Ye et al. Advances in Difference Equations (2019) 2019:369 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-019-2311-1 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Dynamic study of a predator-prey model
with Allee effect and Holling type-I functional
response

Yong Ye', Hua Liu'" @, Yumei Wei?, Kai Zhang', Ming Ma' and Jianhua Ye'

“Correspondence:
7783360@qq.com Abstract

'School of Mathematics and . . ) .
Computer Science, Northwest In this paper, a prey-predator model with Allee effect and Holling type-I functional

Minzu University, Lanzhou, People’s response is established, and its dynamical behaviors are studied in detail. The
Republic of China o existence, boundedness and stability of the model are qualitatively discussed. Hopf
Full list of author information is . . . . . .
available at the end of the article bifurcation analysis is also taken into account. We further illustrate our theoretical
analysis by means of numerical simulation. Using computer simulation, we found the
position of each equilibrium point in the phase diagram that we drew. We found the
threshold for undergoing a Hopf bifurcation in the bifurcation diagram. One of the
interesting questions is which model with strong Allee effect is a bistable system.

Keywords: Allee effect; Prey-predator; Bistable; Stability; Hopf bifurcation

1 Introduction
Today, in order to comprehend the long-term behavior of a population, many researchers
conduct extensive research on the dynamics of interacting prey-predator models. Vari-
ous nonlinear ODE models are studied, and the interaction between predator and prey
is analyzed [1-24]. The classic predator-prey model is the Lotka—Volterra model, which
was independently proposed by Lotka in the United States in 1925 and Volterra in Italy in
1926. However, there are some specific classes among them, called the Gause type models
[1, 2]. The research of predator-prey model and infectious disease model has always been
a hot topic in biomathematics [1-9, 11-31]. In 1931, Allee discovered that the living state
of the cluster is conducive to the growth of the population, but the density is too high and
will inhibit the growth of the population and even become extinct due to resource com-
petition. For each population, there must be an independent optimal density for growth
and reproduction, the mechanism is called the Allee effect. There are also lots of people
doing research on the predator-prey model with Allee effect in prey growth [3, 8, 9, 12,
14, 22, 24].

We consider the predator-prey model with Allee effect and Holling type-I functional
response in predator growth [3] as follows:
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where g(N) = r(1 - %)(N — L) and p(N) = aN, and the initial condition is N(0), P(0) > 0.
N is the prey population and P is the predator population, g(P) is the average loss rate of
predators, c is the conversion efficiency from prey to predator, K is the carrying capacity,
g(N) is the per capita prey growth rate, r is the intrinsic growth rate of prey, L is the Allee
effect threshold, p(N) is the prey dependent functional response, and a is the prey capture
rate by their predators. So we get

dN N

— =Nr<1— —>(N—L)—aNP,
daT K

(2)
ar (aN)P — mP

dT—ca —mP,

where a and m are all positive parameters. m is the intrinsic death rate of the predators.

2 Strong Allee effect
In order to reduce the number of parameters in the latter calculation, we can make model
(2) dimensionless as follows:

D =2 B) - am,

dt
3)

dy 5

o yxy -8y,

PriRR A A
where x = %,y:P,t:KrT,a: 1‘<’—r, B = %, y = % and § = %.Itiseasyto see0<x<1.
The threshold of the Allee type is 8 and satisfies the conditions 0 < 8 < 1 for a strong Allee
effect [3].

3 Equilibria and existence
In order to find the equilibrium point of model (3), we consider the prey and predator

nullcline of this model (3), to get

x(1-x)(x—B) —axy =0,

yxy —8y =0,

we easily see that model (3) exhibits four equilibrium points Eq = (0,0), E;; = (8,0), Exp =

1-9y 4 _
(1,0), Egx = (x4, %) Here x, = %, Vi = # For a positive equilibrium point, we have
B<<l.
¥

4 Boundedness of the model
Theorem 1 All the solutions of model which start in R? are uniformly bounded.

o
y=8+n
the above equation along the solution of model (3) is

Proof A function is defined by us thatis x =x + 9. Therefore, the time derivative of

d)(_dx+ a dy
dt dt y-8+ndt

= x>+ (14 B)x* — Bx — axy + L(yxy— 3y).
y=8+n
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Now for each >0 and 0 < x < 1, we have

d
L g = =+ (14 ) — B —axy + ————(yay — 89) + nx + —
at y-38+n y—-86+n
8 na
:_3 1 2 _ _ ay _ o
2+ (1+ B)x” = Bx + nx axy+y_8+nxy V—3+ny+y—8+ny
1)
S—x3+(1+ﬁ)x2—,8x+nx—ocy+ oy y o na« y

y—-38+1 ] y—-38+1
<-x+(1+B)a*—Bx+nx
<1 +pB)x>-Px+nx

<1l+n.

Hence we can find w > 0 such that

dy
— + Y =
0 T X

In summary, we have ‘fi—)t‘ < -nx + w, which implies that

x() <ex(0) + %(1 — ™) < max <x (0), %)

Moreover, we have limsup y (t) < % <M as t — 00, which is not related to the initial con-
ditions. O
5 Local stability analysis

In this section, we will analyze the local stability of model (3).

Theorem 2
(1) Eso is locally asymptotically stable.
(2) Ify< %, then Eg is the saddle point, otherwise it is the unstable node.
(3) When y <8, Es is locally asymptotically stable and is a saddle point otherwise.
(4) The positive equilibrium Eg is locally stable when B < 237_1’ and is unstable node
otherwise.

Proof It can be concluded by calculating the Jacobian matrix of model (3) at Eq

[~ o
]s()—|:o —(Si|

Also we can find that Ey is locally asymptotically stable.
By evaluating the Jacobian matrix of model (3) at E;;, we find

| B-8> -ap
]sl = .
0 yB -4
We find that the first eigenvalue A, = 8 — B2 is positive, then Ej; is unstable as a saddle
point if (8 — 82)(yB - 8) > 0, that is, if y > %, and is a stable saddle point otherwise.
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We calculate the Jacobian matrix of model (3) at E,,; we have

-1 -«
J2 = |:/3 i| .
0 y -4
We find that the first eigenvalue 1, = 8 — 1 is negative because of 8 < 1, then E, is stable

if y <8, and E, is a saddle point when y > 4.
We calculate the Jacobian matrix of model (3) at E+ is given by

S = (2+2B)xs —3x2 - B—ay, —ax,
’ VY« 0 |

We can easily know that the characteristic polynomial is
H(\)=2*~Tr+D.

Here T = (2 +2B)x, —3x> - B —ay,and D = (1 - %)(3 - B)8.
Thus, we have the following conclusions.
() fT<0and B < 287_”, then the positive equilibrium is locally asymptotically stable.

(b) f T>0and 8 > 287_7/, then the positive equilibrium is unstable. O

6 Bifurcation analysis
6.1 Hopf bifurcation

From Theorem 2, model (3) undergoes a bifurcation if § = 2V The purpose of this sec-

v
tion is to prove that model (3) will produce a Hopf bifurcation if 8 = 257—;/

First we choose B as the bifurcation parameter, and then analyze the conditions under
which a Hopf bifurcation occurs at Eg = (x,, 7). Denote

26—y
Bo=—",
14

when 8 = By, we have T = (2 + 28)x, — 3x§ — B —ay, = 0. Thus, the Jacobian matrix /i has

a pair of imaginary eigenvalues A = +i /(1 — %)(% — Bo)8. Let A = A(B) = B(B)i be the roots
of A2—TAx +D =0, then

A?-B*- AT +D=0,

2AB-TB=0

and
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By the Poincare—Andronov Hopf bifurcation theorem, we know that model (3) under-
goes a Hopf bifurcation at Eg+ = (x,,y.) when B = fy. However, the directionality of the
Hopf bifurcation also require us to further analyze the normal form of the model.

Setx =X +x, and y = Y + y,, to (x,y,) as origin of co-ordinates (X,Y). We have the
following model:

dx
—_— = ﬂuX + 6112Y +F1(X, Y),
dt
ay
—_— = ﬂng + ﬂzzY + Fz(X, Y),
dt
where
an = (2 +2B)x. — 352 — B — ay., ap = —0xy, az = ¥y axn =0,
and
F(X,Y)=A1 X% + Ao XY + A3Y? + BiX® + ByX2Y + B3 XY? + B, Y? + Pi(X,Y),
Fy(X,Y) = C1X% + CoXY + C3Y? + D1X3 + Do X2Y + DsXY? + D, Y2 + Po(X, Y),
A1:1+,3—3x*, AZZ—%; A3:0)
1
Blz_ii B2=0) BB=0¢ B4=O;
1
C]ZO, CQ—E)/, C3=0,

where P;(X,Y), P,(X,Y) are smooth functions of X and Y at least of order four.
Now, using the transformation u = X, v = —%(aHX +a12Y), we obtain

d

d—I: =-Bv+ Gi(u,v),
Y B+ Golu,)

— =Bu u,v),

dt 2

where
1
Gi(u,v) =F (u -—(anu+ BV)),
a2

1 1 1
Gz(u,V)=—§ anFy u,—a—(anu+BV) +apk) u,—a—(anu+BV) ,
12

12

SO

Gi(u,v) = (1 + B —3x,)u® - [au(—i(czuu +BV)) - 11,t3i|,
ain 2

a2

Gy(u,v) = —% <a11(1 +B = 3x)u’ — [au(—i(auu + BV)) - %u3:|>

1
- iyu(auu + Bv),
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set
193G, 3G, %G, 9°G,
o=— + + +
16| 0u3  Qudv:  ou2dv 03
1 [8%Gy [3%°G, 9*G, 392G, [ 9%°Gy  3%G,
+— + - +
16B| dudv \ ou? av? oudv \ 0u? ov?
392G, %Gy, 932G, 3%G,
ou? ou? w2 9? |
where
2°G, Gy %G, %G,
ous ’ dudz dudy s
392G, 3%2G, 1
= —aB, =—aB- _VB’
ouov ouov 2
%G 9%G
7, 22,
0?2 a2
092G 2
i =2(1+p8-3x,)+ ana - 3u,
ou? an
392G, 2 2ay1a
57 —E[au(l +B-3x)] + oy 3u—yay.
So
3 1 2ana
o=——+——-0o|2(1+B-3x,) + —3u
16 16 ar

1 2[ (1 ,3 3 )] 261110[ 3
+la+ = ——|a + B —3x,)| + -3u-ya
2V B 11 * P Yai

12
2
<2(1 + B —3x,) + me 3u)

a2

" 168

2(1110[

X <—%[a11(1+ﬁ—3x*)] + —3u—)/ﬂ11)~

If o <0, the equilibrium E is destabilized through a Hopf bifurcation that is supercritical

and a Hopf bifurcation that is subcritical otherwise [10].

7 Weak Allee effect
Next, we start to study a model with weak Allee effect and Holling type-I functional re-
sponse in predator growth. For simplicity, we rewrite the dimensionless model in [3] in

the following form:

dx
— = x#(1 - x)(x + B) — oxy,

dy 5
— = yxy—8y.
dt YRy =2y

(4)
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8 Equilibria and existence

In order to find the equilibrium points of model (4), which follow from

x(1-x)(x+B)—axy=0,

yxy —38y =0,

we easily see that model (4) exhibits three equilibrium points, E, = (0,0), Eys = (1,0),
1-3y &
E,» = (x4, 7). Here, x, = %,)7* = (VLM For a positive equilibrium point, we have 3 <1.

9 Stability analysis

In this section, we will analyze the stability of model (4).

9.1 Local stability
Theorem 3
(1) E,o is a saddle point.
(2) E.y is stable for y <8, Eyy is a saddle point for y > 8.
(3) Positive equilibrium E,« is locally asymptotically stable when 8 > 1 — 2X,, E,» is an
unstable node when B <1 — 2x,.

Proof It can be concluded by calculating the Jacobian matrix of model (4) at E,,o that

_|B 0
]w0—|:0 —8j|

Hence E, is always a saddle point.

It can be concluded by calculating the Jacobian matrix of model (4) at E,,, that

-1 -«
]w2 = ﬁ .
0 y -4
We can find that the first eigenvalue A; = - — 1 is negative, hence E, is stable if y <4,

and E,,; is a saddle point when y > §.

We calculate the Jacobian matrix of model (4) at E,,« that is given by

(2-2B)xs — 35ci +B—ay. —ox
]w* = _ .
122 0

The characteristic polynomial is
H(\)=A*-Tx+D,
where T = (2 — 28)X, — 3%2 + B —aj, and D = (1 — 3)(% + pB)s.
Thus, we have the following conclusions.

(@) If T <0and B > 1 - 2Xx,, we can find that E,+ is locally asymptotically stable.
(b) If T >0and B < 1 — 2%,, we can find that E,« is unstable. a
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9.2 Global stability
Here we first prove that E,» = (1,0) is globally stable when (%£)% — £ <,

o o
Consider the Lyapunov function:

1
Vi(x,y) = E(x —1)% +y.
The derivative of V along the solution of model (4) is

V= (x— 1)[x(1 —-x)(x+ B) —ozxy] +yxy— 0y
= —x(1 -x)*(x + B) — (x — Daxy + yxy — 8y
< —(x - Doy + yxy - 8y
= —ax’y + axy + yxy — 8y

= —y(ax2 —oxX—yx+ 8)

ol 0]

If 2% - (“2)x + 2 50, then V <0.S0, A = (£2£)2 - 8 0,

o

Next, we prove that E,,« = (X,7,) is globally stable for model (4). Here, we will prove the
global stability of E,,+ = (., y.) based on the fact that E,« = (x,, ¥,) is locally asymptotically
stable by using Th. 2 in [11]. In order to use this theorem better, we can rewrite model (4)

as follows:

dx

e xg(x) — ayp(x),

% = yyp(x) = 8y.
Here g(x) = (1 — x)(x + B) and p(x) = x. Here g(x) and p(x) satisfy the following three con-
ditions:
1. g € C([0,00), R) N C1((0,00),R), g(0) = (1 - 0)(0 + B) >0, g(1) = 0 and (x — 1)g(x) < O
for x € [0,1) U (1, 00).
2. p e C([0,00),R) N CL((0,00),IR), p(0) =0 and p'(x) = 1 > 0 for all x > 0.
3. The positive equilibrium point E,» = (X, y,) is calculated by yp(x,) — § = 0 and

%:8(%:) —ayp(xs) =0,0 <%, < 1, ¥, > 0 and further %(’;ﬁg‘;) =—(1-x)x+p)<0,

forall x, <x < 1.

Here we explain the conditions. In fact, we can proceed from calculating from the local

1-x)(x+8)

stability of E,«. So we can find the prey nullcline y = ¢ —— =r(x) is continuous curve,

we say x = x; is a local maximum point at the points (0, g) and (1,0) such that 0 < x; < 1.
X

Note that r(x) = %. We can find that the condition for satisfying local asymptotic stability
of E, is that x = x, on the right side of x = %1 and should intersect the prey nullcline, hence
0 < X, <x < 1 holds. Hypothesis x; is the local maximum of y = r(x), we know that E,;« is

locally asymptotically stable, so that %r(x) < 0 for 0 < x, <x < 1. Obviously, the above
xg()

px)

Next, we apply Th. 2 in [11] to prove that E, is globally stable under the assumption of

inequalities are still satisfied that r(x) =

local asymptotic stability.
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Theorem 4 The following condition holds: %(%) <0for0<x <1andE,x islocally

17(55*
asymptotically stable. E,~ is globally asymptotically stable where f (x) = % (xg(x))— %

Proof For model (4), we can see that the definition of f(x) is

S0 = (== )+ 1~ ) e+ ) - L EZP)
=x(1 —x) —x(x + B).
Hence we can calculate

i(f(x) —f(ﬂ_f*)>

dx P(x)—lﬂ(?_c*)
_ (1 —x) —x(x + ﬁ) =X (1= %) + X (X4 + ﬂ) '
B ( X=X )
1-B-dx x—Pax—20" — (X — fE. — 2%2)
A (- &)
~ X — B —4x? — (Xy — PRy — da%y) — % + B+ 2x% + (X, — By — 2%2)
- (x —x.)?

—2x + dax, — 2%>

(o — x,)?
We find —2x2 + 4o, — 2x2 < 0 for any x > 0. O

10 Hopf bifurcation
Theorem 5 By selecting B as the bifurcation parameter, model (4) undergoes a Hopf bi-
furcation that occurs at E,» = (X4, ¥:) if B = 1 — 2%,

Proof 1f T=(2-28)%.— Skﬁ +B—ay, = 0anddet],+ >0, then use the implicit function the-
orem we have learned; when the stability of the equilibrium point E,+ = (¥, ) changes,
Hopf bifurcation occurs, thereby generating a periodic orbit. Using these two conditions,
the critical value of the Hopf bifurcation parameter is found to be 8 = 1 — 2x,.. Obviously
given the condition by [4],
(i) T=02-2B)% —3%2+B -0y, =0,
(ii) det], >0, and
(iii) % lg=po = —% #0 at B = Bo model (4) undergoes a Hopf bifurcation around
Ew* = (7_6*:5/*) O

11 Simulations tests
In this section, we numerically simulate the above theoretical derivation by MATLAB.

11.1 Strong Allee effect

The ODE model (3) has four parameters: o, 8, y, . We choose the parameters
o =0.5, p=0.2, y =0.355, 6=0.2, (5)
@=05  B=02,  y=036  §=04 (6)
@=05  f=02,  y=029, §=02. )
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predator population,y

2 0 02 04 06 08 1 12
prey population,x

Figure 1 E50 =(0,0) is stable, £5; = (0.2,0) is a saddle point and £, = (1,0) is a saddle point

0.16 f------
0,44 eeeen i
(] ) ME——_ \-eneeee-

(|} | M ------- pessesaas l -------

0.08 FeeeeesbeeeNerbeneenansherreeee

predator population,y

0.06 }-------- . ........ Leigeae . ........ . ........ femeenaas . ...... . ....... -
(117 ST

Y

1
04 05 06 0.7 08 09 1 1.1
prey population,x

Figure 2 F;; = (1,0) is stable

According to Fig. 1, we can find Ey = (0,0) that it is asymptotically stable. If y < § then
y =0.36 <8 = 0.4, Ep = (1,0) is asymptotically stable as shown in Fig. 2. If 8 < 257_” then
0.2< W ~ 0.379, E+ = (x4, 7x) = (0.689,0.303) is asymptotically stable as shown in
Fig. 3 we also find the saddle point E;; = (0.2,0) like Fig. 1. Moreover, we find that there
may be two stable equilibrium points; this is what we call a bistable system as shown in
Fig. 4.

According to Fig. 5, we find that bifurcation occurs at approximately r = 0.3, that is, a
Hopf bifurcation. As we have demonstrated in the article, when 8 = 0.3, model (3) under-

goes a Hopf bifurcation.
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Figure 4 Bistable system
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11.2 Weak Allee effect
The ODE model (4) has four parameters: «, 8, y, . We choose the parameters

o =0.5, B
a =0.5, B
a=0.5, B

=02, y=036,
=02, y=036,
=02, y=036,

=04,
6=0.2,

6=0.2.

(@)
)
(10)

According to Fig. 6, we can find E,,o = (0,0) to be a saddle point. If y < § then y =0.36 <
8 =04, E,» = (1,0) is asymptotically stable as shown in Fig. 7. If 8 > 1 — 2x, then 0.2 >
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Figure 5 Bifurcation diagram
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4
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0 0.1 0.2 03 04 05 0.6 0.7 08 09 1
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Figure 6 £, =(0,0) is a saddle point, £, = (1,0) is a saddle point and E,,+ = (X, V) = (0.556,0.671) is stable

1-2%0.556 = —0.112, E» = (X4, %) = (0.556,0.671) is asymptotically stable as shown in
Fig. 8.

According to Fig. 9, we find that bifurcation occurs at approximately r = —0.112, that
is, Hopf bifurcation. As we have demonstrated in the article, when g = —0.112, model (4)

undergoes Hopf bifurcation.

12 Conclusions

In this paper, a prey-predator model with Allee effect in prey growth, a Holling type-I func-
tional response in predator growth is given. The prey-predator model with strong Allee
effect is analyzed, and the four equilibrium points and the conditions for each equilibrium

Page 12 of 15
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predator population,y

%1 02 03 04 05 06 07 08 09 1 11
prey population x

Figure 7 £, =(1,0) is stable
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Figure 8 £, = (X4, yx) = (0.556,0.671) is stable

point are obtained. We analyze the Hopf bifurcation occurring at Es = (xy, yx) by choos-
ing B as the bifurcation parameter, obtain the conditions for generating a Hopf bifurcation
and further calculation of the Hopf bifurcation. If o < 0, the equilibrium E- is destabilized
through a Hopf bifurcation that is supercritical and the Hopf bifurcation is subcritical
otherwise. The prey-predator model with weak Allee effect is also analyzed and we ob-
tain stability conditions for three equilibrium points, the global stability of E,;» = (1,0) and
E,» = (x4 ) is proved. We also analyze the Hopf bifurcation occurring at E,» = (X, Y.) by
choosing B as the bifurcation parameter, the conditions for generating a Hopf bifurcation
are obtained. Finally, using computer simulations we draw the position of each equilib-
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0.2f 4

01} 1

Figure 9 Bifurcation diagram

rium point in the phase diagram, and we draw the bifurcation diagram under the strong
and weak Allee effect. It is worth noting that there are some differences between the spe-
cial case of bistability and the Allee effect as regards strength and weakness. If the posi-
tive equilibrium point of the model is stable, model (3) with strong Allee effect must be a
bistable system. However, in the case of the weak Allee effect, the model is not necessarily
a bistable system because the axial equilibrium point is unstable under certain conditions.
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