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Abstract

We study dynamic monetary risk measures that depend on bounded discrete-time
processes describing the evolution of financial values. The time horizon can be finite
or infinite. We call a dynamic risk measure time-consistent if it assigns to a process
of financial values the same risk irrespective of whether it is calculated directly or
in two steps backwards in time. We show that this condition translates into a de-
composition property for the corresponding acceptance sets, and we demonstrate how
time-consistent dynamic monetary risk measures can be constructed by pasting to-
gether one-period risk measures. For conditional coherent and convex monetary risk
measures, we provide dual representations of Legendre—Fenchel type based on linear
functionals induced by adapted increasing processes of integrable variation. Then
we give dual characterizations of time-consistency for dynamic coherent and convex
monetary risk measures. To this end, we introduce a concatenation operation for
adapted increasing processes of integrable variation, which generalizes the pasting of
probability measures. In the coherent case, time-consistency corresponds to stability
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under concatenation in the dual. For dynamic convex monetary risk measures, the
dual characterization of time-consistency generalizes to a condition on the family of
convex conjugates of the conditional risk measures at different times. The theoretical
results are applied by discussing the time-consistency of various specific examples of
dynamic monetary risk measures that depend on bounded discrete-time processes.
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1 Introduction

Motivated by certain shortcomings of traditional risk measures such as Value-at-Risk,
Artzner et al. (1997, 1999) gave an axiomatic analysis of capital requirements and intro-
duced the notion of a coherent risk measure. These risk measures were further developed
in Delbaen (2000, 2002). In Follmer and Schied (2002a, 2002b, 2004) and Frittelli and
Rosazza Gianin (2002) the more general concepts of convex and monetary risk measures
were established. In all these works the setting is static, that is, the risky objects are real-
valued random variables describing future financial values and the risk of such financial
values is only measured at the beginning of the time-period under consideration. It has
been shown that in this framework, monetary risk measures can be characterized by their
acceptance sets, and dual representations of Legendre—Fenchel type have been derived for
coherent as well as convex monetary risk measures. For relations of coherent and convex
monetary risk measures to pricing and hedging in incomplete markets, we refer to Jaschke
and Kiichler (2001), Carr et al. (2001), Frittelli and Rosazza Gianin (2004), and Staum
(2004).

In a multi-period or continuous-time model, the risky objects can be taken to be
cash-flow streams or processes that model the evolution of financial values, and risk mea-
surements can be updated as new information is becoming available over time.

The study of dynamic consistency or time-consistency for preferences goes back at
least to Koopmans (1960). For further contributions, see for instance, Epstein and Zin
(1989), Duffie and Epstein (1992), Wang (2003), Epstein and Schneider (2003).

Examples and characterizations of time-consistent coherent risk measures are given in
Artzner et al. (2004), Delbaen (2003), Riedel (2004), Roorda et al. (2005). Weber (2005)
studies time-consistent distribution-based convex monetary risk measures that depend
on final values. Rosazza Gianin (2003) and Barrieu and El Karoui (2004) give relations
between dynamic risk measures and backward stochastic differential equations. Cheridito
et al. (2004, 2005) contain representation results for static coherent and convex monetary
risk measures that depend on financial values evolving continuously in time. Frittelli
and Scandolo (2005) study static risk measures for cash-flow streams in a discrete-time
framework.

In this paper we consider dynamic coherent, convex monetary and monetary risk mea-
sures for discrete-time processes modelling the evolution of financial values. We simply
call these processes value processes. Typical examples are:

- the market value of a firm’s equity

- the accounting value of a firm’s equity

- the market value of a portfolio of financial securities

- the surplus of an insurance company.

We first introduce coherent, convex monetary and monetary risk measures conditional
on the information available at a stopping time and study the relation between such risk
measures and their acceptance sets. Then, we pair the space of bounded adapted processes
with the space of adapted processes of integrable variation and provide dual representations
of Legendre—Fenchel type for conditional coherent and convex monetary risk measures; see
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Theorems 3.16 and 3.18. In Definition 3.19, we extend the notion of relevance to our setup.
It plays an important role in the consistent updating of risk measures. In Proposition 3.21,
Theorem 3.23 and Corollary 3.24, we relate relevance of conditional coherent and convex
monetary risk measures to a strict positivity condition in the dual.

A dynamic risk measure is a family of conditional risk measures at different times.
We call it time-consistent if it fulfills a dynamic programming type condition; see Def-
inition 4.2. In Theorem 4.6, we show that for dynamic monetary risk measures, the
time-consistency condition is equivalent to a simple decomposition property of the corre-
sponding acceptance sets. The ensuing Corollary 4.8 shows that a relevant static mone-
tary risk measure has at most one dynamic extension that is time-consistent. Also, it is
shown how arbitrary one-period monetary risk measures can be pasted together to form a
time-consistent dynamic risk measures. For dynamic coherent and convex monetary risk
measures, we give dual characterizations of time-consistency. To this end, we introduce
a concatenation operation for adapted increasing processes of integrable variation. This
generalizes the pasting of probability measures as it appears, for instance, in Wang (2003),
Epstein and Schneider (2003), Artzner et al. (2004), Delbaen (2003), Riedel (2004), Ro-
orda et al. (2005). In the coherent case, time-consistency corresponds to stability under
concatenation in the dual; see Theorems 4.13, 4.15 and their Corollaries 4.14, 4.16. In the
convex monetary case, the dual characterization generalizes to a condition on the convex
conjugates of the conditional risk measures at different times; see Theorems 4.19, 4.22 and
their Corollaries 4.20, 4.23. The paper concludes with a discussion of the time-consistency
of various examples of dynamic monetary risk measures for processes.

We also refer to the articles Bion Nadal (2004), Detlefsen and Scandolo (2005), and
Ruszcezyniski and Shapiro (2005), which were written independently of this paper and study
conditional dual representations and time-consistency of convex monetary risk measures.

2 The setup and notation

We denote N = {0,1,2,...} and let (Q,F, (Ft)ten, P) be a filtered probability space
with Fy = {0,Q}. All equalities and inequalities between random variables or stochastic
processes are understood in the P-almost sure sense. For instance, if (X¢)ien and (Y2)ien
are two stochastic processes, we mean by X > Y that for P-almost all w € Q, X;(w) >
Yi(w) for all ¢ € N. Also, equalities and inclusions between sets in F are understood in
the P-almost sure sense, that is, for A, B € F, we write A C B if P[A\ B] = 0. By R" we
denote the space of all adapted stochastic processes (Xi)ien on (2, F, (F¢)ien, P), where
we identify processes that are equal P-almost surely. The two subspaces R and A' of
RY are given by
R :={X e R ||| X||g < o0},
where
|| X|| R~ := inf {m € R | sup |Xy| < m}
teN
and
A :={aeR"|||a||4 < o0},
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where

Z\Aatl

teN

a_1:=0, Aa:=a;—ar_1, fort e N, and |la||4 =E

The bilinear form (.,.) on R>® x A! is given by

(X,a) :=E [Z Xt Aay

teN

o(R>, A') denotes the coarsest topology on R such that for all a € A, X — (X, a) is
a continuous linear functional on R*. o(A!,R>) denotes the coarsest topology on A!
such that for all X € R>, a — (X, a) is a continuous linear functional on A®.

We call an (F;)-stopping time 7 finite if 7 < 0o and bounded if 7 < N for some N € N.
For two (F;)-stopping times 7 and # such that 7 is finite and 0 < 7 < 0 < 0o, we define
the projection 7,9 : R® — R? by

Tro(X)e := lir<yXing, t€N.

For X € R*>°, we set

|| X||+¢ := essinf {m € L>®(F:) | igg |- 0(X)e] < m} ,
where ess inf denotes the essential infimum of a family of random variables (see for instance,
Proposition VI.1.1 of Neveu, 1975). ||X||;¢ is the R*-norm of the projection 7, y(X)
conditional on F,. Clearly, || X||;9 < ||X||re. The risky objects considered in this
paper are stochastic processes in R*°. But since we want to consider risk measurement at
different times and discuss time-consistency questions, we also need the subspaces

oo L __ 00
RT,@ = 7T7-’9R .

A process X € R is meant to describe the evolution of a financial value on the discrete
time interval [r, G]h N. We assume that there exists a cash account where money can be
deposited at a risk-free rate and use it as numeraire, that is, all prices are expressed in
multiples of one dollar put into the cash account at time 0. We emphasize that we do
not assume that money can be borrowed at the same rate. A conditional monetary risk
measure on Rﬁfa is a mapping
pi R — L¥(F,),

assigning a value process X € R> a real number that can depend on the information
available at the stopping time 7 and specifies the minimal amount of money that has to be
held in the cash account to make X acceptable at time 7. By our choice of the numeraire,
the infusion of an amount of money m at time 7 transforms a value process X € R into
X +ml; o and reduces the risk of X to p(X) —m. 7

We find it more convenient to work with negatives of risk measures. If p is a conditional
monetary risk measure on R2%, we call ¢ = —p the conditional monetary utility function
corresponding to p. ,
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3 Conditional monetary utility functions

In this section we extend the concepts of monetary, convex and coherent risk measures to
our setup and prove corresponding representation results. In all of Section 3, 7 and 6 are
two fixed (F%)-stopping times such that 0 < 7 < oo and 7 < 6 < 0.

3.1 Basic definitions and easy properties

In the subsequent definition we extend the axioms of Artzner et al. (1999), Féllmer and
Schied (2002a), Frittelli and Rosazza Gianin (2002) for static risk measures to our dynamic
framework. Now, the risky objects are value processes instead of random variables, and
risk assessment at a finite (F;)-stopping time 7 is based on the information described by
Fr.

Axiom (M) in Definition 3.1 is the extension of the monotonicity axiom in Artzner
et al. (1999) to value processes. (TI), (C) and (PH) are F,-conditional versions of cor-
responding axioms in Artzner et al. (1999), Féllmer and Schied (2002a), Frittelli and
Rosazza Gianin (2002). The normalization axiom (N) is convenient for the purposes of
this paper. Differently normalized conditional monetary utility functions on R2% can be
obtained by the addition of an F,-measurable random variable. ’

Definition 3.1 We call a mapping ¢ : RS, — L*®(F:) a conditional monetary utility
function on RY% if it has the following properties:

(N) Normalization: ¢(0) =0
(M) Monotonicity: ¢(X) < ¢(Y) for all X,Y € R, such that X <Y

(TI) F;-Translation Invariance: ¢(X + mlp o)) = ¢(X) +m for all X € Ry and
m € L®(F;)

We call a conditional monetary utility function ¢ on Ri?e a conditional concave monetary
utility function if it satisfies

(C) Fr-Concavity: ¢(AX + (1 —A)Y) > Ad(X) + (1 = N)o(Y) for all X,Y € RY and
A€ L>®(F;) such that 0 < A <1

We call a conditional concave monetary utility function ¢ on Ri‘fe a conditional coherent
utility function if it satisfies
(PH) F:-Positive Homogeneity: ¢(AX) = A¢(X) for all X € Ry and A € LE(F;) =
{feL>(F)|f =0}
For a conditional monetary utility function ¢ on R and X € R, we define ¢(X) :=
pomrg(X).

o0

A conditional monetary risk measure on R is a mapping p : RSy — L°(F;) such that
—p s a conditional monetary utility functioﬁ onRXy. pisa conditional conver monetary
risk measure if —p is a conditional concave monet;w"y utility function and a conditional
coherent risk measure if —p is a conditional coherent utility function.
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Remark 3.2 It is easy to check that a mapping ¢ : RY) — L°°(F;) is a conditional
coherent utility function on R2% if and only if it satisfies (M), (TI) and (PH) of Definition
3.1 together with

(SA) Superadditivity: ¢(X +Y) > ¢(X) + ¢(Y) for all X,Y € R>,.

As in the static case, the axioms (M) and (TI) imply Lipschitz-continuity. But since
here, (TI) means F,-translation invariance instead of translation invariance with respect
to real numbers, we can derive the stronger F,-Lipschitz continuity (LC) below, which
implies the local property (LP). The economic interpretation of (LP) is that a conditional

monetary utility function ¢ on R2 does only depend on future scenarios that have not
been ruled out by events that have occurred until time 7.

Proposition 3.3 Let ¢ be a function from R, to L>°(F;) that satisfies (M) and (TI) of
Definition 3.1. Then it also satisfies the following two properties:

(LC) Fr-Lipschitz Continuity: [¢(X) — (V)| < |[X — Y|, for all X,Y € RY,.

(LP) Local Property: ¢(1aX + 1Y) = 14¢(X) + Lac(Y) for all X, Y € RY and
Ae F,.

Proof. 1t follows from (M) and (TI) that for all X,Y € RS,
(X)) < oY +[[X = Yl[r9) = 8(Y) + [|X = Y|,

Hence, ¢(X) — ¢(Y) < ||X — Y|4, and (LC) follows by exchanging the roles of X and
Y. It can be deduced from (LC) that for all X € R and A € F-,

[14¢(X) = 1a¢(1aX)| = 14 [¢(X) = (14 X)| < 1a[[X =14 X][79 =0,
which implies (LP). O

Remark 3.4 It can be shown with an approximation argument that every function ¢ :
o9 — L>°(F;) satistying (M), (LP) and the real translation invariance:
(TD) ¢(X + mlfr o)) = ¢(X) +m for all X € R, and m € R,

also fulfills the F,-translation invariance (TT). Indeed, it follows from (TT’) and (LP) that
(TT’) also holds for m of the form

K
k=1

where my; € R and Ay € F; for k = 1,..., K. For general m € L*(F;), there exists a
sequence (m™)p>1 of elements of the form (3.1) such that ||m —m™||fe — 00, as n — oo.
As in the proof of Proposition 3.3, it can be deduced from (M) and (TT’) that

6(X) — (V)| < |IX = V][g= forall X,Y € RS,
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Hence,

H(X +ml o)) = lim (X +m"1[; o)) = lim ¢(X) +m" = ¢(X) +m.

n—oo n—oo

Analogously, it can be shown that under (M), (LP) and (TT’), ordinary concavity im-
plies Fr-concavity, and positive homogeneity with respect to A € R, implies F-positive
homogeneity.

Next, we introduce the acceptance set C4 of a conditional monetary utility function
¢ on Ry and show how ¢ can be recovered from Cy. In contrast to the static case,
everything is done conditionally on F; and the local property plays an important role.

Definition 3.5 The acceptance set Cy of a conditional monetary utility function ¢ on
R, is given by
Cy = {X € Ry | 9(X) ZO} .

Proposition 3.6 The acceptance set Cy of a condtional monetary utility function ¢ on
R%O@ has the following properties:

(n) Normalization: essinf {f € L¥(F7) | fliroo) € C¢} =0.
(m) Monotonicity: X €Cy, Y € R, X <Y =Y €C,

(cl) Fr-Closedness: (X"),en CCy, X € R, || X" — X||10 L3 0= X e Co-

7,07

(Ip) Local Property 14X + 14Y € Cy for all X,Y € Cy and A € F;.
If ¢ is a conditional concave monetary utility function, then Cy satisfies

(c) Fr-Convexity: AX + (1 — \)Y € Cy for all X,Y € Cy and X\ € L>®(F;) such that
0<AL L.

If ¢ is a conditional coherent utility function, then Cy satisfies
(ph) F;-Positive Homogeneity: A\X € C; for all X € Cyp and X\ € LY (F;), and
(sa) Stability under addition: X +Y € Cy for all X,Y € Cy.
Proof. (n): It follows from the definition of C, together with (N) and (TI) of Definition
3.1 that
essinf {f € L®(F7) | fliroo) € Co} = essinf {f € L®(F;) | ¢(f1ir00)) > 0}
= essinf{f € L=(F;) | ¢(0) + f > 0} =essinf {f € L=(F;) | f >0} =0.
(m) follows directly from (M) of Definition 3.1.
(cl): Let (X")nen be a sequence in Cy and X € R such that [[X" — X[ 28 0. By
(LC) of Proposition 3.3,
P(X) = o(X") = [[X" = X][rp,
for all n € N. Hence, ¢(X) > 0.
(Ip) follows from the fact that ¢ satisfies the local property (LP) of Proposition 3.3.
The remaining statements of the proposition are obvious. O
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Definition 3.7 For an arbitrary subset C of RTQ, we define for all X € RT(,,

¢c(X) :=esssup {f € L(F;) | X — fl o) €C},

with the convention
esssup ) := —oc0.

Remark 3.8 Note that if C satisfies the local property (Ip) of Proposition 3.6 and, for
given X € R7Y, the set

{f S LOO(.'FT) ‘ X — f 1[7.700) S C}
is non-empty, then it is directed upwards, and hence, contains an increasing sequence

(f™)nen such that lim, o f* = ¢¢(X) almost surely (see Proposition VI.1.1 of Neveu,
1975).

Proposition 3.9 Let ¢ be a conditional monetary utility function on RYy. Then ¢c, = ¢.

Proof. For all X € R,

¢C¢(X) = esssup{f € Loo(fT) | X - fl[T,oo) € C¢}
= esssup{f € L>®(F;) | (X — fl[ﬂoo)) > O}
= essup {f € I¥(F) | 6(X) > [} = 6(X).

O

Proposition 3.10 If C is a subset of RS, that satisfies (n) and (m) of Proposition 3.6,
then ¢¢ is a conditional monetary utility functzon on RSy and Cy, is the smallest subset
of RS that contains C and satisfies the conditions (cl) cmd (Ip) of Proposition 3.6.

Ifc satzsﬁes (n), (m) and (c) of Proposition 3.6, then ¢¢ is a conditional concave monetary
utility function on RY5.

If C satisfies (n), (m), (c) and (ph) or (n), (m), (a) and (ph) of Proposition 3.6, then ¢¢
s a conditional coherent utility function on R

Proof. (N) of Definition 3.1 follows from (n) of Proposition 3.6, and (M) of Definition
3.1 from (m) of Proposition 3.6. (TI) of Definition 3.1 follows directly from the definition
of ¢c. By Proposition 3.6, Cy, satisfies the conditions (cl) and (lp), and it obviously
contains C. To show that Cy, is the smallest subset of R> that contains C and satisfies
the properties (cl) and (lp) of Proposition 3.6, we 1ntroduce the set

C —{ZlAka|K>1 (Ap)E | an F,-partition of Q, X* € Cforallk:}.
k=1

It is the smallest subset of RZp containing C and satistying (Ip). Obviously, C inherits
from C the monotonicity property (m) of Proposition 3.6, and by Remark 3.8, there exists
for every X € Cy., an increasing sequence (f")nen in L>(F;) such that X — f"1; ) € C
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and f" a5 ¢pc(X) > 0. Set g" := f" A0. Then, X — "1, € C, and ¢" — 0 almost
surely, which shows that Cy4. is the smallest subset of R that satisfies the condition

(cl) of Proposition 3.6 and contains C. It follows that Cy 1s the smallest subset of RY
containing C and satisfying the conditions (cl) and (Ip) of Proposition 3.6. O

3.2 Dual representations of conditional concave monetary and coherent
utility functions on R

In this subsection we generalize duality results of Artzner et al. (1999), Delbaen (2002),
Follmer and Schied (2002a), and Frittelli and Rosazza Gianin (2002). Similar results for
coherent risk measures have been obtained by Riedel (2004) and Roorda et al. (2005).

We work with conditional positive linear functionals on R:f’e that are induced by ele-
ments in A!. More precisely, we define

(X,a),g=B| Y  XAa|F|, XeR® acA,
te[r,0]NN

and introduce the following subsets of A':

A}F = {a€A1|Aat20forallt€N}
(A71—,0)+ = 7TT,9~A1+
and D,y = {a € (Arg)+ | (La), g = 1} .

Processes in D,y can be viewed as conditional probability densities on the product space
Q x N and will play the role played by ordinary probability densities in the static case.

By L(F) we denote the space of all measurable functions from (92, F) to [—o0, 0],
where we identify two functions when they are equal P-almost surely, and we set

L(F)={feLF)|F<0}.

Definition 3.11 A penalty function v on Drg is a mapping from Drg to L_(F;) with
the following property:

esssupy(a) =0. (3.2)
aGDT’g

We say that a penalty function v on Drg has the local property if
Y(1aa + 1acb) = 147v(a) + Lacvy (D),
for all a,b € Drg and A € F.

It is easy to see that for any penalty function v on D; g, the conditional Legendre-
Fenchel type transform

$(X) = essinf {<X, a), 4 — ’y(a)} . X eRY, (3.3)

aEDTyg
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is a conditional concave monetary utility function on Rfe. Condition (3.2) corresponds to
the normalization ¢(0) = 0. In the following we are going to show that every conditional
concave monetary utility function ¢ on R satisfying the upper semicontinuity condition

of Definition 3.15 below, has a representation of the form (3.3) for v = ¢#, where ¢7 is
defined as follows:

Definition 3.12 For a conditional concave monetary utility function ¢ on RSy and a €
A, we define

#(a) = essinf (X
9™ (a) eggg;( 1)1

and
¢*(a) := essinf {(X, a9 — ¢(X)} :

XeR,

Remarks 3.13
Let ¢ be a conditional concave monetary utility function on R2%.

1. Obviously, for all a € A, ¢7(a) and ¢*(a) belong to L_(F,), and
" (a) > ¢*(a) foralla e A'.

Moreover,
¢ (a) = ¢*(a) foralla € D,yg (3.4)

because for X € Rﬁfe and a € D,
(X,0) .5 — O(X) = (X = ¢(X) 1[0, a>770 , and X — ¢(X)1r00) € Co -
2. It can easily be checked that
0" (Ma+ (1= )b) > A% (a) + (1 = N)o¥ (b),
for all a,b € A! and \ € L®(F,) such that 0 < XA < 1, and
o™ (Aa) = \¢7 (a) for all a € A" and X € LL(F). (3.5)
It follows from (3.5) that ¢7 satisfies the local property:
¢* (1aa + 1acb) = 1467 (a) + 14c¢™ (b)
for all a,b € A' and A € F,.

In addition to the properties of Remarks 3.13, ¢ fulfills the following two conditional
versions of o(A!, R°)-upper semicontinuity:
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Proposition 3.14 Let ¢ be a conditional concave monetary utility function ¢ on Rif’g.
Then
1. For all A € F; and m € R,

{a €Drp | E [1A¢#(G)} > m}

is a o( A, R>)-closed subset of Al.
2. For every f € L_(F,),

{aeDryl ot @) = 1}
is a o(A, R>)-closed subset of Al.
Proof.

1. Let (a*)uem be anet in {a € Drg | E [14¢%(a)] > m} and a® € A! such that a* — a°
in o(A',R*). Then, a’ € D, 4, and for all X € Cy and p € M,

(14X,a") = E [1,4 (X, aum] >E [1A¢#(au)} >m.

Hence, <1AX, a0> > m for all X € C4. Since C, has the local property (Ip), the set
{<X , a0>T 0 | X € C¢} is directed downwards, and therefore it follows from Beppo Levi’s

monotone convergence theorem that

B [La0# )] =B |1 e ('),

- ng&E[u (X,a%), ] = jnf (14Xa%) > m.

2. Let (a*)uem be a net in {a € Dy | ¢7(a) > f} and a® € A' such that a* — a° in
o(AY, R>®). Then, a° € D;p, and for all X € Cy, p € M and A € F;,

(14X, a") = E [1A (X, amﬁ] >E [1A¢#(au)} > E[1af] .
Hence,
E {1A (X, a0>T79} = (14X,a’) 2 E[Llaf],

which shows that
<X, a0>779 > f, forall X €Cy

and therefore, ¢7 (a®) > f. O

In the representation results, Theorem 3.16 and Theorem 3.18 below, the following
upper semicontinuity property for conditional utility functions plays an important role.

68



Definition 3.15 We call a function ¢ : 7?,2?9 — L (F;) continuous for bounded decreas-
ing sequences if
lim ¢(X") = ¢(X) almost surely

n—oo

for every decreasing sequence (X™)pen in R‘T’?Q and X € Rif’g such that

X{ 2 X, forallteN.

Theorem 3.16 The following are equivalent:

(1) ¢ is a mapping defined on Ry that can be represented as

H(X) = ossinf (X001}, Xer, (3.6)

for a penalty function v on Dy 4.

(2) ¢ is a conditional concave monetary utility function on Ry whose acceptance set
Cy is a 0(R>, A')-closed subset of R*.

(3) ¢ is a conditional concave monetary utility function on R2S that is continuous for
bounded decreasing sequences.

Moreover, if (1)~(3) are satisfied, then ¢¥ is a penalty function on D, g, the representation
(3.6) also holds with ¢7 instead of ~y, y(a) < ¢7 (a) for all a € Dy, and v = ¢¥ provided
that v is concave, has the local property of Definition 3.11 and {a € D;p | E[1ay(a)] > m}
is a o(A', R>®)-closed subset of A for all A € F, and m € R.

Proof.
(1) = (3): If ¢ has a representation of the form (3.6), then it obviously is a conditional
concave monetary utility function on RY,. To show that it is continuous for bounded
decreasing sequences, let (X™),cn be a decreasing sequence in R and X € R such
that

lim X;' = X; almost surely, for all ¢t € N. (3.7)

n—oo

It follows from Beppo Levi’s monotone convergence theorem that for every fixed a € D,

lim <Xn?a/>1',9 = <X7 a‘>‘r,9 )

n—oo

and therefore,

lim ¢(X") = inf ¢(X") = inf essinf {(X",a)w — 'y(a)}

n—00 neN n€EN a€D, g
- 'f'f{X", _ }: 'f{X, _ }: X).
cssinf inf (X" a) .9 —(a) css int (X,a), 9 —(a)p = &(X)
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(3) = (2): follows from Lemma 3.17 below.
(2) = (1): By (3.4) and the definition of ¢*,
¢% (a) = ¢"(a) < (X, a), 5 — H(X)

for all X € Ri?e and a € D;y. Hence,

$(X) < essint {<X, a), - ¢#(a)} for all X € R, . (3.8)

GGDT79

To show the converse inequality, fix X € RYY, let m e L™ (F;) with

mgessinf{(X,a>T9—¢#(a)} , (3.9)
QEDT,Q ’

and assume that Y = X —ml; ) ¢ Cg. Since Cy is a convex, o (R, Al)-closed subset of
R, it follows from the separating hyperplane theorem that there exists an a € A' such
that

(Y,a) < Zigcfd) (Z,a) . (3.10)

Since Y and all the processes in Cy are in Ry, the process a can be chosen in A;e. As Cy

has the monotone property (m), it follows from (3.10) that a has to be in (A,}_76)+. Now,
we can write the two sides of (3.10) as

(Y,a) =E [(Y, a)w] and Zlg& (Z,a) =E {e;segif (Z, a>7,9] ,

where the second equality follows from Beppo Levi’s monotone convergence theorem be-
cause Cy has the local property (Ip), and therefore, the set {(Z, a)Tﬂ | Z € C¢} is directed
downwards. Hence, it follows from (3.10) that P[B] > 0, where

B:= {(Y, a), g < e%segif (Z, a>779} .

Note that for A = {(1,@}779 = 0},

14 ‘ <Z7 a’>‘r,9

<1a(lZ],a), 9 <1allZ]|7p(1,a), o =0 forall ZeRYy.
Hence, B C {(1, a>779 > O}. Define the process b € D, g as follows:

b:= 1B< +1301[7—,oo)-

L, a>'r,9

By definition of the set B,

(X,b)._ g —m=(Y,b)_, <essinf (Z,b)_,=¢*(b) on B.
’ ’ ZeCy ’
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But this contradicts (3.9). Hence, X — ml|; ) € Cy, and therefore, ¢(X) > m for all
m € L (F;) satisfying (3.9). It follows that

$(X) > essinf {(X, a), g — gb#(a)} .

CLEDTﬁ

Together with (3.8), this proves that

$(X) = essint {<X, a), 4 — ¢#(a)} for all X € R2.

aE'Dng

In particular,

0 = ¢(0) = essinf {—(b#(a)} .

GEDT,Q

This shows that (2) implies (1) and that ¢# is a penalty function on D, .
To prove the last two statements of the theorem, we assume that ¢ is a conditional
concave monetary utility function on R7 with a representation of the form (3.6). Then,

v(a) < (X,a), 4 — #(X) forall X € RZ and a € Dy,

and it immediately follows that y(a) < ¢*(a) = ¢¥ (a) for all a € D, y. On the other hand,
suppose that « is concave, has the local property, {a € D;g | E[1avy(a)] > m} is for all
A€ Frand m € R a (A, R®)-closed subset of A', and there exists an a® € D, ¢ such
that

Ply(a®) < ¢%(a®)] > 0. (3.11)
Note that
{'y(ao) < gb#(ao)} = U By, where By := {(—k) V(a®) < gb#(ao)} .
k>1
Hence, there exists a K > 1, such that P[Bg] > 0, and therefore,
—00 < (a”) < ¢*(a") <0, (3.12)
where

i(a) = E[lpy(a)] and ¢#(a) = E [1p,.6%(a)| . a € Dyy.

Let X € RY and note that since v and ¢ have the local property, the sets

(X, a>779 —7(a) |a€Dry and (X, a>7,9 — d>#(a) |a € Dry
{ joand { J

are directed downwards. Hence,

inf {(1p,X,a) —7(a)} =E |1p, essinf {(X, a)w - 'y(a)}}

aEDng L aE'DT’g
= E 1, ¢(X)]
r 3.13
=E -IBK (ezseSDngf {<X, a),p— ¢#(a)}] (3.13)
= inf {<1BKX, a) — gz*)#(a)} .
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In particular, esssup,ep_, ¥(a) = 0. By assumption, the function 4 : D,y — [—00,0]
is concave and {a € D, | (a) > m} is for all m € R, a o(A!, R*®)-closed subset of AL
Therefore, the set

C:={(a,2) € Dryp xR | F(a) > z}

is a non-empty, convex, o(A! x R, R> x R)-closed subset of A! x R which, by (3.12), does
not contain (a’, $#(a°)). Since v has the local property, (a,z) € D,y x R is in C' if and
only if (1pa+1p 1[r ), 2) is in C. Therefore, it follows from the separating hyperplane
theorem that there exists (Y,y) € R x R such that

(15, Y, %) +yo* (a%) < nf {{lecY,a) +yz} < inf {1 Y,a) +y¥(a)} .

i
(a,z) a€D; g ,5(a)>—00
(3.14)

The first inequality in (3.14) and the form of the set C' imply that y < 0. If y < 0, then
it follows from (3.14) that

(o) it g {{ b))

But this contradicts (3.13). If y = 0, there exists a A > 0 such that

(1p, \Y, a0>—q~5#(a0) < inf (1, AY,a) < inf {1 AY,a) —F(a)} ,
aeD‘r,G ,’3’(&)>*OO (ZGDT,Q 7:?(0’)>7OO

which again contradicts (3.13). Hence, v = ¢7 if  is concave, has the local property of
Definition (3.11) and {a € D, | E[1av(a)] > m} is a o(Al, R*>)-closed subset of A! for
all A€ Fr and m € R. O

Lemma 3.17 Let ¢ be an increasing concave function from RS, to L>(F:) that is
continuous for bounded decreasing sequences. Then Cy := {X € R | o(X) > 0} s a
(R, Ab)-closed subset of R°.

Proof. Let (X*),enm be a net in Cy and X € R™ such that X* — X in o(R>®, A'). It
follows that X € R>%. Assume

#(X)<0 on A forsome A€ F, with P[A] >0. (3.15)
The map ¢ : R> — R given by
H(X)=E[lapom (X)), XeER>®,

is increasing, concave and continuous for bounded decreasing sequences. Denote by G the
sigma-algebra on © x N generated by all the sets B x {t}, t € N, B € F;, and by v the
measure on (2 x N, G) given by

v(Bx {t})=2""*VP[B], teN, Be F.
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Then R*® = L>®(Q x N,G,v) and A! can be identified with L'(Q x N, G, v). Hence, it
can be deduced from the Krein-Smulian theorem that Cj = {X € R® | H(X) > O} is a

o(R>, Al)-closed subset of R™ (see the proof of Theorem 3.2 in Delbaen (2002) or Remark
4.3 in Cheridito et al. (2004)). Since (X*),enm C Cg, it follows that E[14 ¢(X)] > 0, which
contradicts (3.15). Hence, ¢(X) > 0. O

Theorem 3.18 The following are equivalent:

(1) ¢ is a mapping defined on R??e that can be represented as

¢(X) =essinf(X,a). o, X ERT, (3.16)
for a non-empty subset Q of D .

(2) ¢ is a conditional coherent utility function on R whose acceptance set Cy is a

(R, AY)-closed subset of R>.

(3) ¢ is a conditional coherent utility function on R that is continuous for bounded
decreasing sequences.

Moreover, if (1)—(3) are satisfied, then the set
QY = {a €D.g | 97 (a) = O}

is equal to the smallest o(A', R*®)-closed, F,-convexr subset of D,y that contains Q, and
the representation (3.16) also holds with Qg instead of Q.

Proof. If (1) holds, then it follows from Theorem 3.16 that ¢ is a conditional concave
monetary utility function on R2j that is continuous for bounded decreasing sequences,
and it is clear that ¢ is coherent. This shows that (1) implies (3). The implication (3) =
(2) follows directly from Theorem 3.16. If (2) holds, then Theorem 3.16 implies that ¢#
is a penalty function on D, and

#(X) = essinf {(X, a), g — qﬁ#(a)} for all X € RYS. (3.17)

aED.rﬁ

Since ¢# has the local property, the set {¢# (a) |a € DT’Q} is directed upwards and there
exists a sequence (a¥)gen in D, such that almost surely,

o (a¥) esstung)#(a) =0, ask— .
ae 7,0

It can easily be deduced from the coherency of ¢ that for all a € D, g,

{6#(a) =0} u{o#(@) =~} = 0.
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Hence, the sets Ay, := {gb#(ak) = 0} are increasing in k, and (J,cy Ax = Q. Therefore,

0 k
a* :=1a,0a +21Ak\Ak—la €Drp,
k>1

and ¢*(a*) = 0 by the local property of ¢#. Note that for all a € D,

0
1{¢#(a):0}a —+ 1{¢#(a):_oo}a* = Qd) .
Hence, it follows from (3.17) that

¢(X) =essinf (X,a), o, forall X € RYy. (3.18)
a€Q¢ ’

It remains to show that Q% is equal to the (A, R®)-closed F,-convex hull (Q) . of Q.
It follows from Theorem 3.16 that ¢* is the largest among all penalty functions on Drp
that induce ¢. This implies Q C Qg. By Remark 3.13.2 and Proposition 3.14.2, Qg is
Fr-convex and o(A!, R>)-closed. Hence, (Q)_ C Qg. Now, assume that there exists a

be Qg \ (Q).. Then, it follows from the separating hyperplane theorem that there exists
an X € R such that

X,b) < inf (X,a)=E |essinf (X, = E |essinf (X, =E|[¢p(X 3.19
() < int (Xoa) = fassint (X.a)| = |assigt (X.a),| =E6(X)] (319
(the first equality holds because (Q), is Fr-convex, and therefore, the set {(X,a), | a €
(Q).} is directed downwards). But, by (3.18),

(X,b) = E[6(X)] = E [(X,b),4 — 6(X)| 20

for all b € QY, which contradicts (3.19). Hence, Q% \ (Q), is empty, that is, Qg) c (Q),..0

3.3 Relevance

In this subsection we generalize the relevance axiom of Artzner et al. (1999) to our
framework and show representation results for relevant conditional concave monetary and
coherent utility functions. In Artzner et al. (1999) a monetary risk measure is called
relevant if it is positive for future financial positions that are non-positive and negative
with positive probability. In the following definition we give an F,-conditional version
of this concept. It has consequences for the dual representation of conditional concave
monetary and coherent utility functions and plays an important role for the uniqueness of
time-consistent dynamic extensions of static monetary risk measures; see Proposition 4.8
below.

Definition 3.19 Let ¢ be a conditional monetary utility function on RX,. We call ¢
0-relevant if
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foralle >0,t €N and A € Fipng, and we define

Di%:={a€Drg|P|> Aa;>0| =1 forall teN
G>tAO

Remarks 3.20

1. If ¢ is a O-relevant conditional monetary utility function on R and ¢ is an (F¢)-
stopping time such that 7 < & < 6, then, obviously, the restriction of ¢ to R is &-
relevant.

2. Assume that 6 is finite. Then it can easily be checked that a conditional monetary
utility function ¢ on R is f-relevant if and only if

AC {¢(—51A1[9700)) <0}
for all e > 0 and A € Fy. Also, in this case,
D% ={a €Dy | PlAag>0] =1} .
Proposition 3.21 Let Q™ be a non-empty subset of D;‘fé. Then

H(X) = e;b;églf (X,a),, XERT

s a O-relevant conditional coherent utility function on Ri‘f@.

Proof. That ¢ is a conditional coherent utility function on R>% follows from Theorem
3.18. To show that it is f-relevant, let ¢ > 0, t € N, A € Fypg and choose a € Q™. Then

$(—elaljpge0) < —€(Laljnoe) a), s = —¢E |1a > Aagj | F|
F>tA
and it remains to show that

Ella > Aaj[F|>0 onA. (3.20)
F>tA0

Denote B = {E [1,4 > istno Aaj | ]-'T} = 0} and note that

0=E [15E |14 > Aa;j| F-|| =E |1pla Y Ag;
J>tA6 JZtNe

This implies BN A = (), and therefore, (3.20). O
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To prove the converse of Proposition 3.21 we introduce for a conditional concave mon-
etary utility function ¢ on R2% and a constant K > 0, the set

oK = {a €Dy | ¢ (a) > —K} :

Note that it follows from Remark 3.13.2 and Proposition 3.14.2 that Qé{ is Fr-convex and
o (A, R*>)-closed.

Lemma 3.22 Let ¢ be a conditional concave monetary utility function on R, that is
continuous for bounded decreasing sequences and 0-relevant. Then

Qg N Dfé is non-empty for all K > 0.

Proof. Fix K > 0 and t € N. For a € D, 4, we denote
ei(a) = Z Aay ,
F>tA0

and we define
ot := sup Plei(a) > 0] . (3.21)
aEQé{

Let (a"™),en be a sequence in Qé{ with

lim P [e;(a"™) > 0] = oy.

n—oo

Since Qf is convex and o (A, R>)-closed,
at = Z 27"ab" s still in Qg,
n>1

and, obviously,
Plei(a') > 0] = ay.

In the next step we show that a; = 1. Assume to the contrary that a; < 1 and denote
Ay := {es(a’) = 0}. Since ¢ is O-relevant,

At C {(b(_KlAtl[t/\G,oo)) < 0} 3

and therefore also,

BeF,, AiCB

By Theorem 3.16,

S(— K14, j1pp00)) = e58inf {(—KlA;W,OO), a) - ¢,#(a)} :

CLEDT’Q

76



Hence, there must exist an a € D,y with P [A; N {et(a) > 0}] > 0 and ¢ (a) > —K on
At. We then have that

1 1
t.__ t K t._ t t K
b.—lAtG+1Aca €Q¢, C—ib —i—§a €Q¢,

and P [e;(c') > 0] > P [e;(a') > 0] = oy. This contradicts (3.21). Therefore, we must
have a; = 1 for all ¢ € N. Finally, set

at = g 27t
t>1

and note that a* € Qg N Df};. O

Theorem 3.23 Let ¢ be a conditional concave monetary utility function on R that is
continuous for bounded decreasing sequences and 0-relevant. Then

$(X) = essinf {(X, a), 4 — ¢#(a)} . forall X € RS,

a€D’%
Proof. By Theorem 3.16,

6(X) = essinf {(X,a),p— 0¥ (a)} , for all X € R,

QEDT,G

which immediately shows that

6(X) < essinf {(X,a),y— 6F(a)} , for all X € R%.

rel
aGD_ng

To show the converse inequality, we choose b € D;y. It follows from Lemma 3.22 that
there exists a process c € Qé N Dﬁe},. Then, for all n > 1,

1 1
b= (1—=)b+ —ce D,
( n) +’I?,C 7,0

n—oo n—oo

1 1
lim (X,b") ,= lim {(1 — =) (X,b),. o+ — (X, c>T9} = (X,b)., almost surely,
bl n k) n I’ )
and

. 1 _ 1.
() = e)s(s€1crif (X,0"), 9> (11— ﬁ) e)s(selcr(;f (X,b),0+ - e)séselcrlf (X,0),0

= (1- %)Cb#(b) + %qb#(c) —  ¢7(b) almost surely .

This shows that
(X,B) — 67 (0) = essinf { (X, a), o — 6% ()},

rel
a€D%

and therefore,

$(X) > essinf {(X, a), 4 — ¢#(a)} ,

rel
aGDT’g

which completes the proof. O
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Corollary 3.24 Let ¢ be a conditional coherent utility function on Rife that is continuous
for bounded decreasing sequences and 0-relevant. Then

#(X) = essinf (X, a)

CLEQg'rel

X eRY,

7,0

where Qg’rel = {a € Df}, | o7 (a) = 0}.

Proof. This corollary can either be deduced from Theorem 3.18 and Lemma 3.22 like The-
orem 3.23 from Theorem 3.16 and Lemma 3.22, or from Theorem 3.23 with the arguments
used in the proof of the implication (2) = (1) of Theorem 3.18. O

4 Dynamic monetary utility functions

In this section we introduce a time-consistency condition for dynamic monetary utility
functions. We show that it is equivalent to a decomposition property of the corresponding
acceptance sets. For dynamic coherent and concave monetary utility functions we give
dual characterizations of time-consistency.

In the whole section we fix S € N and 7' € NU {oo} such that S <T.

Definition 4.1 Assume that for all t € [S,T] NN, ¢ 1 is a conditional monetary utility
function on R with acceptance set Ci,r- Then we call (¢1,1)ie(s, )N @ dynamic monetary
utility function and (Ct,T)te[S,T]mN the corresponding family of acceptance sets.

For T and 0 two (F;)-stopping times such that 7 is finite and S < T < 0 <T, we define
the mapping ¢rp : R — L>°(F;) by

¢T,0(X) = Z ¢t,T(1{T=t}X) ) (41)
te[S, TINN
and the set Cr g C R;Oe by
CT,Q = {X S R:?Q ’ 1{T:t}X S Ct,T fOT‘ allt € [S, T] N N} . (4.2)

It can easily be checked that ¢,y defined by (4.1) is a conditional monetary utility function
on R, and that the set Cr¢ given in (4.2) is the acceptance set of ¢, 9. Moreover, if all
¢, are concave monetary, then so is ¢, g; if all ¢; 7 are coherent, then ¢, is coherent
too; and if all ¢; 7 are continuous for bounded decreasing sequences, then so is ¢, g.

4.1 Time-consistency

Condition (4.3) in the following definition is the time-consistency condition we work with
in this paper. In Proposition 4.4 we show that it is equivalent to the more intuitive
condition (4.4)—(4.5). Proposition 4.5 shows that condition (4.3) can be slightly weakened
if the time horizon 7' is finite or the conditional monetary utility functions are continuous
for bounded decreasing sequences.
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Dynamic consistency conditions equivalent or similar to (4.3) or (4.4)—(4.5) have been
studied in different contexts; see, for instance, Koopmans (1960), Kreps and Porteus
(1978), Epstein and Zin (1989), Duffie and Epstein (1992), Wang (2003), Epstein and
Schneider (2003), Delbaen (2003), Artzner et al. (2004), Riedel (2004), Peng (2004),
Roorda et al. (2005), Weber (2005).

Definition 4.2 We call a dynamic monetary utility function (¢t,T)te[S,T]mN time-consistent
if
b1, 7(X) = b7 (X 10y + d0,7(X)1j9,00)) (4.3)

for each t € [S,T] NN, every finite (Fi)-stopping time 0 such that t < 0 < T and all
processes X € REOT.

Remark 4.3 Let (¢t,T)te[S,T]mN be a time-consistent dynamic monetary utility function.
Then it can easily be seen from Definition 4.1 that

Gr17(X) = brr(X1i79) + do,7(X)1g.00))

for every pair of finite (F;)-stopping times 7 and € such that S < 7 < 0 < T and all
processes X € R:?T.

Proposition 4.4 Let 7 and 0 be finite (F;)-stopping times such that 0 <7 < 0 <T. Let
-1 be a conditional monetary utility function on R and ¢gr a conditional monetary
utility function on Ry%. Then the following two conditions are equivalent:

(1) ¢rr(X) = brr (X1 g) + d0,7(X)1[p,00))
(2) If X and Y are two processes in R such that
Xlipg) =Yg and ¢or(X) < dor(Y), (4.4)

then
br0(X) < $r(Y). (4.5)

Proof. (1) = (2):
If X and Y are two processes in R2 that satisfy (4.4), then

Gr1(X) = drr (X1 0y + 0,7 (X)1jp,00)) < Orr (Yo + d00(Y)1go0)) = drr(Y).

(2) = (1):
Choose X ¢ Rif’a and define

Y = Xl[.,-yg) + ¢0,T(X)1[9,oo) .
Then,
Xl =Yg and ¢gr(X)=¢or(Y).
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Hence, it follows from (2) that

br1(X) = ¢ (Y) = ¢r (X1 0) + d0,7(X)1jp,00)) -
O

Condition (2) of Proposition 4.4 requires that if a process X coincides with another process
Y between times 7 and 8 —1 and at 6, the capital requirement for X is bigger than for Y in
every possible state of the world, then also at time 7, the capital requirement for X should
be bigger than for Y. A violation of this condition clearly leads to capital requirements
that are inconsistent over time.

The following proposition gives two conditions under which one-time-step time-consistency
implies time-consistency.

Proposition 4.5 Let (¢11)icis,r)nn be a dynamic monetary utility function that satisfies
qbt,T(X) = ¢t,T(X1{t} + d)tJrl,T(X)l[t—i-l,oo)) forallS <t<T and X € 'RZOT (4.6)

and at least one of the following two conditions:

(i) T eN

(ii) all ¢r 7 are continuous for bounded decreasing sequences.
Then (¢1,1)iels, )N 5 time-consistent.

Proof. Let us first assume that (4.6) and (i) are satisfied. Then, for ¢ € [S,T] NN, an
(Fi)-stopping time € such that t < 6§ < T and a process X € Ry7, we denote YV =
Xl[tﬂ) + QS@,T(X)l[G,oo) and show

¢r7(X) = g r(Y) (4.7)

by induction. For ¢t =T, (4.7) is obvious. If t < T — 1, we assume that

Gt+1,7(Z) = dr1,10(Z1 141 ,6) + e 7 (2) e o)) 5

for all Z € Ry}, 7 and every (Fi)-stopping time £ such that t+1 < £ < T. Then it follows

from the normalization (N) and local property (LP) of ¢ that

Lioz1413Pe41,7(X) = G117 (Lgo>e413X) = drr1,7(Lio1413Y) = Yoser30e+1,7(Y) -

This and assumption (4.6), together with (LP) and (N) imply

oY) = drr (Ligmiyr.0(X) o0y + Ligsi113Y)

Lio=ty 0t,7(X) + Lyt 4130.7(Y)

Lig—ybe.7(X) 4+ Lio>1413067 (Y gy + 61,7 (Y ) t41,00))
Lig—ybe,7(X) 4+ Lio>141306,7 (X Ly + de1,7 (X)L t41,00))
Lio—y e, 7(X) + Lgg>1413 0,7 (X)

= ¢r7(X).
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If (4.6) and (ii) hold but T" = oo, we choose t € [S,00) NN, a process X € R, and a

t,00

finite (F;)-stopping time 6 > t. For all N € [t,00) NN we introduce the process
XN = Xy + X[ voo 1 pvioc) -
By the first part of the proof,

Dto0 (X)) = e N (XN) = e N (XN L gpny + Poan, v (X ™)1 joaN 00))

(4.8)
= G100 (X V11 0y + D0,00(X ) 1[p.00)) -

Clearly, the sequence (X7) is decreasing and XY — X; almost surely for all £ € N.
Therefore,
Btoo(XN) = ¢r.00(X)  almost surely. (4.9)

As mentioned after Definition 4.1, ¢g is also continuous for bounded decreasing se-
quences. It follows that ¢g oo (X)) — ¢po(X) almost surely, and hence,

Dt00 (X 110) + 00,00 (X V) 1(g.00)) = D00 (X Lj1g) + Po,00(X)1[g,00)) »

which, together with (4.8) and (4.9), shows that

d)t,oo(X) = ¢t,m(X1[t,9) + ¢9,00(X)1[9,oo)) .
O

The next result characterizes time-consistency in terms of acceptance sets. Depending
on the point of view, condition (2) of Theorem 4.6 can be seen as an additivity or de-
composition property of the family of acceptance sets corresponding to a dynamic utility
function. In Section 7 of Delbaen (2003), this property is studied for dynamic coherent
utility functions that depend on random variables.

Theorem 4.6 Let 7 and 0 be finite (F;)-stopping times such that 0 < 7 < 6 < T.
Let ¢, be a conditional monetary utility function on R, with acceptance set C.r and
¢o,7 a conditional monetary utility function on Ry with acceptance set Cor. Denote
Cro:=Crr N Rif’e. Then the following two conditions are equivalent:

(1) ¢r,1(X) = ¢r0(X1 [ 0) + G0,7(X)1jp,)) for all X € R
(2) C’T,T = CT,O + CG,T-

Proof.

(1) = (2):
Assume Y € Crp and Z € Copp. Then X =Y +Z € RYp, Xl g = Yl and
bo7(X) =Yy + ¢pg1(Z) > Yy. Therefore,

¢T,T(X) = ¢T,T(X1[’T,9) + ¢9,T(X)1[9,oo)) > d)T,T(Y) >0.

This shows that Cr g + Cor C Cr 7.
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To show Crr C Crp + Cor, let X € Crp and set Z = (X — ¢97T(X))1[97oo) and
Y i=X—Z =Xl + ¢917(X)1[p,00)- It follows directly from the translation invariance
of g9 that Z € Cyp. Moreover, ¢-7(Y) = ¢-7(X) > 0, which shows that Y € C, 4.

(2) = (1):
Let X € R and f € L*°(F;) such that X — J1jr.00) € Cr . Since

po.r(X) =esssup {g € L®(Fp) | (X — 9)jo,00) € Cor}
and
C’T,T - C‘r,@ + CO,T )

the process

X1ir9) + 0.7(X)1g,00) = [lir00) = X = flizo0) — (X — d9,7(X))1[9,0)

has to be in C;g. This shows that

Gr 1 (X1 [r0) + P07 (X)1jg,00)) = dr(X).

On the other hand, if X € R and f € L°°(F;) such that

X1 ) + d0,7(X)1jg,00) = flir,0) € Crps

then also X — f1[; .y € Cr1 because (X — qﬁg,T(X))l[gm) € Cor and Cr 9+ Cor C Crr.
It follows that
Gr.7(X) 2 br.7 (X7 9) + do,7(X)1[g,00)) -

O

Proposition 4.7 Let (¢1,1):cs,1)nn be a time-consistent dynamic monetary utility func-
tion with corresponding family of acceptance sets (Ci.r)ie(s,r)nn, and let 7 and 6 be two
finite (Fi)-stopping times such that S <1 <6 <T. Then

1. 14X € CﬂT fOT all X € C97T and A € Fy.

2. If ¢r¢ is O-relevant, and X is a process in Rg%, such that 14X € Crp for all A € Fy,
then X € Co 7.

3. If & is an (Fy)-stopping time such that § < & < T and ¢r¢ is {-relevant, then ¢g¢ is
§-relevant too. In particular, if o1 is T-relevant, then ¢ 1 is T-relevant for every finite
(Fy)-stopping time such that S <7 < T.

Proof.

1. If X € Cor and A € Fp, then also 14X € Cgr. Since 0 € C, 4, it follows from Theorem
4.6 that 14X =0+14X €Cr 7.

2. Assume 14X € C.r for all A € Fy but X ¢ Cgr. Then there exists an ¢ > 0 such
that P[A] > 0, where A = {¢g7(X) < —}. We get from (LP) and (N) that ¢pr(14X) =
1agor(X) < —els. By Theorem 4.6, there exist Y € C;y and Z € Cyr such that
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14X =Y + Z. Since 14X is in Ry, the process ¥ must be of the form Y = 7l ), for
some 1 € L*°(Fp). Hence,

0 < ¢pr(Z2) = do,r(1aX — 0l o)) = Por(1aX) —n < —ela —1n,

and therefore, n < —el4. But then, since ¢, is f-relevant, Y cannot be in C; g, which is
a contradiction.
3. Let e >0,tc Nand A € Fype. Set

B:=An{doe(—elalyneo)) =0}

and note that

0> 1B ¢ge(—elBlyag,0)) > 1B dpe(—elalyaeo)) = 0.

It follows that
¢9,£(_5131[t/\§,oo)) =0 on B:= ﬂ C.
CeFy; BCC

On the other hand, by (N) and (LP),

Lge 90.6(—€1B1[tre00)) = P0.6(—€l el Bline00)) = 0,

and therefore, ¢g ¢(—1p1a¢,00)) = 0. Hence, —e1pljia¢e o) € Coe, which by part 1 implies
—elBljiae,00) € Cre. Since ¢r¢ is {-relevant, we must have P[B] = 0. This shows that
¢o,¢ is §-relevant. ]

Corollary 4.8 Let ¢ be a T -relevant conditional monetary utility function on R%?T. Then
there exists at most one time-consistent dynamic monetary utility function (¢5t,T)te[S,T}ﬂN

with d)S,T = gb

Proof. Let (th,T)te[S,T]mN be a time-consistent dynamic monetary utility function with
¢sr = ¢ and (C,1)iels, )N the corresponding family of acceptance sets. By Proposition
4.7.3, ¢r 1 is T-relevant for all ¢t € [S,T] N N. Therefore, it follows from 1. and 2. of
Proposition 4.7 that for all t € [S,T] NN, a process X € R% is in C;r if and only if
14X € Cg for all A € F;. This shows that C 7 is uniquely determmed by the acceptance
set Cg 1 of ¢. Hence, ¢; 1 is uniquely determined by ¢. O

4.2 Consistent extension of the time horizon

Proposition 4.9 Let (‘Z)tl,s)te[O,S}ﬂN and (‘/)?,T)te[S,T]mN be two time-consistent dynamic
monetary utility functions with corresponding family of acceptance sets (Ct1 s)tefo,s)nn and
(CZT)te[S,T]mN- Define the conditional utility functions ¢, 1, t € [0,T]NN, by

1 2 .
o) = { O (Kls) +BaXisco) F1<8 p pee )
#2(X) fi>8 ’
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and the sets Cyp, t € [0,T] NN by

[ Clg+Cip o ift< S

Then ((bt,T)te[o,T}mN is a time-consistent dynamic monetary utility functions with corre-
sponding family of acceptance sets (Co.r)icioxinn- If (6f 5)icio.sjnn and (97 p)ies,rinn are
dynamic concave monetary utility functions, then so is (¢1)icpor)nn- If (¢%,S)t€[O,S]ON
and (¢%7T)te[S,T]mN are dynamic coherent utility functions, then so is (¢¢ 7)o, r)n- If
(¢t1,s)t€[0,S}ON and (¢?,T)te[S,T]mN consist of conditional monetary utility functions that are
continuous for bounded decreasing sequences, then ¢, is continuous for bounded decreas-
ing sequences for all t € [0,T] N N.

Proof. It can easily be checked that for all ¢ € [0, S]NN, the mapping ¢, r defined in (4.10)
is a conditional monetary utility function on RS, with acceptance set Cy 1 given by (4.11).
Also, it is obvious that ¢, 7 inherits concavity; positive homogeneity, and continuity for
bounded decreasing sequences. To prove that (¢t,T)te[0,T]mN is time-consistent, we fix t €
[0,S), a process X € Ri and a finite (Fi)-stopping time 6 such that ¢ < 6 < T. Then, it
follows from definition (4.10) and the time-consistency of (cZ)tl s)telo,s)nN and (Gﬁ%,T)te[S,T}mN
that

G 7 (X1 9y + .7 (X) 19 00))
= ¢ 5(X1pons) + Lio<sy90.0(X)1jg.00) + Lio>51057(X1[s0) + 05.7(X)1[5,00))1[S,00))
01 5(X1ons) + Lip<sy90.7(X)1jg,00) + Lio>53 057 (X)1[5.00))
o1 (X1 or5) + GonsT(X)1gns,00))
= ¢t s(X1pons) + Pons.s(XLpons,s) + 05.7(X)1[s.00)) Ljons,00))
= ¢ 5(X1p g+ 050(X)1[500))
(X).

><

= ¢ur
O

For T € N, time-consistent dynamic monetary utility functions can be defined by
backwards induction as follows: For all ¢ = 0,...,T, there exists only one conditional
monetary utility function ¢ on Ry3. It is given by

Gri(mlpoey) =m, form e L¥(F),
and its acceptance set is
Crp = {mlpe) | me LT(Q,F, P)} .
Now, for every t = 0,...7 — 1, let ¢;;41 be an arbitrary conditional monetary utility

function on Rf?f 41 with acceptance set Cyy1. It can easily be checked that for all ¢ =
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0,...T—1, the dynamic monetary utility function (¢s;11)55} is time-consistent. Therefore,
it follows from Proposition 4.9 that a time-consistent dynamic monetary utility function
(é1,7)iejo,r)nn can be defined recursively by

Gt 10(X) = drp41( X1y + Gr41,7(X)1j41,00)) fort <T —2and X € RYT.
The corresponding acceptance sets are given by

Cir

)

=Cii+1 +Ciy1p42+--+Cro1r, t=0,1,...,T—1.

4.3 Concatenation of elements in Aﬁr

For the dual characterization of time-consistency of dynamic coherent and concave mone-
tary utility functions, the following concatenation operation in .Ai_ will play an important
role:

Definition 4.10 Leta,b € Al , 0 a finite (F;)-stopping time and A € Fy. Then we define
the concatenation a EBZ b as follows:

a on {t <0}UA°U {(1 b> 0}

(a @Y% b); :=
ag— 1+$(bt—b9 1) on{t>0}ﬂAﬂ{ }

where we set a_1 =b_1 = 0.
We call a subset Q of A}F cl-stable if
a®be Q forallabe Q,seNandall A Fs.
We call a subset Q of A}F c2-stable if
a EBQA be Q foralla,be Q, every finite (F;)-stopping time 0 and all A € Fy.

Remark 4.11
Let Q be a cl-stable subset of .A},_. Then

a@lbe Q forallabe Q, each bounded (F;)-stopping time 0, and A € Fy,
and

a @’ b isin the ||.|| 41-closure of Q

for all a,b € Q, each finite (F;)-stopping time 6 and A € Fy.
Indeed, if Q is cl-stable, set for each (F;)-stopping time 6 and A € Fy, A, == AN
{6 =n}, n € N. Then all of the following processes are in Q:

CLOI:CL@OAOZ), an::anil@znb7 TLZl
If 0 is bounded, then a" = a@i b for all n such that n > 6. If 0 is finite, then ™ — a@i b
in |[.||Y, as n — oo.
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4.4 Time-consistent dynamic coherent utility functions

In this subsection we show how time-consistency of dynamic coherent utility functions is
related to stability under concatenation in .A%. This generalizes results of Artzner et al.
(2004), Riedel (2004) and Roorda et al. (2005). Examples will be discussed in Subsections
5.1, 5.2, 5.4 and 5.5 below.

Remark 4.12 Let ((bt,T)te[o,T]mN be a time-consistent dynamic coherent utility function
such that for all ¢ € [0, 7] NN and X € R{%,

¢r,7(X) = essinf (X, a>t7T ,

aGQt,T

for a non-empty subset Q; 7 of D;r. Then, it can easily be checked that for all finite
stopping times 7 < T,

¢rr(X) =essinf (X,a) -, X ERIp,

a€Qr T

where Q7 is given by

Q7—7T =LK ac DﬂT ’ a= Z l{T:t}at, at S QuT for all ¢
te[0, 7NN

In the following theorem and corollary, we provide necessary dual conditions for time-
consistency of dynamic coherent utility functions (¢¢1)iejo,7jnn such that all ¢; 7 are
continuous for bounded decreasing sequences.

Theorem 4.13 Let (¢1,1)icio,r)nn be a time-consistent dynamic coherent utility function
such that for all t € [0,T]NN and X € Ry,

¢, (X) =essinf (X, a),
aEQg’T ’

where for all finite (F;)-stopping times 7 < T, the set QQ,T s given by

Q1= {a e Drr | 67 p(a) =0} .

Then, for every pair of finite stopping times 7 and 0 with 0 < 7 < 0 < T, the following
hold:
1. For every a € QQ’T there exists b € Qg o such that

a

——— gy =b on the set {(1,a> >O} .
(1,a)gr [6,00) 0.7

adlbe QQ’T forall a € Q%T, be ngT and A € Fy.

ad’be QQ’T for all a,b e Q(T),T and A € Fy.
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Corollary 4.14 Let (¢t,T)te[o,T]mN be a time-consistent dynamic coherent utility function
such that ¢o is T-relevant and continuous for bounded decreasing sequences. Then the
sets

Q.1 = {@ € Dor | ¢ r(a) = 0} and QY = Q4 NI,
are c2-stable, and for every finite (F;)-stopping time 7 < T and X € RXr,

X,a X,a)_
¢r7(X) = essinf ﬂ = essinf g
acQf , <17a>7—,T ac Q! (L,a),

)

where
<X? a) 7'7T

<]‘? a>T7T

Proof of Theorem 4.13.
1. Let a € QQT and denote

is understood to be co on {(1, a),r = O} .

Crr = {X €R | ¢rr(X) >0} and Cor:={X € R | dpr(X) >0} .

Choose X € Cgr and A € Fy. It follows from Proposition 4.7.1 that 14X € C, 7. Hence,
by Remark 4.12,
essinf (14X, ¢), 7 = ¢ 17(14aX) >0,

CGQT T

and therefore,
E [1A (X, a>9’T] —E [(1AX, a>77T} > B[¢rr(14X)] > 0.

This shows that (X, a>97T > 0 for all X € Cgr. Take d € Q37T and set

a
= 1{(1,a)9’T>0} <717 a>9T + 1{<1,a)9’T:0}d.

Then b € Q(H)’T and
a

<17a>9,T
2. Leta € QQ,T, be Qg’T, AeFpand X €Crr. By 1.,

=0b on the set {(1,a>97T > 0} .

=c¢ for some c € QgT on the set {(1,@)9T > 0} .
(1,a)y ) ;

)

Hence,

Lae (X, a’>«9,T +1a (1, a)G,T (X, b)G,T
= lac(La)gr(X,0)gr+1a(lia)gr(X,b)gr
> (La)gr dor(X).
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It follows that

[0—1
<X,a@zb> L= E|Y Xda+la Y Xbatla(Layy Y Xidb|F
o = t€[6,T)NN t€[6,T)NN

r9—1
= E ZXtAat +1ac (X, a)pr +1a(l,a)g 7 (X, 0)g 7 | fT]

Lt=T

[6—1

> E ZXtAat + <1,a>97T ¢6,T(X) | -7:7']
Lt=T
[0—1

= E ZXtAat+¢9T Z Aay | Fr
t=71 te[@T]ﬂN

> (bT,T(X]‘[T,e) + ¢9,T<X)1[9,oo)) - (bT,T(X) > 0.

This shows that qbfT(a @Y% b) = 0, and therefore, a ©% b € QQ’T
3. follows directly from 1. and 2. O

Proof of Corollary 4.14.
It follows from Theorem 3.18 and Corollary 3.24 that

¢o,r(X) = essinf (X, a), - = ess 1nf (X,a)or -
“GQO T QO 'E,fl

By Theorem 4.13.3, Q o 1s c2-stable, which immediately implies that also Qg ;?1 is c2-
stable. To prove the rest of the corollary, let (Cy7)sejo,rjnn be the family of acceptance
sets corresponding to (é¢,1)¢c(o,7)ny and fix a finite (F;)-stopping time 7 < T'. Parts 1 and
2 of Proposition 4.7 imply that for every X € RXr,

XeCr & 14X eCyr foral AcF;,
and therefore,

XeCr & (luX,a)gp>0 forall A€ F, andae Q)Y
& (X,a),. >0 forallaerrel.

This shows that ¢, 7 and the conditional coherent utility function

X, a
essmfﬂ X e Ry

(ZGQO ??1 <17a>T,T 7
have the same acceptance set. Hence, they must be equal. It is clear that

X, a X,a),
ess inf g < essinf g

for all X € R2%
‘ZEQS,T <1’G>T,T aEQS er <1va>T,T ’ "
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On the other hand, since X — ¢ 7(X)1[; ) € Crr, it follows that
<1A (X — ¢T,T(X)1[T,oo)) ,a>OT >0, forall Ae F,and a € QQ’T,

and therefore,

<(X - ¢7_7T(X)1[’T7OO)) ’a>T,T

<17 a>T7T

>0, forallae QgT,

which shows that

. <X7 a>TT
essinf ———

> ¢rr(X), forall X e RYp.
aEQE,T <1’a>T,T ’

O

The subsequent theorem and its corollary give sufficient dual conditions for time-
consistency of dynamic coherent utility functions.

Theorem 4.15 Let (¢1.1)icjo,r)nn be a dynamic coherent utility function such that for all
t€[0,T]NN and X € R{%,

¢r,7(X) = essinf (X, a>t7T ,

a€Qy 1
for a non-empty subset Qi of Dy 1. Set
QU i= {a € Dur | ¢ p(a) = o} for allt € 0,T] NN,
and assume that for each t € [0,T) NN, the following two conditions are satisfied:

(i) For every a € Qu1 there exists b € Q) 1 such that

a

————1jjy100) =b on the set {(1,&) >0
<1aa>t+1,T fr+100) i }

(ii)
a®ibeQr foralac Qur, b€ Qi and A€ Fyyy.

Then (¢1,1)iejo,r)nN 8 time-consistent.

Corollary 4.16 Let Q™ be a non-empty subset of Dée%p such that for all a,b € Q™ every
s€(0,7T]NN and A € Fs,

a@sAbe <Qrel> ’
where (Q™) is the o(A', R*)-closed, convez hull of Q*'. Then

X,a
¢e,7(X) := essinf w

, tel0,TINN, X € R,
aEQrcl <1’a>t7T [ ] t,T
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defines a time-consistent dynamic coherent utility function such that

X,a
¢ 7(X) = essinf g

4.12
ac Qrel <]_’ a>7_7T ( )

or every finite (Fy)-stopping time 7 < T and X € R.. In particular, ¢r7(X) is T-
7T )
relevant for every finite (Fi)-stopping time T < T.

Proof of Theorem 4.15.
By Theorem 3.18, all ¢;7 are continuous for bounded decreasing sequences. Hence, by
Proposition 4.5, it is enough to show that

br7(X) = 7 (X 1y + 1.7 (X)[141,00))
for each t € [0,7) NN and X € R{%. Let a € Qyr. By condition (i), there exists
be Q? T such that

—————141.00) = b on the set {(1,@) >0} .
<1’a>t+1,T [t+1,00) t+1,T

Hence, (X, a), 17 = (L, @)1 7 (X, )11 10 = (1, a)44 1 1 Pe1,7(X), and therefore,

(X,a)r =E | XA+ Y X;Aa| F :E[XtAatHX,a)HLT\ft}
JE[t+1,TINN

> E | XiAar+ (1,a), 41 7 ¢r41,7(X) !ft} = (X1gp + 41,0 (X)L 1,000 0), - 5

which shows that
br7(X) > de (X1 + P17 (X)L i41,00)) -

To show the converse inequality, we introduce the set

K
QtH,T = {Z lBkbk | K > 1,6k e Qiy1,7, (Bk),]f:l an F;y1-measurable partition of Q}
k=1

and note that it induces ¢¢y1 7. Also, it follows from condition (ii) that

a @gu be Q?}T for alla € Q;7 and b € Qt+1,T-

Choose X € R7; . The set {(X D) |bE Qt+1,T} is directed downwards. Therefore,

there exists a sequence (b"),>1 in Qt+1,T such that

(X,0") 17\ Oep1,0(X)  almost surely,

and hence, for every a € Q; r,

dr,r(X) < (X,a A bn>t’T N <X1{t} + G117 (X) Ljp41,00)5 a>t7T almost surely,
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which shows that
Or,r(X) < (X1 + 1,7 (X)L 41,00)) -

Proof of Corollary 4.16.
Time-consistency follows from Theorem 4.15, the representation (4.12) from Remark 4.12,
and T-relevance from Proposition 3.21. O

As a consequence of Corollaries 4.14 and 4.16 we get the following stability result for

rel
subsets of DQT.

Corollary 4.17 Let Q™! be a non-empty subset ofoflT and denote by <Qrel> the o(A', R>®)-
closed, convex hull of Q™. If

a®d3be <Qrel> forall a,be Q™ se (0,7)NN and A € F,

then the sets <Qrel> and <Qrel> N D{f} are c2-stable.
In particular, if Q™ is cl-stable, then <Qrel> and <Qrel> N DS?%F are c2-stable.

Proof. Define the dynamic coherent utility function (¢t,T)te[0,T]mN by

¢r7(X) = inf w

. te[0,TINN, X € R,
aeQrel <17a’>t7T [ ] t7T

By Corollary 4.16, (¢t,T)te[o,T]mN is time-consistent. Hence, it follows from Corollary 4.14
that <Qrel> and <Qrel> N D(rf%p are c2-stable. O

4.5 Time-consistent dynamic concave monetary utility functions

In this subsection we give necessary and sufficient conditions for time-consistency of dy-
namic concave monetary utility functions in terms of penalty functions.
We use the following standard conventions for the definition of conditional expectations
of random variables that are not necessarily integrable:
Let f € L(F) and T a finite (F;)-stopping time . If there exists a g € L'(F) such that
f > g, we define
E[f | 7] :nh_EI;OE[f/\n | Fr] -

If there exists a g € L'(F) such that f < g, we define

BIf | 7= lim E[fvn|F].

If X is an adapted process on (2, F, (F)ien, P) taking values in the interval [m, oo] for
some m € R, we define for all a € AL,

(X,a), 9= lim (X An,a) g .

n—oo
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If X takes values in [—oo,m] for some m € R, we define for all a € AL,

(X,a), 9= lim (X Vn,a)_,.

n——oo

Remark 4.18 Let (¢t,T)te[07T]ﬂN be a dynamic concave monetary utility function such
that for each ¢t € [0,T] NN, ¢ 7 is given by

or(X) = essinf { (X,a), 7 —wrla)} X R,
&E’Dt’T ’ ’

for a penalty function ;7 on D; r that satisfies the local property. Then it can easily be
checked that for all finite (F;)-stopping times 7 < T,

$rr(X) = essinf {<X, a), - %,T(a)} . X eRY,

IIGDTYT

where 7, 7 is the penalty function on D, 7 given by

Yer(a) = > lgegn(lp—ga+ Lprsnlie), @ €Drr. (4.13)
t€[0,T)NN

The subsequent theorem and corollary give necessary dual conditions for time-consistency
of dynamic concave monetary utility functions (¢ 1),y such that all ¢; 7 are con-
tinuous for bounded decreasing sequences.

Theorem 4.19 Let (¢1,1)tco,1)nn be a time-consistent dynamic concave monetary utility
function such that for allt € [0,T] NN,

drr(X) = essinf {<X, a)p — ¢ffT(a)} . X R

aE/DtyT

Then
qﬁfT(a) = esssup cbjfT (a @), b) +E |:¢:5’:T(CL) | ]:T} , (4.14)

bEDQ’T

for every pair of finite (Fy)-stopping times 7,6 such that 0 <7 <6 <T and all a € D, .

Corollary 4.20 Let (¢t,T)te[0,T]mN be a time-consistent dynamic concave monetary utility
function such that ¢or is T-relevant and continuous for bounded decreasing sequences.
Then

¢r1(X) = essinf {(X, a), r— qufT(a)} = essinf {(X, a), r— qujfT(a)} ,

a€Ds 1 a€Drel

for every finite (Fy)-stopping time T < T, and

6fr(a) = esssupoly (a@hd) +E [6fp(a) | 7|

bG'D&T

= esssup cbfT (a GB% b) +E [Q%#T(a) ’ -7:7} ,
beDyh ’

for every pair of finite (Fy)-stopping times 7,60 such that 0 <7 <60 <T and all a € Dy 4.
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Proof of Theorem 4.19.
Let 7 and ¢ be two finite (F)-stopping times such that 0 <7 < 6 < T, and (Cy7)¢efo, 1N
the acceptance sets corresponding to (¢¢7):ejo,r)nn- It follows from Remark 4.3 and The-
orem 4.6 that for all a € D, 7,

$7p(a) = gssint (X,a), 7
= essinf (X, a), p + essinf (X, a), 1
X€Cr X€Co,1

= essinf (X,a) +E [essmf (X,a)gr | .7:]

XeCr X€eCy
- £(X, E{ T}, 41
essnf (X,0), 7+ B [ofr(a) | 7 (4.15)

and for all @ € D7 and b € Dy,

(;5 rlaadb) = ess1nf<X a@gb>

XGCT T 7,1
= essinf <X a @ b> + essinf <X, a @ b>
XeCro 7T XeCor 7T

= %Sgcl?g (X,a).p +E [}e(sesclglf (X, 0)p1 (La)gr | }—r}

= gsinf (X,a)op + E [0 0) (Lo | 7]

By Remark 4.18,

6.7(X) = essinf {(X, g ¢§fT(a)} . X Ry,

GJEDQ’T
which implies,

esssuqueT( )=0.
bGDGT

Since (25;%7« has the local property, the set {(;ijT(b) | be D(;,T} is directed upwards, and
therefore,

esssup B | oy T( )(La)gr | fr} =E

ess sup ‘ﬁT(b) (La)yr | fr] =0

beDy, T beDy, T
Hence,
# ( _
ess su a®? b) essinf (X, a ,
be’Dg,ll?¢ Q X€C7-9< >7’T
which together with (4.15), proves (4.14). O
Proof of Corollary 4.20.

By Theorem 3.16, Co.r is a o(R>, Al)-closed subset of R*. Let 7 < T be a finite (F)-
stopping time and (X*),em a net in C.p such that X* — X in o(R>, A!) for some
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X € R*®. Then, X € R, and for each A € F;, 14X* — 14X in o(R>, A!). By
Proposition 4.7.1, (1AX“)M7€M is a net in Co 7. Hence, 14X € Cyr, which by Proposition
4.7.2, implies that X € C.7. This shows that C, 1 is 0(R*>, A!)-closed. Hence, it follows
from Theorem 3.16 that

¢r7(X) = essinf {(X, a,p— qﬁﬁT(a)} : (4.16)

(ZE'DT’T

By Proposition 4.7.3, ¢, 1 is T-relevant, which by Theorem 3.23, implies that

¢7r(X) = essinf {<X7 a)rp — QﬁT(a)} : (4.17)

aGDf%ﬂ
By Theorem 4.19, it follows from (4.16) that

qﬁffT(a) = esssup <Z>ﬁT (a @, b) +E [(bjfT(a) | fT} ,
bEDG,T
for every pair of finite (F;)-stopping times 7,60 such that 0 <7 < < T and all a € D,p.
In the proof of Theorem 4.19 we showed that for all a € D, 7 and b € Dy r,

010 ©hb) = essinf (X,a), 7+ B [6f7(0) (La)gr | o] |

and it follows from (4.16) and (4.17) that

ess sup gb;%T(b) = esssup gbsz(b) =0.
beDg T bGDg‘}

Hence,

esssup E [QS;%T(Z)) (Lia)gr | ]-'T} =esssupE [gbz%T(b) (Lia)gr | ]-'T} =0,
b€Dp, 7 beDL.

and therefore,

ess sup gbﬁT (a GB% b) = ess sup gbffT (a EB% b) .
b€Dy,r beDy,

O

In the next theorem and corollary we give sufficient dual conditions for time-consistency
of dynamic concave monetary utility functions. For their formulation we need the following
notation:

Definition 4.21 Let 0 be a finite (F;)-stopping time such that § < T.
—0
For every a € Do, we define the process a € Do as follows:

0. ml[em) on {<1’“>0,T > 0}
: 110,00 on {(1,a>9T:0}

)
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If vo 1 is a penalty function on Dy, we extend it to Do by setting

-0
<1,a)97T Yo,r ( a ) on {<l,a)97T > 0}
0 on {(1,a)97T =0

ext

Yor(a) = ,a€Dyr.

Theorem 4.22 Let (¢17)icjo,rjnn be a dynamic concave monetary utility function such
that for every t € [0,T] NN,

br,r(X) = essinf {(X,a), 0 —wr(a)} , X € RE

aEDt,T

for a penalty function v on Dy with the local property. If for each t € [0,T) NN and
a < DLT;

r(a) = esssup yr(a © b) + B[y r(a) | A
bED 11, T

then (¢u,1)iejo,rjnn 18 time-consistent.

Corollary 4.23 Let ((bt,T)te[o,T]mN be a dynamic concave monetary utility function such
that for allt € [0,T] NN,

¢ 7(X) = essinf {(X, a)r — fytyT(a)} , X eRYT

€Dy},
for a penalty function v, 1 on D,{ejlw with the local property. If for all t € [0,T) NN and
a €D,

er(a) = esssup yr(a ©g™ 0) + E [y r(a) | ]

1
beDIT, 1

then (¢¢1)iejo,rjnn 18 time-consistent.

Proof of Theorem 4.22.
Fixt € [0,7) NN and X € Ry%. Note that

Yer(a) > esssup yir(a @5 b) + E ['yfﬂ,T(a) | F¢] , foralla€Dyr,
bEDiy1,1

implies that
Yr(a®g b) = yr(a) + B i rlaeg™ b) [ A] . (4.18)

for all a € Dy and b € Dyyq,7.
Since 741,71 has the local property, the set

{(X 0010 = ws12(®) | b € D}
is directed downwards. Hence, there exists a sequence (b"),>1 in D;yq 7 such that

(X, 0" 17 — V1,1 (0") s @1, 7(X)  almost surely.
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It can easily be checked that for all a € Dy and b € Dyyq 7,

<X1{t} (X017 L1005 a>t o (X,a @5 b>t7T (4.19)

and
(e es1.00050), 7 = B 5 rla 857 6) | 7] (420)
Therefore, it follows from (4.18) that for all a € Dy and n > 1,

(X100 + [0 00 = 120 L), = mir(@)
(X, a @l 1), 0~ B[S r(a 85 07) | F] — yr(a)

> (X,a @G 0", —wrlasgt b

> ¢rr(X).
This shows that for all a € Dy 7,

( X1y + G170 (X) L1 00) a>t,T —yr(a) > ¢pr(X),

and therefore,
b7 (X1 gy + be1,7(X) Lpg1,00) = Ge7(X) (4.21)
It follows from (4.19) and (4.20) that for all a € Dy and b € Dy11 7,

—t+l t+1 —
<X1{t} + <X, a >t+1 . 1[t+1,oo)7 a B, b>t . = <X, a>t7T

)
)

and
—t+1

<'Yt+1,T( a )lji1,00),0 PG b>tT =E [ r(a) | A .

)

Hence, for fixed a € Dy 1, the inequality

wr(a) < esssup yr(adg ' b) +E [ p(a) | F
beDy 1,1

implies that

<X7 a>t,T - ’Vt,T(a)

> (X,a),p —E [ () | F] - 085 Sup er(a g b)
t+1,T

—t+1 —t+1
=it 4 (X1 + [(07FY) i (5] tra el

—yr (a @G b) }

. 1 1
bgs’iﬁg {<X1{t} + Gt+1,7(X) Lt41,00), @ @Sr b>t7T —nr(a EB?T b)}

drr (X1 + dre1,0(X)pg1,00)) -

T

v

Y
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This shows that

Gr7(X) > de (X 1y + G417 (X)L i11,00)) - (4.22)
By Theorem 3.16, all ¢;7 are continuous for bounded decreasing sequences. Hence, it
follows from (4.21), (4.22) and Proposition 4.5 that (¢:7).ejo,r)nn is time-consistent. [

Proof of Corollary 4.23.
The proof of Corollary 4.23 is exactly the same as the proof of Theorem 4.22. O

5 Special cases and examples

In much of this section the pasting of probability measures plays an important role. It
can be viewed as a special case of the concatenation operation introduced in Subsection
4.3 and has appeared under different names in various contexts; see for instance, Wang
(2003), Epstein and Schneider (2003), Artzner et al. (2004), Delbaen (2003), Riedel (2004),
Roorda et al. (2005).

We describe probability measures on (€2, F) which are absolutely continuous with re-
spect to P by their Radon-Nikodym derivatives dQ/dP € {h € L'(F) | h >0, E[h] = 1}.
We recall that a probability measure ) absolutely continuous with respect to P is equiv-
alent to P if and only if f = dQ/dP > 0, in which case, for finite (F;)-stopping time 0,
the conditional expectation Eq[Y | Fy] of a random variable Y € L*>(F) is given by

E[fY | Fo
E[f | Fol

For all T € NU {co}, we denote
Dr:={he LY (Fr)|h>0,E[h] =1}

and ~
D' = {he L'(Fr) |h >0, B[] =1},

where Fo is the sigma-algebra generated by (J,cn F+-

Definition 5.1 For T € NU {oco}, f,g € Dr, a finite (F;)-stopping time 0 < T and
A € Fy, we define the pasting f ®?4 g by

0 f on A°U{E|g | Fp] = 0}
& = 5.1
[ {E[ffe]ﬁ on AN {Elg| o] > 0} (5:1)
We call a subset P of Dy m1-stable if it contains f®%9 forall f,g € P, everys € [0,T]NN
and A € Fs, and m2-stable if it contains f ®% g for all f,g € P, every finite (F;)-stopping
time 0 <T and A € Fy.

Remark 5.2 It can be shown as in Remark 4.11 that for T' € N, m1-stability is equivalent
to m2-stability.
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5.1 Dynamic coherent utility functions that depend on final values

Let 7 € N and P a non-empty subset of Dy. Then

QP):={f1lireo) | f €P}

is a non-empty subset of Dy 7, and the concatenation of two elements

a = fl[T,oo) and b= gl[Tpo)

in Q(P) at an (F;)-stopping time 0 < T for a set A € Fp, is equal to
(f ®% 9) L7 00) -

This shows that Q(P) is cl-stable if and only if P is ml-stable. (For T' € N, cl-stability
is equivalent to c2-stability and m1l-stability equivalent to m2-stability).
If P! is a non-empty subset of D{,f"l, then Q(P™) is a non-empty subset of D{f%p, and

X, a
¢r,7(X) := essinf X a)r — essinf E[fX7 | ]

t=0,....T, X €R,
acQ(Pe) (L,a),p  fepel E[f | F b

defines a dynamic coherent utility function such that ¢,z is T-relevant for every ¢ =
0,...,T.

If Pl is ml-stable, it follows from Corollary 4.16 that (¢;7)l_, is time-consistent.
On the other hand, if (¢ 1)L, is time consistent, then by Corollary 4.14, the o (A, R>)-
closed convex hull of Q(P™) is cl-stable, which implies that the o (L', L>)-closed, convex
hull of P! is m1-stable.

This class of time-consistent dynamic coherent utility functions appears in Artzner et
al. (2004), Riedel (2004), Roorda et al. (2005) and in a continuous-time setup, in Delbaen
(2003).

5.2 Dynamic coherent utility functions defined by worst stopping

Let T € NU {oo} and P a non-empty ml-stable subset of D!, For all t € [0,T] NN,
define

P (Y) := essinf EIFY | 7]

—W 2Ty e Lo(Fy),
ferel E[f | F (1)

and for all X € R{7,
¢, 7(X) = essinf {4y (X¢) | £ a finite (F;)-stopping time such that t <{ < T} . (5.2)

Then (¢t,T)te[0,T]mN is a time-consistent dynamic coherent utility function such that every
¢4, 1 is T-relevant.

To see this, note that ¢o 7 is a T-relevant coherent utility function on R that can
be represented as

X)= inf (X,a , X e€Ryr,
$o,7(X) aeQ(Pre1)< Jo.r 0T
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where Q(P™) is the non-empty subset of Dy 1 given by
Q(P™) .= {E [f | Fellieoo) | f € Prel ¢ < T a finite (F;)-stopping time} .

Note that, unless T € N and £ = T, an element of Q(P'™) of the form E[f | F¢] 1 o)
does not belong to Drel But it follows from Theorem 3.18 and Corollary 3.24 that ¢g 1
can also be represented as

¢or(X)= inf (X,a)yp= inf (X,a)qr, X €ERGy,
acQf , T aegpy! ’ ’

where
Q= {a € Dor | ifra) = o} and Q)% := QF 7 N D%

Let @ < T be a finite (F;)-stopping time, A € Fp and a, b two processes in Q(P™) of
the form
a= fal[éa,oo) and b= fbl[&woo) J

where , < T and & < T are finite (F;)-stopping times, f, = E [fa | ffa] and f, =
E [fb | fgb:| for fa, f, € P Then

(a @194 b = 1pefolpze) + 1B [[‘J;a “ 7 ]] folg=e,)
E fa | Fo

= lpe falpse,y T 18— /o lpsen
Blh1R]T

= E [f | 7:5] Lit>ey s

where
B=An{t>0}N{§ >0} N {8 >0} € Foneanc, »

f=f.0% fy and €=1p&, +1p&.
It follows from the m1-stability of P ! that Q(Prel) is cl-stable. By Theorem 3.18, Q8,T is

the o(A', R>®)-closed, convex hull of Q(P™). Hence, it follows from Corollary 4.17 that
Q T and Qg ;‘31 are c2-stable. Therefore, by Corollary 4.16,

- X,a
¢r,7(X) := essinf w

, €0,TINN, X € R,
aGQg ol <17a>t,T b

defines a time-consistent dynamic coherent utility function such that every gZ;t,T is T-
relevant. It can easily be checked that QNStﬁT = ¢y forallt € [0,7]NN.

For finite time horizon T, this class of time-consistent dynamic coherent utility func-
tions is also discussed in Artzner et al. (2004) and in a continuous-time setup in Delbaen
(2003). Up to signs they are of the same form as the super-hedging prices of American
contingent claims discussed in Karatzas and Kou (1998), see also Sections 6.5, 7.3, 9.3 and
9.4 in Féllmer and Schied (2004).
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5.3 Dynamic monetary utility functions defined by worst stopping

The time-consistent dynamic utility functions of Subsection 5.2 can be generalized as
follows:
Let T € NU{oo}. For all t € [0,7] NN, let ¢, be a mapping from L (Fr) to L (F;)
that satisfies the following conditions:
(N) ¢:(0) =0
(M) (V) <p(Z) for all Y, Z € L*°(Fr) such that Y < Z
(TI) (Y +m) =¢(Y) +m for all Y € L>®(Fr) and m € L*=(F;)
(TC) Y (h41(Y)) = (YY), for all Y € L (Fr) and t € [0,T) N N.
By Proposition 3.3, ¢, also satisfies
(LP) wt(]-AY + 1AcZ) = 1A1/Jt(X) + ].Acwt(Y) for all Y, Z e LOO(FT) and A € Ft.

Denote by ©; 1 the set of all (F;)-stopping times £ such that ¢ < ¢ < T, and define a
dynamic monetary utility function by

o 7(X) :=essinf )y (Xe), te€[0,T]NN, X € RY%p.
£€Oy T ’
Note that except linearity and o-additivity, the operators ; have all the properties of
conditional expectations.

For T < oo, we can proceed as in Section VI.1 of Neveu (1975) and define for all
X € R&% the process (Si(X ))tT:o recursively by

Sr(X) = Xr

Si(X) = Xe A(Si41(X)), fort<T—1. (5.3)
For all t = 0,...,T, let the stopping time ¢! be given by

gi=inf{j=t,....,T|S;(X)=X;}.

It can easily be checked by backwards induction that

Su(X) =y (Xet) = dpr(X) forallt=0,...,T.
Hence, it follows from (5.3) that for all t = 0,...,7 — 1 and X € R{%,

dr.7(X) = Xi Ap(dr41,7(X)) = e 7( X1y + be1.7(X) Lp41,00)) 5

which by Proposition 4.5 shows that (¢ r)l_ is time-consistent.
If T'= oo and all ¥; are continuous for bounded decreasing sequences, it can be shown
as in Proposition VI.1.2 of Neveu (1975) that for all X € R{°

t,009
Otoo(X) = Xe APp(dr41,00(X)) forallt € N.
This implies
¢1.10(X) = der(X 1y + G110 (X) 14 1,00)) 5

for all £ € N and X € Ry, Since ¢t inherits the continuity for bounded decreasing
sequences from v, it again follows from Proposition 4.5 that (¢¢ o )ten is time-consistent.
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5.4 Dynamic coherent utility functions that depend on the infimum over
time

Let T € NU {00} and P™! a non-empty subset of Di'. For all ¢ € [0, 7] NN, define

P (Y') := essinf M

, Y eL®(Fp),
fepet E[f | Fi (1)

and

qbt’T(X) = 1/Jt ( inf X5> s X e RZOT

s€t,TINN
Then (¢¢,1)iejo,r)nn 18 @ dynamic coherent utility function such that every ¢, is T-
relevant. But even if P ! is m2-stable, (ét.17)te(o,r)nn is in general not time-consistent.

For an easy counter-example, consider a probability space of the form Q = {w1, wo, w3, ws}
with Plw;] = % for all j = 1,...,4. Let T = 2 and assume that the filtration (F})2, is
given as follows: Fy = {(D Q}, F; is generated by the set {wy,ws} and Fy is generated by
the sets {w;}, j =1,...,4. If P* = {1}. Then, for ¢t € {0,1,2} and X € RS

-5 1, .15

If Xo =2, Xj(w1) = Xi(w2) = 4, Xi(w3) = Xi(ws) = 1, Xo(w1) = 5, Xa(wo
Xo(w3) = 2 and Xa(ws) = —1, then ¢o2(X) = 3. On the other hand, ¢1,2(X)
{wi,wa} and ¢12(X) =0 on {wg,w4} Hence, ¢o2(X 10y + ¢12(X)1p ) = 1.

5.5 Dynamic coherent utility functions that depend on an average over
time

Let T € NU {oo} and P a non-empty subset of 755?1. For all t € [0,T] NN, define

. E[fY | A
Y):= f——————, Y e L®(Fr),
o) = e S T 7 ()
and >
s€[t,TINN fs Xs oo
¢t,T(X) = wt = ’ XeR )
Zse[t,T]mN Hs o

where (f15)sec[0,71nn 18 @ sequence of non-negative numbers such that

> pe=1 and Y p;>0 forallte[0,T]NN.
s€[0,7]NN s€[t,T]NN

Then (¢¢1)ico,rnn 18 a dynamic coherent utility function such that every ¢ r is T-
relevant. If P is ml-stable, then (¢1,7)iejo,r)nn is time-consistent.
To show the latter, we denote for f € P! by J(f) the process a € DS‘?IT given by

Aay = E[f | F] forallte[0,T]NN.
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Clearly,

X,
O, 7(X) = essinf ﬂ

forallt € [0,T]NN and X € Ry,
acJ(P) (L a), p 0.1 "t

and it can easily be checked that for all f,g € P, every s € (0,7] NN and A € F,

J(f) & J(g) = J(f ®@% 9).

Hence, J(P*) is cl-stable, and it follows from Corollary 4.16 that (¢1,1)efo, ) is time-
consistent.

5.6 Dynamic robust entropic utility functions

Let T € N, P! a non-empty subset of @591 and a > 0. Fort =0,...,7T and X € R;OT,
define

_ 1 E[fexp(—aX7) | Fi }
X) :=essinf{ ——lo , X eRS.
¢t7T( ) Feprel { o g E [f | ]_—t] 0,7
Then, for all t =0,...,T, ¢; 7 is a T-relevant conditional concave monetary utility func-

tion on Ry% that is continuous for bounded decreasing sequences, and (¢t7T)tT:0 is time-
consistent if P! is m1-stable.

Indeed, it is clear that for all ¢ = 0,...,T', ¢y is a T-relevant conditional monetary
utility function on Rip- To show the other assertions, we set for f € D§9l andt=0,...,T,
f
ft = ;
E[f | F]

and introduce the mappings
1
Wl (v) = —~logE[fiexp(~aY) | F], Y € L*(Fr)

and

YY) :=essinf ol (Y), Y € L™®(Fyp).
fe'Prel

For g, f € @{,‘?1, we denote by Hy(g | f) the conditional relative entropy E [gt log % | .7-}}.
It follows from Jensen’s inequality that

Hy(g| f)=E [ft%log% |‘7:t:| >0

and Hy(g | f) =0 if and only if g, = f;. For Y € L>°(Fr), we define
—aY

Y ._ €
W we A
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Then, for g € @{,‘?1 and f € Prel,

Y Y
éHt(g | f)=E [gt log %% !ft] = éHt(g | )+ éE [gtlog% \ ft]

1 Y 1
> —E |:gt log I | Ft:| = -E[gY | Fi] - —logE [fte_ay | F
a fi «o

with equality if g; = f}. This shows that for all Y € L*°(Fr),

, 1 1 .
essint {Blocv | 7+ Hg | )} = ~LiowB [free” | 7]

1
geDF

(compare to Example 4.33 in Follmer and Schied, 2004). Hence,

. 1
G(Y) =  essinf {E Y | F]+ LH f)} ,
fe’,)rel ,gGDE?l (03

and it follows from Theorem 3.16 that v is Fs-concave and continuous for bounded de-
creasing sequences.

Now, assume that P! is m1-stable. Then, for all t = 0,...,7 and Y € L®(Fr), the
set

{vlo) | ep}
is directed downwards because for all f, g € P,
Wl (V) A (V) = 9 (Y),

where

h=f®yg for A= {¢f(y) < wi‘(y)} )
Hence, there exists a sequence (f k)keN in P! such that almost surely,
k
¢tf )N (T), ask —oo.
Next, note that for all t =0,..., T —1, f,g € prel and Y € L®(Fr),
Wl (W, (V) = ¢ (Y),

where
h=f ®§2+1 g.
It follows that
V(1Y) = (YY),
forallt=0,...,7T—1and Y € L (Fr), and therefore,

b7 (X1 gy + Ge1,7(X) L pg1,00)) = Gr.7(X),
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forallt=0,...,7 — 1 and X € R{%, which by Proposition 4.5, implies that (ber)Ey is
time-consistent.
The functions ¢, are conditional robust versions of the mapping

1
C:L®(Fr)—R, Y - log E [exp(—aY)] ,

which assigns a random variable Y € L°°(Fr) its certainty equivalent under expected
exponential utility. For the relation of entropic utility functions to pricing in incomplete
markets we refer to Frittelli (2000), Rouge and El Karoui (2000), and Delbaen et al.
(2002). Entropic risk measures can be found in Follmer and Schied (2002a, 2004) and
Weber (2005). Conditional entropic risk measures and their dynamic properties are also
studied in Frittelli and Rosazza Gianin (2004), Barrieu and El Karoui (2004), Mania and
Schweizer (2005), and Detlefsen and Scanolo (2005).
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