Duality violation in QCD Sum Rules with the LR correlator
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Abstract

We analyse the so-called violations of quark-hadron dgiliEinite Energy Sum Rules (FESRs) with the LR correla-
tor, through the study of the possible high-energy behadfithe LR spectral function, taking into account all known
short-distance constraints and the experimental tauydiata. In particular we show that the use of pinched weights
(PWs) allows to determine with high accuracy the dimensigraad eight contributions in the Operator-Product
Expansion(g = (—4.3'39) - 102 GeV andOs = (-7.2'¢2) - 10° GeV? [ 2].

1. Introduction in the chiral limit and so its OPE contains only power-

suppressed contributions from dimenstba 2k opera-
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QCD sum rules (QCDSRs)I[3, 4] have been widely used
during the last thirty years to study many important as-
pects of QCD. They constitute a very useful tool, that
enables us with a powerful connection between QCD
parameters and physical observables.

Here we will focus on QCD sum rules with the non-

strange LR correlatdi(g?) = Hfj%fﬁé(qz) defined by

Mg r(@) = | f d*x €% (O[T (Ly(0R/4(0))10) (1)
= (o'~ oP) Iy k(0P) + g q? T, o(P).

whereL! (x) = Ty*(1—ys)d andR; () = Uy* (1 +ys)d.

tors, starting atl = 6, as already indicated il(2).

Therefore the OPE of the correlator is dominated by
Os and Og, two quantities that have been determined
by several groups during the last decade with somewhat
contradictory results. Most of these works are based on
the use of QCDSRs with the LR correlator to extract the
value 0fOg g from hadronic tau data. Given that the data
used by these groups is the same, the discrepancies have
to come from the exact implementation of the QCDSR
and the estimation of the associated errors.

A QCD Sum Rule takes advantage of the analytic
properties of the correlator to relate its imaginary partin
the positive real axis (where hadrons lie) with its value

In the deep euclidean region, the correlator can be in the rest of the complex plane, where the OPE allows
calculated using the Operator-Product Expansion (OPE) us to calculate it in terms of quarks and gluons. We can

TIOPE(s) = Z Cak() (O20() _ Z Ox @

k=3 (-9 k=3 (=9’

where{Ox)(v) are vacuum expectation values of oper-
ators with dimensiord = 2k and Cx(v) their associ-
ated Wilson cofficients, that contain logarithmic de-
pendences with-s. This correlator is an interesting
object in the study of non-perturbative QCD because it
vanishes identically to all orders in perturbation theory
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write a general QCDSR for the LR correlator as

ds wW(s) TI°P(s) + DV[w, sg]
Isl=s0

= 2f2w(m?) + Resw(9) TI(9)], 3)

© 1
SmdS WS p(S) + 5=

wherep(s) = 7—{ ImII(s) is the LR non-strange spectral
function that has been measuredridecays|[5-7] (see
Fig.[) and w(s) is an arbitrary weight function that is
analytic in the whole complex plane except in the ori-
gin (where it can have poles). The r.h.s. contains the
pion-pole contribution and the residue at the origin for
negative-power weight functions/ 4, which is calcu-
lable with Chiral Perturbation Theory®T). The quark-
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Figure 1: Non-strange V-A spectral functigifs) = %ImHE%*\})_ A9

measured from hadronicdecays by ALEPH |5].

hadron duality violation (DV) comes from the break-
down of the OPE near the positive real axis [8], and
using analyticity it can be written in the form [9+12]

DVIW(S). o] = L " dsw(e p(9). (4)

that shows the DV as the part of the integral of the spec-

tral function that is not included in the sum rule.

2. Extracting L‘f;, Cg';, Ogs: FESRsand PWs

We will analyse the DV ffects in diferent QCDSR ex-

tractions ofL$! = —T1(0)/8, C&" = I'(0)/16, O and

Og, wherell(s) = TI(s) — 2f2/(s— m?). The first two

A more refined strategy makes use of the pinched-
weights (PWs), polynomial weights that vanishsat
S and are supposed to minimize the DV [[14] [16-19].
However Eq. [(1) shows that things are more subtle
[1,111,/12] and that it depends on the particular weight
used and on how fast the spectral function goes to zero.
In our particular case and avoiding the introduction of
unknown condensates of higher dimension, we have the
following PW sum rules:

N @(_22( 25\ _ jgcer gl
Lhds 21 SZ) 1+ Sz)_ 16C5) -6 . (9
= o9 s\ 7
. dsT(l—EZ) _—SL%—4§, (10)
SZdSp(s) (s-s)* = 212 + 0, (11)
Sth
Tdsp(9(s- )2 (5+28) =42 -0, (12)

Sth

where the DV contribution and the negligible terms pro-
portional to the pion mass have not been explicitly writ-
ten for the sake of brevity.

3. Estimating the quark-hadron duality violation

In Ref. [1] we have studied the DV from the perspective

guantities, that can be expressed in terms of Iow-energygiVen by Eq.[[%), using the parametrization

xPT constants| [13], are very well known, with good
agreement between thefldirent phenomenological and
theoretical determinations and the DV contribution is

p(s2s) = «ke’’sin@(s-s)). (13)

expected to be small. On an opposite situation we havefor the spectral function beyons, ~ 2.1 Ge\? and

Os s, that are defined in Ed.](2), especially @¢ where
the diferent works do not even agree in its sign. The
DV is much larger for these last two quantities.

finding the region in the 4-dimensional parameter space
that is compatible with the most recent experimental
data [5] and the following theoretical constraints: first

The simplest sum rules that can be used to extract and second Weinberg Sum Rules|[20] (WSRs) and the
their value are the FESRs obtained with the weights sum rule of Das et al.| [21] that gives the electromag-

w(s) = &", withn = -2, -1, 2, 3f1

% 1
. dsgp(s) = 16CH - DV[1/¥. 5], (5)
0 1 ot
. ds —Sp(S) = _8|—10 - DV[]./S, SO] 5 (6)
S
ds €p(s) = 2f’mt + O — DV[s?, %], (7)
Sth
S
dsSp(s) = 2f’mP - Og — DV[s®, %] . (8)

Sth

1We neglect here the logarithmic corrections to the Wilscefico
cients in the OPE. The associated error is expected to béesrien
other errors in the analysis, as was found e.g. in Refs| BY¥, 1

netic mass dierence of pionsASR). The parametriza-
tion (I3) emerges naturally in a resonance-based model
[9,122,123] and has been used recently to study viola-
tions of quark-hadron duality [11, 12,24,/ 25], although
without imposing the previously explained theoretical
constraints in the numerical analysis.

Performing a numerical scanning over the parameter
space £, v, 8, s;), we have generated a large number of
acceptable spectral functions, satisfying all conditjons
and have used them to extract the wanted hadronic pa-
rameters. Carrying out the integrals in E43.[{5-8) with
S — oo, one obtains the results summarized in Eig. 2,
which shows the statistical distribution of the calculated
parameters [1].
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Figure 2: Statistical distribution of values dlgf7f (upper-left), L%

(upper-right),O¢ (lower-left) andOg (lower-right) for the accepted

spectral functions, using the sum rulg$ (- (8). The patarsere
expressed in GeV to the corresponding power.

The corresponding numerical values are

Cl.10°GeV? = 817+ 0.12=817+0.24, (18)

LS .10° = -6.44+0.05=-6.4+0.1, (19)
O06-10°GeV® = -4.3%09 = -43*2] (20)
05-10°GeV?® = —7.2%32=_72*0% (21)

where the first and second results correspond to the 68%
and 95% probability regions respectively. The error in-
cludes both the DV and the experimental contributions.

4. Conclusionsand comparisons

Using a physically motivated model for the DV and
through a procedure detailed in Ref. [1], we have stud-
ied the possible high-energy behavior of the LR spectral
function, once the most recent experimental cata [5] and
the known theoretical constraints have been imposed.

In this way we have analyzed the error offdrent

From these distributions, one gets the final numbers standard and pinched-weight FESRs and we have ex-
(for the 68% probability region):

CS = (817+012)-10°GeV?, (14)
L56 = (-6.4670%%) 102, (15)
Os = (-5473}F)-10°GeV, (16)
O = (-8971%°)-107°Ge\®, (17)

where the error includes both the DV and the experi-

mental contributions.
In Ref. [2] we have applied the same procedure to compared in FigJ4 with previous determinatidns

study the PW sum rules, EqB] [93412), obtaining the re-

tracted the value of several hadronic parameters. Our
results for the low-energy constant§jLand G are

in excellent agreement with the precise determination
of Ref. [13]. We have determined the condensélgs
andOg using the PW sum rule§{lL1) arfd112), check-
ing that the PW succeeds in minimizing the errors and
concluding that the most recent experimental data pro-
vided by ALEPH, together with the theoretical con-
straints (WSRs an@SR), fix with accuracy the value

of Os and determine the sign @g. Our results are

It can be seen that our results agree with those

sults shown in Fig[l3. We can see that the histograms of Refs. [14, 17-19], based also on pinched weights,

are much more peaked around their central values thanRef. [30], based on the second duality point, and with
those obtained in Rel.|[1] with standard weights.
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Figure 3: Statistical distribution of values dlgf7f (upper-left), L%

(upper-right),O¢ (lower-left) andOg (lower-right) for the accepted
spectral functions, using the pinched-weight sum riles (83). The
parameters are expressed in GeV to the corresponding power.

Ref. [31] that follows a technique similar to ours. Our
analysis indicates that the DV error associated to the use
of the first duality point is very large and was grossly
underestimated in Refs. [27,/32]. In Refs.|[34, 36, 38]
the numerical values obtained at this first duality point
are supported through theoretical analyses based on the
so-called “minimal hadronic ansatz” or Padé approxi-
mants, but our results show that the first duality point
is very unstable when we change from the WSRs to the
Oesg sum rules, indicating that the systematic error of
these approachesis non-negligible. Essentially the same
can be said about Refs! [7,/29] where the last available
pointsy = m? was used.

Summarizing, our results agree within two standard
deviations with previous estimates@§ and they indi-
cate thaDys is also negative.

2In Fig.[4 we have taken into account that in thgdetermination
of Refs. [26] 2I7] there was a sign error, as was pointed ouéefn|R3].
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