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Abstract

This paper presents a simplified mathematical model for proton exchange membrane fuel cell (PEMFC) systems. 
The system performance is validated through a comparison with experimental datasheet results of a commercial 
PEMFC stack. The model is then used to study the transient response of a PEMFC when subjected to different load 
variations. A PI controller is designed to control the fuel cell output voltage during different transient conditions. The 
results ensure that the model provides an accurate representation of the dynamic and steady state behaviour of 
the fuel cell. In addition, the results show the fast response capabilities of the PEMFC for following changes in the 
load. This model will be useful for the optimal design and real-time control of PEMFC systems especially for electric 
vehicles applications.
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Nomenclature

A=Tafel slope 

C
S
=Surface concentration

C
B
=Bulk concentration

E=Ideal fuel cell potential (in volts)

E
theor

=Reference potential (in volts)

Eo
theor.actual

=Actual theoretical voltage (in volts)

Eo
theor

=Ideal standard potential at 298K (in volts)

E
losses=

Loss voltage (in volts)

E
n
=Nernst voltage (in volts)

E
oc

=Open circuit voltage (in volts)

F=Faraday constant (96485 coulombs per mole)

H=Planck constant (6.626×10-34 J.s)

i
o
=Exchange current (in amps)

i
fc
=Fuel cell current (in amps)

I
lim it

=Limitation current (in amps)

K=Boltzmann constant (1.38×10-23 J/K)

K
E
=Empirical constant in calculating

E0
theor.actual

 (in volt per Kelvin)

K
r
=Modelling constant

N=Number of cells in the stack

N=Number of electrons participating in the reaction

P
air

=Absolute supply pressure of air (atm)

P
fuel

=Absolute supply pressure of fuel (atm)

P
H2

=Partial pressure of hydrogen inside the stack

P
O2

=Partial pressure of oxygen inside the stack

R=Gas constant, 8.3145 J/ (mol.K)

T=Temperature of operation (in Kelvin)

U
f
=Utilization factor (%)

U
fH2

=Rate of conversion (utilization) of hydrogen (%)

U
fO2

=Rate of conversion (utilization) of oxygen (%)

V
lpm(air)

=Air �ow rate (l/min)

V
lpm( fuel)

=Fuel �ow rate (l/min)

V
cell

=Cell voltage (in volts)

V
act

=Activation voltage (in volts)

Vconc=Concentration voltage (in volts)

V
ohm

=Ohmic voltage (in volts)

V
out

=Output voltage of fuel cell stack (in volts)

W
el
=Maximum electrical work of fuel cell

(Joules)

x%=Percentage of hydrogen in the fuel (%)s

y%=Percentage of oxygen in the air (%)

Z=Number of moving electrons

α=Charge transfer coe�cient
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ΔG=Change in Gibbs free energy (Joules per mole)

ΔG 0=Gibbs free energy change of reaction at the standard state 
(pressure 1 atm and temperature 298 K)

ΔH=Enthalpy change

ΔS=Entropy change

Introduction

Fossil fuel represents a major source of the global environmental 
problems, particularly the global warming and destruction of ozone. 
A major utilization of fossil fuel is the transportation sector [1]. 
�us, it is urgently required to eliminate or reduce the pollution from 
transportation systems. 

Fuel cells can play this role since they represent one of the most 
promising sources of renewable energy. �ey are considered as clean 
sources with extremely low emission of oxides, nitrogen and sulphur. In 
addition, they are advantageous by high generation e�ciency, very low 
noises and fuel �exibility [2]. Fuel cells can utilize hydrogen directly to 
produces dc power [2], which can be used to power vehicles, electronic 
devices, houses or the main grid system [3]. �e absence of intermediate 
conversion, mechanical and combustion process gives many additional 
advantages for the fuel cells [4].

�e commonly used fuel cells can be classi�ed according to 

temperature into: low, medium, and high temperature fuel cells. 

Low-temperature units include Alkaline Fuel Cell (AFC) and Proton 

Exchange Membrane Fuel Cell (PEMFC). Phosphoric acid fuel cell 

(PAFC) represents a medium-temperature unit, while high temperature 

fuel cells include Molten Carbonate Fuel Cells (MCFC) and Solid Oxide 

Fuel Cells (SOFC) [5].

PEMFCs are appointed for vehicle applications due to their high 

power density, low operating temperature, i.e. fast start-up, good 

dynamic behavior, simple and compact design, reliable operation, 

and non-corrosive electrolyte [2]. �e ordinary operation of electric 

vehicle necessitates repetitive cycles of start, stops, acceleration and 

deceleration, which represents continuous transient situations [6].

�e development of fuel cells for electric vehicle applications 

requires simulating the dynamic behavior of the entire system. �e fast 

response of the system and the real-time accurate simulations has also 

to be considered. �ese requirements are necessary to support the real 

design and implementation of fuel cells in vehicle applications. Also, 

system behavior can be studied by means of computer simulations 

under di�erent loading conditions, pressure of reagent gases and 

temperature [7].

Several mathematical models have been presented to describe 

the behaviour of PEM fuel cells [8-12]. Most of them provided 

the simulation only for the steady-state behaviour [8]. In practical 

applications of electric vehicle �elds, the output power of the fuel 

cell experiences signi�cant variations mainly during acceleration and 

deceleration. During these situations, steady-state models will not be 

su�cient to represent the transient dynamics and hence, the analysis of 

their dynamic performance will be unrealistic.

Many of the previously-introduced dynamic models are complex 

since they depend on several partial di�erential equations [9,10]. 
�is complexity is undesirable since it results in large simulation time 
especially when the fuel cell is interfaced with other systems, such as 
electric vehicles

Dynamic models reported in [11,12] did not take the double 
layer charging e�ect into account. �e regions where mass transfer 
limitations occur have not been considered in the dynamic models 
presented in [12].

In recent years, fuel cells for electric vehicle applications are rapidly 
increased. �is paper proposes a simpli�ed but accurate mathematical 
model for PEM fuel cell systems. A suitable PI controller is designed 
to control the fuel cell output voltage. Both the double layer charging 
e�ect and the thermodynamic characteristic inside the fuel cell are 
included in the model.

�e model simulation results obtained at steady state are validated 
by comparing them with datasheet results provided by the manufacturer 
[13]. In addition, the dynamic performance is studied under some 
disturbances. �e model is implemented using the simulation 
environment MATLAB/SIMULINK

Dynamic Modeling of PEMFCs 

A simpli�ed dynamic model of a fuel cell with proton exchange 
membrane (PEM) type, based on physical chemical knowledge of the 

phenomena occurring inside the fuel cell is presented in this section. To 

simplify the analysis, the following assumptions are made [14]:

One-dimensional treatment, i.e. all quantities vary only in an 

orthogonal direction to anode and cathode surfaces 2- Ideal and 

uniform distribution of gases 3- Constant pressures in the gas �ow 

channels of the unit 4- Humidi�ed hydrogen and air are used as fuel 

and oxidant respectively 5- �e operating temperature is 100°C and the 

reaction products are in a liquid state 6- �e average stack temperature 

is considered when evaluating the thermodynamic properties, where 

temperature variations across the stack are neglected, and only the 

average speci�c heat capacity of the stack is used 7- Parameters of the 

fuel-cell stack are obtained by augmenting parameters of individual 

cells

For understanding the operation of fuel cells, the ideal performance 

is �rstly de�ned. �en, losses arising from non-ideal behavior can be 

estimated and then deducted from the ideal performance to investigate 
the actual operation.

�e Gibbs free-energy and Nernst potential 

When the fuel cell operates at constant temperature and pressure, 
the maximum electrical work (W

el
) that can be obtained is given by the 

change in Gibbs free energy (ΔG) of the electrochemical reaction as 
follows [15]:

G H T S∆ = ∆ − ∆                                                                                 (1)

where: “ n ” is the number of electrons participating in the reaction, 
“F” is the Faraday constant (96485 coulombs per mol), and “ E

theor
” is 

the reference potential (in volts).

�e Gibbs free-energy change can be calculated as follows [4]:

G H T S∆ = ∆ − ∆                                                                                    (2)

where: “ΔH” is the enthalpy change and “ΔS” is the entropy change.

“ΔH” represents the total thermal energy; while the enthalpies 
change minus the quantity “TΔS” represents the available free energy. “T 
ΔS” is the amount of heat produced by the fuel cell operating reversibly, 
with “T” is the operating temperature in Kelvin. �e electrochemical 
oxidation and reduction reactions in a hydrogen/oxygen (H

2
/O

2
) fuel 

cell are given by following reactions:
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Anode reaction: 
2 2 2H H e+ −→ +                                                             (3)

Cathode reaction: 
2 2

1
2 2

2
O H e H O+ −+ + →                                               (4)

�e overall reaction: 2 2 2

1

2
H O H O+ →                                                        (5)

For every mole of hydrogen consumption, the cell consumes 0.5 
mole of oxygen and produces one mole of water. In addition, two moles 
of electrons are produced. �e Gibbs free energy change of reaction is 
given by the following equation [15]:

0 1/2

H2 O2ln(P )(P )G G R T∆ = ∆ − ×                                                                    (6)

where: “ ΔG0 ” is the Gibbs free energy change of reaction under 
standard conditions (pressure = 1 atm and temperature=298 K), “R” 
is the gas constant, 8.3145 J/ (mol.K), “ P

H2
 ” is the partial pressure of 

hydrogen inside the stack and “ P
O2

 ” is the partial pressure of oxygen 
inside the stack.

�e theoretical potential (E0
theor

) for the H
2
/O

2
 cell reaction is 

derived from the change in the Gibbs free energy (ΔG0) as follows [4]:

0
0 ( )theor

G
E

z F

∆
= −

×                                                                                               (7)

where: “z” is the number of moving electrons. From equations 
(1), (6) and (7), the general form of the Nernst equation is obtained as 
follows [5,11,16]:

0 1/2

. H2 O2ln(P )(P )n theor theor actual

RT
E E E

zF
= = +                                           (8)

where: “ E0
theor.actual

”is a function of temperature and can be expressed 
as:

0 0

. (T 298)theor actual theor EE E K= − −                                                               (9)

where: “ K
E
 ” is the empirical constant for calculating

E0
theor.actual

(volt per Kelvin)

Ideal performance 

In equation (8), E
theor

 gives the ideal open circuit cell potential. 
�is potential de�nes the maximum performance that can be obtained 
from a fuel cell. �e Nernst equation is used to relate the ideal standard 
potential (E0

theor
) and the ideal equilibrium potential ( E

theor 
) at other 

partial pressures of reactants. Generally, the cell potential increases 
with the increase of partial pressure (concentration) of reactants and 

a decrease in the partial pressure of products. �us, the ideal potential 
can be increased by increasing the reactant pressures at a given 
temperature and hence, higher pressures cause improvements in fuel 
cell performance [17].

�e ideal potential (E0
theor

) at 298 K and with pure hydrogen and 
oxygen is 1.229 volts with liquid water product, and 1.18 volts with 
gaseous water product. �is value is sometimes referred to as the 
oxidation potential of hydrogen [18]. �e di�erence between the two 
volts, i.e. 1.229 volts and 1.18 volts, is the Gibbs free energy change of 
water vaporization under standard conditions [4].

�e reactant concentrations a�ect open circuit voltage of a fuel 
cell, where maximum ideal potential takes place when the reactants at 
the anode and cathode are pure. For fuel cells that utilize air and/or 
impure dry hydrogen, the potential will be decreased. In addition, the 
decrease of reactants concentration at the exit of the cell compared to 
at the entrance causes a Nernst correction that reduces the open circuit 
voltage. To obtain the best performance for low-temperature fuel cells, 
such as PEM fuel cell, a noble metal electro-catalyst, such as platinum 
(Pt) has to be used [4,17].

Actual performance 

Polarization characteristics of PEM fuel cells: �e electrochemical 
process within fuel cells is associated with many losses (Figure 1)[19]. �e 
reasons of these losses are: activation polarization, Ohmic polarization, 
and concentration polarization. Due to these losses, the cell voltage (V) 
is less than the ideal value “E” as follows:

V=E-E
losses                                                                                                                                                               

(10)

�e activation polarization loss appears mainly at low currents, 

where there is a need to overcome the electronic barriers before 

current and ion �ow. Ohmic polarization loss, in contrast, is almost 

proportional to current, and it increases with the current since cell 

resistance is almost constant. Finally, the gas transport losses take place 

commonly at high limiting currents. �e reason is the di�culty of 

providing su�cient reactants �ow to the cell reaction sites. However, 

this kind of losses occurs also over the entire range of current, but with 

lower e�ect [19].

Activation loss: �e main reason of activation loss is the slowness 

of the reactions at the electrode surfaces. To force the electrons to the 

electrodes through the chemical reaction, a portion of the potential is 

lost. �e Tafel equation is commonly used to account for these losses 

[18]. Using this equation, a relation between the overvoltage at the 
electrode surface and the natural logarithm of current density can be 
derived. �us, the activation voltage loss for the fuel cell can be obtained 
as follows [16]:

lnact fcV A i= −                                                                                          (11)

RT
A

z Fα
=                                                                                                  (12)

where: “ i
fc
” is the fuel cell current in Ampere, “A” is the Tafel slope 

and “α” is the charge transfer coe�cient, which depends on the type of 
electrodes and catalysts used.

Ohmic loss: �e ohmic resistance of a PEM fuel cell consists of three 
terms: the resistance of polymer membrane, the conducting resistance 
between the membrane and electrodes, and that of electrodes. �e total 
ohmic voltage drop can be expressed as follows [16]:

, , ,ohm ohm a ohm membrance ohm c fc ohmV V V V I R= + + =                                           (13)
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Figure 1: Ideal and actual voltage/current characteristic of PEM fuel cell.
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Concentration loss: As a result of mass di�usions from the �ow 
channels to the reaction sites, concentration gradients can be formed 
during the reaction process. �e reason of concentration voltage 
drop at high current densities is the slow transportation of reactants 
to the reaction sites. It is also possible that the catalyst surfaces at the 
anode and cathode are covered by a water �lm. �e concentration over 
potential can be written as follows [16]:

ln S

B

CR T
Vconc

z F C

×
= −

×                                                                                       (14)

Where: “C
S
 ” and “C

B 
” are the surface and bulk concentrations 

respectively.

�e above equation can be rewritten as [16]:

lim

ln(1 )
fc

conc

it

IR T
V

z F I

×
= −

×                                                                           (15)

where: “ I
lim it 

” is the limitation current (A)

Finally, the equivalent concentration resistance is:

lim

ln(1 )
fcconc

conc

fc fc it

IV R T
R

I z F I I

×
= = − −

× ×
                                               (16)

Dynamics of PEMFCs

Double-Layer charging e�ect: Any collection of charges, e.g. 
hydrogen ions (in the electrolyte) and electrons (in the electrodes), 
will generate an electrical voltage. When this layer of charges is formed 
at the surface of electrode and electrolyte, it will represent a store of 
electrical charges similar to a capacitor. With the current changes, the 
charge will change during a certain time and hence, the voltage will not 
immediately follow the current changes unlike the ohmic voltage drop. 
�is result in an instant voltage change a�er any current change owing 
to the internal resistance and then the voltage will change gradually to 
its �nal value. Considering the e�ect of the double layer while building 
the PEM fuel cell dynamic model will give the model more accuracy 
when describing the dynamic performance. �us, it is quite reasonable 
to use a capacitor to model the capacitance e�ect resulting from the 
charge double layer [7,14].

Flow rate and thermodynamics characteristics: �ere are delays 
between the change in the load current and �ow rates of fuel and air 
which represented in this model by using inductance. Another delay 
is used to represent thermodynamics time constant inside the fuel cell. 
�us, the fuel cell fuel and oxidant �ow delays, the thermodynamic 

characteristics and the double layer e�ects will dominate the transient 
responses of the fuel cell model.

Cell Voltage: �e open-circuit voltage can be calculated as follows 
[20]:

oc nE N E= ×                                                                                        (17)

where: “ E
oc

 ” is actually the open-circuit voltage of the fuel cell. 
However, under normal operating conditions, the fuel cell output 
voltage is less than E

oc
 . Taking into consideration the activation loss, 

ohmic resistance voltage drop, and concentration over potential, the 
cell voltage is given as [20]:

(cell) (cell) (cell) (cell)cell oc act ohm concV E V V V= − − −                         (18)

To represent a fuel-cell stack, the parameters of individual cell are 
lumped and the output voltage of the fuel cell is obtained as [15,16]:

out cell oc act ohm concV N V E V V V= × = − − −                           (19)

Reactant Utilization: Reactant utilization has a major impact on 
fuel cell performance. A utilization factor “U

f
” is de�ned to represent 

the ratio of the amount of hydrogen that reacts with the oxygen to 
the amount of hydrogen entering the anode. �e rate of conversion 
(utilization) of hydrogen “U

fH2
” and oxygen “U

fO2
” are determined as 

follows [21]:

2 2

(fuel)

, 0 1
%

r fc

fH fh

fuel lpm

K RTNi
U U

zFP V x
= ≤ ≤                                            (20)

2 2

(air)

, 0 1
2 %

r fc

fO fO

air lpm

K R T N i
U U

zF P V y

× × × ×
= ≤ ≤                                   (21)

Where: “ K
r
 ” is the modelling constant, “N” is the number of cells 

in the stack, “ P
fuel

” is the absolute supply pressure of fuel (atm), “V
lpm( 

fuel)
” is the fuel �ow rate (l/min), “ x% ” is the percentage of hydrogen in 

the fuel (%), “ P
air

” is the absolute supply pressure of air (atm), “V
lpm(air)

 
” is the air �ow rate (l/min) and “ y% ” is the percentage of oxygen in 
the air (%).

�e partial pressures P
H2

 and P
O2

 are determined as follows [21]:

2 fH2% (1 U )H FuelP P x= × × −                                                           (22)

2 fO2% (1 U )O AirP P y= × × −

�e exchange current is given as follows [20,21]:

H2 O2(P P )
G

R T
o

z F k
i e

R h

∆
×× × +

=
×

                                                          (23)

where: “K” is the Boltzmann constant, 1.38×10-23 J/K and “h” is the 

Planck constant, 6.626×10-34 J.s

�e complete model of the fuel cell is built based on the 

abovementioned equations (Figure 2). �e Figure 2 indicates the logical 

connections of the di�erent blocks and shows the di�erent inputs and 

outputs.

�e model is simulated by MATLAB/SIMULINK using the 

available data sheet of NedStack PS6 fuel cell,6kW [21]. For electric 

vehicle applications, the fuel cell model should be rescaled to be 

suitable for the electric vehicle power demand. Figure 3 shows the block 

diagram of MATLAB/SIMULINK model, which has been developed 

for the PEMFC.
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Figure 2: The general diagram model of PEMFCs.
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Model Validation

Simulation and datasheet data

�e results for base case operating conditions were veri�ed by 

comparing them with datasheet results provided by the manufacturer 

[13]. �e comparison is given in Figure 4.

�e polarization curve of the cell potential versus the cell current for 

the model is in a good agreement with the datasheet polarization curve 

in the intermediate load region. However, there are minor di�erences 

between the model and datasheet results in low load region and mass 

transport limitation region. �e di�erence in the low load region or the 

activation region is due to the estimation of some parameters a�ecting 

the activation regions, which are not available in the datasheet. For the 

di�erence in the mass transport limitation region, the curve obtained 

from the model is shi�ed upward compared to the datasheet results. 

However, this di�erence is acceptable taking into account neglecting 
some physical process such as water �ooding at the cathode and anode 
drying.

Another veri�cation process is the comparison of the model 

and datasheet power curves, which is shown in Figure 5. Similar to 

the polarization curve, the model power curve is very close to the 

datasheet curve in the load region below the mass transport region. 

At high loading condition in Figure 5, the predicted values are slightly 

higher than the datasheet values as can be expected for the same 

abovementioned reasons.

From these comparisons, it is clear that the developed model has a 

high accuracy and can be used to simulate the performance of the fuel 
cell unit.

Load variation Study

�e load is modelled as a constant power load using the three-phase 

load block that can be set by de�ning the required power. �e dynamic 

performance of the fuel cell model is investigated under di�erent load 

variations, using step increase and decrease changes in the load. A PI 

controller is designed and tuned to control the output fuel cell voltage 

during transient operation by varying the �ow rates of fuel and air.

FC output voltage, current and power are selected to study the 

dynamic performance of the PEMFC developed model. A�er the FC 

starts and reaches the steady state values of voltage and current, a step 

change is applied. Figure 6 shows MATLAB/SIMULINK model with 

a PI controller, which has been developed for the PEMFC. All results 
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Figure 3: The block diagram of MATLAB/SIMULINK model of PEMFCs.
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shown in Figures 7-9 is obained using the PI controller. In addition, the 

output voltages of the unit without PI controller are shown in the same 

�gures with the dotted lines.

Case 1- Load increase: As shown in Figure 7, the FC started with a 

load of 2 kW, where the PI controller regulates the output voltage within 

6 sec to reach 52 volt, the reference value, at steady state by adjusting 

the fuel and air�ow rates. A step load increase with 300 W is applied 

a�er 30 sec.

From the results, it is evident that the current increases as a result 

of the load increase but with a certain delay. Consequently, the output 

voltage of the fuel cell decreases with a time delay due to the �ow rates of 

fuel and air. Generally, the shown time delay following the load power 

change is due to the fuel-cell time constant. �e PI controller showed a 

good and relatively fast response in controlling the output voltage a�er 

the starting and the load increase. �us, through the regulation of the 

fuel and air�ow rates, the PI controller succeeded to keep the voltage at 

the 52 V level according to the reference value.

Case 2- Load decrease: In this case, the FC is loaded with 2 kW 
and a step load decrease of 200 W is applied at a time of 30 sec. �e 
results are shown in Figure 8, where the decrease in the load causes a 
decrease in the current with a time delay. �e output voltage of the unit 
increases as a result of the voltage-drop decrease with a time delay due 
to �ow rates of fuel and air. Once again, the PI controller succeeded to 
regulate the output voltage and maintain its level at the reference value. 
Without controller, the voltage reaches the 52V level a�er the load 
change and faster than with the controller. However, it is not always the 
case under di�erent loading conditions, e.g. with a load of 1.9 kW. �us, 
the controller ensures maintaining the voltage at its desired value under 
all loading conditions.

Case 3- Load increase and decrease: �e third case represents a 
composite disturbance, where two sequential disturbances are applied. 
Firstly, a step load increase is applied at 15 sec from 1950 W to 2350 W, 
and then a step load decrease is applied at 85 sec from 2350 W to 1900 
W as shown in Figure 9. It is clear that the PI controller is able to control 
the output voltage in a proper time. �is indicates that the controller 
performs well even starting from di�erent initial operating points.

Intended Extension Work

It is intended to implement the developed veri�ed dynamic model 
to an electric vehicle system. �e target is to enhance the transient 
performance of the vehicle through a control design of the �ring angles 
of the Fuel Cell converter and the electric motor as shown in Figure 
10. In an ongoing research, the model of the overall vehicle system 
including the PEM fuel cell will be introduced. In addition, suitable 
controllers will be developed in detail and the performance of the 
system will be discussed.

Conclusion 

�is paper describes the dynamic modelling of PEM Fuel Cells, 
which can be used in di�erent dynamic studies especially in vehicle 
applications. �e obtained results showed a good agreement between 
the steadystate performance of the model and the datasheet provided 
by the manufacture. In addition, the dynamic performance showed fast 
response to load variations. �e PI controller succeeded to regulate the 
unit performance regarding the output voltage. �us, it is possible to 
obtain a regulated performance from the unit even with load variations. 
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Figure 7: Results of step load increase.

 

Fig. 8. Results of step load decrease 
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Figure 8: Results of step load decrease.

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 9. Results of step load increase and decrease 
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Figure 9: Results of step load increase and decrease.
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Figure 10: Fuel-cell-based electric vehicle model.

�is study enables the prediction of PEMFC dynamic behaviour under 
di�erent operating conditions, which lays down a foundation for 
optimization and control development that can be used with electric 
vehicles.
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