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DYNAMIC RESPONSE OF FINITE LENGTH CYLINDRICAL SHELLS 
TO NEARLY UNIFORM RADlAL IMPULSE 

I. K. McIvor* and E. G. Lovell** 
The University of Michigan 

Michigan Ann Arbor  

Abs t r ac t  

The response of a cylindrical  shell  to a uni- 
far in  radial  impulse is a s imple harmonic motion 
in which the cross section r e m a i n s  c i r cu la r .  In 
the p re sence  of small nonuniformities in the 
impulse,  this  motion may  be unstable. The insta- 
b' ., . ~l . . y  LS cha rac t e r i zed  by the p a r a m e t r i c  excita- 
tion of f lexural  modes  which exchange energy with 
the basic motion in a cyclic manner.  
biliry c r i t e r ion  der ived h e r e  for  finite length 
cyl inders  shows this  instability m a y  occur  over  
a v ide  range of shell  geometr ies .  The f lexural  
modes  which exhibit significant growth a r e  
ideiitified. With this  the finite t ime  response of 
the shell  is obtained by numerical  integration of 
the nonlinear equations. The nonlinear response 
i s  Ciominated by a f e w  flexural modes  which 
initially have high growth r a t e s .  The amplifica- 
tior. of t hese  modes r e su l t s  in displacements  and 
s t r , : s se s  considerably in excess  of those a s s o -  
c ia ,ed with the unperturbed response.  Finally 
the imperfection sensit ivity of the nonlinear 
molion is examined. 

The s t a -  

Introduction 

When shell  s t ruc tu res  a r e  subjected to t ime  
dependent loadings,  the dynamic response may  
be .-.ffected by p a r a m e t r i c  instabil i t ies.  A p a r -  
t i c d a r  c l a s s  of such instabil i t ies occur  in she l l s .  
subjected t o  impulsive loads.  The instabil i t ies 
ari  'ic f r o m  nonlinear coupling between possible  
rno4es of f r e e  vibration. A s  a n  example,  the 
r e :  ;>onse of a cylindrical  shell  to a uniform 
radial  impulse is a simple harmonic motion in 
which the cross section r ema ins  c i r c u l a r ,  per iod-  
icaily expanding and contracting. 
recponse  may be unstable in the p re sence  of sma l l  
nofitmiformities in the initial impulse.  
o f  !.redominantly f lexural  modes can be p a r a -  
me*.rically excited to r a the r  l a r g e  amplitudes.  
Energy is  extracted f r o m  the initial o r  basic  
rebponse and cyclically exchanged with the modes 
exhibiting significant growth. 

i-- 

But this basic  

A number 

A re sponse  of this  type was obtained f o r  the 
cylindrical  shell  by Goodier and Mclvor [ I ]  ***. 
The investigation was  r e s t r i c t ed  to the case' of 
plane s t r a in ,  i.  e .  requiring gene ra to r s  of the 
shell  t o  r ema in  s t ra ight  and paral le l  to the ax i s .  
A study of the analogous p rob lem f o r  the ax i -  
symmet r i c  spherical  shel l  by McIvo? and 
Sonstegard [ 21 produced s imi l a r  r e su l t s .  
p re sen t  paper  axial  motion and var ia t ion along the 
gene ra to r s  a r e  permit ted,  and the effect  of the 
length of the shell  upon the re'sponse is  determined.  

In the 

The related problem of a s imply supported 
cylindrical  shell  subjected t o  a suddenly applied 
p r e s s u r e  has  been considered by Bieniek, Fan ,  
and Lackman [ 31 using Galerkin 's  method. From 
a shor t - t e rm analysis ,  the growth of displacement  
per turbat ions was predicted.  The long- t e rm 
motion was not analyzed. 
of the motion of a finite length cylindrical  shell  
following impulsive p r e s s u r e ,  a c r i t e r ion  for  the 
stability of the basic  r e sponse  i s  obtained and i ts  
dependence upon the shell  geometry is established. 
In addition those flexural modes which may  exhibit 
significant growth a r e  identified. With the c r i t i ca l  
modes determined,  the nonlinear equations a r e  
integrated numerically to obtain the finite t ime 
response.  
which s e r v e  to i l lustrate  the magnification of 
s t r e s s e s  and displacements  associated with the 
finite t ime  response.  The  examples  a l s o  s e r v e  
to delineate the per turbat ion sensit ivity of the 
response.  

F o r  the p re sen t  p rob lem 

A number of examples  a r e  d i scussed  

Method of Solution 

The cylindrical  shel l  considered is  shown in 
F igu re  1. 
thickness  and midsurface radius  a r e  I, h, and a ,  
respectively.  
c i rcumferent ia l  and radial  direct ions a r e  x, 9, and 
z, and the corresponding displacement  components 
of a point on the midsurface a r e  u , v .  w. 
displacements  a r e  considered a s  functions of the 
coordinates of a point on the undeformed midsu r face  
(x, e) and t ime  t. 

The constants  denoting the length, 

The coordinates in the longitudinal, 

The 
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'To investigate the motion following impulsive 
p r e s s u r e ,  we e x p r e s s  the total  energy of the shell  
as 
and rime der ivat ives .  S e r i e s  representat ions a r e  
cho..en f o r  the displacements  which sat isfy given 
bou,,dary conditions. After these representat ions 
a r e  introduced into the energy functional, t he . t ime  
dep..ndent coefficients can be considered a s  gener-  
alized coordinatps.  
the , issociated Lagrange equations. 

function of the displacements  and their  spat ia l  

Thus they a r e  solutions of 

In der iving the ene rgy  functional appropriate  
for  the ensuing stabil i ty analysis ,  it i s  necessa ry  
to r e t a in  quadrat ic  t e r m s  in the s t ra in-displace-  
ment  relations.  But in the motion of thin shel ls  
folluwing radial  loading, the tangential  component8 
of the displacement  a r e  general ly  small compared 
to tile radial  component. 
invi:,lving only w and i ts  der ivat ives  a r e  retained. 
With this and using the usual  assumptions of thin 
shell  theory a s  to conservat ion of no rma l s ,  
unc!ranging thickness  coordinates ,  and neglecting 
(h/,.) '  compared to unity, a n  appropriate  energy 
fun<:tional is obtained. It is der ived in detail  in 
[ 41, and i s  given f o r  r e fe rence  in the appendix. 

The displacement  representat ion used in the 

Thus quadrat ic  t e r m s  

p resen t  analysis  i s  

..' = 7 v ( t )  cos  mnx  - sinne ( Ib )  m n  . 1  
m z o  n=o 

- -  
m = o n = o  

At vach boundary of the shell  the slope awlax  and 
the axial  displacement  vanish,  whereas  the radial  
and circumferent ia l  displacements  do  not. 
effi.ctive radial  and c i r cumfe ren t i a l  s h e a r  p e r  
unit length a r e  zero  a t  the boundaries. 

interest  than m o r e  common geometr ic  constraints ,  
they give r i s e  in the p re sen t  p rob lem to cons.ider- 
ab le  simplification of the energy expression. Thus 
they pe rmi t  investigation of the effect of finite 
length on the stabil i ty analysis  without undue 
algcbraic  complication. 

The 

Although 
these  c.d;i-na are passi:iy~of pk,y"iia: 

The t ime dependent coefficients in ( I )  a r e  
considered a s  general ized coordinates.  The 
a s s o i i a t e d  Lagrange equations a r e  l is ted in the 
Appendix. 'This highly coupled, infinite sys t em 
of differential  equations govern the f r e e  nonlinear 
motion of the shell .  
m u s t  be made  before useful  solutions can be 
obtained. 

Reasonable approximations 

Fig. 1 Shell Geometry 

Initial Motion - Stability of the Basic  Response 

If the impulsive p r e s s u r e  is  of sufficiently 
short  duration, i ts  effect is to impart  an initial. 
radial 'velocity t o  the shell. 
uniform distribution Woo is  the only nonzero t e r m  
in the representat ion (1).  From (A-6) the govern- 
ing equation is 

For  a perfectly 

where the dot denotes differentiation with r e spec t  
t o  dimensionless  t ime T dcfined as 

2 
( 3 )  = c t / a  , c 2  = E  / p ( I - v  ) 

W 
The associated initial conditiont a r e  

where vo is  the uniform velocity imposed on the 
shell .  For e l a s t i c  motion vo e-C. The basic  
response is  

a v  
(5) 

0 
I - s l n ~  Woo C 

To  investigate the stabil i ty of the basic  response 
we per tu rb  the motion by considering a small  
~~~ nonuniformity~in ~~~~~~ ~~~~ ~ the  i~ni t ia l~~veloci ty  distribution. 
The response is now given by ( I )  with Woo being 
the basic  response a s  affected by the perturbation 
and the remaining t e r m s  represent ing the pe r tu r -  
bational responee. The nonzero initial conditions 
associated with equations (A-6) and (A-7) a r e  

Goo (0) = a v  IC , Wmn (a) = t a v o l c  ( 6 )  
0 mn  

where s m n  i s  much l e s s  than unity for  all p a i r s  
of m and n except (0.6). 

The summations in (A-6)  and (A-7)  involve 
products of coefficients ar is ing f r o m  the non- 
uniformity. 
perturbational magnitude and may be neglected,  

F o r  sma l l  values  of. t ime they a r e  oi 
v 



Wit:, this  Woo i s  the basic  r e sponse  (5). and 
equ,itiona (A-7) reduce to 

- *  
1 1 m n t C l U m n t C 2 V m n t C 3 W ~ n  = 0 (7a) 

v mn  t C4Vmn t CZUmn t C5Wmn = 0 (7b) 
* ”  .- 

*, 

’“mn ‘3“mn ‘5’mn 

whr r e  
2 2 n 

1 3  
C = - t n m  

4 4  2 4 4  2 
v n m  

in which Poisson’s  r a t io  has  been taken as 113. 

In [ 41 it was shown that a good approximation 
to the l i nea r  response following a r b i t r a r y  radial  
impulse i s  obtained by neglecting tangential inertia.  
We extend this  approximation he re  t o  the deviation 
f r o m  the basic  response.  
(7bl 

With thin f r o m  (7a) and 

- ‘SC2 -‘3‘4 

1 4  
‘mn- c c - c 2 ~  Wmn 

c c -c1c5 

C1C4VC2 

2 3  
2 *mn 

v (Is 
mn 

I n t r o h c i n g  ( 9 )  and. W 
give4 

from (5) into (7c) then 
00 

-,L M 

Fig .  2 Mathieu Stability Diag ram 

where 

Equation (10) i s  Mathieu’s eqyation, whose 
p rope r t i e s  and solutions a r e  exten’sively r eco rded  
such as  in [ 5 ) .  
detcrrnined by the p a r a m e t e r s n a n d  p. Figure  2 
shows the Mathieu stabil i ty d i ag ram.  
(n, p) fa l ls  within a shaded region, the solution is 
bounded or stable;  if the point fa l ls  within an 
unshaded region, the solution exhibits exponential 
growth. 
become increasingly na r row a s n  inc reases .  
the p re sen t  problem the amplitude of a given mode 
will r ema in  perturbational in s i ze  whenever i ts  
corresponding p a r a m e t e r  point f a l l s  into a s table  
region. But significant growth may  be expected in 
a mode whose p a r a m e t e r  point falls in an unstable 
region, 

The c h a t a c t e r  of the solution is 

If a point 

For a fixed value of p the instability zones 
In 

In a given p rob lem we m u s t  locate  the p a r a -  
m e t e r  points f o r  each pa i r  ( m , n ) .  
values  of e i ther  integer the p a r a m e t e r  points fa l l  
in the predominantly stable region. 
we m a y  confine ou r  attention t o  the f i r s t  unstable  
zone. 

For l a r g e r  

Thus in general’l’ 

3 



Fig.  3 Stability Diag ram for 
v IC = 10-3, a / f  = 1, a l h  = LOO 
0 

If m and n a r e  t r ea t ed  a s  continuous var iables ,  
eq,rations ( I l a )  and ( I l b )  may  be viewed a s  the 
p a r a m e t r i c  representat iun of a doubly infinite 
fa .ni ly  of curves. The intersection of a curve 
assoc ia t ed  with a n  integer value of m with the 
cu rve  associated with an integer value of n is  the 
p a r a m e t r i c  point for  the pa i r  (m ,n ) .  
curves f o r  a pa r t i cu la r  geometry ( a l l  = 1, a / h  = 
100) and initial velocity (vo/c  = 10-3) is  shown in 
Fi,;ure 3. 
fa i l  in the unstable zone. The points on the m = 0 
cu rve  coincide with the plane s t r a i n  solution given 
in [ 11. 

The se t  of 

A relat ively l a r g e  number of points 

F igu re  4 shows the corresponding r e s u l t s  for 
a l l  = 112 and a l h  I 100. 
morb points move into the unstable zone f r o m  the 
right,  which can be seen  by comparing F igu res  3 
and 4. 
for e a c h  n the points for all values  of m coalesce 
t o  the rn = 0 point. 

If the  shell  is  lengthened, 

As the length becomes a r b i t r a r i l y  l a rge ,  

The examples  shown a r e  typical for a wide 
range of geometr ies .  It is  evident that  the basic  
r e sponse  i s  l ikely t o  be unstable since usually a t  
l e a s t  one 6 a r a m e t e r  .point will fall in the unstable 
zone. 
modes  will be associated with the instability. the 
number  increasing with increasing length of the 
shell .  

General ly  a relatively l a r g e  number of 

Not all of these modes,  however, will have a 
significant effect on the long t e r m  response.  
the modes  with p a r a m e t e r  points in the unstable 
zone, the Mathieu solution is  of the  f o r m  e(.) .  
expkT where +(T)  is  periodic.  b o - k  c u r v e s  a r e  
shown dashed in F i g u r e s  3 and 4. It i s  expected 
that  the modes  with the higher growth r a t e s  will 
dominate the response.  Thus many of the unstable 
modes  may be neglected based upon a comparison '  
of t he i r  init ial  growth r a t e s .  
Tor a given choice of modes  i s  d i scussed  in the 

F o r  

The accu racy  obtained 

P 

.*o .Y) 

n 

Fig. 4 Stability Diag ram for 
v I C  = 10-3, a l t  = 112 .  a l h  = 100 
0 

next section. 

Long T e r m  Response 

To obtain the finite t ime  response,  the non- 
linear t e r m s  in the governing equations for  the 
F o u r i e r  coefficients mus t  be retained. It is 
necessa ry ,  however, to consider only modes 
which undergo significant growth. 
initial growth were identified in the preceding 
stability analysis .  
the higher growth r a t e s  will dominate the long 
t e r m  response.  

Modes exhibiting 

Of this  group the modes with 
W 

Since not all possible "unstable" modes will 
be included in the analysis ,  the accu racy  of the 
solution will be ascer ta ined by computing the total 
energy of all participating modes and comparing it 
to the kinetic energy initially imparted to the shell .  
Also,  we r equ i r e  the energy of the slowest growing 
of the  selected modes to be small  compared with 
the initial energy. 
modes have negligible effect  upon the Bolution. 

This a s s u r e s  that the excluded 

The nonlinear equations have been integrated 
numerically for a number of geometr ies  and 
different  initial imperfections. Some typical 
r e su l t s  a r e  given here .  

Example I 
The 

stabil i ty d i ag ram in the vicinity o f n  = 114 is  
shown in F igu re  3. 
ceptible to excitation, only the four  f a s t e s t  growing 
mcdes.  (0,  13) .  (1, 13). (0. 14). and ( 2 ,  11) a r e  
included in the analysis.  

In this ca se  a / f  = 1.0  and a / h  = 100. 

Although ten modes a r e  sus. 

The initial conditions ueed a r e  

4 



Fig. 5 Displacement Coefficients v s .  
T i m e  f o r  Example I 

- 

in which A < <  1. 

-3  The numerical  r e su l t s  obtained for  v I c  = IO 
0 

art: shown in F igu re  5. 
iec?d by cyclic exchange of energy between the 
va r ious  modes.  
by mode (1 ,  13); this  i s  a l s o  the f i r s t  mode t o  r e a c h  
i t s  maximum value. Clear ly  the displacements  
associated with the finite t ime response a r e  con- 
s iderably in e x c e s s  of those associated with the 
unperturbed motion, 

The response i s  c h a r a c t e r -  

The l a r g e s t  amplitude is  attained 

The r a t io  of the total energy in each mode to 
th< initial kinetic energy of the shell  i s  shown in 
Fii;ure 6. 
( 2 ,  11). part ic ipates  with a lmos t  negligible energy 
durinb the e a r l y  exchanges and never  contains 
mclre than 15% of the total  energy for  the range of 
t ime  considered.  The maximum difference 
between the total  energy of the modes considered 
and the original kinetic energy never  exceeded 

The mode with the slowest growth r a t e ,  

112%. 

Fig.  6 Energy  Rat ios  v s .  T ime  for Example 1 

Example 2 
A second Dert i rbat ion is considered with the 

s a m e  geometry a s  in Example I .  The initial r ad ia l  
velocity distribution is taken as a constant pe r tu rbed  
by a parabol ic  variation. Thus 

V 

C 

0 
I- 

(13) n 3n 
2 
- <  e<-E- 

The numerical  r e su l t s ,  again computed f o r  
v o j c  = I O h 3 ,  are  shown in F igu re  7. Although 
the mode (0, 14) now reaches  i ts  maximum magni- 
tude f i r s t .  the l a r g e s t  amplitude is  attained by 
( I ,  13) a few cycles  l a t e r  when essent ia l ly  all  of 
the energy in the basic  motion has  been extracted.  

Comparison of the two examples  shows that 
the maximum amplitude attained by a given m o d e  
i s  r a the r  insensitive to changes in the perturbation. 
Thus the nature  of initial imperfections w i l l  not 
a l t e r  the dominant modes  in the long t e r m  response.  
They may,  however,  a l t e r  the relat ive phasing of 
the dominant modes.  
fact  that the mode (0,  14) r eaches  i ts  maximum 
f i r s t  can be attr ibuted to the relat ive s ize  of the 
perturbations.  In Example 1 the per turbat ions 
received by each  mode were of comparable  magni- 
tude, while in Example 2 the initial value for  
( 0 ,  14) was approximately 1 5  t imes  a s  s t rong as 
that f o r  ( I .  13). 
instant depends upon the relat ive phase of the 
va r ious  modes,  the actual  motion isquantatatively 
sensit ive t o  the initial values  of the dominant modes.  

In the p re sen t  example the 

Since the displacement  a t  any 

Example 3 
If the shel l  is  lengthened, m o r e  modes a r e  

susceptible to excitation. F o r  example,  the s t a -  
bility d i a g r a m  in the vicinity o f n =  114 for  a l l  = 112 
is shown in F igu re  4. Using the parabol ic  

5 



Fig.  7 Displacement  Coefficients VS. 

T i m e  for  Example 2 

per turbat ion of Example 2. the nonlinear equations 
f o r  the six f a s t e s t  growing modes weFe integrated 
with v I C  = The r e s u l t s  are qualatatively 
s imi l a r  t o  the previous example with the long t e r m  
motion being dominated by the same  th ree  modes.  
T h i s  conf i rms  the expectation that the cha rac t e r  
of the finite t i m e  r e sponse  i s  determined m o r e  by 
the initial growth r a t e s  than by the number of 
modes  susceptible to excitation. 

0 

Axial and Circumferent ia l  Normal  S t r e s s  

T h e  l a r g e  displacements  which develop in the 
f ini te  t ime  r e sponse  of the shell  a’re accompanied 
by comparably magnified s t r e s s e s .  
applications the s t r e s s  level  would be of p r ime  
importance.  

In many 

For a s t a t e  of plane s t r e s s  the normal  s t r e s s  
in the circumferent ia l  direct ion in 

Fig.  8 S t r e s s  Ratios vs .  T ime  f o r  Example 2 

The axial  s t r e s s  is  

J 
The s t r e s s  components a t  a typical point, x=O, 

€I = 0, z = hI2. a r e  computed f o r  Example 2. F o r  
the unperturbed or basic motion of the shell ,  the 
maximum circumferent ia l  s t r e s s  in -.2 

The amplitude of the axial  s t r e s s  f o r  the 
fundamental motion i s  

* v E v 0  

x ( I - &  c 
u =  

Equations (14)  are writ ten a s  finite Sums for 
the  fundamental and excited modes.  The rat ios  of 
t hese  s t r e s s e s  to the maximum values of the basic 
motion a r e  shown in Figure E. In this example the 
circumferent ia l  and longitudinal s t r e s s  ra t ios  rea&- 
ex t r eme  values  of 5 and 10 respectively.  
s t r e88  does not necessar i ly  occur with the f i r s t  
significant energy exchange, but r a the r  a t  a l a t e r  
t ime  when the modes dominating the finite t ime 
response tend to be in phase. 

Maximum 

Conclusions 

The stability of the motion result ing f r o m  the 
application of a uniform radial  impulse t o  a finite- 
length cylindrical  shell  has  been analyzed. 
been shown that an unstable response is  cha rac t e r -  

change energy with the basic motion in a cyclic 

It has  

ized’by the exitation of flexural modes which e x -  v 



manner .  The possibil i ty f o r  such a respon'se is where  
increased both by lenztheninp the shel l  and d e -  - . ' creas ing  i ts  thickness.  A cr i te r ion  has  been V 2 
extablished fo r  the identification of the excited u = E  S 2 "  j" [ ( a u : t -  e w  ty m 2  a - modes.  

0 0 

2 

) t 2 -  t a u w  t- t - e ww The growth r a t e s  of the per turbed  m d e a  can  
e 2 vewe 

f lexural  modes  with the higher growth r a t e s .  The 2 
long t e r m  response  i s  sensi t ive to changes in the x e  2 2 
initial per turbat ions received by these high crowth X B  a X 

wv be determined f r o m  a shor t  t e r m  analysis .  Gen- 
e r a l l y  the long t e r m  behavior i s  dominated by the a x x  a a 

u w  
t w(2u v t 2uxw t - t yewx t ww ) 

. _  

2 a v  2 
r a t e  modes,  but is  insensit ive to changes in the 
initial values  of the slow growth modes. 

X 
t 2 t u v  e x  t (1-Y) 2a I ue Final ly  i t  has  been shown that if f lexural  

motkon i s  excited,  it g ives  r i s e  to s t r e s s e s  that 
a r e  far  in excess  of those assoc ia ted  with the basic  u w w  

e x e  t v w w  ) ] dxde  (-4-2) motion of the shell .  + a  X X ~  
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Appendix 
0 0  

(-4-5) 

The ma te r i a l  of the shel l  i s  assumed t o  be When the displacement  representat ion ( I )  i s  
introduced into (A-I )  and (A-5). the coefficients 

corresponding Lagrange  equation f o r  the bas ic  

isotropic  and l inear ly  e las t ic  with modulus of 
el,.sticity E and Po i s son ' s  ratio Y. The s t r a i n  can  be considered as general ized coordinates .  The  
energy  in a f o r m  appropriate  f o r  the nonlinear 
p r ~ b l e m  considered h e r e  has  been der ived  in response  W is 
[ 4 j .  I t i s  

00 

u = u  t u b  (A-1) m 4 



in which the dot denotes  differentiation with respec t  
to the d imens ionless  time T defined by equation (3). 

The Lagrange equation for W is m n  

.. 
W 4 4  2 2 2 2 2  
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3 3  3 

w w  
2 

31 
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3 1  312 3 t 2  

2 a 
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i+ 1 a 31 2 3 f  3 1 2  
2 2 t 

(A - 7) 

3 1 2  
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31 

2 2  

2 t 
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2 n a  
j 2  t jn t n  t - 

312 

2 2 .  2 a a  

31 

2 2  

2 ,  a 

j 2 - j n t n  t -  

( i m t i  t m  ) j 2 - j n t n  t -  
32 “ I  

i-1 j - n t l  a 

2 n a  

.I} 2 2  
n 2 t 7 n a  

2 t 
a 

( - i m t i  t m  ) 
3 1  

2 a 

2 2  2. 

31 6a 

m - 1  n-1 

(miti‘) - a2 (n-jl (2j-n)  (nj+j 1 t - 2 n a  
2 a 

a 



I} = O  

t mj (n-j) (m-2i )  ] 

The equations for the other coefficients are  
structurally similar to (A-7) and for brevity will 
not be reproduced here.  
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