) Ro[G] My C Rg[G] & M, € Aut(G), (3.16)

where RQ denotes the 2n x 2n matrix representation of G in Rg. The above property
was verified by computing the adjoint action of M, on the Lie algebra g of G, in the
representation Ro, and proving that it maps the algebra into itself.

Let us comment on the properties of the matrices M, under Freudenthal duality
§ (2.11), and in particular under its “critical” /horizon version §Fx (2.26). By exploiting
the properties of groups “of type E7” [18], one can show that

- 1~ - 1
Su (Kun) = KynpgQP 09 = Ky — EQMQN + EQMQNa (3.17)

8Although, at a generic point @a.. # 0, M™(Q, pna:) does not commute with Hp, the matrix
SH(Q, vaa) = CMP(Q, prar) commutes with the group HY isomorphic to Hy in Go and stabilizer of
@fas (in the following we shall use the same symbol Hy for the two isomorphic subgroups of Go). As a
consequence of this, one can state on general grounds that ST (Q, paat) is proportional to the identity on
the irreducible representations of H{, in the decomposition of Ro.
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Jg Eqr) 56 | (133,28)
J Er(_as 56 (133,28)
JH SO* (12) 3200 | (66,16)
JS SU (3,3) 20 (35,10)
J5 Sp (6,R) 14/ (21,7)

M5 (Q) | SU(1,5) 20 (35, 10)

R
- SL(2,R) 4 (3,2)
ReRPR 3
- [SL(2,R)]” | (2,2,2) | (9,4)

Table 1. Four-dimensional U-duality groups G, black hole charge representation Rg, and data
G

d :=dimAdj and n :=dimRg/2. The corresponding scalar manifolds are the symmetric cosets %,
where H is the maximal compact subgroup (with symmetric embedding) of G. O, H, C and R
respectively denote the four division algebras of octonions, quaternions, complex and real numbers,
and Oy is the split form of octonions. M o (O0) is the Jordan triple system (not upliftable to D = 5)
generated by 2 x 1 Hermitian matrices over @ [39, 40]. Note that the STU model [36, 37], based on
R®R DR, is reducible, but triality symmetric. All cases pertain to models with 8 supersymmetries,
with exception of M 5 (0) and Jéo ¢, related to 20 and 32 supersymmetries, respectively. The D =5
uplift of the T3 model based on R is the pure N' = 2, D = 5 supergravity. J3' is related to both
8 and 24 supersymmetries, because the corresponding supergravity theories share the very same

bosonic sector [39-44]. All data d and n satisfy the relations (3.20)—(3.22).

which, in turn, implies
Fu(Mx(Q)) = ML(Fu(Q)) = M£(Q). (3.18)

Thus, the identification (3.13) is consistent with the invariance of M4 under Fp, as
given eq. (1.9) of [15]:

Fu (Miy) = Min(Q) = Min(Q). (3.19)

Furthermore, the result (3.11), as discussed in appendix B, is constrained by the con-

sistency condition
J— 3n(2n+1)

n+8
relating the dimension d of G and the dimension 2n of the black hole charge irrep. Rg. As
observed in [34], (3.20) actually characterizes at least all the pairs (G, Rg) related to simple

: (3.20)
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rank-3 Euclidean Jordan algebras [39, 40] (such pairs are example of simple, non-degenerate
groups “of type E7” [33]).

The cases related to D = 4 Maxwell-Einstein gravity theories with local supersymmetry
are reported in table 1; within this class, the so-called STU model [36, 37] is an exception:
the corresponding rank-3 Jordan algebra is semi-simple (R @ R @ R), but however it still
satisfies (3.20).

The condition (3.20) can be further elaborated, by observing that, in all the cases
under consideration, it holds that

n = 3q + 4, (3.21)

thus implying
d:3(3Q+4)(2Q+3). (3.22)
q+4

For J? “)_related models (“magical” (super)gravities [39, 40]), the parameter ¢ can be
defined as

q = dimR A(s) = 8,47 2, 1 for A(s) = @(s)aH(s)v C(S),R, (323)

while ¢ = —2/3 and ¢ = 0 for 72 and STU model, respectively (and ¢ = 2 for N' =
5 theory).

Interpretation of M_. Interestingly, also

4 6 1

M_ 1,50mn(Q) = W KvKn — ﬁKMN =L QmON — ﬁKMN (3.24)
= —0uONV 1L (3.25)

can be given a meaning within the stratification of Rg into G-orbits.
Indeed, M_ j,~o/apn (3.25) can be regarded as the metric of the non-compact pseudo-
Riemannian rigid special Kéhler manifold [20]

M]4>0 = O[4>0 X R+, (326)

with real dimension 2n; Op,~o denotes the corresponding “large” G-orbit defined by the
G-invariant constraint I, > 0 on the charge representation Rg of G; the R™ factor in (3.26)
simply corresponds to the non-vanishing (strictly positive) values of I, itself. The signa-
ture along the R*-direction is negative, while the metric on Oy,~¢ is that of the Cartan-
Killing metric on the coset G/Go, G being the stabilizer of Q, namely its positive and
negative eigenvalues correspond to the non-compact and compact generators in the coset
space, respectively.

In N = 2 (symmetric) theories, two G-orbits are defined by the constraint I, > 0 :
the (3-)BPS orbit, and the non-BPS Zy = 0 orbit [38]. Let us consider for instance the
N = 2 exceptional “magical theory” [39, 40] (G' = E7(_s5), Rg = 56), for which one can
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define the two pseudo-Riemannian 56-dimensional rigid special K&hler manifolds:

Er(—25
Mj,~0,8rPs : = On>0,BPs X R = # x R,
6(—78)

metric M_jyy with (ny,n-) = (54,2);

Er(_25)
Eg(—14)
metric M_jyy with (ny,n-) = (22,34). (3.27)

M, ~0nBPs : = Onsonpprs X RT = x RY,

In general, the metric M_jy;y of Mp,~0 pps always has signature (ny,n_) = (2n — 2,2).
This, indeed, is nothing but the signature of the symplectic matrix M) see (3.45)
or (3.48) below, which will be proven in section 3.3 to coincide, for the BPS orbit, with M_.
In the example of the STU truncation, for instance, one of the two positive eigenvalues of
M_ (3.24)—(3.25) is computed in appendix C for the charge configuration (qo,pl,p2,p3),
the other is implied by M_ being symplectic.

On the other hand, in the maximal N = 8 theory (G = E7(7), Rg = 56) there is only
one G-orbit defined by the constraint I, > 0, namely the %—BPS “large” orbit, which thus
allows to define the pseudo-Riemannian 56-dimensional rigid special Kéhler manifold [20]:

E
M, o01-pps = Op50,1_pps X RT = Zg xRT,

metric M_jyy with (ny,n-) = (30,26). (3.28)

3.2 Generalizing the solutions M4 to all I # 0 orbits
If we extend the expressions for M, given section 3.1, to Iy < 0:

1

My ,<comn = L) (=8 Ky KN+ 614 Kyn — 14 Q9N (3.29)
—14)2
1
M*,I4<0MN = ( I 3 (4KMKN —6I4KMN) . (330)
—14)2

we find that, in contrast to the I, > 0 case, these matrices, though still satisfying the
condition (3.3), are anti-symplectic, namely satisfy the first of eq.s (3.1) with e = —1.
Under the “critical” /horizon version §g (2.26) of Freudenthal duality, My 1, transform
as follows:

Su(Mx1,<0) = M+ 1,<0- (3.31)

This can be proved by using

- - 1. -
S (Kaiw) = KnpgQP Q% = e Ky — £ QmQv + - QuQw . (3.32)

which generalizes (3.17) for any sign € of I;. Correspondingly the properties (3.18)
and (3.31) can be summarized as follows:

Su(My) =eMy . (3.33)
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As far as M_ is concerned, for I; < 0, it coincides with the Hessian of —/—14. As a
consequence of this, in all regular orbits, we can write, as a general property of M_,

M_ 10N (Q) = —O0mONV/ |14 (3.34)

Thus also for Iy < 0, M_ can be given the same interpretation as for the I, > 0 case:
M_ 1,<0 can be regarded as the metric of the non-compact pseudo-Riemannian rigid special
Kahler manifold

MI4<0 = OI4<0 X R+a (335)

with real dimension 2n; Or, ¢ denotes the unique “large” non-BPS G-orbit defined by the
G-invariant constraint I; < 0 on the charge representation Rg of G; the R factor in (3.35)
simply corresponds to the non-vanishing values of |I4| itself. For the N' = 2 exceptional
“magical theory” and N = 8 supergravity, the manifold (3.35) is respectively given by

o
N =2:G = Ey_y5,Ro =56 : Mj,gi= ——2 x R,
Eg(—26)
metric M_|yy with (ny,n_) = (28,28);
B
N =8:G = Bz, Ro = 56 : Mj,c0 = — 2 x R*,
B (o)

metric M_jyy with (ny,n_) = (28,28).

Interestingly, the two manifolds share the same signature.

As opposed to M_, the adjoint action of My defines, just as in the Iy > 0 case, an
automorphism of G, namely satisfies eq. (3.16). Since, however, for I, < 0 M, is an-
tisymplectic, it can not be an element of G, because the matrix realization RQ of the
elements of G in the representation R¢ is symplectic. In appendix D we argue that for
“type E;” supergravities the group G has an outer automorphism implemented by an an-
tisymplectic matrix in the representation Rg. Since, for G simple, non-degenerate of type
E7, Out(G) = Aut(G)/Inn(G) has order not greater than 2 (see footnote 10 below), and
its non-trivial element is implemented by an antisymplectic matrix, a symplectic automor-
phism can only be inner (see also footnote 12). We then conclude that, for I, > 0, M
defines an inner-automorphism, and is an element of GG, while for Iy < 0 My defines an
outer-automorphism.

We can define the matrix S; := CM,, which is still in Aut(G), since M is. Moreover
S:Q=CM"T Q= —-Fy(Q). We can then use (3.33) and write:

STTM_(Q)ST' = M_(3u(Q)) =eM_(Q), (3.36)
from which we can easily derive the following property:
M, CM_CMy = —eM_, (3.37)
or, equivalently:
M_M;'=M; M-", (3.38)

Finally it can be easily shown from their definition in both I, > 0 and I; < 0 cases, that

My yn QN = MINON = —0m /|14 (3.39)
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3.3 Interpretation of M4 in N = 2 theories

In the vector multiplet sector of an N = 2 supergravity, we can define two symmetric,
symplectic matrices: one is the matrix M constructed out of the real and imaginary parts
of Max, as in (2.2), the other is a matrix M) defined by having the same matrix form as
n (2.2), but in terms of the real and imaginary parts of the complex n x n matrix

O*F

Fanl0 = Gxaxs

(3.40)

F(X) being the holomorphic prepotential, homogeneous function of degree 2 of X (z) (we
use the notations of [21]). We can write then:

M(z,z) = M[ReN, ImN], (3.41)
M) (2, 2) = M[ReF, ImF], (3.42)

where MR, I is the function of the matrices R, I defined in (2.2). As anticipated in the in-
troduction, can write the matrix M(z, z) in the manifestly symplectic-covariant form [5, 22]

M(z,2) = C(VVT + VVT 4 U; g707 + Usg?UT) C. (3.43)

Note that the right hand side is the sum of two symmetric matrices:
A =C(VVT+VVT)C; Ay =C (Ui g"U] + Ug'Ul) C, (3.44)
which satisfy the condition A;CAy = 0, which follow from the general properties: VI CU; =

VTCU; = 0. Therefore, if M = A; + A, is symmetric and symplectic, also A1 — As is. The

latter is just the matrix ME):

MBIz, 2)=Cc (VVT +VvVT —U; 70T — Usg?UT) C, (3.45)
The relation between the two matrices being then:”
M(z,2) = -MI)(z,z) +2Cc (VT +VVT) C, (3.46)

which is consistent with the relation between the lower diagonal blocks of the two matrices
given e.g. in [23]:
ImN 1A% = I F 1A% 4y (ALY (3.47)

In N' = 2 theories, we can express the matrix M) in a form similar to eq. (2.4) for
M, namely:
MEF) = L TyL ! (3.48)

where L is an Sp(2n, R)-matrix of the form:

L = V2 (Re(V), Re(U;), —Im(V), Im(Uy)) ; (3.49)

°This relation is also given in (1.13) of [16], in terms of the so-called Hesse potential (defined in
(1.10) therein).
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moreover, Uy = E;'U;, Er* being the complex Vielbein matrix of the special Kihler mani-
fold, and 7 is the diagonal matrix:

n = diag(1, —I,—1, 1, —=I,—1), (3.50)

where I,,_; denotes the (n — 1) x (n — 1) identity matrix.

Let us now evaluate relation (3.46) at the horizon of a regular BPS black hole (thus,
with Iy > 0) and show that it yields the relation between M, proving thus that, if M
coincides with the matrix M, M_ coincides with M) at the horizon. To this end, we
use the relations [5]:

2i
VI

which hold at the horizon of the solution. Using the property that, at the horizon,
1Z ‘ﬁorizon = /I, we end up with

20 ZVM|, =M —iCMNoy\/Ii =M - ——CMN Ky, (3.51)

_ 1 4
4y MyN) = —_QMoN 4 —_CcMPCNC KK, 3.52
horizon VI ,/Ii’ PRQ ( )
so that 1 4
H— _ mE) —— — —— KyK 3.53
M M . T, v 9N T MKnN, (3.53)

which is the same relation holding between M, and M_. Indeed, from (4.6) and (4.4), it
follows that

1 1 =
My = =My — € ——=QuQy — —— 010
HMN IMN N MON TR
1 4
—M_jyn — € ———QuON — ——5 Ku KN, (3.54)
‘ /’14‘ |I4|3/2

which for I4 > 0 reduces to the same relation (3.53).

4 General discussion and summary of results

We have constructed two symmetric real matrices My (Q) satisfying the conditions (1.5):

My (Q)TCML(Q) = eC; (4.1)
Q" ML(Q)Q = —2V/|I4], (4.2)

where Iy =: €|I4]. These matrices also satisfy relations (3.39) :
My yn QN = MENON = —0m /|14 (4.3)
The matrix
6
M_\yny = —5 KuMKN —e——Kun
SN VI

Kyn = —0p0ny/ |14, (4.4)

6
V4
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which is never negative definite, enjoys an interpretation as symplectic metric of the corre-
sponding G-orbit of Q (see above as well as the final part of section 3.1). Moreover it does
not belong to Aut(G).

On the other hand, the matrix

6 1
M = —————KyKnyt+te——Kyny — € ——Qu 9N 4.5
R ERNTARE VIl VI )
2 o~ o~ 6 1
= ———OQuON te——Kyny — € ——Qu 9N (4.6)
V4] VL] V|14

belongs to Aut(G) (in particular, see below, M, ;-0 € Inn(G) and My <0 €
Aut(G)/Inn(G) =: Out(G); cfr. e.g. appendix D).

Both matrices under §p (2.26) transform as in (3.33).

For charges in a generic regular G-orbit (also in presence of flat directions), one can
construct the matrix:

A(Q7 Spﬂat) = M—i—(Q)il MH(Qa ‘Pﬂat) ’ (47)

so that
MM(Q, par) = M (Q)A(Q, Phat)- (4.8)

Let us illustrate some properties of A; as it follows from from eq. (4.3), A(Q, paat) is in
the stabilizer of Q in GL(2n,R). Moreover, since M, € Aut(G) and M € G C Aut(Q),
and both are invariant under Hy (the stability group of pgat), also A is, and thus we can
write:

Aut(G)
Hy
An important property of A is the following:

A(Qa Spﬁat) S

N Stabgo[GL(2n, R)]. (4.9)

AT ML(Q)A = My (A7 Q) = My(Q), (4.10)

which follows from (4.9), but can be alternatively be proven using eq.s (4.7), (2.9), (4.1),
and (3.33):

AT M QA= MI M (Q T ME = —cSEm (@)t (sTHTC =—-CcM(SHQ)"IC
= e M (S"Q) = eFu(My) = M(Q). (4.11)

From this, it also follows that A is involutive:
A2 = (M) ME (M) M = (M) M =T (4.12)
Note that a property analogous to (4.11) holds for M_:
ATM_(Q)A=M_, (4.13)

as it can be shown along the same lines as in (4.11) and using property (3.38).
If Iy <0, M(Q) is anti-symplectic, and thus (4.7) yields that A is anti-symplectic as
well. Therefore, as M, (Q), it defines an outer-automorphism of G (see appendix D for
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a discussion on anti-symplectic outer-automorphisms of the U-duality algebra), and one
can write:

M, (Q) € Out(G); (4.14)
AL <0(Q, ¢ga) € Out(G) N Stabo|GL(2n, R)]. (4.15)

In the special case of the T3-model the I; < 0 non-BPS solution has no flat direction and
thus Az, <0(Q) is a purely charge dependent antisymplectic matrix in the stabilizer of Q

MZ, o = M (Q) AL, <0(Q). (4.16)
Note that, at least in those cases'® in which
Out(G) C Za, (4.17)

which comprise all simple, non-degenerate type E7 groups G (including thus Eq(7) itself) [18]
in D = 4 supergravity, all non-trivial outer-automorphisms are implemented by an anti-
symplectic transformation.

If Iy >0, M (Q) (cfr. (4.1)) is symplectic, and thus (4.7) yields that A is symplectic
as well. Therefore, as M, (Q), it defines an inner-automorphism of G, and one can write
(with Q belonging to regular G-orbits with Iy > 0; Hy = Ho = mes (G) /U(1) in the BPS
case, while, in the non-BPS case, it is given for instance in [38]):

M(Q) € Inn(G) = G; (4.18)

G
Ar>0(Q, vfar) € o N Stabg[Sp(2n, R)]. (4.19)

In the absence of flat directions g, (such as for N' = 2 regular BPS orbit), namely
in those cases considered in section 3, Go = Ho, we have:

G Gy
o N Stabgo[Sp(2n,R)] = Ho {Id}. (4.20)

so that property (4.19) implies

Ar>0(Q, priar) = Id, (4.21)
which is consistent with the identification M = M, made in section 3 (cfr. (3.13)).

M, as a symmetry transformation. The property of M, of being an automorphism
of g implies its leaving the K-tensor invariant. Indeed let {¢ } denote the basis of g resulting
from an adjoint action of M, on {t,}. Being M, an automorphism we have:

[0}

th=M g My =M, tg. (4.22)

0An interesting reference in which these properties of real forms of simple Lie groups are listed is
http://en.wikipedia.org/wiki/List_of_simple_Lie_groups (see also references therein). We thank G.
Dall’Agata for pointing it out to us.
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This action clearly leaves the invariant tensor 73 := Tr(t, tg) unaltered:
Nas = Tr(tat) = Tr(t) th) = My" Mg’ nys. (4.23)

As a consequence of this, using the general expression (A.10) for Ky npg, we conclude
that the K-tensor expressed in terms of ¢, or ¢/, coincide, i.e. that it is My-invariant. If
14 > 0, M also leaves the symplectic form C invariant, and thus is an element of RQ[G], as
previously emphasized. If, in the other hand, Iy < 0, M, being anti-symplectic, does not
leave C invariant, but can, nevertheless, be thought of as an element of the space RQ[G] -0,
where O is the involutive anti-symplectic matrix defined in appendix D. In the former case
(I4 > 0) M, is a charge-dependent symmetry of the theory while in the latter (14 < 0),
the presence of O makes M, a symmetry only if combined with a parity or time-reversal
transformation [45]. In both cases M, , as opposed to M when ¢g.c # 0, only depends
on the charges. Although the actions of the two matrices M, and M coincide on Q (and
define the Freudenthal dual), they differ on the other fields of the theory.

In any case M, can be characterized as a Ro|G]-valued function for I; > 0, or Ro|G]-
O-valued function for Iy < 0, over the duality orbit of Q.

Let us conclude with a few comments.

A special role in our discussion has been played by outer-automorphisms of the U-
duality algebra which are implemented by anti-symplectic transformations. These should
correspond, modulo U-dualities, to a discrete symmetry of ungauged extended supergrav-
ities, see appendix D, which deserves a separate discussion [45].

Finally it would be interesting to extend our analysis to “small orbits” of Ry, for
which I4 =0.
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A The K-tensor

Let us consider a D = 4 U-duality group G of real dimension d, with generators t“ in
the adjoint representation (o = 1,...,d). The Gaillard-Zumino [2] symplectic maximal
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embedding
G CSp(2n,R) ; Rg=2n (A.1)
is provided by (M, N =1,...,2n)
t5v =t Crn, (A.2)

defining the Cartan-Killing metric kg of G as

N MY _

(toe|M 755|N ) = kocﬁ, (A3)
so that ta| MN t* NM = d. The tensor t*sn is a singlet of G and, being the representation
R symplectic, is symmetric in its symplectic indices:

taMN - ta(MN) (A4)

At least for groups G “of type E7” [18], it is possible to construct the aforementioned
rank-4 completely symmetric invariant tensor, dubbed K-tensor [34]:

NKynpg=1c¢€ (Ro x Rg x Rg % RQ)S, (A.5)
which can be generally defined as follows:
1
Kunpg X t{ynta)pg) = 3 (t*MNta|pg + t*MPLajQN + 1 MOt alPN)
1 (6% (8%
=1 (8t MNtajpg + 161 p(plajo)N) - (A.6)

Needless to say, the prototype of groups “of type E7” is E7 itself (pertaining to N/ = 8 and
N = 2 supergravity, in its real forms Er7y and E7(_a5), respectively), with Rg = 56. By
following the treatment of [34], one can prove that

Kunpg =€ [t3rntaipo — T CupCon] (A7)
where the real constants £ and 7 have been introduced; the latter can be determined by
imposing the skew-tracelessness condition CNP Ky po = 0, yielding [34]

d
T = ———
n(2n+1)’

whereas, by consistency with the definitions used in literature (cfr. [46], taking into account

(A.8)

the different normalization conventions), ¢ is fixed as

I n@2n+1)

= _— = ) A9
¢ 67 6d (A.9)
Thus, the following general expression for the K-tensor is obtained:
n(2n+1) d
K =——— |t9nt — ——CppC A.10
MNPQ 6d MNUla|PQ nZn+ 1) M(PY“Q)N | » ( )

The formula (A.10) will be relevant to many subsequent computations (most of them
reported in appendix B). By contracting the K-tensor with four charge vectors Q’s, one
obtains the quartic G-invariant homogeneous polynomial Iy [41] (2.29) in Rg, which can
therefore be rewritten as

1
Iy := KynpoQMoNoro@ = _@t%tha\PQQMQNQPQQ' (A11)
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B Computing the coefficients A, B and C

We will here report the derivation of result (3.11), which can actually be obtained in (at
least) two equivalent ways.
B.1 With the invariant tensor Sg/lﬁQ. ..

We start from the condition (3.3), which can be easily recast as

A+e<B—(276;1)C> = -2, (B.1)

On the other hand, the implementation of the symplectic condition (3.2) requires some
further manipulations. By exploiting (3.8), one can rewrite (3.2) as

Crg = MynMpgCNF

1 (2r —1)]? NP
27—1
o[ B c )]
o 1 _ _ oD Y K,Coa 0, B.2
) ¢ -1 [B cLe } mCqla (B.2)

+2eAC (1-1)
where the result (obtained by explicit computation)
14
KnEKpoKnCM = - Ky CqaQ”" = KnKpioRynCN" (B.3)
was used. The skew-trace of (B.2) yields
2n = My nMpoCNPCM@

= (r-1) [3—0(27_1)}2

67
1 ~1a [B —C %}
5\ FsC (- [B-Cc ] o (B.4)
+e AC %
where the result
KynKpoCNPCMe = —Mh (B.5)

67T
has been taken into account.

Since the left hand side of eq. (B.2) is skew-symmetric, the only way to obtain
from (B.2) a further constraint (not proportional to the skew-trace condition (B.4)) on
the real coefficients A, B and C is to single out the terms not proportional to the symplec-
tic metric Cpyq itself. Group theoretical arguments (cfr. e.g. appendix C of [34]) lead to
the following decomposition:

11 2 1
KunKpoCNP = —— = [,Cri — — —Ki1,C A
MNTRPQ Tsn 67 11EMQ ~ g gy KmCaal
1
3672 tal(A1A2S]O\}/6;(Qt5|A3A4)QA1 QA2 QAS QA4, (B.6)
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where Sﬁ‘fQ is a G-invariant tensor, satisfying [34]

St = Sty ShipCMe =0, (B.7)
and the result
Faprt® at’ 4 ast 4,0y Q1 Q204 QM =0 (B.8)
has been used.
Using the irreducible decomposition
%ta\(MNtﬁpoS]o\{/gQ = AKnmnprQCr)s (B.9)

(where A is a constant to be determined), one can prove that the three terms in the right
hand side of (B.6) are not independent. In fact, the following relation holds:

tal(A1 459 %(QtB|A3A4)QA1 QA2QAs QA (B.10)

1
a_1
KinCqaQ® = I4CMQ v

thus implying (B.6) to reduce to
1 1
RunKrgC" == (14 303 ) 3003 taan STl tanan @7 Q2 Q40N (B11)

Therefore, the finite symplecticity condition (B.2) for M can be rewritten as follows:
Crmg = MynMpoCNF
erA |B - Y]
1
= —— (r—1) (2r-1)
257 € ) +C T2 [B-c & 1 Cug

—€egAC (1-1)
(v 2a) [p-c 0]
1 terd B - c]
X

C16A| |72 71 2r—1
1 ) o [p - ozy)]
+e AC %
Xtal(4, 4555 (QlA1 4540 Q11 Q2 QM QM (B.12)
It is clear that fo)(1,4,537) ol8lAs,) COMLAINS Laja, 4, 5)701 84,4, Which, due to (B.7), is

orthogonal to (and thus independent of) the symplectic metric Cpsg. Thus, the related co-
efficient has to be set to zero. This argument leads to the following independent conditions:

o {”A [3—0(22;1)]4—6’ S [B el 1>]+6Ao<7;”} —4; (B13)

1 (2r —1)]?
——€e |B-C—| =-4.(B.14
9° [ 67 ] (B14)
In these relations, the real constant A introduced in the decomposition (B.9) has been
set to
A=tz 1L (B.15)
=537 .
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The result (B.15) can be achieved by noticing that, using (B.9), the following equa-

tion holds: .

KnKiy Ko pCNP =
NERQlP 367

1
< + 2./4) I4K[MCQ]AQ (B.lﬁ)

KnKKg pCNP can also be elaborated through explicit computation, and the result is
given by eq. (B.3). By comparing the skew-traces of (B.16) and (B.3), (B.15) follows.

It should be stressed that egs. (B.13) and (B.14) are consistent with the skew-
tracelessness condition (B.4) iff the relation (3.20) holds. This means that only two con-
ditions out of the three ones given by egs. (B.4), (B.13) and (B.14) are independent. The
third independent condition is given by (B.1).

Thus, the solutions of the resulting system of three independent conditions on the
coefficients A, B and C' occurring in the Ansatz (3.4) read as follows:

-2 1+
6(1 T$T\f) C:,M. (B.17)
(t—1) (r—1)
Since A, B and C must be real, (B.17) implies that the treatment is consistent only for

Iy > 0 < e =+1. Then, specifying e = +1, (B.17) simplifies down to the final result (3.11).
We also add that the results (B.10) and (B.11) yield

A=-2F6ye, B=

1

1 1 1
KMNKPQ(CNP — _ﬁ ( —|—2A> K[MCQ]AQ + — 18 < +2A> 714(CMQ (B.18)

Clearly, the skew-trace of the eq. (B.18) must coincide with eq. (B.5), thus implying the
consistency condition (3.20).

; B
B.2 ...and without SJC:/IQ
By inserting (B.15) into (B.18), one obtains

KunKpgChP = —*K[MCQ]pQ + 26 4(CMQ —*K[MQN] +3 14(CMQ7 (B.19)

which, by further contracting with Q% yields

1
KunKpCNP = — Ky pCNP Ky = 5 lQum (B.20)

Results (B.19)-(B.20) actually hint for a simpler derivation of result (3.11), not in-
volving of the use of the G-invariant tensor Saﬁ (B.7) [34] at all.
Indeed, starting from the Ansatz (cfr. (3. 9) a,b,c € R)

Myn(Q) =aKyKn +bKyn +cQumQn, (B.21)

and observing that!!

1
3 fopy MPtNQtRSQPQQQRQS = 7’ LiCpn + 27° K[ Qny, (B.22)

" Note that (B.22) implies (B.8).
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after a little algebra egs. (B.19)—(B.20) yield (3.11):
a=—(2x6)/|L*?;
b=+6/|14*?; (B.23)
c=—(1+1)/2|1L,"%.

C Signature of M_

In all N-extended, D = 4 supergravity theories based on non-degenerate [33] U-duality
groups G “of type E7” [18], a generic charge vector Q in the G-repr. Rg can be G-
transformed (through the action of a suitable element § € ) into a charge vector Qp whose
non-vanishing entries are only the charges qo and p' (i = 1,2,3), pertaining to the STU
model truncation in the special coordinates’ frame (recall the absence of flat directions):

Q- Q=§"'Q=M(Q) —j "M(Q)j " (C.1)

In particular, the definiteness properties of M are preserved by the action of G.

In particular, one can consider M_ (Q), given by (3.9)-(3.10) and (3.11) in the branch
“~7_ As discussed in section 3, M_ is nothing but the opposite of the Hessian of /I
(with Iy > 0):

M_jyy = —0mOnV L. (C.2)
Thus, in order to study its definiteness, it suffices to analyze the signs of its diagonal

elements. In the STU truncation under consideration, it can be explicitly computed that
the first diagonal element is strictly positive (I = gop'p?p® > 0):

M_j00 = g5/ qop'p?p® > 0, (C.3)

thus implying that M_ )/ is not negative definite.

On the other hand, it can be calculated that My (Q), given by (3.9)—(3.10) and (3.11)
in the branch “47, is diagonal, with all strictly negative elements, and thus trivially nega-
tive definite.

D Outer (anti-symplectic) automorphisms of g

In symmetric extended D = 4 supergravities, the U-duality algebra g admits an auto-
morphism implemented, in the representation Rg, by an anti-symplectic transformation.
Consider the symplectic frame in which the elements of a suitable basis of g4 are rep-
resented, through RQ, either by matrices whose entries lie in the diagonal blocks or by
matrices with entries only in the off-diagonal blocks. In this frame the conjugation by the

]ITL O’I’L
© (On —I[n> 7 (D-1)

O~ Rola] © = Ralg. (D:2)

anti-symplectic matrix:

defines an automorphism:
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where }?Q[g] denotes the algebra of all symplectic matrices representing g. For instance,
in the maximal theory, such transformation switches the sign of the generators in the 35,
(parametrized by the pseudo-scalars) and 355 (compact generators in su(8)©s0(8)), leaving
the other generators unaltered [47].

Since all G transformations in Rg are implemented by symplectic matrices, O is not

in G and defines a non-trivial outer automorphism'?:13 of g:
Aut(G)
——= = 0ut(G). D.
0 e e Out(G) (D.3)

We can give an alternative representation of O, for those supergravities admitting a
D = 5 uplift, in the symplectic frame originating from the D = 5 — D = 4 reduction.
These class of models comprises all “type E7” supergravities, excluded the “degenerate”
ones, see footnote 7. In this frame the generators t,, of g have a characteristic matrix form
given in [48], defined by branching the D = 4 duality algebra with respect to O(1,1) x
G5, G5 being the global symmetry group of the D = 5 parent theory. The algebra g
decomposes accordingly:

g=1[0(1,1) ®gslo® [R_2+Rya], (D.4)

where the subscripts refer to O(1,1)-gradings, R, R are (n — 1)-dimensional (Abelian)
spaces of nilpotent generators transforming in the representations R and R under the
adjoint action of Gj, respectively. Generators of g in each of the subspaces on the right-
hand-side of (D.4), have the following matrix form in Rg:

D e 0(17 1) ) D = diag(_?’a _I[n71737]1n71)7
E()) €95 ; E()) = diag(1,£(N),1,-EN)T),
0 00 0
J
T =S . T T a 00 0
T(a') € Rio; T(a')=a T = 0 0 0—d |’
0 dry0 O
T(b[) ceR_» ; T(b[) = by (T[)T,

12Strictly speaking, to show that O is an outer-automorphism, one should prove that no other element
of G can induce the same transformation on g. This is immediate if Rg is irreducible since any other real
matrix inducing the same transformation, must be proportional to O, and thus non-symplectic. Inspection
of supergravities in which Rg is reducible, however, leads to the same conclusion: No element of G can
induce the same automorphism as O.

13The simplest example of a real Lie group admitting a symplectic representation in which an outer auto-
morphism is implemented by an anti-symplectic transformation, is SL(2, R) : its fundamental representation
2 is symplectic and the anti-symplectic matrix o3 = diag(+1, —1) (which corresponds to the limit n = 1
in (D.5)) implements an outer-automorphism. The same holds for the spin 3/2 representation 4 (with the
anti-symplectic outer-automorphism given by (D.5) with n = 2), which also characterizes SL(2,R) as the
simplest example of non-degenerate group of type E~.
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where £(\) are (n — 1) x (n — 1) matrices representing the generic element E()) of g5. In
this basis the matrix there is the following anti-symplectic automorphism O:

1 0 0 0
I _
o= |Vt 00 (D.5)
0 0 -1 0

whose action on the g-generators is:

O 'DO=D; O'ENO=E()\); 07O =-T(); 0O7'T("O=-T(d").
(D.6)
The anti-symplectic automorphism O is relevant for defining the C'P-transfromation in
supergravity [45].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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