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Abstract— This paper presents a hybrid methodology to analyze 
electromagnetic transients in a photovoltaic distributed system. 
The methodology consists in split the system into two parts: the 
external zone, where the system is reduced by a dynamic 
equivalent obtained by the application of Balance Realization 
(BR) theory and the internal zone, where the system is modeled 
in detail and solved by a time domain technique. The 
methodology, that uses a predictor-corrector method to join 
both zones, does not need a transmission line to interconnect the 
systems but an element with reactive behavior to deal with the 
time coupling. In the first zone, the use of BR permits to obtain a 
new and reduced state-space description of the system that 
keeps the domain dynamics of the full system. The size of this 
system can be reduced as much as desired. Nevertheless, the 
resulting size is proportional to the accuracy. The BR decreases 
significantly the computational cost to simulate distributed 
networks. No restrictions are done in the internal zone where all 
the dynamics elements including the control if desired, can be 
simulated. The internal zone commonly contains non-linear or 
power electronic elements.  

Index Terms-- Balanced realization, dynamic equivalents, 
electromagnetic transient analysis, frequency-domain analysis, 
reduced-order systems, internal and external zone. 

I. INTRODUCTION  

Commonly, the transmission power systems are simulated 
and analyzed through models that include the electromagnetic 
transients dynamic (EMT) and/or the electromechanically 
dynamic (RMS).Frequently, EMT models have been used to 
study fast transients which go from atmosphere discharge to 
the commutation of protection element in the system caused 
by faults. To reproduce with fidelity the behavior of the 
system these methods require numerical integration with small 
time steps. On the other hand, the RMS. models based on 
phasorial analysis are used when electromechanical transient 
phenomena is studied, this methodology commonly uses large 
time steps and simplifies the machines, transmission lines and 
other elements with equivalents.  

Dynamic equivalents have been largely used in the field of 
power systems, above other authors, the most representative 
equivalents works are: Dynamic modal equivalents [1] where 

the system is split into two subsystems; one zone under study 
and several external ones. Consistent aggregation method [1] 
where a group of consistent generators is represented by only 
one generator after a perturbation study. Artificial neural 
networks [3] that model in a black box manner an equivalent 
that represents a part of the system. Frequency depended 
network equivalent [3] where the R, L, and C components are 
used to represent a network, the equivalent characterizes the 
system over a frequency span. In the Two-Layer equivalents 
[3] approach, where the system is split into two subsystems, 
the external system is interfaced by transmission lines that are 
connected to a frequency dependent equivalent known as a 
deep region. 

The technique used here is based on the balance realization 
(BR) methodology. This technique is not new, in fact, in 1981 
Bruce C. Moore presented this technique [4]. It took only 
fourth years to be implemented in power systems [5]. After, 
this technique was applied in the systems to reduce the 
frequency spectrum used to  model the electrical elements [6]. 
Then the technique was also in blocks and structures shapes in 
[7]. The BR was take back for reduction in time and frequency 
frames with a good results [8]-[11]. 

The technique used here splits the system into two 
subsystems; the internal and external one. The external 
system, represented by the space state equations, is 
transformed to a balanced, controllable, and observable set of 
equations by means of the balance realization technique. With 
such a technique is easy to identify the most representative 
modes at the point of common coupling. The internal system, 
represented in detail, is solved by a predictor/corrector 
technique based on Heun’s method. This provides us 
accurately the voltage and current signals at the point of 
interconnection. The accuracy depends on the size of the new 
balanced system. 

The remaining of this paper is organized as follow: In the 
second section, the balance realization technique is explained 
in detail, as well the Heun’s method. In the third Section, this 
methodology is presented and tested with a didactical case of 
study. The fourth section, the core of the paper, the proposed 
methodology is applied to the 2 areas Kundur case of study 
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[12] interconnected with a photovoltaic system (PV). The case 
presents the advantages of using the dynamic equivalent. At 
Section V, the obtained results were compared against those 
found by means of the commercial software PSCAD in order 
to validate the propose technique. 

II. BALANCED REALIZATION AND HEUN 

BACKGROUND METHODS  

The proposed technique here is based on two mature 
methodologies: the balance realization and the numerical 
Heun technique, this section briefly describes both of them 
separately. Any system, represented by its state spaces, can 
be reduced by a controllable and observable new set of state 
spaces applying the balance realization. 

 

A.  Balanced Realizations 

In power system studies the BR approach has been 
implemented to find a minimal realization of the systems 
under study. The main purpose of this methodology is to 
obtain a new state-space description where the reachability 
and observability are diagonalized. This new set of invariant 
parameters can be reduced in such a way that the most 
representative states of the system are preserved. The 
methodology is applied to the external system of the system 
under study. 

To implement the BR approach in an LTI system consider 
its nth representation given by a set of ODES  = ( , ),    (1) = ( , ).    (2) 

It is necessary to obtain a transformation matrix T 
corresponding to the change of basis for the states  to get a 
new set of ODES asymptotically stable and internal balanced 
representation of the system ̅ = .     (3) 

Being the LTI characterized by the space state matrix 
representation expressed by: = +  ,   (4) = +  ,   (5) 

 
where, without loss of generality, D=[0]. 

Then, gramians of controllability and observability must 
be calculated. The controllability gramian can be obtained by 
the equation × = = . Where is possible to know if 
the system is controllable provided that P is invertible for all > 0. 

Whereas the observability gramian is calculated by ×= = , if the resulting matrix is nonsingular then the 
system will be observable. P and Q are symmetric and 
positive defined. Both gramians satisfy the Lyapunov 
equation: + = −  and  + −  

By the Cholesky factor decomposition, it is possible to 
obtain an inferior triangular matrix R with all its diagonal 

input strictly positives = . This matrix is used to 
obtain a diagonal matrix , in fact, this matrix contains the 
Hankel singular values of the system. = Σ ′, where = { , , … , } and U is a matrix with orthogonal 
columns. 

It is also possible to obtain the Hankel singular values by 
the square roots of the eigenvalues of PQ, = ( ).    (6) 

Applying a coordinate transformation is possible obtain a 
transformation matrix T for which the controllability and 
observability gramians are equal. The T matrix is used to 
obtain a new set of state space equations. 

 = ,  (7) 

 
where, = / , = / ′  and , ,and	 , correspond to the internal balanced system.  

 

B. Predictor-corrector Heun method 

The Heun’s or modified Euler's method [13], [14] is based 
on the numerical integration of the definite integral =+ , ( )  is used to solve the detailed system.  

The Heun’s method consists of two stages: first, a predictor or 
intermediate value approximation is obtained, and then the 
correction or the real value is obtained ′ = + ∆ ( , ) ,  (8) 

= + ∆ [ ( , ) + ( , ′ )]   (9) 

where ∆  is the step of time size. This technique can deal with 
high discontinuities in the electrical signals from a power 
system by decreasing of steady numerical oscillations. 
 

III. HIBRID PROPOSED TECHNNIQUE 

The proposed technique gathers the Heun’s method and the 
balance realization in order to obtain the behavior of the 
system at the PCC. This is feasible due to the new set of state 
space representation can be solved jointly with the part of the 
system which is modeled in detail in a time domain solution. 
The technique is explained in detail in this section where is 
also possible to show the technique in a flowchart diagram 

First, the system under study is split into two or more 
subsystems. One is called the external subsystem and the other 
internal subsystem. The external subsystem corresponds to the 
part of the system where a detailed representation is not 
necessary. In this part, the balance realization technique is 
implemented. The balance system obtained from (7) has the 
property that by a simple reordering and truncation of the 
dominant modes at the PCC is possible to obtain a reduced 
order model [15]. 
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= + , = C X . 

The reduced model is combined with the state space 
representation of the internal subsystem. For this part, if 
desired, every component is modeled in detail. Once the two 
space of states are combined ( , , and	 ) a numerical 
integration technique is used, for this work the Heun technique 
was chosen.  

 

Figure 1. Dynamic equivalent technic flowchart diagram.  

Fig. 1 shows a flowchart scheme of the proposed 
technique. Every step is followed by its respective equation. 
The total simulation of the system depends on the simulation 
time required. 

The subscripts e, br, r, i, and T stand for the system 
representations: external, balance reduced, reduced, internal 
and total, respectively. 

 

A. Ilustrative Example 

The applicability of the proposed technique is examined in 
the 60 Hz system depicted in Fig. 2. The external subsystem 
consists of a voltage source = 1sin	( ) in series with a 
resistance and inductance representing the most basic 
generator, then a π transmission line is connected. At the other 
end of the line, a load composed by a resistance and 
inductance in parallel are connected.  

The point of common coupling (PCC) depicted on the 
system is the place where the system is split into external and 
internal subsystems. The internal system is composed of a 
source of = 0.9sin	( ) and a T transmission line. 

Without loss of generality, the steady state characterization 
of the external system is: 

V1 V21 p.u.

1µΩ 

0.1 H

50µF

50µF

2Ω 0.02 H
0.02 H

100Ω
 

xe1 xe2 xe3+

-
xe4

+

-
xe5

0.01 H 0.01 H

0.5Ω 50µF

0.9 p.u.

xi1xi2 +

-
xi3

External system Internal system

PCC

Figure 2. Illustrative example, linear system with two voltage sources. =−1 × 10 0 0 −10 00 −100 0 50 −500 0 0 0 502 × 10 −2 × 10 0 0 00 2 × 10 −2 × 10 0 −2 × 10 	, 
whereas B = 10 0 0 0 00 0 0 0 20 × 10 , and  C =[0 0 0 0 1].  

Following the procedure described in section III, the 
system is balanced by obtaining the Gramians and the 
transformation matrix.  

= −2.7638 −0.0627 0.0160 1.1130 4.09701.6203 0.1233 	−0.2513 −6.021 4.11015.3216 −0.1760 −0.1534 3.2735 4.07582.5356 −110.783 −88.054 1.4443 4.5044−2.7830 −88.0458 110.822 4.9920 −1.8112  

Using (7) the balance realization of the system is 
composed of the next set of matrices. =−0.08491 −808.5 −21.46 −0.2133 0.1105808.1 −85.52 −126.2 −32.15 3.52220.94 −126.2 −191.8 −1661 6.278−0.1314 32.11 	1661 −0.3932 0.2850.02214 −2.332 −4.161 0.1631 −22.22 , 

=1.382 −0.0372 −0.0079 	0.5565 1.358−2.416 88.05 110.8 −4.961 1.198 , 

and = [	2.783 88.05 110.8 4.992 −1.811]. 
The Hankel singular values are: = {45.6067, 45.3235, 32.0194, 31.6874, 0.0738} 

For the internal subsystem the steady state characterization 
is: 
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= −50 0 −1000 0 10020 × 10 −20 × 10 0 , 

= 90 0 00 −100 0 , and = [0 1 0].  

 
Figure 3. Illustrative example, showing the Hankel values. 

 

Figure 4. Comparison of voltages in the PCC between full system and the 
reduced system 

By the analysis of the resulting Hankel values, the external 
subsystem can be reduced. The system cannot be reduced 
arbitrarily nevertheless the small Hankel values usually 
indicate the states that can be removed to simplify the system 
without losing accuracy representation. Fig. 3 shows in a 
semilogarithmic graphic the Hankel values for the reduction of 
the system; the values above 0.1 were considered with a good 
approximation. The system was reduced from 5 space 
variables to 4 (20%) with a reasonable approximation. 

The voltages at the PCC  with the full system (FS) and 
with the reduced system (RS) were compared in Fig. 4. The 
simulation starts with the sources voltage given previously for 
the system from Fig. 2. After 0.1s, a third harmonic distortion 
was injected = + (0.25sin	(3 )). The system was 
simulated during 0.2s. The current from the internal zone to 
the external zone is also compared in Fig. 5. 

The absolute error presented with the 20% reduction is 
shown in Fig. 6. It can be noticed that during the first part of 
the simulation when there is not harmonic distortion the 
maximum error presented is 0.001pu and starts increasing 
once exists harmonic excitation at the external system. 

Nevertheless, the maximum error reported was 0.04pu. It is 
worth to say that some Hankel values are strongly linked to 
the PCC, these elements are the ones which has the highest 
magnitude (see Fig. 3). If the reduction of the system is not 
suitable the resulting state of spaces can be unstable. 

 
Figure 5. Comparison of currents from the internal subsystem to the external 

subsystem between full system and the reduced system. 

 
Figure 6. Logarithmic error between the full system and the reduced 

system. 

Internal
 system

G1

G2 G3

PV

1

2

3

4

5 6 7 8 9 10 11

PCC

External system

C2C1

L1 L2

Figure 7. Case of study2, Kudor’s based system with a photovoltaic 
distributed generator connected at bus 11.  

 

IV. CASE OF STUDY 

To prove the effectivity of the methodology, in this section 
a more complex system is used, the system is well known as a 
2 areas Kundur’s taken from [12]. A slight modification from 
the original work was done at bus 11 where a photovoltaic 
system was connected instead of a synchronous generator. The 
photovoltaic system including the transformer between buses 
3 and 11 was considered as the internal subsystem, the rest as 
the external subsystem. Fig. 7 depicts the case of study where 
the interconnection of internal/external subsystems is 
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highlighted in the PCC, the parameters of the external system 
can be found on [12].  

On Fig. 8, the photovoltaic system is presented. The filter 
parameters, DC link capacitance, and source values are 
summarized on Table I. 

DC

AC

Lf Rf

Cf PCC

3

CDCPV

Grid

 

Figure 8. Internal system: photovoltaic system in a single line diagram. 

TABLE I. Parameters of the photovoltaic system. 

Symbol Values Name 
PV 1.4 kV DC voltage  
PV  1.4 Ω Resistance  

 5 mF DC link capacitance  
 0.02 H L filter 

 10 Ω R filter 

 100 µF C filter 
 

For the photovoltaic system the control is shows in Fig. 9 
was implemented, only positive sequence was taken into 
account to control the power delivered to the system by the 
voltage source converter (VSC).  

The Park transformation was used in order to change the 
reference frame from abc to dq0 coordinates in this way it is 
possible to obtain  and  from 	  the instantaneous 
current at the PCC. The resulting  and  signals are 
compared against the referent currents ∗ and ∗, being the 
PV system balanced ∗ = 0. After the current comparison, a 
PI control is used, where the PI parameters were tuning 
according to the system [16]. 

Before obtaining the modulation signals, the PI resulting 
parameter is added to the positive voltages. In that way is how 
the PV system is controlled. Modulation voltages 
( , , and	 ) are compared against a triangular signal 
in order to obtain the pulses to open and close the internal 
VSC valves [17]. All this control is utilized to get the 
maximum power that the photovoltaic system can supply and 
thanks to that, this system can contribute to the desired real 
and reactive	power.		The	state	space	representation of the external system is 
composed of 60 spaces in that sense the matrix representation 
set has dimensions of A[60 × 60], [60 × 12], and [3 ×60]. While, for the internal system the sizes of the matrices 
are A[10 × 10],	 [10 × 4],	and	 [3 × 10].	

The resulting Hankel values, which are obtained from the 
balanced system, were plotted on Fig. 10. The Hankel higher 
values represent the states that have a major influence in the 
PCC if this values are removed from the study system the 
resulting equivalent behavior will not have relation to the 
original system. In the same way, the smaller Hankel values 
have a minor influence in the system, therefore, they can be 
removed from the study system without losing the true 

behavior of the system at the PCC. However, the reduction 
cannot be done arbitrarily and an analytical procedure to 
choose the most representative Hankel values for the system is 
an open topic for an oncoming work. For this case of study 
and after several reductions test, the authors have determined 
to reduce the system considering only the Hankel values 
above 1 × 10 .  

 

 
Figure 9. Internal system: photovoltaic system in a single line diagram. 

 

Figure 10. Hankel values of the external system. 

 
Figure 11. Voltages at the point of common coupling va, vb, and vc by 

Dynamic Equivalent (DE) and by PSCAD. 

The system dimension was reduced by 15% of the original 
with a good approximation in the current and voltages, these 
wave shapes are shown in Fig. 11 and Fig. 12. The new set of 
state space representation, controllable and observable, had the 
dimensions of [45 × 45], [45 × 12], and [3 × 45]. The 
simulation time decreases from 1.22s, original system, to 
1.02s dynamic equivalent around 16.13%.  
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Once the external system is reduced, both the internal and 
the external subsystems can be interconnected with the hybrid 
technique. In Figure 11 and Figure 12 currents and voltages 
signals at the PCC from the dynamic equivalent (DE) and 
PSCAD were compared along 0.1s small difference can be 
seen in the signals.  The step of time was set equal to 50  for 
both techniques[18]. 

 
Figure 12.  Currents flowing through the point of common coupling ia, ib, and 

ic by Dynamic Equivalent (DE) and by PSCAD. 

 

V. CONCLUSIONS 

 The technique presented in this paper is based on 
balanced realization and Heun’s method. The purpose of this 
technique is to transform the natural state space representation 
of a portion of the system in a new state-space description so 
that the reachability and observability gramians are 
diagonalized and in this way, a truncation based on the new 
eigenvalues is effectively used. A great advantage presented 
by the methodology is the visual truncation decision and in 
accordance with the magnitude of the resulting Hankel values, 
the smallest values correspond to the states with a minor 
participation at the point of common coupling. It is worth to 
say that the dynamic of the system is not affected by the 
reduction. In parallel, the rest of the system is simulated in 
time-domain. The results for both techniques are gathering by 
a Heun numerical integration with handle the results in time-
domain. 

 The effectiveness and feasibility of the proposed 
technique were tested with two systems. The first one is an 
illustrative example showing the steps of the methodology. It 
consists of a lumped parameters system representation of a 
generator connected to a transmission line, all the elements are 
taken as linear. Once the simulation is performed a 40% of 
reduction, in the state space representation, was possible 
without losing the accuracy. A second system a Kundur's 
modified system with a PV generator modeled to detail was 
simulated. The system was reduced by 15% the original size 
and the presented error was less than 1e-2. The reduction of 
the system was directly proportionally to the computational 
time.  

 The technique can easily be implemented in real time to 
decrees the system of system and deal with the available 
resources. 
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