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Dynamic Credit Investment in Partially Observed Markets
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Abstract We consider the problem of maximizing expected utility for a power investor who can allocate his
wealth in a stock, a defaultable security, and a money market account. The dynamics of these security prices are
governed by geometric Brownian motions modulated by a hidden continuous time finite state Markov chain. We
reduce the partially observed stochastic control problem to a complete observation risk sensitive control problem
via the filtered regime switching probabilities. We separate the latter into pre-default and post-default dynamic
optimization subproblems, and obtain two coupled Hamilton-Jacobi-Bellman (HJB) partial differential equations.
We prove existence and uniqueness of a globally bounded classical solution to each HJB equation, and give the
corresponding verification theorem. We provide a numerical analysis showing that the investor increases his holdings
in stock as the filter probability of being in high growth regimes increases, and decreases his credit risk exposure
when the filter probability of being in high default risk regimes gets larger.
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1 Introduction

Regime switching models constitute an appealing framework, stemming from their ability to capture the relevant
features of asset price dynamics, which behave differently depending on the specific phase of the business cycle in
place. In the context of continuous time utility maximization, some studies have considered observable regimes,
while others have accounted for the possibility that they are not directly visible. In the case of observable regimes,
Zariphopoulou (1992) considers an infinite horizon investment-consumption model where the agent can invest her
wealth in a stock and risk-free bond, with borrowing and stock short-selling constraints. In a similar regime switching
framework, Sotomayor and Cadenillas (2009) study the infinite horizon problem of a risk averse investor maximizing
regime dependent utility from terminal wealth and consumption. A different branch of literature has considered
the case when regimes are hidden and need to be estimated from publicly available market information. Nagai
and Runggaldier (2008) consider a finite horizon portfolio optimization problem, where a power investor allocates
his wealth across money market account and stocks, whose price dynamics follow a diffusion process modulated
by a hidden finite-state Markov process. Tamura and Watanabe (2011) extend the analysis to the case when the
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time horizon is infinite. Elliott and Siu (2011) study the optimal investment problem of an insurer when the model
uncertainty is governed by a hidden Markov chain. Siu (2013) considers optimal investment problems in general non-
Markovian hidden regime switching models. Sass and Haussmann (2004) consider a multi-stock market model, with
stochastic interest rates and drift modulated by a hidden Markov chain. Combining appropriate Malliavin calculus
and filtering results from hidden Markov models, they derive explicit representations of the optimal strategies. In
a series of two papers, Fujimoto et al. (2013a) and Fujimoto et al. (2013b) consider a regime switching framework
where logarithmic and power investors optimize their terminal utility by investing in stocks at random times due
to liquidity constraints.

The literature surveyed above has considered markets consisting of securities carrying market, but not default,
risk. In recent years, few studies have considered a portfolio optimization framework inclusive of defaultable se-
curities. Kraft and Steffensen (2005) study optimal portfolio problems with defaultable assets within a Black-Cox
framework. Kraft and Steffensen (2008) consider an investor who can allocate her wealth across multiple default-
able bonds, in a model where simultaneous defaults are allowed. In the same market model, Kraft and Steffensen
(2009) define default as the beginning of financial distress, and discuss contagion effects on prices of defaultable
bonds. Bielecki and Jang (2006) derive optimal investment strategies for a CRRA investor, allocating her wealth
among a defaultable bond, risk-free bank account, and a stock. Bo et al. (2010) consider a portfolio optimization
problem, where a logarithmic investor can choose a consumption rate, and invest her wealth across a defaultable
perpetual bond, a stock, and a money market account. Jiao and Pham (2013) combine duality theory and dynamic
programming to optimize the utility of a CRRA investor in a market consisting of a riskless bond and a stock
subject to counterparty risk. Optimal investment under contagion risk has been considered by Bo and Capponi
(2014), who construct an empirically motivated framework based on interacting intensity models, and analyze how
contagion effects impact optimal allocation decisions due to abrupt changes in prices. A related study by Jiao et
al. (2013) develop a portfolio framework where multiple default events can occur, and some of the securities may
still be traded after default.

The first attempt at using regime switching within a portfolio optimization framework consisting of defaultable
securities was done by Capponi and Figueroa-Lépez (2014). Such a modeling choice is also empirically supported
by a study of Giesecke et al. (2011), which identifies three credit regimes characterized by different levels of default
intensity and recovery rates, via a historical analysis of the corporate bond market. Capponi and Figueroa-Lopez
(2014) consider an investor trading in a stock and defaultable security, whose price dynamics are modulated by an
observable Markov chain. Using the HJB approach, they recover the optimal investment strategies as the unique
solution to a coupled system of partial differential equations.

The present paper considers the case where regimes are hidden, so that the power investor must decide on
the optimal allocation policy using only the observed market prices. This improves upon the realism of the model
in Capponi and Figueroa-Lépez (2014), given that in several circumstances market regimes such as inflation and
recession, or credit regimes characterized by high or low credit spreads, are typically unobserved to investors.
Moreover, the hidden regime feature requires a completely different analysis, and leads us to solving a partially
observed stochastic control problem, where regime information must be inferred from an enlarged market filtration.
The latter is composed both of a reference filtration generated by the observable security prices, and of a credit
filtration tracking the occurrence of the default event. To the best of our knowledge, ours represents the first study
in this direction.

We next describe our main contributions. First, by considering a portfolio optimization problem in a context of
partial information with possibility of default, we advance earlier literature which has so far considered either one
or the other aspect, but never both simultaneously. We construct an equivalent fully observed risk-sensitive control
problem, where the new state is given by the regime filtered probabilities, generalizing the approach of Nagai
and Runggaldier (2008) who do not deal with default event information. We use the filter probabilities to obtain
the Hamilton-Jacobi-Bellman (HJB) equation for the dynamic optimization problem, which we separate it into
coupled pre-default and post-default optimization subproblems. This is done using the projected filter process. We
remark that the decomposition of a global optimal investment problem into sub-control problems in a progressively
enlarged filtration has also been considered by Jiao et al. (2013) and Pham (2010). Their approach consists in first
defining the sub-control problems in the reference market filtration exclusive of default event information, and then
connecting them by assuming the existence of a conditional density on the default times, previously introduced in
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El Karoui et al. (2010). Despite few similarities between ours and their approach arising from the fact that both
consider a pre and post-default decomposition and solve backwards, there are also significant differences between
the two approaches. We consider the wealth dynamics under the enlarged market filtration inclusive of default
events and do not perform any pre-post default decomposition of the control problem at the level of the stochastic
differential equation. It is only after deriving the HJB partial differential equations that the decomposition into pre
and post-default PDEs naturally arises. Their approach instead exploits the exponential utility preference function
of the investor to reduce the optimal investment problem to solving a recursive system of backward stochastic
differential equations with respect to the default-free market filtration. A detailed analysis of these BSDEs including
the possibility of jump times driven by Brownian motion is provided in Kharroubi and Lim (2013).

Secondly, the presence of default risk makes the HJIB-PDE satisfied by the pre-default value function non-linear.
There are two sources of nonlinearity, namely quadratic growth of the gradient and exponential nonlinearity. We first
perform a suitable transformation yielding a parabolic PDE whose associated operator is linear in the gradient and
matrix of second derivatives, but nonlinear in the solution. We then provide a rigorous analysis of the transformed
PDE and prove the existence of a classical solution via a monotone iterative method. Since the nonlinear term
is only locally, but not globally, Lipschitz continuous because the derivative explodes at zero, we also need to
prove that the solution is bounded away from zero. In particular, we establish both a lower and upper bound for
the solution, and prove C%O‘ regularity. We then use this result to prove a verification theorem establishing the
correspondence between the solution to the PDE and the value function of the control problem. The proof of the
theorem requires the development of a number of technical results, such as the guaranteed positivity of the filtering
process. By contrast, the HIB-PDE corresponding to the post-default optimization problem can be linearized using
a similar transformation to the one adopted by Nagai and Runggaldier (2008), and a unique classical solution can
be guaranteed as shown, for instance, in Tamura and Watanabe (2011).

Thirdly, we provide a thorough comparative statics analysis to illustrate the impact of partial information on
the optimal allocation decisions. We consider a square root investor and a two-states Markov chain. We find that
the fraction of wealth invested in the stock increases as the filter probability of being in the regime with the
highest growth rate increases. In order to be hedged against default, the investor shorts a higher number of units of
defaultable security if the filter probability of staying in the highest default risk regime increases. Vice versa, when
the probability of being in the safest regime increases, the investor increases his exposure to credit risk by shorting
smaller amount of units of the defaultable security. If the regime is characterized by a sufficiently low level of default
intensity, the square root investor may even go long credit, and purchase units of the defaultable security. We find
that lower values of price volatility induce the investor to increase the fraction of wealth invested in the risky
asset. More specifically, if the stock volatility is low, the filter gain coming from received observations is higher
and the investor purchases increasingly more units as the stock volatility decreases. Similarly, for a sufficiently
high probability of being in the high default risk regime, the investor shorts increasingly larger number of units
of defaultable security as the volatility of the latter decreases. This reflects the risk averse nature of the investor,
who wants to reduce his credit risk exposure more if the filter estimate becomes more accurate due to the higher
informational gain from price observations. We also find that as observations become less informative due to higher
price volatilities, the investor deposits a significant fraction of his wealth in the money market account. All this
suggests that partial information tends to push the investor towards strategies reducing both market and credit
risk exposure.

The rest of the paper is organized as follows. Section 2 defines the market model. Section 3 sets up the utility
maximization problem. Section 4 derives the HJB equations corresponding to the risk sensitive control problem.
Section 5 analyzes the solutions of the HJB-PDE equations. Section 6 develops a numerical analysis. Section 7
summarizes our main conclusions. Finally, two appendices present the main proofs of the paper.

2 The Market Model

Assume (£2,G,G,P) is a complete filtered probability space, where P is the historical probability measure, G :=
(Gi)i>0 is an enlarged filtration given by G, := F;, V H;, where (H;), is a filtration to be introduced below. We
take the right continuous version of G, i.e. G; is the smallest right-continuous filtration containing F and H, with
Gt = oo (Frae V Hiye) (see also Belanger et al. (2004)).
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Here, F := (F;): is a suitable filtration supporting a two dimensional Brownian motion W; = (Wt(l), Wt(Q))T,
where T denotes the transpose. We also assume that the hidden states of the economy are modeled by a finite-
state continuous-time Markov chain X := {X;};>0, which is adapted to G and assumed to be independent of
W := {W;}i>0. Without loss of generality, the state space is identified by the set of unit vectors {e1,ez,...,en},
where e; = (0,...,1, ...0)-r € RY. The following semi-martingale representation is well-known (cf. Elliott et al.

(1994)):
X, = Xo+ / A(s) T Xods + o(t), (2.1)
0

where p(t) = (¢1(t),...,n(t)) " is a RN -valued martingale under P, and A(t) := [w; ;(¢)]i j=1,.. ~ is the so-called
generator of the Markov process. Specifically, denoting p; ;(t,s) := P(Xs = e;|X; = €;), for s > ¢, and §; ; = 1,—;,

we have that
pij(t,t+h)—di;.

Wi, j (t) = lim

h—0 h ’
cf. Bielecki and Rutkowski (2001). In particular, w;;(t) = —3_,; @; ;(t). The following mild condition is also
imposed:
sup max w; ;(t) < o0. (2.2)
>0 i

We denote by p° = (p>1,...,p>") the initial distribution on the Markov chain and, throughout the paper, assume
that p>? > 0.

We consider a frictionless financial market consisting of three instruments: a risk-free bank account, a defaultable
security, and a stock.

Risk-free bank account. The instantaneous market interest rate is assumed to be constant. The dynamics of
the price process {B;}, which describes the risk-free bank account, is given by

dBt = TBtdt7 BO =1. (23)

Stock Security. We assume that the appreciation rate {u:} of the stock depends on the economic regime X; in
the following way:

Mt = <:u7 Xt> )

where p = (p1, po, ..., 1un) is a vector with constant components denoting the values of the drift associated to
the different economic regimes and where (-,-) denotes the standard inner product in RY. Under the historical
measure, the stock dynamics is given by

dS; = Sedt + oS, dW 1, 5y = s°. (2.4)

Defaultable Security. Before defining the vulnerable security considered in the present paper, we need to intro-
duce the default process. Let 7 be a nonnegative random variable, defined on (£2,G,P), representing the default
time of the counterparty selling the security. Let H; = o(H, : u < t) be the filtration generated by the default
process H; := 1,<;. We use the canonical construction of the default time 7 in terms of a given hazard process.
The latter is defined by I := —In (1 — EF [Ht|]-'t}) (see also definition 9.2.1 in Bielecki and Rutkowski (2001)),
and postulated to have absolutely continuous sample paths with respect to the Lebesgue measure on R*. In other
words, it is assumed to admit the integral representation

t
Ft:/ hudu
0

for a F progressively measurable, nonnegative stochastic process {h;}+>0, with integrable sample paths. The process
hy is referred to as the F-hazard rate of 7, and will be specified later. We next give the details of the construction
of the random time 7. We assume the existence of an exponential random variable x defined on the probability
space (£2,G,P), independent of the process (X:);. We define 7 by setting

t
7 :=inf {t eERT: /0 hydu > X} ) (2.5)
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where we follow the convention inf () = +o0. It can be proven (see Bielecki and Rutkowski (2001), Section 6.5 for
details) that

t tAT
ft = Ht — / Hu* hudu = Ht - / hudu, (26)
0 0

is a G-martingale under P, where H, := 1 — H, and H,- := lim gy, H, = 1;>,. Intuitively, Eq. (2.6) says that
the single jump process needs to be compensated for default, prior to the occurrence of the event. As with the
appreciation rate, we assume that the process h is driven by the hidden Markov chain as follows:

hi == (h, X¢),
where h = (hy,...,hy) € (0,00)" denotes the possible values that the default rate process can take depending on
the economic regime in place. We model the pre-default dynamics of the defaultable security as
dP,
P
where P° € Ry and a : Ry X {e1,...,ey} — R, is a deterministic function. After default the security becomes
worthless, i.e. P, := 0 for any ¢t > 7 and, thus, {P,};>¢ follows the dynamics:

=a(t,X)dt +vdW?,  (t<7), Py=P°, (2.7)

AP, = P, (a(t, Xy)dt + vdw? — dHt) . (2.8)

For future reference, we also impose the following mild technical assumption:
T
/ a®(t,e;)dt < oo, forany T >0andic {1,...,N}. (2.9)
0

Remark 2.1 As usual when dealing with hidden Markov models the volatility components are assumed to be con-
stant, see for instance Nagai and Runggaldier (2008). If o and v were not constant but consisting of distinct com-
ponents depending on X, then the Markov chain {X,};>o would become observable. This is because the quadratic
variation of X; would converge almost surely to the integrated volatility, see McKean (1965). Consequently, by in-
version, the regime in place at time ¢t would become known. Further, we notice that the choice of constant volatility
might also provide a fairly good fit to market data when calibrating the hidden regime switching model to market
prices. This has been empirically shown by Liechty and Roberts (2001) on data from the New York Merchantile
stock exchange using Markov chain Monte-Carlo methods.

Remark 2.2 The specification given in (2.7) captures several relevant market models which have been considered
in the literature:

1. First, the model (2.7) may be specialized to capture the pre-default dynamics of a defaultable stock. The latter
is a widely used instrument in hybrid models of equity and credit. For instance, Linetsky (2006) and Carr et
al. (2010) model the pre-bankruptcy risk-neutral dynamics of a defaultable stock as

dSt = (7“ + ht)Stdt + ’UStth,

where {W;};>0 is a Brownian driver and {h;};>¢ is a stochastic (adapted) default intensity process. Clearly,
such a specification is a special instance of (2.7), where we set a(t, X;) = r + h(X}). The addition of the hazard
rate in the drift ensures that the discounted stock price process is a martingale.

2. Secondly, the dynamics in Eq. (2.7) may be used to model the time evolution of prices of credit sensitive se-
curities when an additive type of “microstructure or market-friction” noise is taken into account. In general,
secondary market investors only observe market quotes for traded credit derivatives, such as spreads, at discrete
points in time, e.g., at times t, = kA, k = 0,..., N, for a certain fixed time mesh A > 0. The corresponding
observed yield spreads z;, are then often modeled as z;, = ay, (tg, Xt ) + €k, with an i.i.d. sequence (), inde-
pendent of X, capturing microstructure noise due to illiquidity, transaction costs, or transmission “errors”. In
that case, a(tg, X3, ) represents the underlying unobserved yield spread which follows an efficient arbitrage-free
model of choice. Frey and Runggaldier (2011) argue that as the interarrival time ¢ — t;_1 between consecu-
tive observations gets smaller, the cumulative log return process z; := log (P;/FPy) of the defaultable security
converges, in law, to

¢
/ a(s, Xs)ds + th(Q). (2.10)
0

Again, the dynamics of (2.10) is in the form of our dynamics (2.7).
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For future convenience, we introduce the two-dimensional observed pre-default log-price process Y; = (log(S;), log(P;)) T,
whose dynamics is given by

dY, = 9(t, Xp)dt + Xy dWy, (2.11)
where
o0 o? v? T o? v? T
Yy = (0 v) ) I(t, Xt) == |pe — ?ﬂ(t’Xt) - 2} = |:<Ma Xi) — 7»a(t,Xt) 5| (2.12)

We also define two subfiltrations of G, namely, the market filtration G := (G/);>o where
gt’ = ]-"tl V Hy, ]-}I = 0(Sy, Pu;u < t),
and the subfiltration F¥X := (F;X);>0, generated by the Markov chain (X;);:
.7:,5X =o(Xy;u <t).

Therefore, we may also write G; = F;X V G{. From this, it is evident that while (X;);>0 is (G¢)¢>0 adapted, it is not
(G])i>0 adapted.

3 The Utility Maximization Problem

We consider an investor who wants to maximize her expected final utility during a trading period [0,7T], by
dynamically allocating her financial wealth into (1) the risk-free bank account, (2) the stock, and (3) the defaultable
security, as defined in the previous section. Let us denote by v2 the number of shares of the risk-free bank account
that the investor buys (vf > 0) or sells (v2 < 0) at time ¢. Similarly, v and v} denote the investor’s portfolio
positions in the stock and defaultable security at time ¢, respectively. The process v := {(vZ, v, vF) }1>0 is called
a portfolio process. We denote V;(v) the wealth of the portfolio process v = (v2, 1%, 1) at time ¢, i.e.

Vi(v) = VtBBt + VtSSt + VtP]-T>tPt-

We require the processes v, v, and v’ to be G-predictable. The investor does not have intermediate consumption
nor capital income to support her trading of financial assets and, hence, we also assume the following self-financing

condition:
dVi = vPdB; +v7dS; + vP1,5.dP;.
Let
B S P
B._ ViBi s._ VS p_ Db
Ty =, Wy =0, T = —=1;54, 3.1
t V,_ (V) t V,_ (l/) t V;E—(V) >t ( )

if V;_(v) > 0, while 72 = 1]’ = 77 = 0 when V;_(v) = 0. The vector 7; := (72,77, 7)), called a trading strategy,
represents the corresponding fractions of wealth invested in each asset at time ¢. Note that if 7 := (7;); is admissible
(the precise definition will be given later), then the dynamics of the resulting wealth process in terms of 7 can be
written as

P05 pdn ) 5

dVy = V- {ﬂ't EJrﬂ't S, g 7,
under the convention that 0/0 = 0. The latter convention is needed to deal with the case when default has occurred
(t > 7), so that P,=0 and we have 7/ = 0. Using that 7 + 7F 4+ 7% = 1, and the corresponding dynamics of By,

S; and P, we can further rewrite the dynamics (3.2) as

dv;”
T = rdt + 75 (e —r)dt + 7 oedW Y + xF (at, X)) — r)dt + 7PvdW P, VI =, (3.3)
fl
for a given initial budget v € (0,00). Above, we use m; := (77, 7L)T to denote the time-t investment strategy

only consisting of positions on the stock and defaultable security, and write V™ to emphasize the dependence of
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the wealth process on the strategy m. The objective of the power investor is then to choose 7 = (7%, 7F)T so to
maximize the expected utility from terminal wealth

Jw,m,T) = %E (v, (3.4)

for a given fixed value of v € (0,1). By Itd’s formula and Eq. (3.3), we readily obtain that V;” := (V;*)” follows the
dynamics

avy =4V {rdt + 78 (e —r)dt + 7SodW D + xF (a(t, X)) — 7) dt + wFvdW, P

1
3= OV, (2 0%t + (nf o]
Next, recalling that W, := (Wt(l), Wt(g))T, 7 = (m,mF) T, and the definition of Xy given in (2.12), we may rewrite
the above SDE as

dvy =V [—(t, Xs, mp)dt + ym) Dy dW,], (3.5)

where
1 -
n(t, X, m) = —r + 70 (r — (u, X)) +7f (r — a(t, X)) + TWWIE;Eyﬂt. (3.6)

It is then clear that the solution to the stochastic differential equation (3.5) with initial condition Vy = v is given

by
2

t t T
V] = v7exp <fy/ 7 Sy dW, — 7/ n(s, Xs,ms)ds — %/ W:Eyl’;ﬂsds>. (3.7)
0 0 0

From Eq. (3.4) and (3.7), we can see that we need to solve a maximization problem with partial information since
the regime X; is not directly observable and investment strategies can only be based on past information of security
prices. Our approach is to transform it into a fully observed risk sensitive control problem. Such a reduction is
accomplished through two main steps. First, in Section 3.1 we show equivalence to a complete observation control
problem with finite dimensional Markovian state. Then, in Section 3.2 we transform the complete observation

control problem into a risk-sensitive stochastic control problem.

3.1 An Equivalent Formulation as a Complete Observation Control Problem

The objective of this section is to show how the partially observed control problem in (3.4) may be reduced to a
complete observation control problem. This is accomplished by showing that the criterion (3.4) may be equivalently
rewritten as an expectation, taken with respect to a suitably chosen probability measure, of an exponential function
of the (observable) regime filtered probabilities. Next, we start developing the change to the new measure, chosen
so that the underlying chain (X;); becomes independent of the investor filtration G under such a measure. First,
we introduce some needed notation and terminology. Given two semimartingales L and M, we denote by [L] and
[L, M] the quadratic variation of L and the quadratic covariation of L and M, respectively. We also denote the
stochastic exponential of L by £(L). If L is of the form L; = fg 01 dY;, where Yy is a Re-valued continuous Ito
process, and {6;}s>0 is G predictable, then

t t
E(L) = exp < / 0, dy, — % / 0, eud[y]u) : (3.8)
0 0

If Z is of the form Z; = fg 1sd€s, where &, has been defined in (2.6), and {ts}s>0 is G-predictable, with ¢ > —1,
then

t tAT
E(Z) = exp (/ log(1 + t5)dHs — / Lshsd5> . (3.9)
0 0

It is well known (see Bielecki and Rutkowski (2001), Section 4.3) that R, := &/(L)&(Z) follows the SDE

Ro—1+ / Ro_ (07 dY, + 1ade.). (3.10)
(0,¢]
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We now proceed to introduce the new measure P on (£2,G). Such a measure is defined in terms of its density
process as follows:

dP
dP

| -
g ( / —ﬂ(s,XJE;ldWs) et < e dfs) — Ve, (3.11)
Gt 0 0 E

In particular, using Eqs. (3.8) and (3.9), pgl) and p§2) above are given by

t 1 T
Pt = exp (-/ ﬂ(s,XS)TE;ldWS—i/ 9T (Zy 2y) (s, X, )ds |
0 0

t tAT tAT
pt?) = exp </ log(hy,~)dH, — / (1- hu)du) =M= exp (/ (1- hu)dU) :
0 0 0

Moreover, from Eq. (3.10), the density process p; = pgl) pﬁ” admits the following representation

t 1 _ B
pr =1 +/ Ps— (—ﬁ(s,XS)TZYIdWS + hh‘“dgs) . (3.12)
0 s~

In order to show that P is well-defined, one must verify that EF (p7) = 1. To this end, we use a general version
of Novikov’s condition, as proved in Protter and Shimbo (2008) (see Theorem 9 therein), which states that the
stochastic exponential £(M) of a locally square integrable martingale M is a martingale on [0, T if

EP [e%<MC,MC>T+<Md,Md>T] < o0, (3.13)

where M¢ and M? are the continuous and purely discontinuous martingale parts of M. Here, (M¢, M “)p and
<M ¢ M d>T denote the compensators of the quadratic variations of M¢ and M9 at time T, respectively (see
Protter (2004), Page 70). From (3.12), p; = & (M) with

1—h,

t t
M, = _/ (s, X)Xy AW, +/ d,.
0 0

S

Therefore, we have
T
(M€, M€y, = / 97 (s, Xs)(Zy Dy ) 1I(s, Xs)ds,
0

(M4, M%), = /OT {“;W} Hyds.

Clearly, (M€, M¢),. is bounded in view of the condition (2.9). It remains to prove that (M?, Md>T is also bounded.

We have
d d T 1 [ r 1 h d
M M = — — 2| Hyds < — .
< , >T /0 (hs + hg ) <ds _/0 (hs + 5) s

Since h; > 0 for all i € {1,..., N} and hs = (h, X;), we obtain that

ie{1,...,N} \ h;

max (1 + hz> < C,

for some constant C' > 0. Thus, we conclude that (M?, M%), is also bounded.

Under the probability measure P, by Girsanov’s theorem (see, e.g., Bielecki and Rutkowski (2001), Section 5.3),
we have that

t
Wt:Wt+/ 2o0(s, X, )ds
0

is a Brownian motion, and

R tAT tAT t
0 0 0
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is a G/-martingale. Note also that, from Eq. (2.11), the observed pre-default log-price process Y; = (log(S;), log(P;))"
possesses the dynamics dY; = Xy dW; under P. Furthermore, the inverse density process,

dpP

Ut = —=
dP|g,

Oy @

can be written as U; = U; , where

t 1 t _
UM = exp (/ 0(s, X)) ZytdW, + 5/ 0" (Sy 2y) 119(3,Xs)ds)
0 0

tAT .
UP = 0 exp (/ (1— hu)du) =& (/ (hy- — 1)dés> .
0 0

Using the previous probability measure P together with the representation (3.7), Eq. (3.4) may be rewritten as

EEP Vo] = EE@ [e—»yfoT 5, X ms)ds+y [ 7] Sy dWe—24 fT § Sy Sy madsy), ]
Y
Y o oA
= LB [L,], (3.15)
~
where
. t
L :=¢& </ Q(S,XS,WS)TEyde> Ut(g) exp <7/ s, X, ms)d > (3.16)
0 0
S 1 o2 1 02 A\
Qs enms) i= Sy 5T) (s, e b oms = (o5 (mi= 5 ) 477 5 (alte) = 5 ) +oml) o @17)

Next, we proceed to give the filter probabilities and some useful related relationships, for which we first need
to introduce some notation. Throughout, the unit N-simplex in R¥ is denoted by

Ay ={@".d....dV): d'+d®+...d"=1,d" >0,i=1,...,N}.

Let g : D — R, where D = D; x {ej,...,en} X Dy, with D; and Dy arbitrary, possibly empty, domains. The
mapping §: D1 X Ay_1 X Dy — R is defined as

N
g(yad7 Z) = Zg(yveiaz)dly (318)
i=1
for each y € Dy, d € Ay_1, and z € D,. Similarly, given a vector [ = (I1,...,ly) € RY, we define the associated

mapping [ An_1 — Ras
N
)= lid". (3.19)
i=1
Throughout, the filter probability that the regime X; is e; at time ¢, conditional on the filtration G/, is denoted by
P =P (X, = ei|G), i=1,...,N. (3.20)
In particular, note the following useful relationships in terms of the transformations introduced in Eqs. (3.18)-(3.19):

EF [g(y, X¢,2)|G]] = 4(y, 1, 2),  EF [(1,X4)|GF] = (pe), (3.21)

where hereafter p; := (p},...,pYN)T. We then have the following fundamental result, proven in Frey and Schmidt
(2012):



10 Agostino Capponi et al.

Proposition 3.1 (Proposition 3.6 in Frey and Schmidt (2012)) The normalized filter probabilities p; :=
(pt,...,pN)T are governed by the SDE

dp}, = Zw i(Opfdt +pi(9(t,e)" = I(t,p) ") (Sy Dy) T (dY: — D(t, pr)dt)
=1

Ry — hip,- . _
I ) (dHt - h(ptf)Htfdt), (3.22)
h(p:-)

with initial condition pé = p°7i,
Note that since A(p;) > min;{h;} > 0, there is no singularity arising in the filtering equation (3.22). We remark
that Frey and Runggaldier (2010), Section 4.1, also consider filter equations for finite-state Markov chains in the
presence of multiple default events. However, they provide the dynamics of the unnormalized filter probabilities
using a Zakai-type SDE, and then construct an algorithm to compute the filter probabilities.

Remark 3.2 Uniqueness of a strong solution to the system (3.22) was also established in Frey and Schmidt (2012)
(see the discussion following Eqs. (A2)-(A-3) therein), building on results of Kliemann et al. (1990).

We are now ready to give the main result of this section. Define

Ly=¢& ( / Q(s,ps,ws)%dm> & ( / (h(ps-) — 1)dés) e~ Jo Aspasma)ds (3.23)
0 0

where, using the notation (3.18) and recalling the definitions of 7 and @ given in Egs. (3.6) and (3.17), respectively,

i A 1-
Aty pe, i) = Zntem =1+ (r— i(pe) + i (r—alt,pe)) + 27(02(wf)2+v2(ﬂf)2)

. 1 o? ¢ 1 /. e A\
Q(t, pe,m) = ZQ (t, €5 me)p; = fi(pe) — o ) T s a(t,pe) — o> )t )

Using the definitions of the stochastic exponentials given in (3.8) and (3.9), it follows from a direct application of
It6’s formula that

dLy = Ly~ (Q(f,pt, ™) " dYy + (h(pi-) — 1)dét) — ii(t, pe, ) Ledt. (3.24)

Then, we have the following crucial result, whose proof is reported in Appendix A.

Proposition 3.3 It holds that
R N
J(v, 7w, T) = %EP [LT] . (3.25)

The representation in (3.25) establishes the correspondence between the original partially observed control problem
(criterion (3.4) depending on the hidden state X;) and a complete observation control problem (criterion (3.25)
depending on the observed (filter) probabilities p;).

3.2 The Risk-Sensitive Control Problem

The objective of this section is to show how the complete observation control problem (3.25) may be reduced
to a risk-sensitive stochastic control problem. Such a representation proves to be useful for analyzing the control
problem via the HJB approach in the next section. The reduction is obtained building on the approach of Nagai
and Runggaldier (2008) who do not consider the defaultable security. Next, we develop the change to the new
measure ]P’ so to write the criterion (3.25) in the risk sensitive form. The measure change from P to P is defined
via its Radon-Nikodym density as follows:

=g ( | Q<s,ps,ws>szdm) £, ( | i) - 1>dés> . (3.26)

dP
dP
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Note that the probability measure P depends, through (;, on the strategy m;. Hence, in order for Ptobea probability
measure, we need to require that the set of admissible strategies satisfies the condition

EF [¢r] = EF [prér] = 1. (3.27)

In order to impose (3.27), we again use the general Novikov’s condition (3.13). In this case, it is easy to check
PtCt = gt(M) with

‘ }Al(ps*) — s

t
N h._
M; = / (Q(57p377rs)TEY - ﬂ(S,Xs)TE;1> AW, +/ h dgs,
0 0 Che

and, thus,

T T
<MC7MC>T S 2/ QTZYE;/I—QA(SvszTS)dS + 2/ ﬂT(ZYZY)ilﬁ(S’XS)dS
0 0

TAT iL(p ) —h 2
(M4 MY, :/ =] hsds.
0 s

The second term in the expression of (M€, M¢), is uniformly bounded in view of the condition (2.9), while
(M9, Md>T is also bounded since the integrand therein is bounded by 2max;{h?}/min,;{h;}. Therefore, we only

need to require that EF [e% Io QTZ"E;Q(S”’S’“S)“] < o0, for which it suffices that 7 = (7°,7F)T meets the

integrability condition:

2

EP [e" 2 ) (75) s [ (=7 )zds} < co. (3.28)

Once we have established conditions for the validity of the probability transformation (3.26), we can then apply
Girsanov’s theorem (cf. Bielecki and Rutkowski (2001)) to conclude that

t
Wt = Wt */ Z;Q(Svpsa7r5>d5
0
is a G!-Brownian motion under ﬁ’, while
- R tAT R tAT R t R B
E=6- [ (tp)-Das=Hi— [ hip)ds =t~ [ hp)H, ds (3.29)
0 0 0
is a G! martingale under P. It then follows immediately that
AR VY B [y [T A )d
J(v,m,T) = —E [LTCT } =—E [6 Vo TSP T S} , (3.30)
Y Y
where the dynamics of pi in Eq. (3.22) may be rewritten under the measure P as
dpi = pi (19(t, ei)T — ﬁ(t,pt)T) E;lth

N A

. . hy — h(p,) ~

+ ( E @i (£)p) + 1P} (79(@ i) — ﬁ(t»Pt)T) Wt) dt + pi- 7}}( (p)t )dgtv t>0. (3.31)
=1 Di-

Hence, the overall conclusion is that the original problem is reduced to a risk sensitive control problem of the form:

% - )
sup J(v;m;T) = v sup EF [6_7 Js "(s’ps’”S)ds} , (3.32)
™ Y

us

where the maximization is done across suitable strategies (m;):. We shall specify later on the precise class of trading
strategies m on which the portfolio optimization problem is defined.
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Remark 3.4 As customary with Markovian optimal control problems, we will solve the risk-sensitive control problem
starting at time ¢ = 0 by embedding it into a dynamical control problem starting at any time ¢ € [0, T]. Roughly
speaking, the latter problem can be seen as the original problem (3.32) but starting at time ¢ € (0, 7] instead of 0.
In order to formally define the dynamical problem, we consider a family of SDEs indexed by ¢ of the form:

dp’;’i = pg’i (19(5, ei)—r — @(s,pé)—r> Z;IdWN/;

N t t,i ~ ¢ h: ( )
+ (; @i (s)pl" + 0! (ﬁ(s,ez—)T _ ﬂ(s,ps)T) > ds +p. ,Ts)dg s € (t,T], (3.33)

with initial condition pl'* = p°, defined on a suitable space (£2,G*,G!,P*), equipped with a Wiener process
Wt},s, starting at ¢ and, an mdependent, one-point counting process {H’},~; such that H} = z° € {0,1} and
sts= sfs= t

S
& 1l — / WPl _du, s> t, (3.34)
¢
is a Pl-martingale. Hereafter, the construction of the process {p’}ocpz = {(0L% ..., ™) bacpn) is carried out

in a similar way as the construction of the solution to (3.31). Concretely, start defining the process {p’}s>0 1=

{4, ..., pbN) T s>0 via the representation (3.20), which, analogously to {ps}s>o follows the SDE (3.22), is the

solution of a system of SDE’s of the form:

N
dpt’ = 3 wea()phtds + ol (9(s,e0)T = D, p) TN (Zy Z) 7 (A = (s, pl)ds )

ti hz‘—il(pt )

+pit T (dHY — h(pt_)H!_ds), s>t 3.35
v h(pz)(s (vt )H-ds) (3.35)

on a probability space (£2¢,Gt, G, Pt). Here, Y := (log(S%),1og(P)) T, s > t, with {St}s>¢ and {P!}.>; defined
analogously to (2.4) and (2.8):

dSt = (u, X!) Stds + oSLdwt), s>t Sl =s°,
P! = Pt (a(&Xg)ds + vdW D — dﬂg) , s>t Pl=P°

The hidden Markov chain {X!},>; has initial distribution p/* = P! (X! =¢;) = p>¢ and generator A(s) :=
[@i,;(5)]i,j=1,...n, s > t. Once we have defined the process {p}s>¢, we proceed to define P' in terms of a suitable
trading btrategy {7r Veeprr) = {755, 757) T} eerr.r) analogously to P, and processes {W'},s; and {€!},>; analo-
gously to W and f so that, under IP’t the process p! = (p*!,...,ptN)T satisfies (3.33). Note that the existence
of the measure transformation P! and, hence, of the solution to the SDE (3.33) is guaranteed provided that m*

satisfies the analogous of (3.28):

t o242 t w242 t
BP' |55 S (%) st g [T (n7)ds | o o (3.36)

4 HJB formulation

This section is devoted to formulating the HJB equation. Given that the filter probability process ps = (pl,...,p)
is degenerate in RV, we consider the projected N — 1 dimensional process

foy ~N— I)T .

Ps = (B, ) AR

= (pi7"'7ps

)

as opposed to the actual filtering process. Next, we rewrite the problem (3.30) in terms of the above process, which

now lies in the space
An_1 = {(dl,...,dN_l) < dt +...+dN—1 <1, di > 0}7

in view of the Lemma B.1 below. Let us start with some notation needed to write the SDE of p in matrix
form. First, similarly to (3.18) and (3.19), given a vector I = (I1,...,Ixy) € RV and a function g : D — R,
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where D = D; x {e1,...,en} X Dy, with D; and D, arbitrary, possibly empty domains, define the mappings
g:D1 x Any_1 x Dy ->Rand l: Ay_1 — R as follows:

N-1 N-1
9(,d,2) = gly,en,2) + Y 9y, €i2) — gy en, 2)d', 1) =1y + Y [l — In]d’, (4.1)
i=1 i=1
for d = (d*,...,d¥"1) € Ay_1 and y € Dy, z € D,. The following relationships are useful in what follows. For
y € D1,z € Dy,
9.0 2) =3, pe2), Lp) = 15y). (4.2)

Throughout, the projection of a vector I = (I1,...,Ix) on the first N — 1 coordinates is denoted by I =
(Iy,...,IN71). Similarly, for a given matrix B, we use B’ to denote the projection on the submatrix consisting
of the first N — 1 columns. Hence,

I(t) = (ﬁ(t,el),...,ﬂ(t,e]v_l)):( (Ml—";;Q N = )

a(t,er) — %, ... ,a(t,en—1) — %

We use Diag(b) to denote the diagonal matrix, whose i** diagonal element is the i*" component of the vector b.
Further, let S, (t,pt) be the (N — 1) x 1 vector defined by

-
N-1 N-1
B (t,pr) = (wN,l(t) + > @) —@na Ot - wr N () + Y [wen-(t) - wMN—l(ﬂ]ﬁf) - (43)
=1 =1
Finally, we also use 1 to denote the NV — 1 dimensional column vector whose entries are all ones.
In what follows, we work with the collection of processes {p }i<s<r = {(pi!, ..., pt™) T }i<s<r constructed on a
suitable probability space (£2¢, Gt G*,P*) as described in Remark 3.4. Using Eq. (3.33), the dynamics of the vector
process Pt = (pth, ..., ptN L) = (pht, .. phb V1) under PY may be rewritten as

, - T —
ap, = Diag(it) (9(s) ~ 10(s,51)) 7' dW! + B (s, ds

. T 1 .~ -
+Diag(pt) (9(s) — 19(s,5))  wids + Ding(7y-) (n - 1)) gl t<s<T,
Py—
Pt =1",
where the initial value of the process is p° := (p°!,...,p>V"1)T = (p>1,..., p>N =1 T, Next, let us define
’ -~ T 1
w(s,5L) = Ding(3) (9(s)’ — 10(s,51)) &y
6’7(843277‘-2) = ﬁW(SvﬁZ) + VK(Saﬁ)E;’rﬂzv
1 / ~
o(7.-) = Ding(p! - )=—— (h' = 1Th(3.-)) -
h(P-)
Then, the dynamics of p%, = (p&1,...,pYN~1)T for s € [t, T], under the probability measure Pt, is given by
dp’ = B, (s, Bt wh)ds + w(s, BL)AW! + o(BL-)dEL (t<s<T), pi=p"€ Ay_1. (4.4)
A similar expression may be written for the vector ps := (p%,...,pY 1T = (pl,...,p¥ 1T solving Eq. (3.31),

which lives in the “real world” space (£2,G,G,P) and starts at time 0.

Note that 7 affects the evolution of {p* };<s<7 through the drift 3., and also through the measure P! due to an
admissibility constraint analogous to (3.27). As explained in Remark 3.4, the condition (3.27) is satisfied provided
that (3.36) holds true. In light of these observations, the following class of admissible controls is natural.
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Definition 4.1 The class of admissible strategies A(t, T'; p°, 2°) consists of locally bounded feedback trading strate-
gies

7Tt = ( ) ( tS 5 ps 7H£ ) typ(saﬁgva;*))
fort <s<T and 7} := (77,'5E S b P) = ( S(t,py, HY), 7P (¢,p}, HY)) = (75 (t,p°, 2°), 70 (t,p°, 2°)), satisfying

2.2

2,2 T T
exp (”; / (w5 (s,Phe s HIL)) ds + = / (mt:P (s,ﬁi_,Hﬁ_))st>] < oo. (4.5)
t

t

EF

so to guarantee that the measure change defined by (3.26) is well defined.

Let us now define the dynamic programming problem associated with our original utility maximization problem.
For cach ¢ € [0,T), p° € An_1, 2° € {0,1}, and Markov strategy 7' € A(t, T;°, 2°), we set

a(t,p°, 20, 7t) = B {e‘”ft ﬁ(s’pS’”ﬂ)ds] ; (4.6)

where we recall that by construction H} = z°, p* is given as in (4.4), and 7 is defined from 7 in accordance to (4.1)
as

N-1
ﬁ(s,ﬁi,ﬁi) 5 yEN, T + 5 y €4, T n(saeNvﬂz))ﬁts’i'
i=1
Next, we define the value function
Wt 572 = s log (G (L5, )). (4.7)

mtEA(t,T;p°,2°)
The crucial step to link the above dynamic programming problem with our original problem is outlined next:
¥

v = T
s JimT) = sup  EF [enn I alanmds]
TEA(0,T;55°,2°) Y meA0,T;p°,2°)
y < I
_v sup EF [e—'y I n(sypsms)dS}
Y w€A(0,T;p°,2°)
Y ~ _
_v sup EF’ [6,7f5 n(s,f)gmg)dﬂ
Y w0€A(0,T;p°,2°)
Y ~0 ~0 — o
_ U w0 N 20
b
Y

where the first and second equalities follow from Egs. (3.30) and (4.2), while the third equality follows from the
uniqueness of the strong solution to the system (3.35), which can be established as noticed in Remark 3.2.

We now proceed to derive the HIB equation corresponding to the value function in Eq. (4.7). Before doing so,
we need to compute the generator £ of the Markov process s € [t,T] — (s,p%, H). This is done in the following
lemma. Below and hereafter, we use y - h to denote componentwise multiplication of two vectors y and h.

Lemma 4.2 Let (p!)sef, 1) be the process in (4.4) with ©* of the form
mli=m(s,plo H.) (t<s<T), 7p = 7(t, p°, 2°),

for a suitable function w(s,p, z) such that (4.4) admits a unique strong solution. Then, for any f(t,p,z) such that
f(t,p,1) and f(t,p,0) are both C12-functions, we have

F(s, B HY) = f(£,5°,2°) + / CEf(u Bl HYdu+ DL(f), s (6T, (4.8)

where, denoting V5f(t,p,z) = (3
notation h(p) := hN + Z (ha

0, 1N-1 A
7W) fe(t,p,z) = %{, and D*f = [%L . and recalling the

=

732
oot -
— hn)p® and b’ = (hy,...,hn_1)T

E(1,5,2) o= ult5.2) + Vi B (1,56, 5.2)) + 5 ol D240, 2)

1 / ~
—z ,=—({@-h), 1| —f(Dp,0)] h(p).
+(1 )(f(t h@(p ) ) f(tp )) (P)
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Moreover, the Pt-local martingale component is

M,(f) = /t V! K(u, B,) AW +/ts (f <u mi)(ﬁi— 'h/),1> - f (wﬁiﬁ)) d&,. (4.9)

Proof For simplicity, throughout the proof we drop the superscript ¢ in the processes pt, wt, W¢, &, and Ht. Let

P>t denote the continuous component of p?, determined by the first two terms on the right-hand side of Eq. (4.4).
Using It6’s formula, we have

_ 0 I e~
f(sapsaH) tptyHt / fuupua du+2/ f CZ+ Z/ app] CZPC’J>U

+ Z (w, Dus Hu) — f(ty Pu—y Hu)) - (4.10)

t<u<s

Note that the size of the jump of pi at the default time 7 is given by

D hi— k(o)
Py =P =P, (4.11)
h(p--)

thus implying that . = 5t _h;/h(P,—) and py = (1/h(p,_))(Br— - h'). For t < 7 < s, this leads to

Z (f(uaﬁu;Hu) - f(uvﬁu—vHu—)) = [f <7—’ /ﬁ(ﬁl)(ﬁr ' h,)a 1) - f (Taﬁr—ao)] (Hs - Ht)

s 1 /
= Uy =—— Dy -h ), 1| — f(u,pu_,0) | dH,
/t<f< h@u_)(p ) ) f(u,p ))
:/$G<w~l@f%ﬂ@)—ﬂmm,m>@&+Hmewmy
t h(pu-)

where in the last equality we have used Eq. (3.29) and the fact that i, = S0 | hipl, = hy 4+ S (hy — hy)pl, =
h(pw). From this, we deduce that Eq. (4.10) may be rewritten as

f(svﬁmHs) f(t pt7Ht / fu u s Du, H du+/ vpfﬁ’y u puﬂru du+ Z / H/f ’Lj BNi (’LL pu»Hu)d

zg 1
s _ . t 1 _ , _ .
+/t vﬁf H(U,pu)qu +/S (f (ua m(pu— -h )7 1) - f (uapua0)> dgu
s 1 ~ T~
+/t (f <ua m(pu “h )’ 1) - f (uapua 0)) (1 - Hu)h(pu)dua (412)

which proves the lemma.

We are now ready to derive the HJB equation associated to the control problem. We first obtain it based on
standard heuristic arguments, and then in the subsequent section we provide rigorous verification theorems for the
solution. In light of the dynamic programming principle, we expect that, for any s € (¢, T,

w(t,p°,2°) = sup logEﬁt [e“’(s’i’z’HD_'y I ﬁ(“’@ivﬂi)d“] (4.13)
Tte A(t,T;p°,z°)

with pt = 7°, and Hf = 2°. Next, define £(s,7, z) = e*“(*P2) and note that, in light of Lemma 4.2,

e@ﬁzﬂbzdaﬁxﬂ+/’&mMﬁJQMu+Mx@

t
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where the last term MS (¢) represents the local martingale component of (s, pt, H!). Plugging the previous equation
into (4.13), we expect the following relation to hold:

0= sup E” {e(t,ﬁo, H®) (6_7 S P )du 1) +e IV ﬁ(“@i’”i)d“/ Le(u, ', H )du|,
wteA(t,T;p°,2°) t

assuming that the local martingale component is a true martingale. Dividing by s — ¢ and taking the limit of the
above expression as s — t leads us to the HJB equation:

0= sup (£ = ii(t,7°, ™)) e(t, 7, 2°)]. (4.14)
Let us write (4.14) in terms of w. To this end, let us denote the differential component of L as 75; ie.,

YSf(t,ﬁ, z) = fu(t,p, 2) + Vsf(t,p, z) B4(t, P, 7(t, D, 2)) + %tr(fmTDQf(t,ﬁ, 2)).

Then, we note that

Le(t,p,2) = De(t, P, 2) + (1 — 2)h(p) <€w(t’ﬁ<15>5'h 1) ew(tﬁm))

— = 1 - -
= w(tp2) (Dw + §||V5w &[? + (1 — 2)h(p) [e w(t it 1)t p0) 1}) . (4.15)
Thus, Eq. (4.14) takes the form:

~ 1 ~ w%w-l —w(t.5° _
0= sup (0. 77.2%) (Bu+ IVpu nlP + (1= G [ (T )T | i e, )|

(4.16)
In order to get a more explicit form, let us recall that
1
Tl(t7 €iy 7T) =-—-r+ 7T-S(r - <:u7 €i>) + TrP (T - a’(t7 62)) + T’YWTE;EYﬂ-7
and note that
N-1 _
it p,m) =t en, 7(t,5,2)) + Y (n(t,ei,w(t, 5, 2)) — n(t,en, 7(t, 5, 2))) P’
i=1
= —r+ 750 — i(p)) + ©¥ (r — at,p)) + ” 7T S Sy (4.17)
We can now rewrite Eq. (4.16) as
0 1 1 ~ —1 5o 1) —w(t,p°
a—:j; + tr(f-mTDQw) + i(Vﬁw)mmT(Vﬁw)T +yr + (1 — 2°)h(p°) ew(t’h@")p Wo1)—w(er0) 1]
S ~/~o o P ~(4 ~o 1 Ty T
+sup | (Vaw)fy =y (r = a(p%)) — (1 = 2%)yn" (r —a(t, p°)) — 5y(1 —v)m Xy Zym ¢ =0, (4.18)

with terminal condition w(7T,p°,2°) = 0 and where all the derivatives of w are evaluated at (t,p°, z°).

Depending on whether or not default has occurred, we will have two separate optimization problems to solve.
Indeed, after default has occurred, the investor cannot invest in the defaultable security and only allocates his
wealth in the stock and risk-free asset. The next section analyzes in detail the two cases.
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5 Solution to the Optimal Control Problem

We analyze the control problems developed in the previous section. We first decompose it into two related optimiza-
tion subproblems: the post and the pre-default problems. As we will demonstrate, in order to solve the pre-default
optimization subproblem, we need the solution of the post-default one. Before proceeding further, we recall some
functional spaces which will be needed for the following proofs. We set Clzj’o‘ as the set of functions locally in

0123’“ ((O,T) X A~N_1) nC ([O,T] X AVN_l), where we recall that for a given domain D of RV =1 and a € (0,1), the
parabolic Holder space C’IQD’Q(D) is defined by the following norms

N-1 N-1
llczepy = ¥ lepm) + 10lleg o) + Y 1954 lepm) + Y 1055,¢losm) (5.1)
i=1 ij=1
with
1/) t7p B 1/} t/7ﬁ/
Wleso = swp )+ s AP VR
(t.p)eD wn)..oep ([p—p2+ [t —1])?
tp)#.p")
Further, we denote
N-1
1l cie oy = 1¥lepm) + D 105 ¢llogm)- (5.2)
i=1

5.1 Post Default Optimization Problem

Assume that default has already occurred; i.e., we are at a time ¢ so that 7 < ¢. In particular, this means that
7F = 0. Let us denote by w(t,p) := w(t,p, 1) the value function in the post-default optimization problem. Then,
we may rewrite Eq. (4.18) as follows:

0=uw,+ %tr(MTDQM) + %(Vﬁw)ﬁT(Vﬁ&)T +r
#sup (V) = 9w(r = 76) - Gl =) 65:3)

Here, k(p) is a (N — 1) x 1 vector determined by the first column of k(¢,p) (the second column of (¢, p) consists
of all zeros). Concretely,

5(7) = [Ding(p) (27~ 197)] . (5.5)

where ¥ = (1 — 20?,..., uny—1 — 10?) is the first row of 9(t)" (the second row consists of all zeros) and, corre-

spondingly, 9(p) = f(p) — 302 is a scalar with fi(p) = pn + Zﬁ\[:—ll(ui — pun)pt. Similarly, éy(t,ﬁ,w) in (5.3) is
defined as

B (8,5, m) = Be(t,P) + yom K(p),

where we recall that 8 (t,p) has been defined in Eq. (4.3). It can easily be checked that the maximizer of Eq. (5.3)
is given by

w(05) = = () 7 + o (Tpu(t. D)(P) (56)

Plugging the maximizer (5.6) in (5.3), we obtain

1
w, + itr(@TD2y) + ﬁ(vi,*&)ﬁl k' (Vaw) " + (Vyw)d +¥ =0, (5.7)
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where

1(p) —

(t,) = Bo(6,5) + 7 (D)

fi(p) —7“)

g

v
W) =+ (
2(1—7)
Next we state, without proof, a useful result as a lemma.

Lemma 5.1 [Theorem 3.1 in Tamura and Watanabe (2011)] For any T > 0, there exists a classical solution w
that solves the Cauchy problem (5.7)-(5.8).

Remark 5.2 Tamura and Watanabe (2011) show the existence of a classical solution on the extension of the simplex
to R¥~1. Then, they prove that that if p € A N—1, the solution coincides with the solution to the Cauchy problem
(5.7)-(5.8). It is well known from standard results, see Friedman (1964), Theorem 1, pag.92, that such a solution
is C?,’a. We will use this fact in our subsequent proofs.

We then have
Theorem 5.3 The following assertions hold true:

(1) The solution w(t,p) coincides with the value function w(t,ﬁ7 1) introduced in (4.7).

2) The optimal feedback control {2}, t,T), denoted by 72, can be written as 75 = 75 (s, pt) with
€[ ) s s s

1
o*(1—=7)
Moreover, the feedback trading strategy 7s := (75, 70) T, 7 -
of Definition 4.1.

7°(5,p) = (1(p) = 7 + o Viw(s, P)&(p)) - (5.9)

=0, is admissible; i.e., it satisfies the conditions

The proof of Theorem 5.3 is reported in Appendix B. For now, let us mention a few useful remarks about the
solution w of (5.7)-(5.8). The existence of the solution w follows from the Feynman-Kac formula as outlined in,
e.g., the proof of Theorem 3.1 in Tamura and Watanabe (2011) (see also Nagai and Runggaldier (2008)). More
specifically, the idea therein is to transform the problem into a linear PDE via the Cole-Hopf transformation:

P(t,p) = eT 2P, (5.10)
Then, it follows that w(t,p) solves Eq. (5.7)-(5.8) if and only if (¢, p) solves the linear PDE

0 14
% + tr(miTD2y) +& Vi + ﬁg =0,

ot
G(T,p) = 1. (5.11)

5.2 Pre Default Optimization Problem

Assume that 7 > t, i.e. default has not occurred by time t. Let us denote by w(t, p) := w(t, p,0) the value function
corresponding to the pre-default optimization problem. Then, we may rewrite Eq. (4.18) as

oy + %tr(RRTDQU"J) + %(Vﬁw)ﬁﬂ(vﬁwﬂ

sup{(V5)5, 475 = 1) — 957 (= 6(0) = (1 )" 5 x|

r=(nS,xF)
i e
W(T,p) = 0.

570 )=ww) | e, (5.12)
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Above, R(t,p) is a (N — 1) x 2 matrix given by

R(t,P) == k(t,5) = [Diag®) (0T — 10(t,5)7)] (Bv=y) " Dy,
with 9(t) = 9(t)’ being a 2 x (N — 1) matrix and J(,p) := 9(t, p). Further,

By (t,5,7) = By (t,5,7) = B (t, D) + VE(t,P) Sy .
It is important to point out the explicit appearance of the solution w to the HJB post default equation in the
PDE (5.12) satisfied by the pre-default HJB equation w. This establishes the required relationship between pre
and post-default optimization subproblems.
Next, define
Y(t,p) = (r— A(p),r —a(t,p)) -
Then, we can rewrite Eq. (5.12) as

1 1
wy + §tr(RRTD21I)) + §(V§1D)RRT(V§1I])T +

> 1 7 w(t,—ph')—w
Sup{(vﬁw)ﬂw—VWTT_27(1—7)7TTE;2YW}+ h(p) [e(t’hgﬁ’ph) gl tqr=0  (5.13)

w(T,p) = 0.
Using the first order condition, we obtain that the maximal point 7* is the solution of the following equation:
VIR (V) =7 =71 =) Sy Syn* =0.

Solving the previous equation for 7* yields:
1
t = ﬁ(z;xy)—l (=Y +2yR" (Vo)) . (5.14)
After plugging 7* into (5.13), and performing algebraic simplifications (see Appendix B for details), we obtain

’

1 o w(eEnl) _
(Vyw)ii| (Vo) + (Vyw)d + h(@e*<t ’1<P>)e*w<t@ +¥ =0, (5.15)

1
'lI)t —+ itr(RFETsz(D) —+ m

w(T,p) =0,  (5.16)

where

B(t.5) = Bo(6,5) — TRV T (6D)

_ 1 - .
T(t,p) = gﬁf(z;zy) Y1 (t,p) + 47 — h(p).

Next, we prove the existence of a classical solution to the above Cauchy problem. We first perform a similar
transformation as in the post-default case, and obtain that the function w(t,p) solves the problem (5.15) if and
only if the function

D(t,p) = eT 7LD, (5.17)

solves the Cauchy problem

Zi(t’? +7i(5)ew<t’%> w;(t’f? =0
(T, p) = 1. (5.18)

Notice that problem (5.18) is non-linear. Hence, proving the existence of a classical solution is not as direct as in
the post-default case where the transformed HIB-PDE given by Eq. (5.11) turned out to be linear. We establish
this result by applying a monotone iterative method used in Di Francesco et al. (2007) for the study of obstacle
problems for American options. There are, however, significant differences between the two problems, mainly arising
from the appearance of the non-linear term v” in our PDE (5.18). This term is not globally Lipschitz continuous,
while all PDE coefficients in Di Francesco et al. (2007) satisfy this condition. For this reason, it is crucial for us
to prove that 1 is bounded away from zero, while for their obstacle problem Di Francesco et al. (2007) only need

Do(t ) + %tr(RRTD%(t,ﬁ)) + Bt )Vt B) + F(t,P)

to show that the solution is bounded, i.e. [1)(¢,p)| < ce®* for some positive constant c. Below, we make use of the
parabolic Holder space C5* defined by the norm (5.1). We then have
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Theorem 5.4 Problem (5.18) admits a classical solution 1) € Clzp’a for any o € (0,1). Moreover, there exists a
constant C' > 1, only depending on the L -norms of the coefficients of the PDE, such that, for each (t,p),

é < (t,p) < e°T. (5.19)

The proof of Theorem 5.4 is reported in Appendix B. Let us remark that also
(t,p) € Cp° (5.20)

in view of the relation (5.17) and the estimate (5.19), yielding that @ has the same properties of v in the previous
theorem. The following result shows a verification theorem for the pre default optimization problem.

Theorem 5.5 Suppose that the conditions of Theorem 5.3 are satisfied and, in particular, let w € CIQD’O‘ be the
solution of (5.7) with terminal condition (5.8). Additionally, let @ € CIQD’O‘ be the solution to the Cauchy problem
(5.15)-(5.16) established in Theorem 5.4. Then, the following assertions hold true:

(1) The solution w(t,p) coincides with the optimal value function w(t,p,0) introduced in (4.7).
2) The optimal feedback controls {mt}scr 1y := {(75, 7)Y Yocre 1, denoted by 7@ := (7°,70)T, can be written as
sJs€[t,T) s s Et,T)
7 =79(s,p' - H! ) and 78 = 7P (s,p' -, H! ) with

s —

(%S(saﬁa 0)7%P(Saﬁao))—r = %(E;EY)il (*T(S,[Af) + EYETV;E'ZD(‘S?@T) ) (521)

_
o?(1—7)

The proof of Theorem 5.5 is reported in Appendix B.

.
7 (s,p,1), 70 (5,9, 1)) " := ( (,E(ﬁ) —r+ a@TVZ;w(S,]B')T) 7O) ) (5.22)

6 Numerical Analysis

We provide a numerical analysis of the optimal strategies and value functions derived in the previous sections. We
set N = 2, i.e. we consider two regimes, thus the vector p := p becomes one dimensional with p denoting the filter
probability that the Markov chain is in regime “1”. Unless otherwise specified, throughout the section we use the
following benchmark parameters: ¢ = 0.4, v = 0.5, » = 0.03, 1 = 0.5, u2 = 0.2, hy =1, ho = 0.2, wy; = —0.5, and
woe = —1. We fix the time horizon to T' = 10. We set v = 0.5, i.e. we consider a square root investor. We describe
the numerical setup in Section 6.1, and give an economic analysis of the strategies in Section 6.2.

6.1 Setup

Since the solution to the pre-default HIB-PDE depends on the solution to the post-default HJIB PDE, we first need
to solve Eq. (5.11). In case of two regimes, the PDE (5.11) becomes two dimensional with ¢ € RT and 0 < p < 1.
More specifically, Eq. (5.11) reduces to

oY(t,p) 1 L, 0%Y(t,p) oY(t,p) Y(t,p)
(T, p) =1,

where
£(t,p) = o~ 'p (1 — (pap + pa2(1 = p)))
B=(t,p) = wnp+ wai(l — p) = wiip — waa(l —p)

B(t,p) = B (t,p) + 7 jvmer 4 ;p)uz —La(t,p)

U(t,p) =r+

v pap+ (1 —pls —r\°
i ( = ) (6.1)
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We numerically solve the above derived PDE using a standard Crank-Nicolson method. From the transformation
(5.10), we obtain that the post-default value function is given by w(t,p) = (1 — v)log(1(¢,p)). The latter is then

used into the pre-default PDE, computed as described next. On (t,p), with ¢ € RT, and 0 < p < 1, the PDE (5.18)
satisfied by 1(t, p) reduces to

optp) 1 ., . 7PU(tp) . O o O(tp) w (b ) Ut )Y
ot + 2H(t7p)ﬂ(t7p) 8]?2 + Qj(t,p) ap + w(tvp) 1 — v + (h2 + (hl h?)p)e 1_ ~y - 07
(T,p) =1,
where
— a(t,e1) —a(t,e _ _
R(tvp) = p(l _p) |:IU1 p ’u27 ( 1) v ( 2):| = [Kll(tap)7 Kl?(tap)]
_ Ri1(t,p) Ria(t,p) -
P(t,p) = wa1 + (w11 — @21)p + ﬁ (ng)(ﬂ(l?) —-r)+ y (a(t,p) — 7”))
z 1y ((@@p)—r)?  (@tp)—r)?
w(t’p):§1—7 ( - + 3 +9r —ha + (h1 — ha) p.
In the following analysis, we set a(t,e1) = —(r + hy), and a(t, e3) = —(r + hs). In agreement with the notation in

Section 2, a(t,e1) and a(t, e3) denote the risk adjusted returns of the defaultable security when the current regime is
“17, respectively “2”. Similarly to the post-default case, we employ a standard Crank-Nicolson method to solve the
above derived nonlinear PDE. The solution to the pre-default PDE is then obtained as w(t, p) = (1—7) log(¢(¢, p)).

6.2 Analysis of Strategies

Figure 6.1 shows that the stock investment strategy is increasing in the filter probability of the hidden chain being
in the first regime. This happens because under our parameter choices, the growth rate of the stock is higher in
regime “1”, while the volatility stays unchanged. Consequently, if the filter estimate of being in the most profitable
regime gets higher, the risk averse investor would prefer to shift a larger amount of wealth in the stock. On the
other hand, as the probability of being in regime “1” increases, the risk averse investor shorts a higher amount
of the defaultable security. This happens because the default intensity in regime “1” is the highest, and thus the
risk averse investor wishing to decrease his exposure to default risk goes short in the vulnerable security. Notice
also the key role played by the stock volatility o. As the volatility gets lower, the investor shorts more units of the
vulnerable security and invest the resulting proceeds in the stock security. Indeed, since the stock volatility is low
while the default risk unchanged, the risk averse investor prefers to invest larger fraction of wealth in the stock
security, and does so by raising cash via short-selling of the vulnerable security. The latter action also results in him
having reduced exposure to credit risk. Since all model parameters depend on time only through the underlying
hidden regime, investment strategies are not very sensitive to passage of time.

From figure 6.2, we can also see that both the pre-default and post-default value functions are decreasing in
time, and increasing in the filter probability p. Moreover, as the filter probability of being in regime “1” increases,
the investor extracts more utility given that he realizes higher gains by simultaneously shorting the vulnerable
security and purchasing the stock security.

The investor increases the amount of shorted units of the vulnerable security if the filter probability of staying
in the regime characterized by high default intensity gets larger. By contrast, if the filter probability of staying in
the regime with low default intensity increases he takes higher credit risk exposure by purchasing more bond units.
This is clearly illustrated in the left panel of figure 6.3. Moreover, when h; < hg smaller amount of units of the
vulnerable security are shorted if the probability p of staying in the low risk regime gets higher. However, when the
default intensity hy in regime “1” exceeds the default intensity ho in regime “2” (hy = 0.2), the opposite effect is
observed. As h; gets higher, a larger amount of units of the vulnerable security are shorted if the filter probability
of staying in regime “1” increases. We also notice that, ceteris paribus, the pre-default value function is increasing
in hy for a fixed p value, and also, for a given value of h; the pre-default value function increases in p.
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Fig. 6.1 The top panels report the stock investment strategy. The bottom panels report the investment strategy in the vulnerable
security. In the right panels, we set t = 0.

We next analyze the dependence of the optimal stock and vulnerable security investment strategies on the
volatilities ¢ and v. Figure 6.4 shows that when the stock volatility is low, the investor puts a large fraction of
wealth in the stock security. This happens because the filter gain coming from receiving stock observations is the
highest. Since observations are more informative, the risk averse investor deposits a larger fraction of wealth in the
stock, especially if the filter probability of being in the high growth regime (regime “1” with pu; = 0.5) is high.
As the volatility gets larger, stock price observations become less informative leading the investor to decrease the
wealth fraction invested in stock. When the volatility exceeds a certain threshold, regardless of the filter probability
the investor always puts a small amount of wealth in the stock. We also notice that a similar role is played by
the volatility v of the defaultable security. From the right panel of figure 6.4, we notice that when v is low, i.e.
price observations of the vulnerable security are very informative, the investor wants to reduce more his exposure
to default risk. Hence, he shorts more units of the vulnerable security especially if the filter probability of being
in the highest credit risk regime (regime “1” with hy = 0.05) is large. This reflects the risk averse nature of the
investor who dislikes default risk and uncertainty. As for the stock, when v gets larger the investment strategy in
the defaultable security becomes less sensitive to the filter probability and for large values of v the investor may
even find it optimal to purchase the defaultable security. This happens when the potential loss incurred by the
investor when he is long credit and default occurs (hence making the vulnerable security worthless) is outweighed
by the risk adjusted return resulting from holding the defaultable security.

We conclude by relating partial to full information settings. As price volatilities become smaller, the regime
switching model becomes more observable. This is because price observations become more informative and allow
the investor to build more accurate estimates of the regime in place. Consequently, the above analysis outlines the
important role played by regime uncertainty in determining the optimal strategies of risk averse investors. Compared
to the case of fully observed regimes studied in Capponi and Figueroa-Lépez (2014), the presence of incomplete
information induces the risk averse investor to decrease the wealth amount invested in the risky securities. As
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Fig. 6.2 The pre-default and post-default value functions plotted versus time t and filter probability p.
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Fig. 6.3 The left panel reports the optimal investment strategy in the defaultable security. The right panel reports the pre-default

value function. We set t = 0.

clearly illustrated in figure 6.4, when the price volatilities are sufficiently high (o =~ 0.8 for the stock and v = 0.6
for the defaultable security), the investor deposits almost entire amount of wealth in the money market account.

7 Conclusions

We have studied the optimal investment problem of a power investor in an economy consisting of a defaultable

security, a stock, and a money market account. The price processes of these securities are assumed to have drift
coefficients and default intensities modulated by a hidden Markov chain. We have reduced the partially observed
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Fig. 6.4 The left panel reports the dependence of the optimal stock investment strategy on o. The right panel reports the dependence
of the optimal investment strategy in the vulnerable security on v. We set ¢ = 0. In the right panel, we set h1 = 0.05 and ha = 0.01.

stochastic control problem to a risk sensitive one, where the state is given by the filtered regime probabilities. The
conditioning filtration, generated by the prices of the stock and of the defaultable security, and by the indicator of
default occurrence, is driven both by a Brownian component and by a pure jump martingale. The filter has been used
to derive the HJB partial differential equation corresponding to the risk sensitive control problem. We have split
the latter into a pre-default and a post-default dynamic programming subproblem. The HJB PDE corresponding to
the post-default value function can be transformed to a linear parabolic PDE, for which existence and uniqueness of
a classical solution can be guaranteed. By contrast, the HJB PDE corresponding to the pre-default value function
has exponential nonlinearity and quadratic gradient growth. We have provided a detailed mathematical analysis of
such PDE and established the existence of a classical solution with CIZD’O‘ regularity. We have then proven verification
theorems establishing the correspondence between the PDE solutions and the value functions of the control problem.
Our study has been complemented with a thorough numerical analysis illustrating the role of regime uncertainty,
default risk, and price volatilities on the optimal allocation decisions and value functions.
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A Proofs related to Section 3

Lemma A.1 Let

q;’. =E" |:Lz1{Xt,=Ei} gtI:| . (A1)
Then, the dynamics of (qi)tzo, i=1,...,N, under the measure P, is given by the following system of stochastic differential equations
(SDE):
dgi =) wei(t)afdt + giQT (t, es,m) Dy Wy + gy (hi — 1)dér — yn(t, ei, mi)ajdt, (A2)
=1
a = pp-

Proof Let us introduce the following notation
Hii=1xp=e}:
Note that X; = (H},.. .,HtN)-r and, from (2.1),

= Hy+ [ 37 @) Hids + oi(0). (A3)
0 y=1
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From Eq. (3.16) and (3.10), we deduce that, under P,
dLy = Ly—(he — 1)dé + LeQ T (t, X, m)dYy — Leyn(t, X, me)dt

which yields that
. t . t ~ .
(L, H], = / Lo QT (s, Xo,ms)d[Y, H] +/ Lo (he — 1)d[€, H'ls.
0 0
As (Yy)¢>0 and (Ht)i>o are independent of (X;);>0 (and, hence, of H?), under P it holds (see also Wong and Hajek (1985)) that, P

almost surely,
Y, HY. = [, H"]s = 0, for all s > 0.

Thus, applying [t6’s formula, we obtain
LeHy = Hé+/ Hgdes+/ Lo_dH!
0 0
= H6+/ H{L:Q (S,Xs,ﬂs)dYs-&-/ H_ L, (h,— —1)dés
0 0

t t N t
_/ H;Ls'yn(s,Xs,ws)ds—i—/ LSZwe,i(s)Hfds—&—/ Ls_dp;(s) (A.4)
0 o I 0

Since (; (t))¢>0 is a ((FX )0, P)-martingale, and GL is independent of 73X under P, we have that EP [fot Ls,d¢i(s)|gt]] = 0. Therefore,

taking Qtj conditional expectations in Eq. (A.4), we obtain
P il B inT I P i I 43¢
E [LtHﬂgt] - 1+/ E [LSH;Q (s,ei,ﬁs)\gs]dYs+/ E [L,H;_(h, —1)|gs]d§s
0 0

N
Zwe,i(s)LsHQgsf} ds, (A.5)

t o ) to
[ [t et ao s [16F
0 0 =1

where we have used that, if ¢; is G-predictable then (see, for instance, Wong and Hajek (1985), Ch. 7, Lemma 3.2)
. t t o
EP [/ @sLs_dYs|g{} = / E [psLe-|G!] avs
0 0
o[ [ : b b :
E [/ ‘PsLsfdfslgtI:| = / E |:<PSL57 ‘gsl] d€s
0 0

~ t t .
EF [/ LpsLs_ds|gtI} =/ EP [¢SLS_\Q§] ds
0 0

Observing that under P dY; = Xy dW;, using that Q(t, e, ) and n(t, e;, m¢) are (g{)tzo adapted, and that the Markov-chain generator
A(t) is deterministic, we obtain Eq. (A.2) upon taking the differential of Eq. (A.5).

Lemma A.2 The following identities hold

q; = Lip} (A.6)
P ZNtl ql 0
e

where g}, L, and pi are defined, respectively, by (A.1), (3.23), and (3.20).

Proof We start establishing the relation (A.6) by comparing the dynamics of qé and of [A/tpé. The dynamics of qé is known from Lemma
A.1 and given in Eq. (A.2). Next, we derive the dynamics of f/tp};, We have

d(Lep}) = Ly—dpl + p!_dLe +d [ﬁ,pi] y
From Eq. (3.24) and (3.22), we obtain
Food] i aT -1 3 if T 3
a[L,p'] = piledT (L) By By (90t e) = (t,pe)) dt + piLoym) (9t eq) = D(t,pr) ) dt

. hi — hy— ;
T (ht_ - 1) Tth_pt,dHt. (A.8)
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Using the above equations, along with (3.22), we obtain

N
d(Lep}) = Le <Z we,i(wpfdt) + Laph (67 (e) =97 (p0) (v 57) 7 (Vi - 06, pe))
=1
+ Lypio hhfi (aH: = hy— - dt) +piLiQ (t,pe, me)dY: — piLevi(t, prymo)dt
-
+pi_ Ly (hy — 1)(dH, — H,—dt) + (h,— — 1)%£t_p;‘,dﬂt
-~

T piLdT (¢, pe) (EYEJ) - (ﬂ(t, ei) — 1§(t,pt)> dt + ypiLem) (ﬁ(t, ei) — &(t,pt)) dt.

Next, observe that
Lopp (87 (tei) = 07 (4.90) (Sy 5)7H(AYe = B(t,po)dt) + 9 L@ (t.pe m)dYi =
LepiQT (¢, eq,m)dYs — Lipt (qu (t,ei) — W(t,pt)) (Sy 2510, pe)dt

Moreover,
n(t,er,me) =it peme) = wl (D(t,pe) = (1))
Using relations (A.10), and (A.11), along with straightforward simplifications, we may simplify Eq. (A.9) to

N
d(Lip}) = (Z we,iu)itpfdt) + LepiQ T (t, €4, me)dYs — Y Lepin(t, ei, me)dt + Ly—p)_ (hy — 1)dés.
=1

Using that dY; = Sy dW:, we have that the equality (A.6) holds via a direct comparison of equations (A.12) and (A.2).

Next, we establish (A.7). Using Eq. (A.6) and that vazl pi =1, we deduce that
N N ‘
d (Z q;> =d (Z Ltp;> =di,
i=1 i=1

hence obtaining that Zf\il g = L;. Using again (A.6), this gives

;a4 qi
pi==t= L

-7 <N j
Le 35 af
This completes the proof.

Proof of Proposition 3.3.

Proof
Using Eq. (3.15), (A.1), and the relation (A.6) established in Lemma A.2 , we have that

1 v Yoo
J(u,m,T) = ;EP V2] = %]E]P [Ly] = %EP [EP [LT|Q§H

ot - , v X B
7 ZIE [E [LTI{XTZCi}|gTH = 721]]3 [q%}
i= =
TR EAREP U v s
= 7 ;E [LTpT] = 7]}; [LT] )

thus proving the statement.

B Proofs related to Section 5

We start with a Lemma, which will be needed in the section where the verification theorem is proven.

Lemma B.1 For anyT >0 and i € {1,..., N}, it holds that

(1) P(pi >0, for all t€[0,T))=1.
(2) P(Pi <1, forall te [O,T)) —1.

(A.10)

(A.11)

(A.12)
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Proof Define ¢ = inf{t: pi = 0} AT. If pi can hit zero, then P(p. = 0) > 0. Recall that p{ = Zq; = from Eq. (A.7), hence p! = Zq< 7
3 3 95

where the equality

gt =F [Lilx,=,|9!]
is true by the optional projection property, see Rogers and Williams (2006). Define the two dimensional (observed) log-price process
Y: = (log(St),log(P)) T. As ¢¢ = EF [Lclx —.,|GI], and using that L¢ > 0, we can choose a modification g(Y, H, X¢) of EF [L¢|GI, X(]
such that g > 0, and, for each e;, g(Y, H,¢e;) is Gg—measurable. By the tower property

at =E¥[g(Y, H, X)1x =, 1GL] = (Y, H, e)P(Xc = ei|GL) = g(V, H, e;)P(X; = e,

where the first equality follows because < is gg -measurable and the last two equalities because X is independent of G! under P. As
P(Xt =e;) > 0 and g > 0, we get that g > 0 a.s, which contradicts that P(p. = 0) > 0. This proves the first statement in the Lemma.
Next, we notice that

P (pi =0, for some t € [0,7)) =1—P(p} >0, for all t € [0,T)) =0,

where the last equality follows from the first statement. This immediately yields the second statement.

Proof of Eq. (5.15)

Proof Let us first analyze the first term in the sup of Eq. (5.13), i.e. @vﬁw. For brevity, we use o := Bw(t,D,0). By definition of
B~, and using the maximizer 7 := 7/ in (5.14), we have

.
B7 =65 +am SyRT = B+ (SvRT(Vpe) T =) ()T vRT
=67+ ﬁ(vﬁw)gz;(z;xy)ﬂzyﬂ _ ﬁTT(E;EY)flxyRT (B.1)

Further, again using the expression for 7 = 7*, the second term in the sup is equal to
T i _T T\ T T -1
'Y = ppe (—T+Zyn (Vpw) ) Xy Xy)™ T
T Tyl - 2l V& sl (T -
mr (Zy2y)~tr - :(vﬁw)nxy(zy N I (B.2)

The third term in the sup may be simplified as

(s R ) ) (BB T 4 By R (V) T) =

21—~
Loy 1T -1 L v o7yt 1y =T (7T
_ EET (Eyzy) T + ng (nyy) XvR (pr)
1 _ 1 . - _ _
+ §ﬁ(vﬁﬁ’)k2;(2;2¥) 'r - §ﬁ(vﬁw)ﬁzst(2;2}f) 'oyR (V) (B.3)

Using Eq. (B.1), (B.2), and (B.3), we obtain that
1
sup {BWT(V;?U’))T = T = Syl - 'Y)TF;I—E;EYWt} =
™
Tiroo AT L Y o N oyT T iy Tioo T L LY T T 1 |
B (Vpw) ' + (Vpm)rZy (Xy Zy) " ZyRr (Vpw) + Y (ZyEy) T (Vpo)REy, T,
21—~ 21—~ 1—v
and therefore, after re-arrangement, we obtain Eq. (5.15).

Proof of Theorem 5.3.

Proof In order to ease the notational burden, throughout the proof we will write p for p°, ps for pt, 7 for m?, P for ﬁt, P for Pt, W for
Wt, X for Xt, and G! for Qz’l. Let us first remark that

P(ﬁs eﬁN,l,tgng) -1 (B.4)
Indeed, set 'ﬁiv =1- Z;V:_ll f)ag and recall from Remark 3.4 that the process ff‘s is given by
ﬂ::P(XS:ei|g§), (t<s<T,i=1,...,N). (B.5)

Therefore, using Lemma B.1, we deduce that all the p*, with s = 1,..., N, remain positive in [t, T], a.s., and, hence, (B.4) is satisfied.

Next, we prove that the feedback trading strategy 7 := (ﬁf,%f)T, 7P .= 0, is admissible; i.e.,

EP [exp ("2;2 /tT (7 (s,ﬁs))st)} < . (B.6)




28 Agostino Capponi et al.

We have that (B.6) follows from Eq. (B.4) and the fact that (75(s,))? is uniformly bounded on [0,7] x Ax_1. To see the latter
property, note that
2

~9 2 _ 2
sup (7r (&@) < ﬁ sup (F@) — ) +
(s,p)€[0,TIX AN _1 o -

2
~ o2(1— )2 sup (Vpu(s, P)s(@)”
(s,P)E[0,T]x An_y V)7 (s.p)El0TIxANn_1

The first term on the right hand side is clearly bounded since |fi(5)| < max; |p;| for any p € Ay_1. For the second term, using the
definition of k given in Eq. (5.5), we have

2

N—-1 N
1 . v
sup (Viw(s, p)u@)’ = = sup > Opiw(s, PP (uj - Zmﬁ) , (B.7)
Jj=1 =1

(s,P)E[0,TIx Ap_1 7 (s,P)E0TIXAN_1 \ j=

where p&V :=1— vaz_ll p'. The last expression is bounded since each 8ﬁjy(s,ﬁ) is bounded on [0, T] x Apn_1 in view of Lemma 5.1
and Remark 5.2, where it is shown CIQD’OC regularity for w(s,p), hence bounded first and second order space derivatives on ANN,l.

Now, fix an arbitrary feedback control 75 := 79 (s, ps) such that (7%, 7F) € A(t, T;p,1), where 7 = 0 and A(t, T;p, 1) is defined
as in Definition 4.1, and define the process

M7® = e S n(w ) du gw(s,Bs) (t<s<T),

where

0o 5,7%) = (e, 5, (1%,0)T) = —r 4+ 7550 — ) + 5 20? (x°) (B.5)

s
In what follows, we write for simplicity M™ for M™ and 7 for 7°. Note that the process {MT }4<s<7 is uniformly bounded. Indeed,

(B.8) is convex in 7% and by minimizing it over 7%, it follows that, for any p € An_1,

() —r)? _ . (maxi i +7)

—n(t,p,7) <r+ T < 0o
26 P < 2(1=7)o? ~ (1 —7)o?
Therefore, since w € C([0,T] x An_1), there exists a constant K < oo for which
MT =e 7 JE n(upuma)dugw(s,ps) < frevllnllee(T=1) . A < o0, (B.9)

We prove the result through the following steps:

(i) Define the process Vs = e2(s:Ps). By Itd’s formula and the generator formula (4.8) with f(s,p) = e®(s:P),
s _ s w o~
MT = M7 +/ e~V ¢ n(rprymr)dr gy —"// 0w, P, o)V e DB m)Ar Y g,
t t =

s 0 1 1 s —~
=M +/t M ((% + Etr(ﬁTD@) + i(ng)ﬁT(ng)T + (VB - vg) du +/t MIVswkdWD.

Using the expression of 7 in (B.8) and some rearrangement, we may write M™ as

s s _
ME = M7+ [ MIRGs B mddut [ MV mdiWe)
t t

with
= L T2 1 T T ~ o? 2
R(u,p,m) = w, + Jtr(sn D w) + S (Vpw)ss (Vew) ' +ar+ (Vpw)B, —vm(r — A(p)) — (1 — )7 (B-10)
Clearly, R(u, P, ) is a concave function in 7 since Ryr = —02y(1 — ) < 0. If we maximize R(u,p, ) as a function of 7 for each (u,p),

we find that the optimum is given by (5.9). Upon substituting (5.9) into (B.10), we get that

1 1
R(u,p,m) < R(u,p,7° (u, ) = w, + itr(mTDQM) + ﬁ(vﬁw)ﬁﬁ—r(vﬁw)-r + (Vpw)® + ¥ =0,
-

where the last equality follows from Eq. (5.7). Therefore, we get the inequality
- . T S
B ) < M7 + 8 | [ MTpw i),
t

with equality if 7 = 75. From (5.5), it is easy to check that sup P)||1? < 2max;{u;}/o. Then, since the partial derivatives

ciy_, I8l
8ﬁjg(s,f)) are uniformly bounded on [0, 7] X An_1 (see also the argument after Eq. (B.7)), (B.9) implies that

2 ~ ~
sup |M;Vzwe|” <A sup [|£(Pu)ll* sup ||Vpw(u,pu)l® < B,
t<u<T t<u<T t<u<T
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for some non-random constant B < co. We conclude that
EP [ME] < MJF = e2(t:5t) = cu(tD) (B.11)
with equality if 7 = 75.

(ii) For simplicity, let us write Ts := 7° (s, ps). First, note that from the fact that we have equality in (B.11) when 7 = 7,

ow(tP) — gPF [Mqi] — EP [e—w IF g(u,ﬁu,%u)duegTﬁT)] — EP [e—w I g(u,ﬁu,%u)du] , (B.12)
Similarly, for every feedback control s = 7(s,ps) such that (w,0) € A(¢,T;p, 1),

EP [e—wftT g(u,ﬁu,m)du] — gP [ME] < ew(tP) = RP [e—’y ftTg(u,ﬁu,%u)du] 7

where the inequality in the previous equation comes from (B.11) and the last equality therein follows from (B.12). The previous
relationships show the optimality of 7 and prove the assertions (1) and (2).

Proof of Theorem 5.4.

Proof For brevity, define the operator
1 _
B=0;+ tr (RRTD2> + V&
and denote by
5

5 - ﬂ@%; )w
H(tpw) = —h@Ee VO e Ry,

the non-linear term of the PDE (5.18). Notice that since h>0 by construction, then H < 0. Moreover, v — H (¢, p,u) is smooth and
Lipschitz continuous on [¢, +o0o[ for any ¢ > 0, uniformly w.r.t. (¢,p). We set

Po(t,p) = e T8, teo0,T],
where c is a suitably large positive constant such that

~ U(t, ~
cu+ H(t,p,u) — Mu >0, for any (¢,p) € (0,T) x Ay_1 and uw > 1. (B.13)

1—7

Then we define recursively the sequence (¥;);jen by

<B+1l) Vi =My = H(, - 9j-1) = Ahj—1, (B.14)
17

\ -
wj (T7 ) =
where A is the Lipschitz constant of u — H(-,-,u) on [¢,4+o0o[ and € is the strictly positive constant defined as

o
PR = 14 (B.15)

Let us recall that the linear problem (B.14) has a classical solution in C}2,’a whose existence can be proven as in Lemma 5.1, see also
the following Remark 5.2. Next we prove by induction that

i) (¥;) is a decreasing sequence, that is

Y1 < by, Jj=>0 (B.16)
ii) (1;) is uniformly strictly positive and in particular
Yj11>6 Jj=>0, (B.17)
with ¢ as in (B.15).
First, we observe that ~ ~
_ v _ _
o > 1, and (B+ 7) Py = (7C+ 7) o. (B.lS)
1—7 1—7

Next we prove (B.16)-(B.17) for j = 0: by (B.18) and (B.13) we have
(B+ 15 =2) (91— o) = H(, o) + edo — 15500 2 0, B.19)
(41 — o) (T, p) = 0.

where the inequality above follows from the fact that c is chosen as in (B.13), and o > 1 as observed in Eq. (B.18). Since the process
Dt never reaches the boundary of the simplex by Lemma B.1, it follows from the Feynman-Kac representation theorem (or, equivalently,
the maximum principle) that 1 < 1o: indeed we have

- T s 1 Gir5)—\)dr P - = N7y o~
@hf&w@ﬁ%ﬁw{fl Eﬂ(rﬂ”“m)wd(H@m&ww+mM@mgfTégwwmgwa&mQ

m=ﬂso

(B.20)
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where the last inequality follows directly from the inequality in (B.19). This proves (B.16) when j = 0. Using the recursive defini-
tion (B.14), along with the fact that H < 0, A > 0 and inequality (B.20), we obtain

7 - _ _ _
(B4 725 ) b1 = o) 42 (G = i) <0 (B.21)
Then (B.17) with j = 0 follows again from the Feynman-Kac theorem: indeed by (B.21) we have
. B T A ry)dr . o e e A e [ T s Bds |
P1(t,p) = E —/ e Jt 1—7 (H(s,ps,%0) + X (Y1 — %) (s,P5)) |pt =p| + B |eT-7 Jt pt=p
t
> e 17 17l (B.22)

where the last inequality follows from the positivity of the first expectation above guaranteed by (B.21).
Next we assume the inductive hypothesis to hold,
e<; <Pja (B.23)
and prove (B.16)-(B.17). Recalling that X is the Lipschitz constant of w — H(-,-,u) on [¢, +oo], by (B.23) we have

(B+15 = A) (i1 = 65) = HCooythg) = H(B5m1) = A (§5 = 5-1) 20,
(V41 = 9;) (T,P) = 0.

Thus (B.16) follows from the Feynman-Kac theorem using the same procedure as in (B.19) and (B.20). Moreover we have

7o\ - _ _ _
<B+E) Vi1 =H(, ;) + A (Y41 — ¥5) <0, (B.24)

where the inequality above follows by (B.16) and using that H < 0 and XA > 0. Then, as in (B.22), we have that (B.17) follows from
the Feynman-Kac theorem.
In conclusion, for j € N, we have
e <1 <P < . (B.25)
Now the thesis follows by proceeding as in the proof of Theorem 3.3 in Di Francesco et al. (2007). Indeed let us denote by ) the
pointwise limit of (1/;]) as j — +oo: since 1/33- is a solution of (B.14) and by the uniform estimate (B.25), we can apply standard a
priori Morrey-Sobolev-type estimates (see, Theorems 2.1 and 2.2 in Di Francesco et al. (2007)) to conclude that, for any a €]0,1],

||1Z}j ”Cl*"((o TYxAN_1) is bounded by a constant only dependent on B, a and A. Hence by the classical Schauder interior estimate (see,
P , _

for instance, Theorem 2.3 in Di Francesco et al. (2007)), we deduce that ||¢; is bounded uniformly in j € N. It

: ez (0.m)x A1)
follows that (t;);en admits a subsequence (denoted by itself) that converges in C%. Thus passing at limit in (B.14) as j — oo, we
have

(5472 )b=tCod) 1) x Evon,
and (T, -) = 1.
Finally, in order to prove that ¢ € C <(07 T] X AVN,l), we use the standard argument of barrier functions. We recall that w is

a barrier function for the operator (B + %), on the domain (0,77 x EN,l, at the point (T,p) if w € C? (V n ((0, T] X ﬁN,l))
where V is a neighborhood of (T, p) and we have

i) (B+ %) w<—-1inVn ((o,T) x ZN,I);

i) w>0inVN ((O,T) x ZN_1> \ {(T,p)} and w(T,p) = 0.
Next we fix p € An_1: following Friedman (1964) Chap.3 Sec.4, it is not difficult to check that

w(t,p) = (P = 2* + 1 (T — 1)) e T,
is a barrier at (T, p) provided that c1, co are sufficiently large. Then we set
v (t,p) =1+ kw(t,p)
where k is a suitably large positive constant, independent of j, such that
(5+ %) (G =) 2 H( ) = Xy = ) = 7o — (5+ %) w>0,

and 1; < vt on 9 (V n ((07 T) x A~N,1)). The maximum principle yields ¢; < v+ on V' N ((O,T) X ZN,l); analogously we have

P; >v~ on VN ((0, T) x AN—1)7 and letting j — oo we get

1— kw(t,p) < P(t,p) < 1+ kw(t,p), (L) €VN ((o,T) x A“N,l) .

Therefore we deduce that
Y(t,p) =1

lim
(t,p)—(T,p)

which concludes the proof.
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Proof of Theorem 5.5

Proof As in the proof of Theorem 5.3, to ease the notational burden we will write p for p°, ps for pt, = for «t, W for W¢, P for Pt,
P for P*, and GI for gﬁ”. Similarly to the proof of the post default verification theorem, it is easy to see that the trading strategy

+
7s = (73, 70)T = (%S(s,ﬁsf,Hzf),%P(s,ﬁsf,Hsf)) , as defined from equations (5.21)-(5.22), is admissible; i.e., satisfies (4.5).
This essentially follows from the condition (2.9) and the fact that both w(s,p) and w(s,p) belong to C%*, hence their first and second

order space derivatives are bounded on [0, 7] X ZN—l- Here, it is also useful to recall that P (175 S 5N—17 t<s< T> =1 as shown in
the proof of Theorem 5.3.
Next, for a fixed feedback control 7y := (72, 7F) := (75 (s,p,—, H,— ), 7 (s,05—, H,—)) such that (75, 7F) € A(t,T;p,0), define
the process
MT :=e 7 I ﬁ(u,ﬁu,wu)duew(s,ﬁs,Hs)7 (t<s<T), (B.26)

where w(s,p, z) := (1 — z)w(s,p) + zw(s,p) and 7 is defined as in Eq. (4.17). Note that 7 can be written as

(e, 5 m) = =1+ 75 = 5P) + LA (w5 4 7P (= e ) + ),
and, thus, —7 is concave in 7. This in turn implies that there exists a nonrandom constant A < oo such that
0< M <A<oo, t<s<T, (B.27)
since w,w € C ([07 T] x A~N_1>. We prove the result through the following two steps:

(i) Define the processes Vs = e®(:P:Hs) and Uy = ™7 J¢ 1(wPu,mu)du By 1t6%s formula, the generator formula (4.8) with f(s,p,2) =
ew(s:0:2) and the same arguments as those used to derive (4.15),

S S
MT = MF +/ U, dY, — 7/ 1, P, ) Uss Vurdl
t t

i 0 1 1
= M] +/t MJ [8—: + itr(miTDQw) + i(vﬁw)mT (Vﬁw)T + (Vpw) By

—(w(wrEs B )~ .
+ (1 — Hy)h(Pw) (e ( h(pu) ) -1 fﬂm]du+M§+M?:
where
s __ s w(u, 21— : . ~
ME ::/ MIVsw k(u, B )dWy,  ME ::/ U, - (e R, - ew(u’pu)> déy. (B.28)
t t
Using the expression of n in Eq. (4.17), and similar arguments to those used to derive (4.17), we may write M™ as

S
MT = M7 + / M R(t, By 7y )+ ME + M
t

with
R, 2) = 90 4 Stx(onT D) 4+ L (Vpw)an T (Vpw) T+ + (1= E(F) [e”(“’ﬁ?@"”'” )-ed _ 1]
u
42 (Vw0 = S0 — ) - 22 (B.29)

+0=2) (Tpm, — "~ ate. ) - L2022

Clearly, R(u,p,m,z) is a concave function in 7 for each (u,p,z). Furthermore, this function reaches its maximum at 7(u,p,z) =
(7 (u, P, 2), 7F (u, B, 2)) as defined in the statement of the theorem. Upon substituting this maximum into (B.29) and rearrangements
similar to those leading to (5.7) and (5.15) (depending on whether z =1 or z = 0), we get

R(u,p,,2z) < R(u,p, 7(u,p, 2),2) =0,
in light of the corresponding equations (5.7) and (5.15). Therefore, we get the inequality
EF [MF) < M7 + B [M5 + M$]
with equality if 7 = 7. Note that EP [M%] = 0 since it is possible to find a nonrandom constant B such that

~ |2 ~ ~
sup |[M7Vpwe(u,pu)|” <A sup |w(u,pu)ll® sup |[Vzw(u,pu)|® < B,
t<u<T t<u<T t<u<T

in view of (B.27) and the fact that the partial derivatives of w and @ are uniformly bounded on [0,7] x An_1. The latter statement
follows from the fact that both w and w are 6123,04 on Apn_1 in light of Lemma 5.1 and Theorem 5.4. To deal with M9, note that since
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w,w € C(([0,T] x Ay_1) and {Us}t<s<7 is uniformly bounded (due to the fact that —7 is concave), we have that the integrand of

the second integral in (B.28) is uniformly bounded and, thus, EF [M%] = 0 as well. The two previous facts, together with the initial
conditions H; = 0 and p; = p, lead to

EP [MF] < M = e@(tPeHe) — qw(t:p0) — g0 (t.P) (B.30)
with equality if 7 = 7.
(ii) The rest of the proof is similar to the post default case. Concretely, using the fact that we have equality in (B.30) when 7 = 7,
o0(t5) _ P [M;] —EF [eﬂf,? ﬁ<u,5u,%u>duew(T,ﬁT,HT>] _ gP [e—w.ff ﬁ(uﬁuﬁu)dU] 7 (B.31)
since w(T, pr, Hr) := (1—Hp)w(T, pr)+Hrw(T,pr) = 0. Also, from (B.30), for every feedback control 75 = n (s, ps, Hs) € A(t,T;p,0),
EF [em7 i AlwPumadu] = F (MF] < M = eP®P) = BF [em7 /i Awhudu]

where the last equality above follows from (B.31). This proves the assertions (1) and (2).
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