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between such functions as # and # (the representative function agree-
ing with u on us; and approaching # in the norm) the proof runs as
follows:

From (23), there is, for any €¢>0, a 8, such that, for &<8,,
|lw—Ssu|| <e where we write Au=w, Sw=u. On multiplying
w = (w— S5 'u) by S; one has, from (24) ||Siw—ul| =||Ssw/|| = M'||w'||
< M'e which gives (25) and the scheme is convergent.

As in Part I, the converse follows from the Principle of Uniform
Boundedness.
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The problem of maximizing a concave function subject to linear
constraints does not have a dual, as is the case in linear programming,
in which primal optimizing variables do not appear. As a special case
of our principal result it will follow that such a dual does indeed
exist whenever the objective function is also homogeneous.

In the linear case we are given an mX#n matrix 4 and vectors
a © R*, b & Rm? The feasibility sets X and Y are defined by:
X=R"N{x|xA=<a}, Y=R.N{y| Ay=b}. Since x4 <a if and only
if xAy=<ay for all yER (and similarly for Ay=b), we may write:

X =RiN{x|xdy S¢(y) ally € Ry}

1 n -
Y = RN {y| x4y = ¢(x) allz & R}}
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2 Rm denotes the set of all real m-tuples. If », v & R™ then u <v means that the
inequality holds for each component. In particular, R} =R» M\ {x|x20}. If M is a
pXgq matrix and N is a ¢X¢ matrix then MN represents the usual matrix product.
To simplify notation, the same symbol is used for both a column vector and its
transpose; the meaning will, in any case, be clear from the context.
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where Y(y) =ay and ¢(x) =bx.
A fundamental theorem of linear programming (see, e.g., [3; 2])
states that if X and ¥ are both nonempty then

2) max ¢(x), min ¢¥(y) exist and are equal.
zeX yeY

We propose to demonstrate that (2) holds for another class of triples
(4, ¢, ¥).

AssuMPTION A;. Let ¢: R} —R, ¥: R} >R be positively homogene-
ous,® continuous, concave and convex respectively.

Let us first show that A; does not guarantee that (2) holds when
X and Y are nonempty. If m=2, n=1 and

0
=[]
1
¢(x) =¢(&, m) =&n/(E+n) (#(0)=0), ¥(y) =y then A, is satisfied and
X=RAN{E n)|2=1}, Y=R.N{y|y=1} are nonempty. Thus
mingey ¥(9) =1, but if =<1 then ¢(§, 7) <1, although sup.ex ¢(x) =1,
hence max,ex ¢(x) does not exist.

The situation just illustrated cannot occur if the following holds:

AssSUMPTION A..

(i) If x€R%, xA £0, ¢(x) =0 then x=0.

(i) If xERY, Ay=0, Y(y) £0 then y=0.

One sees immediately that (i) is violated in the preceding example,
for let x=(1, 0) then x4 =0 and ¢(x) =0. '

Before proving our main result, that if A; and A; hold then so does
(2), we require the following lemma which specializes to homogeneous
functions the well-known fact that a concave function is the infimum
of its supports. The proof is presented here for the sake of complete-
ness.

LEMMA. Let ¢ be as in assumption A,, consider

T=R"N{t|ixz ¢ ol € R},
then T is nonempty, and ¢(x) =inf,er tx, for all xS R,

ProoF. Let C= {(x,\)|xER%, AN<¢(x)} then Cis a closed convex
cone. Now if xoER%, €>0, then (xo, e+¢(x0)) € C, whence (see [2,
Theorem 1]) there exist € R™ and € R such that txo—a[e+¢(x0) ]
<0=Ztx—aN all (x, \)EC.

® A function f: C—R9, where CC R? is a cone, is positively homogeneous providing
FOx) =Mf(x) for all *& C and NER,.
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It then follows that >0, so that (dividing by &) we may assume
a=1, but then t&T. Reiterating, if xe€ERY, €>0 then 3tET such
that:

txo — € S ¢(wo) < 1o
giving the desired result. We are now able to prove:
THEOREM 1. If assumptions A, and A, hold then (2) holds.

Proor. Let
S=R'N{s|sysy@) aly€ER},
T=RN{t|txz¢(x) allzE€ R;}.

Then S and T are convex sets; now consider the system of inequal-
ities:

3)

*ER,yER,sES, IET,
s—xz4 >0,
4) —t+ Ay >0,
é(x) — ¥(y) > 0.
If (4) has a solution x, ¥, s, ¢ then
v(y) < ¢(x) < tx < x4y = sy S ¥(y)

which is a contradiction. Thus (see [1, Theorem 1]) there exist
%0 € R, y0 € R}, N € Ry, not all zero and such that (s — x4)ye
+xo(Ay—1t) +N[p(x) —¢(9) ] <0 for all xERY, yERY, sES, tET.
From the homogeneity and continuity of ¢ and ¢ it then follows that:

xAyo = N(x) allx € R:,
(5) %0dy < M(9) ally € R/,
Yo S 1% alse St T.

The last condition together with our lemma imply:
¥(30) = ¢(x0).

Now if A=0 then either x¢50 or y,70 and Ayo=0, %04 0. Sup-
pose %070, then by A, (i) we have ¢(xo) <0, whence ¥(y,) <0 and
9070, contradicting A (ii). Thus A>0 and, dividing all inequalities
by N\, we may assume A=1. This tells us that x©X, €Y and
b (x0) Sx0Ay0 SY(y0) SP(x0). So that if xEX, yE Y then
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(%) = xAyo < ¥(y0) = (o),
V(9 2 x0dy = ¢(x0) = ¥(30)

proving the theorem.

In case ¢ and ¥ are linear-homogeneous then it is true that
max.ex ¢(x) exists if and only if minyey Y(¥) exists, in which case
they are equal. As above, this statement is not true under assump-
tion A;; however, we show:

THEOREM 2. (I) If A, and A, (ii) kold and max.cx ¢(x) exists then
mingey Y(y) exists and the two are equal.

(I1) If Ay and A; (i) hold and minyey () exists then max,cx ¢(x)
exists and the two are equal.

We prove (1), the proof of (II) is similar. Suppose that xo&X and
¢(x0) =max,ecx ¢(x) then the system:

*ER,,sES
(6 s—x4>0,
o(x) — p(x0) > O,

has no solution. Thus (see [1, Theorem 1]) there exist y0&ER%,\E Ry,
not both zero and such that

syo — xAyo + No(®) — 6(x0)] £ 0  forallx € R}, s E S.
From the homogeneity of ¢ and our lemma it then follows that
xAyy = N(x) for all x € R},
¥(¥0) = Aé(x0).

Now if A=0 then ¥,50 and Ay,=0, ¥(¥,) <0 contradicting A,(ii).
It may then be assumed that A>0 and, in fact, that A=1 (replacing
90 by Ayo). Thus, from (7), o€ Y and for any y& Y we have:

Y(y0) = ¢(x0) = x0dy = ¥(y),

()

ie.,

¥(30) = min ¥(y) = ¢(x0).
vey
It should be remarked that if A; holds then (i) and (ii) of assumption
A, are equivalent to (i)’ and (ii)’ respectively of:
AssUMPTION Aj.
(1) 2y ER} DxAy>d(x) all xERT, x5%0.
(ii)’ 2xyE R} Dxedy <y (y) all yERY, y#0,.
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These in turn are equivalent to the familiar conditions that X, ¥
have nonempty interiors. To see, for instance, that (i) and (i)’ are
equivalent it suffices to show that (i) implies (i)’ since the implication
in the other direction is trivial. Assuming (i)’ false, the system

yE R, tET,

8
® Ay —t>0

has no solution, whence (see [1, Theorem 1]) there is an x € R%, x50,
and such that x4y =<tx for all y&R} and t&7T. Thus x4 <0 and
(using our lemma) ¢(x) =0, contradicting (i). To return to our re-
mark about maximizing a concave homogeneous and continuous
function ¢: RT—R, subject to the inequalities x=0 and x4 =a, the
dual is then: minimize ay subject to y& Y. Conditions (i) and (i1)’
become:

x E R_":, x#0, x4 £ 0, ¢(x) = 0 has no solution; and
% € R}, A < a has a solution; respectively.

Also, since y& Y providing ¥y =0 and Aygt for some support ¢ of ¢,
we may characterize Y by means of the gradient of ¢.
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