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SUMMARY

This paper employs semidefinite programming duality theory to develop new alternative linear matrix
inequality (LMI) tools for eventually periodic systems. These tools are then utilized to rederive an
important version of the Kalman—Yakubovich-Popov (KYP) Lemma for such systems, and further give
new synthesis results. Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this paper, we continue our work started in Reference [1] on the control of eventually periodic
systems. Such systems are aperiodic for an initial amount of time, and then become periodic
afterwards. Eventually periodic dynamics arise in various scenarios. One of these scenarios is
when linearizing a system along a trajectory composed of an aperiodic manoeuver and a
subsequent periodic orbit. Another is when considering plants with uncertain initial states. It is
worth noting that both finite horizon and periodic systems are subclasses of eventually periodic
systems.

Primarily, this paper serves as a gateway for the use of semidefinite programming duality
results in control problems involving eventually periodic systems. In fact, we will show that all
analysis and synthesis convex conditions pertaining to the £>-induced control of such systems
can be provided in terms of finite-dimensional semidefinite programming problems. Then, by
appealing to the vast literature on duality, it is possible to develop new alternative tools that
would potentially offer new theoretical insight and possibly help provide new results in this area
of research. Specifically, in this paper, we will invoke one of the theorems of alternatives of
Reference [2], which is itself a special case of the Hahn—Banach separation theorem, to develop
new alternative linear matrix inequality (LMI) tools that would be later used to rederive an
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576 M. FARHOOD AND G. E. DULLERUD

important version of the Kalman—Yakubovich-Popov (KYP) Lemma for eventually periodic
systems, originally proved in Reference [1], and further give new synthesis results.
The main contributions of this paper are:

® cstablishing that the existence of a synthesis for an eventually periodic plant is always
equivalent to the existence of an eventually periodic synthesis, having the same periodicity
as the plant but probably exhibiting longer transient time variation;

® using alternative LMI tools, which stem from semidefinite programming duality theory to
(1) give a simpler derivation of an important version of the KYP lemma for eventually
periodic systems; and (2) closely study each of the synthesis conditions, highlighting
consequently certain cases where a synthesis if existent can always be chosen to be of the
same eventually periodic class as the plant.

Note that most of the synthesis results of this paper are also given in the conference paper [3],
but the alternative proofs herein are overall far simpler and more concise.

The literature on semidefinite programming is vast; some of the seminal papers on this subject
are References [4-6], and we refer the reader to Reference [2] for further references. In addition
to its applications in control, semidefinite programming has lots of applications in
combinatorial optimization; see for instance Reference [7]. Also, some important references
on convex optimization problems and associated duality theory are References [8,9]. The
general machinery used to obtain the results of this paper is motivated by the work in
References [2, 10-12], combined with the time-varying system machinery developed in Reference
[13]. There is a rich literature in the area of time-varying systems, and a comprehensive list of
general references can be found in Reference [14]. Finally, while Reference [2] constitutes the
main inspiration for this work, it is worth noting that, as stated in Reference [2], there are other
papers that utilize notions from convex optimization duality to give new proofs of existing
results (see, for example, Reference [15]) or derive new ones [16].

2. PRELIMINARIES

We now introduce our notation and gather some elementary facts. The set of real numbers and
that of real n x m matrices are denoted by R and R"™, respectively. Given a square matrix
X € R™", the dimension of X is dim(X) = n. The image space and kernel of a linear mapping A
are denoted by Im 4 and Ker 4, respectively. If S; is a sequence of operators, then diag(S;)
denotes their block-diagonal augmentation.

Given two Hilbert spaces £ and F, we denote the space of bounded linear operators mapping
E to F by #(E, F), and shorten this to #(E) when E equals F. If X is in #(E, F), we denote the
E to F induced norm of X by || X||;_ r; when the spaces involved are obvious, we write simply
|| X1|. The adjoint of X is written X *. When an operator X € Z(E) is self-adjoint, we use X < 0
to mean it is negative definite; that is there exists a number « > 0 such that, for all non-zero
x € E, the inequality {x, Xx)< — a||lx||*> holds, where <-,-> denotes the inner product and || - ||
denotes the corresponding norm on E.

The main Hilbert space of interest in this paper is formed from an infinite sequence of
Euclidean spaces J = (R™,R™,R™,...), and is denoted by ¢£»(J). It consists of elements x =
(x9, X1, X2, ...), with each x; € R™, such that x||2 = Z}:’;O ||)ck||2 < 00. The inner product of x, y
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in £,(J) is hence defined as the sum (x,y>,, = >, {Xk, V. If the sequence of spaces J is
clear from the context, then the notation ¢,(J) is abbreviated to &5.

One of the most important operators used in the paper is the unilateral shift operator Z
defined as follows:

Z: 6RM,R™,..) > 6(R™, R, R™, .. )
ZzZ
(a15a2)"') '_) (09a17a27"')

Following the notation and approach in Reference [13], we make the following definitions.

Definition 1

A bounded linear operator Q mapping £,(R™,R™,...) to &(R™,R™,...) is block-diagonal if
there exists a sequence of matrices Qy in R"™*™ such that, for all w, z, if z = Qw, then z;, = Qw.
Then Q has the representation diag(Qy, O1, Q», .. .).

Definition 2
An operator P on ¢; is (h, g)-eventually periodic if, for some integers #>0 and ¢>1, we have

Zq((Z*)hPZh) _ ((Z*)hPZh)Z(] (1)

In the case where the finite horizon length / is not known or when only the period length ¢ is
relevant, we simply refer to P as eventually g-periodic.

Note that when /4 = 0, equality (1) reduces to the following: Z9P = PZ4. Hence, in such a case,
P simply commutes with the g-shift, and we accordingly refer to P as a g-periodic operator.
Throughout the sequel we set 7>0 and ¢>1 to be some fixed integers.

We denote the first period truncation of a g-periodic block-diagonal operator Q by O, and
define such a matrix as O = diag(Q,,..., Q,-1). Also, we define the cyclic shift matrix Z for
q=2 by

[0 0 I7

. 1 0
7 =

I 0]

so that Z*QZ = diag(Q1,...,Q, 1,00). For g =1, we set Z = I.

Now, suppose that Q is an (N, g)-eventually periodic block-diagonal operator, then we define
O to be the (¥, g)-truncation of O, namely Q = diag(Qo, Q1, ..., On+¢—1), Which is a matrix.
Also, we define the shift matrices Z; and Z, fori,j=1,...,N + g by
L N+gq, j=i—1

I ifi=2,..
Z] = [a,j] where aj =
' 0 otherwise

[ ifi=N+1,j=N+gq

Z, = [b;] where b; =
? ! ! {0 otherwise
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578 M. FARHOOD AND G. E. DULLERUD

For N =0, =1, we set Z; = 0. And so, excluding the preceding case, given a block-diagonal
matrix O, we have Z#07) = diag(Qy, ..., On+g-1,0) and ZF0Z, = diag(0,...,0, Q).
Having established these definitions, we are now ready to consider the main subject of this paper.

3. EVENTUALLY PERIODIC PLANTS AND LMI TOOLS
This section is divided into two subsections. The first formulates the £;-induced control problem
for eventually periodic systems, and the second reviews some useful analysis and synthesis

results from References [1, 13] pertaining to this problem.

3.1. Problem formulation

Let G be a linear time-varying (LTV) discrete-time system defined by the state space equation

Xier1 A B By Xk
ztk | = | Cix Dukx Dig | |wk| x0=0 @)
Vi Cx Dyr 0 Uy

for w € £,, where the block-diagonal operators, defined by the sequences of the above state space
matrices, are (/, g)-eventually periodic. Because of such eventually periodic dynamics, we refer
to G as an (h, g)-eventually periodic plant. The input channels into plant G are the exogenous
disturbances w and the applied control u, and the corresponding output channels are the
exogenous errors z and the measurements y, respectively. The signals x, zx, wg, vk, and uy are
real and have time-varying dimensions which we denote by ny, n-x, nx, 1y, and n, respectively.

We suppose this system is being controlled by an LTV controller K whose state space

equation is
K K
Xiet1 Xk
= xé( =0
Uj Yk
where xf € R™. The connection of G and K is shown in Figure 1. Since D =0, this

interconnection is always well posed.
We write the realization of the closed-loop system as

AE BK
ck DE

Xf1 = Afxp + Bpwy 3)
= Crxp + Dfwy

Fe— G W

K

Figure 1. Closed-loop system.
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where x/ € R™*"* contains the combined states of G and K at time k, and AF, Bf, CF and Df are
appropriately defined. This closed-loop system may be written more compactly in operator form
as

xLt = ZALxL + ZBLyw

L L L @
z=C"x"+ D*w

where Z is the shift operator on ¢,. Assuming the relevant inverse exists, we can write the map
from w to z as

wisz = CLl(I — z4*) ' ZB" + D*

We will say this closed-loop state space system is stable when I — ZA” has a bounded inverse;
this is equivalent to exponential stability as shown in Reference [13]. In the case of an eventually
periodic controller, the closed-loop system would be eventually periodic as well, and so its
stability boils down to the stability of its periodic part.

The following definition expresses our synthesis goal.

Definition 3
A controller K is an admissible synthesis for plant G in Figure 1 if I — ZAL has a bounded
inverse and the closed-loop performance inequality |[w z||,, ., <1 is achieved.

3.2. Analysis and synthesis results

We now briefly review some analysis and synthesis results; see References [1, 13] for an in-depth
presentation. To start, we define the set 2~ to consist of all the positive definite block-diagonal
operators X € Z(£>) of the form X = diag(Xo, X, ...), where X; € R x4 - Similarly, we
define the set ', except that here the matrix blocks X; € R"*", Following is the KYP lemma for
LTV models as given in Reference [13].

Lemma 4
Suppose operators AL, BY, CL, and D' are block-diagonal. The following conditions are
equivalent:

() ICE(I — ZzAY) ' ZBE + DL||<1 and I — ZA~ has a bounded inverse;
(ii) There exists X € 2" such that
X 0
— <0 (5)

0 17

zAL  zBr
ct Dt

z4AL ZBL1*[x o0
ct Dt 0 1

In the event that the controller state space operators are (N, g)-eventually periodic for some
integer N =h, then the closed-loop state space operators A”, BY, CL and D* are also (N, q)-
eventually periodic, and condition (ii) in the above lemma can be further strengthened by
imposing additional structure on the operator X. In fact, Reference [1] shows that, in such a
case, a solution in Z'* exists to inequality (5) if and only if an (N, ¢)-eventually periodic solution
in 2% exists. Later in this paper, we will present another proof to the previous statement using
one of the theorems of alternatives given in Reference [2]. Following is the main synthesis result
from Reference [13] for LTV systems.
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Theorem 5
There exists an admissible LTV synthesis K for (4, g)-eventually periodic plant G, with state
dimension r; <y for all k, if and only if there exist operators R, S € Z satisfying

F*RF — V*Z*RZV,+ H < 0 (6)
J*Z*SZ] — UFSU + W <0 7
R I
=0 (8)
I S
where
Im [V VF* = Ker[BF D), [V VIV Vi =1
)
Im[U¥ UF* = Ker[Cy Dy], [Uf UF[UF Uf1* =1
and
F =AY+ C}Vy, M=BfV,+D} Vs, H=M*M—V}V, (10

J=AU,  + BiU,, L=C U+ DU, W:L*L*UZ*UZ

Solutions R and S can then be used to construct a controller K, as shown in References
[10, 12, 13]. Note that all of the system operators in (6) and (7) are block-diagonal and (4, ¢)-
eventually periodic.

The synthesis conditions in Theorem 5 are convex, yet infinite-dimensional as they pertain to
the existence of a general LTV synthesis. However, if we seek an (N, ¢)-eventually periodic
synthesis for some integer N >/, then these inequalities reduce to finite-dimensional conditions
as shown in the following synthesis result from Reference [1]; note that an (%, g)-eventually
periodic operator is also (I, g)-eventually periodic for all integers N > h.

Theorem 6

Suppose that integer NV > /. There exists an admissible (&, g)-eventually periodic synthesis K for
(h, g)-eventually periodic plant G, with state dimension r; <y for all k, if and only if there exist
block-diagonal matrices R, S € 4 satisfying

F*RF — VHZIRZ\ + ZYRZ)V + H < 0 (11
J¥Z}SZ) + 72F852,)] — UFSU, + W <0 (12)
R I
.| =0 (13)
I S

where the notation O denotes the (N, g)-truncation of Q, and the set Z = {X : X € Z}.
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We remark that if the synthesis conditions in Theorem 6 are invalid, we can only say that there
exists no admissible (N, g)-eventually periodic synthesis; but this does not necessarily imply the
non-existence of a different admissible synthesis, be it a general LTV synthesis, in which case
inequalities (6), (7) and (8) would hold, or still an eventually periodic one but with a larger finite
horizon length or larger period. In the next section, we will show that, when it comes to
eventually periodic plants, we need not worry about infinite-dimensional synthesis conditions
and corresponding LTV syntheses generally exhibiting infinite time variation, since, for such
plants, an admissible synthesis exists if and only if an admissible eventually periodic synthesis
exists, albeit the finite horizon length of such an eventually periodic synthesis is still to be
determined in general.

4. FINITE-DIMENSIONAL SEMIDEFINITE PROGRAMMING PROBLEMS

A very appealing feature about the ¢;-induced control problem for discrete-time eventually
periodic systems is that all the analysis and synthesis convex conditions derived can be provided
in terms of finite-dimensional semidefinite programming problems. To elaborate more on this,
consider the following linear operator inequality in variable X:

e\ P*Z*XZP + £,0*X0 + T < 0 (14)

where X >0, P,Q and T = T¥* are all block-diagonal operators with compatible matrix block
dimensions, and the integers ¢;,¢& € {—1,1}. This inequality represents a general form of the
analysis condition (5) and synthesis conditions (6) and (7). Let %, denote the set of positive
definite block-diagonal solutions X, of the same structure as operator QQ¥, satisfying inequality
(14). Finding a solution X € %, to (14) is in general an infinite-dimensional semidefinite
programming problem. However, if the operators P, Q and T are (h, g)-eventually periodic, then
a solution X € %, exists if and only if an (V, g)-eventually periodic solution in %, exists for some
integer N > h, as we will show in the next proposition. Accordingly, in such a case, we only need
to consider a finite number of matrix variables, and hence a finite number of LMIs; yet this
number is still to be determined in general.

Proposition 7
Suppose that P,Q, and T = T* are block-diagonal operators with compatible matrix block
dimensions, and integers ¢;,& € {—1, 1}. Then the following hold:

(i) If P,Q, and T are g-periodic, then there exists a solution in %, to inequality (14) if and
only if there exists a g-periodic operator X € Z, such that

e P*Z*XZP + 6,0*X0+T < 0

(i) If P,Q, and T are (h, q)-eventually periodic, then there exists a solution in %, to inequality
(14) if and only if there exists an (N, g)-eventually periodic operator in %, for some
integer N > h such that

e PHZERZ) + ZERZ)P + 6,0 X0+ T < 0 (15)

where the notation O denotes the (N, g)-truncation of Q.
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582 M. FARHOOD AND G. E. DULLERUD

For space considerations, we will only provide the outline of the proof. The proof of Part (i)
employs a similar averaging technique to that used in the proof of Theorem 20 in Reference [13].
As for Part (ii), the proof follows from exactly the same argument as that of the proof of Lemma
7 in Reference [1], which amounts to equivalently rewriting inequality (14) as an infinite
sequence of LMIs, each corresponding to a distinct time k, then making use of the continuity
and convexity properties of these LMIs, together with Part (i), to construct an eventually g-
periodic solution.

As stated earlier, inequality (14) represents a general form of the analysis condition (5) and
synthesis conditions (6) and (7), and so, the results of Proposition 7 clearly apply to these
conditions. In fact, the said results still apply in the case where we have two inequalities of the
form of (14) admitting two solutions R, S € %, which are coupled by condition (8). Specifically,
we have the following synthesis result.

Theorem 8

Given an (h, g)-eventually periodic plant G, there exists an admissible synthesis K for G if and
only if there exists an admissible (N, g)-eventually periodic synthesis for some integer N >h,
which in turn is equivalent to the existence of (N, g)-eventually periodic operators R, S € Z for
some N >/ satisfying the synthesis LMIs (11)—(13).

Proof

The proof of the ‘if’ direction is immediate. To prove the ‘only if* direction, we first note that,
since there exists an admissible synthesis for the (4, g)-eventually periodic plant, then definitely
there exists an admissible synthesis for the g-periodic portion of this plant. Then invoking
Theorem 22 of Reference [13], we deduce that there exists an admissible g-periodic synthesis for
this periodic part; the proof uses the same averaging argument as that of Part (i) of Proposition
7, which is given in details in the proof of Theorem 20 in Reference [13]. Then, given g-periodic
solutions to the periodic parts of the synthesis conditions, we apply the same argument as that of
the proof of Part (ii) of Proposition 7 to each of the synthesis conditions (6) and (7), yet using
the same ¢ and ¢ for both cases (see proof of Lemma 7 in Reference [1]), so that, for some inte-
ger N >=h, the resulting (N, g)-eventually periodic solutions would still satisfy the coupling
condition (8). O

The question at this point is whether we can find reasonable values for the finite
horizon lengths of such eventually g-periodic syntheses. This is still an open problem
in general. We will show later in this paper that, given an (%, g)-eventually periodic plant,
a solution in Z exists to the synthesis condition (6) if and only if an (A, ¢)-eventually
periodic solution in % exists; however, this cannot be said for the synthesis condition
(7). Moreover, even if (6) and (7) both admit solutions in the subclass of (N, g)-eventually
periodic operators in 2 for some N=h, none of these solutions might satisfy the
coupling condition (8), and hence we may need to settle for a larger finite horizon length.
We will also consider in the sequel a couple of special cases where inequality (7) simplifies
significantly and then an admissible synthesis if existent can always be chosen to be (4, g)-
eventually periodic.
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Remark 9

The results of Proposition 7 can be extended to a more general linear operator inequality than
(14), but this is not necessary for this paper. Having said that, it is reasonable to deduce that, given
eventually periodic plants, then regardless of the control problem, if the solutions are expressible
in terms of linear operator inequalities that can be equivalently written as infinite sequences
of LMIs, most probably the arguments of the proofs of Proposition 7 and Theorem 8 can still
be utilized to prove similar results for the control problem in question, mainly that the
solutions can be equivalently provided in terms of finite-dimensional semidefinite programming
problems.

Remark 10

We say a synthesis is y-admissible if it stabilizes the closed-loop system and further guarantees
that |lwi—zll, ., <7. Clearly, a y-admissible synthesis for G is an admissible synthesis for G,
where G has the same system realization as G except that C, = (1/y)Cy, Dy; = (1/y)Dy,, and
Dy, = (1/y)D15. Given a stabilizable and detectable (4, ¢)-eventually periodic plant G, let 7y
denote the minimum 7y, up to a certain tolerance, that is achievable by an (X, ¢g)-eventually
periodic synthesis where N > /. Then, it is clear from the preceding and Theorem 6 that the value
of yy and a corresponding y,-admissible (N, g)-eventually periodic synthesis can be obtained by
solving the following semidefinite programming optimization problem:

minimize: 72
subject to: F*RF — VH(ZFRZ, + ZFRZy)V + M*M —y* V3V, < 0

J¥Z¥SZ) + 2¥82,)J — USU, — U0, L*
. <0 (16)

L —92I

R I o
=0, RSexq
I S

where the notation Q denotes the (N, ¢)-truncation of Q, and the above system matrices are
defined in (9) and (10). Solving (16) for an increasing sequence of finite horizon lengths N;, where
No = h, results in a non-increasing sequence of optimal values 7,.. Hence, there is a trade-off in
general between N (the ‘size’ of the synthesis) and y (the desired performance). Clearly,
the sequence yy, can serve as a guideline for choosing a synthesis of reasonable size and
performance. For example, once the difference between two consecutive elements in this
sequence, say yy, and y Ny1s falls within a certain tolerance, we may then terminate the iteration
and use the solutions R and S corresponding to 7w, to construct a yy -admissible (N}, q)-
eventually periodic synthesis.

5. A STRONG THEOREM OF ALTERNATIVES

As the literature on duality for finite-dimensional semidefinite programming problems is vast,
many of the already available duality results can be rephrased to suit our control problem, and,
as a result, help provide new theoretical insight and maybe even new results for such a problem.
It is worth noting that, in this paper, by invoking only one of the theorems of alternatives of
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Reference [2], which is itself a special case of the Hahn—Banach separation theorem, we give a
simpler derivation of an important version of the KYP lemma for eventually periodic systems,
first given in Reference [1], and further provide new synthesis results, whose proofs are mostly
simpler and more concise than the ones given in the conference paper [3]. Hence the appeal of
using such duality results. Following is the aforementioned theorem of alternatives from
Reference [2].

Theorem 11

Suppose that 7" is a finite-dimensional vector space with an inner product <{-,-»,-, and that .% is
a space of block-diagonal self-adjoint matrices of the form X = diag(Xy, X1,...,X;), where
X; = X*eR"™ for some integers m; >0 and s>0, and with inner product <X,Y), =
trace(XY). Then, given a linear mapping € : ¥~ — &, its adjoint mapping €*, and a matrix
Ey € 4, exactly one of the following statements is true:

(1) There exists an x € 7~ satisfying the LMI €(x) + Ey > 0;
(2) There exists a non-zero Y € & such that Y =0, €*(Y) = 0, and (Ey, Y, <0.

Remark 12

In the preceding theorem statement, the vector space #~ can also be chosen as a space of block-
diagonal symmetric matrices, like &, and the above result would still hold. This is particularly
convenient for our case. Frequently, one might be tempted to use a subspace of &, rather than
the whole space %, since some LMIs might have special structures; this is also appealing because
the subspace of a finite-dimensional Hilbert space is itself a Hilbert space, and hence self-dual.
But then the result of the above theorem may no longer hold. Specifically, if we are to apply the
above theorem to the synthesis conditions (11)—(13), the special structure of the coupling
condition (13) might suggest using a subspace of % instead of ¥, notably one consisting of
block-diagonal symmetric matrices in . where a number of the matrix blocks, namely those
corresponding to the coupling condition, are of the following form:

X ol
ol Y

with X, Y being symmetric matrices, and o € R. But, in such a case, it is not difficult to show by a
counter example that the result of Theorem 11 no longer applies.

The next result follows directly from Theorem 11.

Proposition 13
Suppose that the operators P, Q, and T are block-diagonal and (/, ¢)-eventually periodic, and
that T = T*. Then, given an integer N > h, exactly one of the following statements is true:

(i) There exists an (N, g)-eventually periodic operator X e &, satisfying inequality (15);
(i) There exists a block-diagonal matrix ¥ = diag(Yo, Y1,..., Yy44—1) #0, where Y;>=0 is of
the same dimension as the square matrix Q*Q; for all i, such that

trace(7Y) >0

- - . (17)
el(Z 1 PYP*Z + Z,PY P*Z5) + 6,0 Y 0% =0
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Proof
To start, we define the following sets:

¥ = {X = diag(Xo, X1, ..., Xnig-1) : Xi = X* and dim(X;) = dim(Q;0)}
S = AT =diag(To,T1,....,Tyiy1,X): X e, [; =TF and dim(T;) = dim(QFQ))}
Also, we define the linear map €: ¥~ —» & by

EX) = diag(—elf’*Zl*X/Zli’ — 8113*22*)?sz’ —00%*X0,X)

Then, setting Ey = diag(—7,0) € &, we can equivalently write inequality (15), together with the
constraint X >0, as €(X) + Ey>0.

Lastly, we define the adjoint of the map € by €* : % — 7 such that for all matrices X € 7
and Y = diag(Y, Y) € &, where Y € 7", we have

<(§3(/\~/)’ Y>y' = </\~/, (f*( Y)>7/‘

with (A, B) = trace(4B). It can be easily verified that €* : & — 7" is given by
C* (V)= —e1Z|PYP*Z — i ZyPYP*ZF — 20YQO* + ¥

Then, by invoking Theorem 11, we deduce that the non-existence of a matrix X € 7~ satisfying
inequality €(X) + Ey>0 is equivalent to the existence of a non-zero matrix ¥ € . such that
Y=0, €*(Y) =0, and (Ey, ¥), <0, which is, in turn, clearly equivalent to statement (ii). Note
that the non-zero constraint (¥ #0) can be restricted to the matrix Y since, if ¥ = 0, then the
equality €*(Y) = 0 implies that ¥ = 0. O

Following is an alternative statement of Theorem 6.

Theorem 14

Suppose that integer N >=h. There exists no admissible (N, g)-eventually periodic synthesis
for (h, g)-eventually periodic plant G if and only if there exist block-diagonal matrices Y 3=0,
Y, =0, and Y, of the form Y; = diag(Y;o, Yj1,..., Yjn+q—1) for j=f,b,c, where dim(Y;) =
dim(Fj*F;), dim(Ys,;) = dim(J;*J;), and Y,; € R"*", such that (Y}, ¥;)#(0,0) and

trace(H Yy) + trace( WY,)>2trace(Y,)

—FY F*+ Z\V\ Y VEZE+ 2oV Y, VEZS Y,
A . <0
YF ~ZV YW T*ZF — Z,J Y J* 25 + 0, Y, U}
(18)

This result stems from Theorems 6 and 11. Note that, at a first glance, the fact that the coupling
condition (13) is a non-strict inequality seems to undermine the applicability of Theorem 11.
However, because of the continuity property of LMIs, a slight perturbation of the solutions
ensures that the existence of solutions in 4 to the synthesis conditions of Theorem 6 is
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equivalent to the existence of matrices R, S, e 4 satisfying LMIs (11) and (12), respectively, as
well as the strict coupling inequality

R 1
>0

1 S

Then, Theorem 11 is clearly applicable, and so following a similar argument to that of the proof
of Proposition 13, we can prove Theorem 14; the complete proof is omitted for space
considerations. Note that the coupling condition (13) already implies that R, S>>0, and so we
need not redundantly account for the positive definiteness of the solutions.

In the following, we will say that inequality (14) is a primal LMI and that inequalities (17) are
the corresponding alternative LMIs; similarly, inequalities (18) are the alternative LMIs for the
primal synthesis conditions (11)—(13). Appealing to Proposition 7 and Theorem 8, it is clear that
the periodicity of any eventually periodic solution in the context of these results is always equal
to that of the plant, namely ¢; the only variable in general is the finite horizon length of such a
solution. With that in mind, and for notational clarity and simplicity, we will denote the
solutions of the alternative LMIs only in terms of the finite horizon lengths of the primal
eventually g-periodic solutions as follows.

Definition 15

A matrix Yis said to be an N-solution of alternative LMIs (17) if Y is a non-zero block-diagonal
matrix of the form Y = diag(Yo, Y1,..., Yn44—1), where Y;3=0 is of the same dimension as the
square matrix Q*Q; for all i. Furthermore, the triplet (Y;, Y}, Y,) is said to be an N-solution of
alternative LMIs (18) if (Y, Y3)#(0,0), and Y, =0, Y>>0, and Y, are block-diagonal matrices
of the form Y; =diag(Yo, Yi1,.., Yjn+g-1) for j=f,b,c, where dim(Y;;) = dim(F*F)),
dim(Y};) = dim(J*J;), and Y.; € R

Clearly, the existence of an N-solution to some alternative LMIs implies the existence of
a t-solution for all integers 7, where 71<t<N.

6. KYP LEMMA FOR EVENTUALLY PERIODIC SYSTEMS

This section gives an alternative derivation of an important version of the KYP lemma for
eventually periodic systems, originally given in Reference [1]. Specifically, we will utilize
Propositions 7 and 13 to show that, given an (N, g)-eventually periodic closed-loop system, there
exists a solution in 2% to inequality (5) if and only if there exists an (N, g)-eventually periodic
solution in 2*.
Relating inequality (14) to (5), we set & =1, & = —1, and further make the following
assignments for all integers i>0:
c/Tck CDE
Pi=[4f B Q=1 O Ti=|
DI*Ct DI DR
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Then, we write inequality (5) more conveniently as
P*Z*XZP — Q*XQ0+ T <0 (19)

Following are a couple of useful propositions; the proofs are given in the appendix for
completeness.

Proposition 16
Suppose that X is a positive semidefinite matrix partitioned as follows:

X1 X
X = N
X7, Xx

where rank(X1;) = m>1. Then, there exist matrices £, I" and Q of compatible dimensions such
that £ has full column rank equal to m and

X Xi
X = « =
X]z X22

*

0 Ix* xr*

r Q

0
I Q

r* Ir*+0*

Proposition 17
Given matrices ¥ and I' such that ZX* < 'T*, then there exists a matrix Q such that Q*Q=<7
and I'Q = X.

Next we give a new proof of the following result from Reference [1].

Theorem 18

Given an (N,gq)-eventually periodic closed-loop system, the existence of a solution in
L to inequality (5) is equivalent to the existence of an (N, g)-eventually periodic solution
in L.

Proof

Note that, out of all the finite horizon, only the last instant is relevant to this proof, and
hence we assume without loss of generality that the finite horizon length N is equal to 1; the
g-periodic case, where N =0, is already addressed in Part (i) of Proposition 7. Since the
converse is immediate, we only need to prove the claim that if a solution in 2 exists to
inequality (19), then a (1, g)-eventually periodic solution in 2~ exists. After invoking Part (ii) of
Proposition 7, the contrapositive of this claim is as follows: if no (1, g)-eventually periodic
solution in 2% exists to inequality (19), then there does not exist any (t, g)-eventually periodic
solution in 2% for all 7>1; or equivalently, by Proposition 13, if there exists a 1-solution
satisfying the alternative LMIs to inequality (19), then there exists a z-solution for all t>1.
Proposition 13 entails that the non-existence of a (1, ¢)-eventually periodic solution in 2~ to
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inequality (19) is equivalent to the existence of a l-solution Y = diag(Yo, Y1,...,Y,) to the
following LMIs:
>4, trace(7;Y;) =0

00 Y0Qf =0
Q] Y]QII‘#PO Y()Pak + Pq YqP;k

20
0,Y,05< P, Y, P¥ (20)

0, Y 05 <Py Yyi P

where Y #0, Y; =0 is a square matrix of dimension n; + r; + n,;, and

II?,'-H‘,‘
= 111
0

Suppose that Y;;; #0, then, by Proposition 16, there exist matrices X, I, and Q of compatible
dimensions such that X has full column rank equal to rank(Y ), and

Yin Y

QlYle* = [Ii7i+l‘i 0]
Y,-fklz Yi»n

Yin Y
%
Y, Yo

0
r Q

0
r Q

Y, =

o sr*
I rs* IT* 4+ Q0*

In the event that Y, ;; =0, then also Y ;> = 0 since Y; =0, and the above still applies except
that = =0,T =0 and Y122 = QQ* Now, clearly Py YoP§ =0 and P,Y, P¥:=0, and hence, there
exist matrices X and X, of compatible dimensions such that P, YOP* = 212 and P,Y,P¥* =
¥,X¥. Then the inequality 0, Y,QF< Py YoP§ + P, Y, P can be equivalently written as ZZq*
[Z; )21 Z,]%, and so by Proposition 17, there ex1sts a matrix © such that ®*@<7 and
[, Z,]® = Z. At this point, we partition the matrix re* = [} ] in accordance with the
partitioning of the matrix [Z; X,], and further define the matrix ¥= 7 — ®*@3=0 and

i T 01z o]% [zZi=F Iy
Y, = =0
r, Q|| Q rzf i+ 00*
_ P Y PE, Yin
Yi= =0 fori=23,...,q

Y Yin

e N e

i s o0 1F
Yqul = =

r, ry'/?

>» 0
r, ry'/?

02 LY+ Ter*
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Note that ¥;=0 for i = 2,...,q since, from (20), P;,_1Y;_1 P = Y;11. It can be easily verified
that the following LMIs hold:

trace(To Yo) + 34" trace(T;¥,)>0
Q0 Y0Qi =0
01 Y107 < Py Yo Py
02 V2053 P Y\ P+ P Y g1 P
O3 Y30F < P, Y, P¥

011 Y1108 = 01 Y 11 0F S P Y P

where Y = diag(Yy, Y1,..., Y,+1)#0. Thus, we have constructed a 2-solution Y to the
alternative LMIs from a given l-solution. Finally, we can apply the previous argument
recursively, and show that, given a 1-solution to (20), we can always construct a t-solution for
all t=1. U

7. NEW SYNTHESIS RESULTS

As stated in Theorem 8, given an (4, g)-eventually periodic plant, the existence of an admissible
synthesis for this plant is equivalent to the existence of an (N, g)-eventually periodic synthesis for
some N >=h. While this result establishes that the solution of the synthesis £;-induced control
problem for eventually periodic systems can always be expressed in terms of finite-dimensional
convex conditions, it does not exactly specify these conditions. Granted that such conditions are
somewhat truncations of the synthesis conditions (6-8), yet the extent of such truncations is not
explicit in the theorem statement. In fact, the value of N above is still not known in general. This
section is divided into two subsections. The first one closely examines each of the synthesis
conditions (6), (7) and (8) to see which of these conditions contribute to the indefiniteness of N.
Then, based on our findings, we consider in the second subsection two cases where an admissible
synthesis exists if and only if an admissible (4, g)-eventually periodic synthesis exists.

7.1. Synthesis conditions
We start with the following theorem pertaining to the synthesis condition (6).
Theorem 19

Given an (/, g)-eventually periodic plant, then a solution in Z exists to the synthesis condition
(6) if and only if an (4, g)-eventually periodic solution in Z exists.

Proof

As in the proof of Theorem 18, we will assume without loss of generality that the finite horizon
length 7 is equal to 1. The proof of the ‘if” direction is immediate, and so we only need to prove
the ‘only if’ direction. Hence, we need to show that the existence of a l-solution to the
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alternative LMIs of inequality (11), as given by Proposition 13, implies the existence of an N-
solution for all N >1. Suppose that the non-zero matrix ¥ = diag(Yy, Y1, ..., Y,) is a 1-solution
of the aforementioned alternative LMIs, namely:

>4, trace(H;Y;) =0
Vio Yo Vﬁ‘) + qu Yq Vf;; <F YlFl*

Vil Y Vﬁ <P Yze*

Vig-1Y4-1 Vf:fl <F, Yqu*
The second LMI in the above sequence can be equivalently written as
VoY, VigY Ao Y,? Vi YV 1* < Py F
and hence, by Proposition 17, there exists a matrix X such that ZX*<7, and
FY,P2=[0Y 1, Y12
Partition X appropriately as £ = [X; X,] so that
FY2 =Y and FYP5 =11}
Then, for any I" of proper dimensions such that I'T*<7, define the following matrices:
Yie= Y P(E2F + (I - 5221 - T — £2%) /) y!/?
Yip = Y| 2(Z5F + (I — =292IT*(7 — £2%)' /)y,
Note that Y1,%=0, Y1,%=0 and Y, + Y|, = Y. Then the following LMIs clearly hold:
trace(H, Yo) + trace(H, Y1,) + > ¢, trace(H;Y;) + trace(H, Y15) =0
V1o Y0V1%<F1 Y1(,F1*
VnYiVaE = Vi YV + Vil Y Vi < P Yo F
Vi2Y, Vf’; <F; Y3F3*

Vl,qfl Yq,1 Vlﬂjqfl $Fq Yqu*
quYqut<F1 Y]},Fl*

Thus, the matrix diag(Yo, Y14, Y2,...,Y,, Y1) is a 2-solution to the alternative LMIs of
inequality (11). So, we have constructed a 2-solution from a given 1-solution. Finally, we can
apply the previous argument recursively, and show that, given a I-solution to the alternative
LMIs, we can always construct an N-solution for all N>1. O

Note that a different proof which does not use any duality results is given in the conference
paper [3]; the proof above though is far simpler and more concise.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2005; 15:575-599



DUALITY AND EVENTUALLY PERIODIC SYSTEMS 591

The result of Theorem 19 does not apply in general to the synthesis condition (7). It is not
difficult to construct counter examples to show that, given an (/, g)-eventually periodic plant, the
existence of a solution in Z to inequality (7) does not necessarily imply the existence of an (#, g)-
eventually periodic solution in 2. However, if we are to drop the constraint that the solution has
to be positive definite, and expand our search for solutions to the set %, whose elements are
bounded, self-adjoint and of the same form as those of the set 2, but without the positive
definiteness restriction, then we have the following result.

Theorem 20
Given an (4, g)-eventually periodic plant, there exists a solution in Z, to the synthesis condition
(7) if and only if there exists an (%, g)-eventually periodic solution in Z,.

Proof

Note that the proofs of Proposition 7 can be easily rephrased to suit this case, and as a result, a
solution in %, exists to inequality (7) if and only if an eventually g-periodic solution in %, exists.
As in the proof of Theorem 18, we will assume without loss of generality that the finite horizon
length % is equal to 1. Since the converse is immediate, we only need to prove the ‘only if’
direction of the above result. To start, we have to alter Proposition 13 slightly so as to apply in
this case where the primal solution belongs to the set Z', instead of 2. By appealing to the proof
of this proposition, it is not difficult to see that in this case the alternative LMIs (17) change as
follows. The first LMI, i.e. the trace condition, stays the same, while the second LMI becomes
an equality; the solution to the alternative LMIs still has to be non-zero, positive semidefinite
and block-diagonal. With this in mind, and while still adopting the same notation as before for
simplicity, we need to show that, given a 1-solution to the alternative LMIs, then there exists an
N-solution for all N>1. Suppose that the non-zero matrix Y = diag(Yy, Y1,...,Y,)=0 is
a l-solution to the alternative LMIs; hence the following hold:

S, trace(W;Y;)=0
U YoUg, = 0
UnYiUE = JoYoJi + J, Y, T
Upn YUl = J, Y JF

Uququ*q = Jg-1 qul*];il
Focusing on the equality Uy, Y U}y = Jo YoJ§f + J, Yqu*, we can always find matrices ®; and ®,
such that

@1@1* = J() Y()JO*, @2@5k = Jq YqJ* and d1m([®1 @2]*[®1 ®2])>d1m(Y1)

q°
Then, it is immediate that there exists a matrix ¥ of appropriate dimensions such that XX* = 1
and Uy Yll/ZZ =[0; ©,]. Partition £ =[X; X;] conformably with the partitioning of the
matrix [@; ©;] so that

U11Y11/221 :®1 and U11Y11/222:®2
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Define Y, = Yll/ZZIZf‘Yll/2>O, and Y}, = Y11/2222§‘Y11/2¢0; clearly, Y1, + Y1, = Y;. Conse-

quently, we have
trace(W, Yo) + trace(W, Y1,) + > 1, trace(W;Y;) + trace(W,Y,) =0
Ui YoU =0
Un Yi,UfE = JoYoJ ¢
UnY, Ul =LY+ L YipJf
U YsUE = J, YT

Ui YUl = Jg 1 Yyt I
Un YUy = J,Y,J*

Thus, the matrix diag(Yo, Yia, Y2,...,Y,, Y1) is a 2-solution to the alternative LMlIs,
constructed from the given Il-solution Y. Finally, we can apply the previous argument
recursively, and show that, given a 1-solution to the alternative LMIs, we can always construct
an N-solution for all N> 1. O

Remark 21

Another proof to Theorem 20 which does not employ any theorems of alternatives is outlined as
follows. First, by Finsler’s lemma, the existence of a solution in %', to the synthesis condition (7)
is equivalent to the existence of an operator S € 2, and a scalar o > 0 such that

*®

A B Z*S7

Ci D

A B
Ci D

s

SR

Qi(X) = A¥XA, + C}C\; — aCECy — E(BEXBy; + D}, .Dyy; — I — oD} Dy) 'E*

o |[C2 D] <0 21

I 21

Formally define

where E = A*XB); + C:Dy1; — aC5:D2y;, so that, by applying the Schur complement formula to
(21), we get Q;(S;+1) < S; for all i>0. Then, following a similar argument to that used for the
proof of Theorem 12 in Reference [1], we can construct from any eventually ¢g-periodic operator
in Z, satisfying inequality (7) an (A, g)-eventually periodic solution in Z,. The detailed proof
above though is clearly far simpler and more concise.

The preceding theorem is appealing; however, the positive definiteness of the solution of the
synthesis condition (7) is necessary for the validity of the coupling condition (8). In fact, it is not
difficult to construct examples to show that, even when both of the synthesis conditions (6) and
(7) admit solutions in the subclass of the (IV, g)-eventually periodic operators of & for some
N = h, none of such solutions might satisfy the coupling condition (8), and accordingly we may
need to settle for a larger finite horizon length.
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7.2. Special cases

This subsection considers two cases of (A, g)-eventually periodic plants where the synthesis
condition (7) simplifies significantly and, as a result, an admissible synthesis if existent can
always be chosen to be (4, g)-eventually periodic.

Theorem 22

Suppose that plant G is (h, g)-eventually periodic, and that the periodic part of G has exactly
measurable states, that is, for all i=h,...,h+ g — 1, we have Cy = I, Dy;; = 0. Then there
exists an admissible synthesis K for G, with state dimension r; <n; for all i, if and only if there
exists an admissible (%, g)-eventually periodic synthesis.

Proof

As in the previous proofs, assume /# = 1. Then, we only need to show that the existence of a 1-solution
to the alternative LMIs (18) implies the existence of an N-solution for all N > 1. Note that, in this case,
appealing to the definitions in (9), it is not difficult to see that U;; =0, Uy; = [ foralli =1,2,...,¢q
If we start with a 2-solution, then the argument for constructing from this solution an N-solution for
all N >2 is rather simple, as we will show next. On the other hand, constructing a 2-solution from a
I-solution is slightly more involved and is accordingly provided in the appendix. We start with a
2-solution (Y7, Y3, Y.) to the alternative LMIs (18); hence the following hold:

SO trace(H; Yp) + SO0 trace(W; Yy) =2 07! trace(Y.)

Ui YUy =0
VioYroVio — Fi Yy Fyf Y,
Y —Bio Y B
uYn Vi + Vi YrgaVii — B Y Ff Yo B
Y3 =B YpBj, — BuYs1 B B
ViaYp Vs — F3 Yp3Ff Yes »
YX ~BpYnBh |
VT Ve~ FYaEE T
. <0
Yo —Biy1Ysg 1B,
Vig Yy Vﬁz — Fi Yy g1 FYF Yeqt1 <0
quﬂ — By, thBfkq h

The fourth LMI in the preceding sequence implies that Vi Yy V{5 + Vi Yy g1 Vi < Fa Y2 F5F. Then
appealing to the argument in the proof of Theorem 19, there exists a matrix X = [£; X,] such that

and FY /22 v, Y2

ISR, BYE = VY g

J1e
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Then we define Yy, = Yfl2/22121* Yflz/2

ensue: Y_fzﬂ + Yfz,b = Yfz, Vi Yf‘] Vﬁ =F Yf2,aF2*, and

70 and Yy, = Y31 - Z28)Y))

1y 70, The following

VitYrgnVis = B2 YpuFy = VY Vi + Vi Yega Vi — Fa Y Y

Defining ¥y = diag(Yyo, Yp1, Yyoa Yrss-oos Yrgets Yrop), ¥y = diag(¥o,0, Yoo, ..., Yg, Yor +
Yp4+1,0), and Y. = diag(0, Y.1,0, Y3, ..., Yegt1, Yer), then the triplet (Y, Yy, Y.) constitutes a
3-solution to the alternative LMIs (18). Following the same argument recursively, we can construct
from any 2-solution to the alternative LMIs an N-solution for all N >2. This provisionally ends the
proof of Theorem 22. O

Remark 23

In the event that Cy; = I and Dy;; =0 foralli=0,1,...,h+ g — 1, that is the (h, g)-eventually
periodic plant G has exactly measurable states, then an admissible synthesis for G exists if and
only if an admissible (%, g)-eventually periodic static synthesis exists, as shown in Theorem 14 of
Reference [3]. Also, for such a case, instead of first trying to find solutions to the synthesis
conditions and then, if successful, solving for the static controller, we may lump both of these
steps into one, as shown in Theorem 15 of Reference [3]. As for the more general case where
only the periodic part of plant G has exactly measurable states, it is not difficult to generalize the
proof of Theorem 14 of Reference [3] to show that an admissible synthesis if existent can always
be chosen to be (4, g)-eventually periodic such that the periodic part is static, that is the control
law u; = DXy, fori = h, h+ 1,...; note that, in this case, AX | and BX | are empty matrices with
zero row dimensions.

Theorem 24

Suppose that plant G is (h, ¢)-eventually periodic, and that the state disturbance is a linear
transformation of the sensor noise at each point of the finite horizon, that is, for all i =
0,1,...,h—1, we have Bj; = T;D,;; for some matrix 7;. Then there exists an admissible
synthesis K for G, with state dimension r; <n; for all i, if and only if there exists an admissible
(h, g)-eventually periodic synthesis.

Proof
We only need to prove the ‘only if’ direction. Consider an A-solution (Y, Yy, Y.) to the
alternative LMIs (18). Then the following are necessarily valid:

U]ongUf% =0

N N (22)
Uris1 Yo,inn Ul ST Yaid;

fori=0,1,...,h— 2. From the definitions in (9), we have C»;U;; + D;1;Uy; = 0 for all i >0, and
since in this case B;j; = T;D;y; for some matrix 7; at each instant in the finite horizon, then
clearly the equality 7;C,;U,; = —B;Uy holds for all i=0,1,...,h— 1. Accordingly, as the
matrix Ujg YUy =0, then BigUs Yo Ui By = Jo Yot =0, and so, from (22), we get Uy,
YU =0, and so on. Consequently, we have Uy; YU =0 and J;Y,J*=0 for i=
0,1,...,h— 1; the first equality implies that trace(W;Y};) <0 and, together with the second one,
justifies taking Y,; =0 for i =0,1,...,h — 1. Having mentioned this, we assume & = 1 as this
clearly does not detract from the generality of the ensuing proof. So now, the triplet (Y, Y3, Y,)
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is a 1-solution to the LMIs (18) with Yy = 0, namely,
1 trace(H; Yy) + .1 | trace(W;Y,) =251 | trace(Y.;)

VieYro Vo + VigYpg Vi — Fr Y Ff Yo 0
l vE Un Yo U — Jo(0)JF — J, Y;,qJ;‘] B
VnYp Vi — BYp by Yo B
Y3 UnYnUl — Y|
Vig1Yrg1Vig o — Fo Y Ff Y
Y:Z Uig Yoy Ulf; —Jg1 Yb,‘[*IJq*—I ] )

Then, the second inequality in the above sequence of LMIs implies that VoYV +
VigYg Vi < F1 Y1 FY¥. Appealing to the argument in the proof of Theorem 19, there exists a
matrix X = [¥; X,] such that

: 1/2 12, 12¢ 1/2
SS¥<L, FYPE = VoY), and RS, = 1,Y,)

Then defining Yy, = Yfll/zleEf‘Y/,ll/z =0and Y, = Yfll/z(l -5z Y," =0, it is clear that the
triplet (Y, Y, Y.) is a 2-solution to the alternative LMIs (18), where Y, = diag(Yo, Y14, Y2
yee ey qu, Yfl,b): Y/, = diag(O, 0, Y[,z, Yb3, ey qu, Y[,l), and Y(, = diag(O, O, Ycz, YL.3, ey ch, Y(,l).
Following the same argument recursively, we can construct an N-solution for all N> 1. O

1/2

Remark 25

Following are some comments on the last result. Suppose the existence of an admissible
synthesis for an (%, g)-eventually periodic plant. If the matrices D;;, for i =0,1,...,7# — 1, have
each full column rank, then the condition By; = T;D5;; becomes trivial, and an admissible (%, g)-
eventually periodic synthesis exists. Also, the case where the finite horizon matrices Uj; have
each full column rank guarantees admissible (4, g)-eventually periodic syntheses.

8. CONCLUSIONS

The main contribution of this paper is a new theoretical insight for the analysis and synthesis ¢5-
induced control problems of eventually periodic systems. The paper shows that, for such
systems, the analysis and synthesis solutions can always be provided in terms of finite-
dimensional semidefinite programming problems. As there exists a vast literature on duality for
such problems, one can utilize various duality results such as theorems of alternatives to better
understand the control problem at hand and consequently give new results. In this respect, this
paper serves as a gateway for using semidefinite programming duality results in control
problems involving eventually periodic systems.

Specifically, we utilize herein a theorem of strong alternatives to give a new proof of an
existing analysis result, namely an important version of the KYP lemma for eventually periodic
systems, and further closely study the synthesis conditions for the ¢>-induced control of these
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systems. Based on this, we consider two special cases, where the synthesis if existent can always
be chosen to be of the same eventually periodic class as the plant.

APPENDIX A

Proof of Proposition 16
By the Schur complement formula, the condition X =0 is equivalent to

X120, XEU = XuX]) =0, Xn— XEX] X15520 (A1)

where X IT | denotes the Moore—Penrose inverse of Xj;. Since X =0, then there exists a matrix X
with full column rank equal to m such that X; = X *. Also, from the second inequality in (A1),
we have X2 = (X1 X])¥X12 = X1 X[ X1, = 2%, where I’ = X5 X[ 2. Finally, as X% X[, X1, =
IT*EE*)E0* = I'T*, the last inequality in (A1) can be rewritten as X» 3= I'T* and hence
there exists a matrix Q such that X, = I'T* + QO * O

Proof of Proposition 17

To start, for all x € Ker I'*, we have x*TEZ*x <x*I'T*x = 0; but since x*TE*x>0, then T*x =
0 and so x € Ker 2*. Hence, Ker I'* — Ker £* which is equivalent to saying that Im X < ImT.
Then, clearly I'TTE = %, where I'" denotes the Moore—Penrose inverse of I'. Setting Q = I''
and noticing that QQ* = I''SX*T'"* < 'TT*'* < T complete the proof. O

Proof of Theorem 22 (conclusion)
The proof of Theorem 22 provided in the main text took provisionally ‘constructing a 2-solution
from a 1-solution’ to be feasible. This is proved here.

Given a (1, g)-eventually periodic plant, we provide here the procedure for constructing a 2-
solution from a 1-solution to the alternative LMIs (18) in the case where Cy; = I, Dy1; = 0 for all
i=1,2,...,q. To start, consider the 1-solution (Y, Y}, Y.) to the alternative LMIs (18), where
these LMIs simplify in this case to the following:

ST, trace(H; Yy) + Y0, trace(W;Yp) =23 1 | trace(Y,)
Ui Yo foa =0

VieYroVio + Vig Yy Vi — Fr Y Ff Yo 0
YE —BiYnBl — Bi Yy BE ]
l VuYn Vi — R YpFS Yo 0
Y —By Y, BE |
Vl,t]fl Yf,qfl Vfi]*l - Fq quFq* Yc'q ] <0
Y ~Big 1Yo BE, ]
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The third LMI in the preceding sequence can be equivalently written as

E, Y*

cl

=0 (A2)
Ya E

where £, = F; Ylel* — Vo on Vl% — qu qu sz%o and E, = By Yb()B];% + qu Y;,qu*q>0. Let

0 = (BiYnBf)'* and 0, = (B, quB]*,,)l/2

then £, = ®1®fk + @2@2*. Assume the most general case where ®; and ®; are both non-zero
matrices; the special cases require simple proofs that the reader can easily deduce at this point.
By the previous assumption, £, is non-zero and so there exists a matrix ® with full column rank
such that E; = [@; @,][@, ©,]* = @®*. Then clearly there exists a matrix ® appropriately
partitioned as [@; ®;] in accordance with the partitioning of the matrix [@; ®;] such that
®O* = and O = [0, O,]; hence, OD; = O; and OD, = O,.

The inequality E; =0 is conveniently written as VoYV 5+ VigYy Vf‘;#Fl Y FE.
Then, following the same argument as that in the proof of Theorem 19, there exists a matrix
Y =[Z; X,] such that

SE*<L, R YPE = VoY)t and FiYPE, = 1,7,

Note that E; = QQ*, where Q= F| Y l/2(1 £3*)1/2. Applying Proposition 16 to inequality
(A2), there exist matrices Q and Q of approprlate dimensions such that
E, YX 00* Clely

Ya E

QO* Q0* + QO*

Clearly, QQ_*#QQ*, and hence, by Proposition 17, there exists a matrix ¥ such that YW*<7
and Q¥ = Q. Thus, Y., = Q¥O*.

Define A, A} and A; by A = YO = [YO; YD,] =[A; A;]; thatis, Aj = Y@, and A; = Y D,.
Note that AA* = YWP*<J. Also, define Q; = QA and Q, = QA,. The following are valid:
@)l@)fk ®IQ;"

Q0¥ QO* - 0,0F

0,0F ©,0F

=0 and
QZG);“ Qzﬁz*

70 (A3)

Note that the first inequality in (A3) is valid since QQ* — Q,QF = Q,QF. Going back to the
proof of Theorem 19, and setting I' in the said proof equal to A, we define the following
matrices:

Yiia = Yfl-l/z(zlsz + (I = ZZHV2(1 — AMAFYT - 22*)1/2)1/1-1/2%0

Yrip = Y225 + (I - S2%) P MA51 - 229 )y

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2005; 15:575-599
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where Yf1,a + Yfl,h = Yfl. Then, we have QQ* — QzQ;e = F1 Yfl,aFl* — V10 Yf() Vf%
OO = F Yy FfF — Vi, Yy, V. Thus, inequalities (A3) can be equivalently written as

and

[ Vio YoV — Fi Yy .FYF
Y*

cla

[ VigY Vi — Fi Yy Fy

%
Ycl,h

Ycl,a
w |
— B9 Ypo By
Yeau
% <0
—Bi4 ququ

where Y., = QIG);“ and Y., = Qz®§k. Notice that

Yo+ Yap =[Q QO 0:]* = QAD*O* = Y,

since A = P® and ®®* = I. Consequently, from the preceding, it is obvious that the following

LMIs hold:

trace(Ho Yyo) + trace(H; Yr14) + Y i, trace(H; Yy) + trace(H, Yr1,) + >0, trace(W;Yy;)
+trace((W1)(0)) =2 (trace(Yerq) + Yo, trace(Yy) + trace( Y1)

VioYpo Vil — Fi Y1 o FfF Yo .
Y:x;,a —Bio YbOBﬁ)
Vi YrndVis + Vi Yns Vi — B Y B Yo

<

Y3 —Bi Yy By — Bu(0)B;
ViaYp Vi — FsYpsFyf Y 0
Y3 —Bi2 Yy B
* *
Vig-1Yrg-1 Vl,qfl - I quFq Yoy
<0
Yf; —Bi 41 Yh,q—lek,q,l
VigY Vil — FiYppFf Yeip
<0
Y:;,h —Biy quBl*q

Thus, from the given 1-solution, we have constructed a 2-solution to the alternative LMIs (18),

namely the triplet (Y, Y, Y.), where Y, = diag(Yso, Y14 Y72, -

Y/717 R qua 0)’ and YC = dlag(07 YCl,as Y(’27 R Y(’(]a

Copyright © 2005 John Wiley & Sons, Ltd.

s Y Yrip), Y = diag(Yao,

Ycl,b)~ ]
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