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Abstract: Dynamical entropy invariants, based on a general approximation approach
are introduced for C*- and W*-algebra automorphisms. This includes a noncommu-
tative extension of topological entropy.

The Connes—Stormer entropy [4] and its generalization by Connes—Narmhofer—
Thirring [3] (see [9] for a recent alternative approach) extend the entropy invariant
of Kolmogorov to the context of # *-algebra automorphisms. These entropies may
be viewed as “observable”-entropies, i.e. they are based on the physics point of
view of observing the quantum dynamical system via abelian models. Here we ex-
plore another route to entropy based on approximation (we also briefly discussed the
approximation idea in [14]). One may think of approximation entropies as “growth”-
entropies, reflecting the mathematical idea of the growth of the algebra produced
by the automorphism. The invariants we obtain are = the usual ones and we show
equality for non-commutative Bernoulli shifts and in the commutative cases. Note
also that “observable” entropy is essential in getting lower bounds for approximation
entropies, while approximation entropies give useful upper bounds for “observable”
entropy. Let us also mention from the beginning that the natural framework for
Connes—Stormer. Connes—Narnhofer-Thirring and approximation entropies is that
of algebras satisfying hyperfiniteness or nuclearity assumptions.

There are several reasons for studying approximation entropies. One motiva-
tion is the search for a non-commutative analogue to McMillan’s theorem for the
Connes—Stormer entropy. Proving equality of the Connes-Stérmer entropy and of
the approximation entropy for a given automorphism can be viewed as a kind of
weak McMillan-type of theorem.

For approximation entropies, the entropy of a tensor product of two automor-
phisms is bounded by the sum of the entropies of the automorphisms. Powers’
shifts, which are very far from asymptotically abelian have been shown recently by
Narnhofer—Stérmer—Thirring [15] to provide a counterexample to this tensor prod-
uct property for the Connes—Stormer entropy. For these Powers’ shifts the Connes—
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Stérmer entropy and the approximation entropies are different. More generally, the
lack of asymptotic abelianness appears to get in the way of observing the system via
abelian models (a point of view held by H. Narnhofer for some time) and therefore
one should also expect McMillan-type results for the Connes—Stormer entropy only
when asymptotic abelianness is satisfied.

Another reason for the approximation approach is that it provides a suitable
definition of topological entropy in the non-commutative context. The definitions
previously proposed ([5, 13]), based on the covering idea, have the drawback of
not being invariants of the C*-algebra automorphism, i.e. they require additional
structure in order to function. To define topological entropy in the approximation
approach, it suffices to replace the 2-norm defined by the invariant state by the
uniform norm and one obtains a definition with adequate features.

We also think approximation is consistent with the spirit of [10] and [6].

We consider two kinds of approximation by finite-dimensional subalgebras and
via completely positive maps. Multiplying these two possibilities by the two cases,
that of an invariant state and the C*-case (i.e. “measurable” amd “topological”), we
get four approximation entropies. For McMillan-type results the stronger statements
correspond to approximation by subalgebras. Our topological entropy is based on
completely positive approximation in the C*-case.

For automorphisms of non-commutative tori we show that their topological en-
tropy is of the same order as the entropy of the corresponding classical system.

Another example where we compute the topological entropy is the inner au-
tomorphism for the implementing unitary of a topological Bernoulli shift in the
crossed product. This also solves in the affirmative in the case of Bernoulli shifts
with equal weights a question of E. Stormer in [11]. In an Appendix using the
completely positive approximation entropy we solve the problem in [11] for gen-
eral ergodic transformations.

Note that the approximation idea used here can be applied as well for automor-
phisms of other topological algebraic structures. As an example we briefly look at
the Hilbert space case. The result is that the approximation entropy of a unitary op-
erator coincides with the Connes-Stérmer entropy of the Bogoliubov automorphism
it defines.

Also more generally we define the entropy of a unitary representation for a
certain class of amenable discrete groups. In the case of an i.c.c. group for a
representation quasiequivalent with the regular representation we prove the entropy
equals the von Neumann dimension.

The paper has nine sections (except the introduction). The first four sections deal
with the four approximation entropies for operator algebras: first the two correspond-
ing to subalgebra approximation (W*- and C*-case) and then the two cases (W*
and C*) of completely positive approximation. Section 5 deals with the topological
entropy of automorphisms of non-commutative tori. Section 6 is about the topologi-
cal entropy of the inner antomorphism implementing the topological Bernoulli shift
in the crossed product. Section 7 and 8 deal with Hilbert space entropy, first the
case of a unitary operator, then the case of a group representation. Section 9 com-
putes the entropy of the inner automorphism implementing the topological Bernoulli
shift in the crossed product. The last section entitled “Further Remarks” discusses
variants of definitions and some of the open problems. There is also an Appendix
about the solution to Stérmer’s problem in general.
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1. Subalgebra Approximation the W *-Case

Let M be a separable hyperfinite, finite von Neumann algebra with a faithful normal
trace state 7 and let |xz| = (z(x*x))"/? be the associated 2-norm. By 2f(M) we
denote the finite subsets of M. If w € Zf(M) and & C M we shall write © Cs ¥
if for every a € w there is x € & such that {a — x|, < 0. Let further % (M) denote
the unital finite-dimensional C*-subalgebras of M. If 4 € (M) we denote by dim
A its dimension and by rank A4 its rank, i.e. the dimension of a maximal abelian
self-adjoint subalgebra of A.

1.1. Definition. /f w € Zf(M) and § > 0 we define
ri(w; 0) = inf {rank A|4 € F(M),w C5 A}
the S-rank of w.

1.2. Definition. If « is an automorphism of M such that toa=1,0 > 0 and
o € Pf(M) we define

ha. (e, @;8) = lim sup n~'log ri(w Ua(w)U...Ua" Y(w);d),
ha(a, ) = sup ha, (o, w;d),
0>0
ha (%) = sup {ha, (0, w)|lw € Pf(M)}.
ha(«) will be called the approximation entropy of a.
1.3. Proposition. If k € Z then

ha (%) = |k|ha(a) .

Proof. We first show ha(a) = ha(a~"). We have

rr( U ocj(w);5> =r (oc_"“( U ocj(w)>;5>
0jZn—1 0jZn—1
= r‘t( U O“j(w); 5) s
0<j<n—1

ha (o, w; 6) = har(oc“l,co; d),
ha(o, ) = ha (e, w),
ha(«) = ha(a™ ') .

Thus we may assume & > 0. We have

and hence

ha(o«*, w;8) = lim sup n~'log r,( U o) 5)

11— 00 0=ZjEn—1

IA

sup n'log rr< U (o) 5)

n—o0 0ZjSk(n—1)

kha.(a, w; 0) ,

liA
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which implies ha.(¢X) < kha ().
For the reverse inequality, remark that if w € Zf(M) and

w) = U aj(a)),
05/sk—1
then
w( U Aen) s U ).
0gjsn—1 0</<(}]
Hence

kha (o, @;8) < ha(dF, w1;0),
kha (o, ) < har(ak,a)l),
kha.(x) < ha(aF) .
O

1.4. Proposition. Let w, € 2f(M),j € Nyw; Cwy C... be such that Ujen
Unezo™(w;) generates M as a von Neumann algebra. Then

ha (o) = sup ha (%, ;).
jEN

Proof. Tt suffices to show that given w € (M) and 6 > 0 there is é; > 0 and
; such that
ha.(¢, ®;0) < ha(o, wj;61) -

In view of the assumptions there is N € N so that
N
® Csn N co<]l"<{1} U U oo Uw}‘)) ) ,
k| <N

where o} = {a*|a € 0;},T = {z € €| |z| = 1} and co denotes the convex hull. If
C =max {]|a| |a € w;} we easily see that if for some unital B € # (M) we have

U o*(w;) Cs, B,
k| SN

then

N
NCO<T<{1}U U ock(a)jij)> >C52B,

k| <N

where 8, = N*(2C)V~18,. Thus choosing §; = 27'N~2(2C)'~V4, we see that

U o(w)) Cs, B
el =¥

implies @ C;s B. In particular

re ( U o (w); 5)

0k=n—1

liA

ka(wj);51> ,

—NZk<N+n—1

so that
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ha (0, ;) < hay(o,0V(w;); 1) = ha-(o, )5 61) .
0

The notations H(A1,...,A,), H(A|B),H(A4,a),H(a) are those of [4] for the en-
tropy quantities defined by A. Connes and E. Stormer.

1.5. Proposition. If A € F(M) and w € Pf(M) generates A as a C*-algebra,
then
H(4,0) = ha(o, )

and
H(x) £ ha(«) .

Proof. Tt is clearly sufficient to prove the first assertion.
For the given 4 € # (M) and a given & > 0 by [4] there is ¢ > 0 such that if
B e #F(M) and if for every a € 4,||a]| £ 1 there is b € B such that |a — b|» < 4,
then H(4|B) < &. It is easily seen that in view of our assumptions there is 6, > 0
such that
wCs, B=H(4B) <.

This also implies

a"(w) Cs, B= H(a"(4)|B) < &.
Thus, if

reloU- Ua™ Nw); 8y) = r(n),

there is B, € #(M), rank B, = r(n) so that o/(w) C;, B, for 0 < j < n— 1. This
implies
H(4,a(4),...,«" "' (4)) £ H(By) + H(A|B,) + - + H(a" (4)|B,)
< log r(n)+ ne,

so that
H(A9 a) é haT(OC, CO, 51) + 2 b

and hence the desired conclusion. O

1.6 Remark. 1t is obvious that the preceding proposition can be refined by replac-
ing the lim sup in the definition of Aa (o, w; ) by a lim inf. This defines lower
approximation entropy quantities:

lha.(, @; &) = lim inf n~'log r.(wU---Ua™ (w); ) ,

lha. (o, w) = sup lha,(a,w;d),
8>0

lha(x) = sup {lha (o, w)|w € Pf(M)}.

We have
H(4,a) £ lha(a, )
when o generates 4 and
H(x) < lha (o).

We don’t know whether lha, (o, ), lha. (o) are not actually equal to ha.(o,w),
ha (o).
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1.7. Proposition. Assume M = L°(X, %, 1) is separable and o is induced by an
ergodic measure-preserving automorphism T of the probability measure space
(X, %, 1) and 1 is the trace defined by . Then

WT) = ha(a),
where h(T) is the Kolmogorov entropy of T.

Proof. Since i(T) = H(a) we have A(T) < ha.(o) by 1.5. In view of 1.4 to prove
the converse it suffiices to show that if Q = (Qy,...,€,) is a measurable partition
of X and w = {ngl < j £ m}, where xg, is the indicator function of £;, then
ha(a,w) < A(T). In view of McMillan’s theorem, given ¢ > 0 there is N such
that, if n = N, then in

QM =QVvTQV.--vT"IQ

except for the atoms contained in the set Z with u(Z) < ¢, the other atoms have
measure in the internal [exp(—n(A(T) + ¢)),exp(—n(A(T) — £))). We then define 4,
to be the linear span of the y,, where 4 ranges over the atoms of Q") which do
not intersect Z, plus the set Z itself. Thus 4, € #(M) and

dim 4, £ 1 +exp(n(h(T)+¢)).

Since {yz|, < &2

we easily infer
o () C,i2 Ay
for 0 £ j £ n— 1. This gives
re(oU- Ua (w);6/?) £ 1+ exp(n(h(T) +¢)),

and hence
ha.(o, ;%) < W(T) +¢.

Since ¢ > 0 is arbitrary, this gives the desired conclusion. O

1.8. Propesition. Ler M, be the algebra of k x k matrices with its unique trace-
state, M = Mk®Z ,T = r,fg’z and let o be the non-commutative Bernoulli shift on M.
Then

ha(a) =H(a)=1log k.

Proof. Since ha,(x) = H(x) by 1.5 we need only prove ha,(a) < H(a). Let 4 €
F (M) be one of the copies of .# in the tensor-product defining M, and let @ be
a system of matrix units for 4. By 1.4 ha.(a, @) = ha.(«). On the other hand

re(loU-Uod" (w); 8) < K",
so that ha.(o, ) < log k = H(a). 0
1.9. Proposition. Let M = M; Q My, T =1, Q 13,00 = o) ® op. Then

hay @, (01 @ ag) < haq, (o) + hay, (o) -
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Proof. Remark that if a € M,B,€ #F(M),b € B are such that |a — b|, < J, then b
may be chosen so that ||b|| < |la|| (take b = Epa, Ep the conditional expectation).
If w; € #(M;) are such that x € w; = ||x|| < 1, it is easily seen that

"1< U a{(w1)®a§(w2);51+52> §Vrl< U_lfx{(wl);&)

0=y=n-1 0=jzn

+ rfz( U o(w); 62) :

0<jZn-1
It follows that
ha () ® 0z, 01 @ ;01 + 02) < hay (o1, @1;01) + hag, (0, @);62) ,

and to get the desired conclusion it suffices to use 1.4. (]

2. Subalgebra Approximation the C*-Case

This section runs paraliel to the preceding, with hyperfinite W *-algebras replaced by
AF C*-algebras (no state specified). Notations used here do not always have the
same meaning as in Sect. 1, being adapted to the AF-case. Thus, M will denote
an AF C*-algebra with unity. (M) and (M) have the same meaning as in
Sect. 1. fwe Zf(M) and X C M we write w Cs X if for every a € o there is
x € X such that |la — x|| < J. The definition of the J-rank r(w;d) is a repetition
word for word of Definition 1.1, the difference being that M and C; no longer have
the same meaning as in Sect. 1.

2.1. Definition. If « is an automorphism of M,w € 2 f(M) and 6 > 0, we define

hat(a, w; 8) = lim sup n~'log r( U #(o); 6) ,

n—00 0<jsn—1

hat(o, ) = sup hat(o, w;0),
6>0

hat(2) = sup {hat(a,w)|lo € Pf(M)} .

hat(o) will be called the topological approximation entropy of o.

Clearly the difference between Definition 1.2 and Definition 2.1 is that now M
is an AF-algebra and C; is with respect to the uniform norm.

Propositions 1.3 and 1.4 and their proofs immediately adapt to the context of
this section to yield the next two propositions, the proofs of which will be omitted.

2.2 Proposition. If k € Z then hat(o") = |k|hat(«).

2.3. Proposition. Let w; € Zf(M), 01 Cwp C... be such that JenU,ez
o"(w;) generates M as a C*-algebra. Then

hat(o) = sup hat(o, w;) .
JEN



256 D. Voiculescu

2.4. Proposition. Let © be a trace-state of the AF-algebra M such that too = 1.
Let M be the von Neumann algebra completion of M with respect to t,d the
automorphism and T the trace obtained from o and t. Then

hax (@) < hat(a) .

Proof. Let m: M — M be the canonical homomorphism. Clearly if w € 2 f(M),4 €
F(M),w C;s A, then n(w) Cs 1(A4) which also implies the d-inclusion of n(w) into
n(A) with respect to the 2-norm defined by 7. It follows that if w € Zf(M),

HoU- - Ua" No)d) 2 r{n(@)U- - Uno" () )
=r(m(w)U---Uad" " (n(w)); §) .

Hence hat(a, w;0) 2 hax{(n(w); d) and so hat(a, w) = ha:(d, n(w)). Using 1.4 and
2.1 we infer hat(a) = ha(a).

2.5. Proposition. Let T : X — X be a homeomorphism of a totally disconnected
metric space. Let M = C(X) be the AF C*-algebra of continuous functions on X
and let o be the automorphism induced by T. Then we have

htcp(T) = hat(a) ,

where hop(T) is the topological entropy of T.

Proof. The topological entropy of T is the supremum of the entropies of 7 with
respect to all ergodic invariant Borel probability measures ¢ on X (see [8], p. 273).
By 1.7, the entropy of T acting on (X, 1) coincides with Aa, for the automorphism
of L*°(X, u) induced by T. Since by 2.4 Aat(«) majorizes ha, of the automorphism
of L°(X, u), we infer hat(a) = hop(T).

Let Q = (£,,...,Q,) be the partition of X into closed open sets and let w =
{ngll < j < m}, where Xg; 1s the indicator function of €;. In view of 2.3 it will
suffice to prove that

hat(o, @) < hop(T) .

With N( - ) denoting the least number of elements of an open subcover of a given
open cover of X, we have

roU---Uad" Y w)d) S NQV---vT"IQ).

Hence
hat(o,0;0) £ M2, T) = Mop(T)

(for the definition of A(w,T) see [8], p. 264). This implies A(xt, ) < Ap(T). T
2.6. Proposition. Let .#; be the C*-algebra of k x k matrices, let M = ,/%,?2 be

the AF-algebra and let o be the non-commutative topological Bernoulli shift. Then

hat(a) =log k.

Proof. Applying 2.4 and 1.8 to the von Neumann algebra completion of M with
respect to the unique trace state of M we get hat(a) = log k.
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On the other hand let 4 € #(M) be one of the copies of .#, in the tensor
product defining M. Then if @ is a set of matrix units for 4, by 2.3 we have
hat(o, w) = hat(x). On the other hand, since the C*-algebra generated by w U --- U
o" () has rank k", we infer

HoU---Ua™ Nw);d) < k",

and hence
hat(o, 0) < log k.

i

The proof of the next proposition is entirely analogous to the proof of Proposi-
tion 1.9 and will be omitted.

2.7. Proposition. Let M{,M,; be AF-algebras, M = M, ® My, o0 = oy ® ao. Then

hat(oy @ o) < hat(oy) + hat(o) .

3. Completely Positive Approximation the W*-Case

In this section we will work with a weaker type of approximation based on com-
pletely positive maps instead of subalgebras. We shall examine only the W*-case
here and leave the C*-case for the next section.

Throughout this section (M, ¢) is a hyperfinite von Neumann algebra M with a
normal faithful state 0. We assume o : M — M is a automorphism so that ¢ o o« = 0.
Also we shall use the notation [|a|, = (s(a*a))'?, where a € M.

By CPA(M,s) we denote the set of triples (¢,¥B), where B is a finite-
dimensional C*-algebra, ¢ : M — B and ¥ : B — M are unital completely positive
maps so that coyop =o0. If (¢p.4f,B) € CPA(M,5), then (poa™,u" oyy,B) €
CPA(M, ).

3.1. Definition. If w € Zf(M) and 5 > 0 the completely positive d-rank is defined
by

rep,(w; 8) = inf{rank Bl(¢, i, B) € CPAM; ), |( 0 9)(a@) — all, < & for a € w} .
Remark that rep (o (w); 0) = rep (w; 0).

3.2. Definition. We define for v € Zf(M) and 6 > 0,

hepag (o, w; 8) = lim sup n™ 'log rep (@Ua(w)U---Ua" Hw); ),

n—0o0
hepas(e, @) = sup hepag(a, w;0) ,
0>0
and
hepas,(0) = sup  hepag(o, ) .
wEPf(M)

hepaqs(o) will be called the completely positive approximation entropy.
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3.3. Proposition.
hcpaa(“k) = |k|hcpag(a) .

The proof is along the same lines as the proof of 1.3.

3.4. Proposition, Let w; € P f(M),w; C wy C ... be such that the linear span of
Ujen ak(@,) is ultrastrongly dense in M. Then
ez

sup hepas(o, ;) = hepas(a) .
JEN

Proof. Let w € 2 f(M),w = {ay,...,a,}. In view of the assumptions there is wy
and p € N so that if U__pékgpak(Cl)N) = {x1,-..,X,}, then

<9

4= 3 Ak

1<kgn o

for some scalars 4. With C = max;|4;| it is easily seen that
rep(wU - Ua¥(w);20) £ rcpg< U o (on); C_15>
—pSsZd+p
= rep,(on U---Ua'™P(wy); C716) .
This in turn implies

hepag(at, ;28) < hepas (o, wy; C'6)
é Sup hCPaa(a,({)N) s
N

and hence
hepag(a) < sup hepags(o,wy) .
N

The opposite inequality is obvious. O

3.5. Proposition. Let N C M,1 &€ N be a von Neumann subalgebra. Assume o(N)
= N and the existence of a projection of norm one E : M — N such that (6|N)o
E =0. Then

hepay(a|N) < hepag(a) .

Proof. The proposition follows immediately from the fact that rcps(w;d) for a
subset w C Z f(N) is the same w.r.t. (M,0) or (N,q|N). This in turn follows from
the fact that if (¢,y,B) € CPA(M,0), then (¢|N,E o,B) € CPA(N,c|N) and if

a € N, then
(o @)a) —alls = |EWY o @) a) —a)lls
=|[(E oY) @|N)(a) —alls .

Here we used for x € M

o(x*x) = o(E(x*x)) = o(E(x")E(x)).
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The next proposition related hcpa,(a) with the Connes-Narnhofer-Thirring en-
tropy As(a) [3]. In the proof we will frequently use results and notations from

[3].

3.6. Proposition. Ify: A — M is a completely positive map, A a finite-dimensional
C*-algebra and w C Pf(M), so that y(A) is contained in the linear span of o.
Then

hoa(y) £ hepas(a, w)
and hs(a) < hepag(o).

Proof. Let C > 0 be such that

Cy({a e 4] a] < 1)) C {zzmx

xew

S| < 1}.

xXew

Let (@, 1, B) € CPA(M,0) be such that
(o @)a)—all, <0
for a € @ Ua(w)U - Ua""!(w). Then
(o @)od op)a) — (¢ oy)a)lls < CO

ifacd,|al £1and 0 <5 = n—1. Given ¢ > 0 by theorem VL3 in [3] there
is a corresponding & > 0 such that this implies (for all n):

Ho(y,....0" o) = He(hopoy,...popoa’ oy)| <ne.
Using Proposition I11.6 and the observation following Definition 1I1.4 in [3] we have
Hy((Wo 9 oo oposjen 1) < Hy)) < S(o 0 ) < log rank B.
Since we may choose
rank B = rep (0 U ---U " Hw); ),

we infer
hoa(y) < hepag(a,@;0) + ¢
< hepag(a, ) + €.
Since ¢ > 0 is arbitrary we get hs,(y) < hcpas(a,w). The inequality A,(x) <
hepas (o) is an obvious consequence. ]

3.7. Proposition. Assume o = 1 is a faithful normal trace-state. Then

hepa(a) £ ha.(o) -

Proof. The proposition follows easily from the following remark. If B € #(M) is
unital, let iz : B — M be the inclusion and Ep : M — B the conditional expectation
given by the projection in L*(M, t). Then

(Ep,ip,B) € CPA(M, 7).
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Combining 1.7, 3.6 and 3.7 we obtain the following corollary.

3.8. Corollary. If M is commutative and separable and o is ergodic then

h(a) = hepa. (o) .

3.9. Proposition. Let g, be a faithful state on M. Let ¢ = a,‘?l on M = /%,‘?Z
and let o be the non-commutative Bernoulli shift. Then

ho(a) = hepag(a) .

Proof. Let D; C 4 be a m.a.s.a. such that oy = Tr( - X) for some X € D, and
let D= D}?Z C M. By the results of [3] we have

h()’(a) = h()‘lD(a|D) .

Let further M = . #P% c M and D™ =M™ N D. By McMillan’s theorem
there are self-adjoint projections P, € D such that ¢(P,) — 1 as n — co and
n~log rank (P,D")) — hs(a) — 0. Let B, = (I — P,) +P,M"™P,. Choose finite
subsets w, C M™ which span M such that j < k = w; C wy. By 3.4 hepa,(a) =

sup, hepag (o, ,). Let E, be the conditional expectation onto M given by (id%}f‘"]

@2V and let
@n(@) = PuEy(a)Py + o((I — Py)a(l — Py)) - (oI — P,)) "I —P,).
It is easily seen that ¢ o ¢, = ¢ and
im (sup {0015~ alilac U ow,)}) =0
n—00 0<j<n

(note that P,y ,@,p(a) = Py paP,y p, for a as in the last formula). This implies

hepag(o,wp) < lim sup n‘llog rank B, = hs(a),

H— 00

which gives
hepas(a) < he(at) -

The opposite inequality was already obtained in general in 3.6. ]
3.10. Proposition. Let M = My ® My,6 = 61 Q 62,00 = &y @ op. Then

hepas, ge, (01 @ %2) < hepag (o) + hepag (o)
hepas, go, (01 ® 02) = max(hepagi (o), hepag (o)) .

Proof. If a, € M;,(@;,{; B;) € CPA(M;,0;), then

(1 @ ¥a) o (@1 ® @2))a1 @ 42) — a1 @ axlle S| (Y 0 @1 )(@1) — arlls, ||az]]
+ llarlll(¥2 0 @2 Xa2) — aalls -

Thus if w; € 2 f(M;) are such that x € w; = {jx|| < 1, we have
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rcpal®02< U (o ®aY(o ® wy);dy +52) srep,, (o

0%/ Sn—1

U loH;(wl);al)
jSn—

<

+rep,, (0 U ]océ(wz);52> :
JEn—

IA

This in turn gives
hepag, go, (01 © o2, 01 @ w2301 + 02) £ hepag, (01,13 61) + hepag, (g, w23 62) ,

and using 3.4 we get the desired conclusion.
The second inequality follows immediately from Proposition 3.5.

3.11. Let o be a Power’s shift, i.e. assume M is generated by e, (j € Z),e; =
er,e? = l,e,e, = (—1)r=dDe e, for some function y: N — {0,1} and ¢ =1 is
2 p%q q€p

a faithful trace-state so that t(e;) = 0 and a(e;) = e;41.

Proposition. If o is a Power’s shift on (M,1), then

27og 2 < hep (o) £ ha,(a) < log 2.

Proof. Since the algebra generated by ¢g,e,...,e,_; has dimension 2" we easily
get ha () < log 2.

On the other hand let N C M be the subalgebra generated by e; ® e;.

Then (o ® a)|N is a classical Bernoulli shift and 2((¢ ® o)|N) = log 2. Thus
hep (o) = 27 hep (e @ ) = 27 hep ((00 ® a)|N) = 27 Mog 2. J

In {15] the existence of Power’s shifts for which A(a) = 0 is proved and there-
fore A(a)Fhep (o).

4. Topological Entropy (Completely Positive Approximation the C*-Case)

This section is the C*-parallel to Sect. 3. The dynamical invariant we obtain will
be the topological entropy.

Here M will be a nuclear C*-algebra with unity and o an automorphism. By
CPA(M) we denote triples (¢, Y, B), where B is a finite-dimensional C*-algebra
and ¢ : M — B,yr: B — M are unital completely positive maps. The completely
positive d-rank is then defined by

rep(w; 0) =inf{rank Bi(¢,,B) € CPA(M), ||( o 9 )a) — aj)
< ¢ for a € w}.

4.1. Definition.
ht(o, w; 8) = limsup n~ 'log rcp(w Ua(@)U---Ud" Yw); ),
1— 00

ht(a, ) = sup ht(o, w; ),
§>0

ht(x) = sup  At(x, ).
WEP f(M)

het(a) is called the topological entropy of o.
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The following two propositions and their proofs are the obvious analogues of
Propositions 3.3 and 3.4, the proofs are left to the reader.

4.2. Proposition.
ht(oh) = |k|ht(a) .

4.3. Proposition. Let w; € Zf(M), w1 C wy C ... be such that the linear span of
Ujen &f(w;) is dense on M. Then
keZ

sup At(o, w;) = ht(o) .
JEN

We also have the analogue of Proposition 3.5.

4.4 Proposition. Let 1 € N C M be a C*-subalgebra and assume there is a pro-
Jjection of norm one E of M onto N. Then

ht(oN) £ ht(a) .

The proof is along the same lines as that of 3.5 and will be omitted. As a
biproduct one has that for w € 2 f(N),rcp(w; d) is the same w.r.t. N or M.

4.5. Proposition. Assume M is an AF-algebra. Then
ht(o) £ hat(a) .

Proof. Let w € Pf(M) and let B, € # (M) be such that
wU--Ud" Y(w) Cs5 B,

and lim sup,_,n " 'log rank B, < hat o.
Since B, is a finite-dimensional C*-subalgebra, there is a projection of norm
one E, : M — B,. Denoting by i, : B, — M the inclusion, we have

“(in o E,)a)— a” <24,

ifac€c wU---Ua" Yw) and hence ht(a, w;20) < hat a.
Since ¢ > 0 is arbitrary we get

ht(o, ) < hat(o) ,

and hence At(a) < hat(a). O

4.6. Proposition. Let ¢ be an o-invariant state on M. Then
ho(ar) £ hi(a) .
Proof. The proof is similar to that of Proposition 3.6. Let y : 4 — M be a unital

completely positive map and let w € /(M) be such that y({a € 4} |la]] £ 1}) is
contained in the convex hull of w. Let (¢,y,B) € CPA(M) be such that

(¥ o @Xa)—all <6
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forac wUa(w)U---Ua" Y(w). Thenifac 4,]ja) £ 1and 0 £ j <n—1,

(W o@)od op)(a)— (& oy)a)ll < d.

By Proposition IV.3 in [3], given ¢ > 0, there is a corresponding 6 > 0, such that
the previous inequality implies (for all n)

[Ho((2 0 y)o<jsnt — Ho((y 0 p oo/ 0y)o<j<n1)| < ne.

Using Proposition II1.6 a) and c¢) and the observation after Definition IIL.4 in [3],
we have

Ho((opoa oyogjcn < Ho(Y)
< S(o oY) < log rank B.

Like in the proof of Proposition 3.6 this then leads to
hoaly) < hi(o, @)
and hy(a) < ht(a). O

4.7. Proposition. Let M = //,?Z and let o be the non-commutative topological
Bernoulli shift. Then

ht(a) =log k.

Proof. By 4.5 and 2.6
ht(o) £ hat(a) =log k.

On the other hand let t be the unique trace-state on M, then by 4.6,
ht(a) = h (o) = log k.
|

4.8. Proposition. Let T : X — X be a homeomorphism of a compact metric space.
Let M = C(X) be the C*-algebra of continuous functions on X and let o be the
automorphism induced by T. Then

eopl(T) = hi(:)

Proof. By 4.6 ht(a) is = the supremum of A;(a), where o runs over the a-invariant

states of C(X) and thus 4¢(a) = hip(T). For the converse we shall use the notations
and definitions on 264 and 265 of [8]. Let w € Zf(C(X)) and # = {Uy,..., Uy}
be an open cover of X such thatx,y € U; = | f(x) - f(y)] < dforall f e w,1 <

Jj = n Let ¥ be a subcover of %8_1 = V0§j§n—l T/% with minimal number
N(%g_l) of elements. Then if f € Uogjgn—l @(w) and ¥V € ¥~ we have x,y €
V= |fx)— fO) <6 Let v ={V|l £j <N ")} and let x; € V}, X, =
{1 <j SN H} and g€ CLXN, 1S j SN0 < 3y £ Lsupp yy ©
Vi ;X =1 a partition of unity subordinate to ¥". We define

B, =CX,),¢,: M — B,
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by
CX) 2 f— flX, € C(X,)

and ¥, : B, —» M by

CX,)3g9— > gy € CX).

1SN h
If f€Upg,<n i ¥ (@), then
Lf ) = (o @) N = %:xj(x)lf(x) - f(x)
= 2 L) - fxpl <6

{./IXGV/}
Thus
rcp< U o) 5) < rank B, = N} "),
0</<n—1
and hence
ht(o,;8) £ MU, T) < hiop(T) .
This in turn implies 2t(o) £ hp(T). O

The proof of the next proposition is similar to the proof of Proposition 3.10 and
will be omitted.

4.9. Proposition. Let M = My @ My, 00 = oy @ atp. Then
ht(oy @ o) < ht(o) + ht(oy)

and
hit(oy ® o) = max(ht(o), ht(en)) .

5. Automorphisms of Non-commutative Tori

This section deals with automorphisms of non-commutative tori, the main result be-
ing that the topological entropy is < the entropy of the corresponding automorphism
of the commutative torus.

Let 4,,p = (pj)1<i,<n be a n-dimensional non-commutative torus, i.e. 4, is a
C*-algebra generated by unitaries uy,...,u, such that u,u; = p;ju,u;, where |p;| =1
and there is an action 8 : T" — Aut(d4,) such that f(e’,...,e" )(u;) = ¢%u;. Let
T € GL(n,Z) be an integral matrix with det 7 = 41 and assume there is an auto-
morphism « of 4 such that a(u,) = u’lnlj ...uy" . Let further t denote the p-invariant
trace-state on A given by r(ulfl by = Ooj, --- 0ok, The representation 7 asso-
ciated by the GNS construction with t is realized in [*(Z"), where we identify
e(k),k = (ki,...,k,) € Z" with the vector n(uf){ = 7r(u]1‘1 ...l (¢ the cyclic vec-
tor). Let # be the canonical antiunitary involution #n(x){ = n(x™){.

Given linearly independent vectors vy,...,v, in R”, consider the parallelipiped

P(R) = {>_A;v;

A

Aj

<R €R}
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and
QRYy=PR)NZ" .

5.1. Lemma. Given ¢ > 0 there is A > 0, such that if
PRYDA={heR"||h| £ 1,1 £j < n},

then there are unital completely positive maps

¢ : 4, — B((Q(AR))) ,
¥ 1 BUP(QUR))) — 4, ,

so that
[ 0 @)y — || < &
if k € Q(R).

Proof. Let F be the orthogonal projection of I>(Z") onto I>(Q(AR)). We define
o(a) = Fr(a)F|2(Q(R)). We identify BUAQ(IR))) with FBUA(Z"))F and we
define
U2 BUHQUR)) — BUHZ"))
by X
YyX)=w-— ;%|Q(}~R)|_l > )f”(uk)fX(fTC(uk)/)* ,

keO(p

where  is a non-trivial ultrafilter on N. Clearly ¢ and V are completely positive.
Let Ey(k,1 € Z") be the system of matrix units in B(/*(Z")) and consider also
Ve = n(uF=")Ey; so that Vi = yuEx, |yu| = 1. If a,b,k € Z", then

IU) F V(I F ) eg = Sb—igVaip—keq -
Hence, if a,b € Q(AR), we have

> S ) IV S ) I Y e = b — g} N 0P )e,
ked(p)

We infer N

V(Vap) = |QUAR)[ ™ (") .
Since the V,; with a,b € Q(AR) span B(I*(Q(JR))), it follows that i = 7 o i, where
¥ : BI*(Q(AR))) — A, is a completely positive map and Y(V,5) = |Q(AR)|~1u~?.
This gives

Y(p(u)) = Y(Fr(u)F)
= 2 Y(Vervp)

bEQURYWQUR)—c)
= [Q(AR)|~'|Q(AR) N (Q(AR) — ¢)lu’ .
¢ 1s clearly unital and the last formula (for ¢ = 0) inplies V¥ is unital. We also get
that if ¢ € Q(R):
0> = DR)| .

o)) —u < 1~ NS
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It is easy to see that if 4 C P(R) and 1 = 3 then
|Q(AR)| = vol(P((Z+ 1)R))
and
10— DRY 2 vol(P((% — 2)R)) .
Then choosing A large enough, we will have

0~ DR) p-2y
'R §1_<7?0 =

0

5.2. Lemma. Let T € GL(n,R) and let Ai,...,A, be its eigenvalues and p; =
max(1, {4;]). Then there is a basis vy,...,v, of R" such that if ¢ > 0 and ¢ C R”
is a finite subset, then there is ng € N, so that if N = ny, then

{ > s+l vlls) £ 1,15 < n} > {T"hh€ 0,0 £m< N}.

1sjzn

Proof. For each real eignevalue 4 of T choose a basis in the spectral subspace for
{1} of 4 and for each pair of conjugate complex eigenvalues A, i of 4 choose a
basis for the spectral subspace of 4 cofresponding to {4, /T} (in R™). Putting these
together we get the basis vy,...,v, with the required property. The factor (1 + ¢) is
necessary because Jordan cells may be present. O

5.3. Proposition. Let o be an automorphism of the non-commutative torus A,
corresponding to a matrix T € GL(n,Z). Then ht(a) = log(uipa ... ), where
p; =max(1,|4;|) and Ay,..., 4, are the eigenvalues of T (each repeated according
to its spectral multiplicity).

Proof. Given § > 0 and ¢ > 0 it will sufice to show that for o = {¥*|k € o}o a
finite subset of Z", we have
reploUa(@)U--- U (w);0) < COL+ )" (uy .. )"

for N = ny (some ny € N). Indeed choose vectors vy,...,v, as provided by 5.2.
Let Py(1) be the parallelipiped

{IZtM1+@W$%WH§L1§j§n}

1=n

IIA

spanned by the vectors (14 ¢)¥uYv;,1 < j < n. Enlarging the set ¢ so that it
contains {k € Z"| |k;] £ 1,1 £ j < n} we have that Py(1) satisfies the condition
Pn(1) D A in Lemma 5.1. Hence there is 4 > 0 and there are unital completely
positive maps

oy Ay, — By

l/W . BN — Ap
with rank By = |Qn(4)] satisfying

(U © oy Y'Y — || < 8
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if k € Oy(1). (Here On(R) = Py(R) N Z" and By = B(I>(Qn(J))).) Since UZ;OI ™
o C On(R), we get

(¥ 0 on )(x) —xf| <&

ifxewU---Ua""Yw). We have
rank By = |Ov(A)| £ vol(Py(A+ 1)) = C(1 + &Y (uy ... )Y
for some constant C > 0. O

5.4. Corollary. Let o be an automorphism of the non-commutative torus A, cor-
responding to a matrix T € GL(n,Z). If v is an o-invariant state on A, and
wj = max(1,|4;]), 4i,..., 4, being the eigenvalues of T, then

hv(a) § IOg(.ul,uZ v ﬂn) .

Proof. This follows from 4.6 and 5.3. ]

5.5. Remark. For the particular case of the irrational rotation algebra (i.e. n = 2)
endowed with the trace state 7, a proof of H(x) = log mypup is given in [7]. If
valid, that proof would imply ha.(z) < log ppz. Unfortunately important details
are missing, which we were unable to fill in (perhaps it may be necessary to assume
the irrational number has special diophantine properties).

6. The Crossed Product of the Bernoulli Shift

With essentially the same argument used for automorphisms of non-commutative tori
we compute here the topological entropy of the inner automorphism implementing
the topological Bernoulli shift in its covariance algebra. In particular, this answers
in the affirmative for measurable Bernoulli shifts of entropy log n a question of
Stormer [11].

Let X = {1,...,n}* and consider the crossed product C(X)>y Z, where f is
the Bernoulli-shift action. We will show Af(Ad u), u the implementing unitary
of (1), coincides with the topological entropy of the Bernoulli shift, i.e. log n.
This is equivalent to computing the topological entropy of a certain inner group
automorphiism.

We begin with a construction similar to the one in Lemma 5.1.

6.1. Lemma. Let G be a discrete group, C;(G) its reduced C*-algebra, Q C G a
finite subset. For g € G let 2(g) be the left reqular representation and let F be the
orthogonal projection of I*(G) onto I’(Q) C I’(G) and Ey(a,b € G) the matrix
units in B(I*(G)). Then there are unital completely positive maps ¢ : CX(G) —
B(I*(Q)) and y : B(I*(Q)) — CX(G) so that o(T)=FTF|I*(Q) and Y(Ea) =
[0~ A(ab™"). Moreover

W(e(i(9))) = 101710 N gQIA(g) -
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Proof. We only sketch the proof since this is the same argument as in Lemma 5.1.
By p(g) let us denote the right regular representation. Let Ky C K; C ...,UJ pK =
G be finite sets (there is no loss of generality if we assume G countable). Then we
define

WTY=10I"'w— lim 3 p(9)T,(9™") € BUXG))
POk,

for T € B(IX(Q)) = FB(I(G))F. We then find Y(E) = |Q|~" A(ab™ ') and y(¢p(A
(9))) = 107110 N gQ|i(g) which show in particular ¥ is unital and takes values
actually in C7(G) C B(I*(G)). O

Let I' = (Z/nZ)®) and G = I >«, Z, where « is the shift action on I'. Let g € G
be the generator of Z C G, i.e. the inner automorphism of g implements the shift au-
tomorphism of I'. There are obvious isomorphisms C(X) ~ CX(I'),C(X ) > Z =
C*(G) under which u corresponds to A(g) and our problem will be to compute
ht(Ad M(g)). We identify I'y,m, = (Z/nZ)™>™] in the obvious way with a sub-
group of I' C G.

6.2. Proposition. We have ht(Ad u) =log n for the unitary u implementing the
topological Benoulli shift in C(X)><g Z.

Proof. 1t suffices to show At(Ad u) < log n the opposite inequality being a con-
sequence of 4.4 and 4.8 applied to the restriction of Ad u to C(X). For the
rest of the proof we pass to the group G, where the problem becomes to show
ht(Ad A(g)) < log n. Let ¥, @, B, be the maps and the finite-dimensiional C*-
algebra provided by Lemma 6.1 in case

0= Q(mk) = {¢| lj| <k} -2t -
Remark that if 0 < k < m, then I', _;_O(m, k) C Q(m, k) and hence

) %41-p
l0I7'lonhQ| 2 k1

ifhe Q(m—k p) with 0 < p < k/2. Tt follows that

P
Ul om(2h) = M)} < 575
if h€ Q(m—k, p). Note also that gQ(m —k, p)g~' C Q(m + 1 —k, p). Thus if
O, = {;”(h)lh € Q(m —k, p)}r we have (Ad i(g))(wm) C Wyt Using Wna q)maBm
we have
rep(wn; p(2k + 171 < |0(m, k)| = 2k + D"+

Hence

ht(Ad A(g), wm; pk +1)7') < lim supN ! log((2k + D"V *2%) = log .

N—oo

Increasing k& and p the conclusion can now be obtained from 4.3. |

6.3. Corollary. Let u, be the equal weights probability measure on {1,...,n} and
let u= pu®%. Let u be the implementing unitary for the Bernoulli shift action in
M = L>®(X,p) > Z. Then

H(Ad u)=log n.
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Proof. Since H(Ad u) = H(Ad u|L>(x, 1)) = log n it suffices to prove the oppo-
site inequality

The inequality H(Ad u) < log n follows from 4.6 which gives HAd u) <
ht(Ad u) (the second Ad u begin in C(X')>ay Z) and Proposition 6.2. O

7. Unitary Opérators, the Hilbert Space Case

We take a look at the approximation entropy of a unitary operator in this section.

By # we shall denote a complex separable Hilbert space of infinite dimension,
by £ f () the finite subsets of 5# and by % () the finite-dimensional subspaces
of #. If we Pf(H) and A C # we shall write w Cs 4 if for every h € w we
can find 4’ € 4 such that ||# — /#’|| < 6. U will denote a unitary operator acting on
H.

7.1. Definition. If w € P f(H) and 6 > 0, we define
d(w;d) = inf{dim y|y € F(H),» Cs ¥} -

7.2. Definition. If 6 > 0 and o € Pf(H), we define

(U, w;d) = lim sup n‘]d( U cho;5> ,

n—00 0<j=n—1

hU, ) = sup h(U,w;d),
00

U) = sup{h(U,w)|w € 2f(H)} .
The reader who is by now familiar with the operator-algebra case, will easily
find the proofs of the next two propositions.
7.3. Proposition. If k € Z then

HU*Y = |k|n(U) .

7.4. Proposition. Let w; € Zf(#),j € N.oy C w, C ... be such that ;e +U,ez
U(wj) spans a dense subspace of #. Then

hU) = suph(U, wy) .
JEN

7.5. Proposition. Let A C # be a closed subspace such that UX = A" Then
hU|A) < MUY

Proof. If @ € 2 f(A4") and P is the orthogonal projection of # onto %, then if
¥ € F(H) and

wC5 X,
it follows that

w Cs Py .



270 D. Voiculescu
Using this remark we easily infer
WU|A,0;0) £ WU, w;9),

which then yields the desired conclusion. &

7.6. Proposition. If # = # D #, and U = U, @ U,, then
hU) £ W(U)+ WUy) .

Proof. If w; € Zf(H#;) and
0 ®w={h ®hlhcw,j=12},
it is easily seen that
d(w1 @ an;6y + 02) = d(wy,61) +d(wz,d,) -
This easily yields then
WU, 0, & w2361 + 62) = h(Uy,1;01) + MUy, @25 02) ,
and then the desired conclusion. ]

With these preparations we begin proving the formula for A(U) via a sequence
of lemmas. We will extensively use facts from [12].

7.7. Lemma. If the spectral measure of U is singular with respect to Lebesgue
measure then
nUY=0.

Proof. Lemma 5.1 of [12] says precisely that given ¢ > 0 and @ € 2 f(H#) there
18 kp € N so that if &k = kg, then

diwU---U U='w;e) < ke .

This clearly gives the desired conclusion. 0

7.8. Lemma. If w = {ey,...,e,} is an orthonormal system of vectors and ¢ > 0,
then
d(w;e) = n(l — &) .

Proof. Assume w C, #), 1 € F(H). Replacing #, by P#, where P is the
orthogonal projection onto Ce; + --- + Ce, we clearly have w C, P#; and dim
P#; = dim ). Thus, we may assume #) C Cey + --- + Ce,. Denoting by Q
the orthogonal projection onto #°; we have

n—Tr Q=Ti(P - Q)
= > ((P~Qee))

1<7En

> P~ Q)esz < ne?.

1=jzn

Il

Hence dim #, = Tr Q = n(1 — &2). O
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7.9. Lemma. If U is a bilateral shift of multiplicity n then
MU)=n.

Proof. Let w be an orthonormal basis for a wandering subspace of U. By 7.8 we
have
WU, w;8) 2 n(1 &),

and on the other hand it is obvious that A(U,w;d) < n. This clearly yields the
desired conclusion. O

7.10. Lemma. Let "y C A"y C ... be closed subspaces of # such that UK ; =
Ay and \J o H'; is dense in A Then

hU[A ) T HU) .

Proof. Let w; € Zf(A ;),w; C w, C ... be such that | J

;en @) spans a dense sub-
space in #. By 7.4 and 7.5

sup MU, w;) =h(U),
jEN

h(U|A';) is increasing and
h(U,0;) £ (UIA ;) = h(U),

which yields the desired conclusion. 0O

7.11. Proposition. Let T = {z € C||z| =1} and m: T — NU {0} be the multi-
plicity function of the Lebesgue absolutely continuous part of U. Then

MU) = fm(z)dl(z) ,
T
where d A is normalized Haar measure.

Proof. We will use the machinery from the case of Bogoliubov automorphisms in
[12].

Remark that if U = U, & Uy is the decomposition of U into absolutely contin-
uous and singular parts, then by 7.5, 7.6 and 7.7 and we have

h(Us) = KU) = W(Ug) + h(Us) = h(Ua) ,

so that A(U) = h(U,). So it will suffice to prove the proposition in case U = U,.
Clearly /#(U) is then a function of m and defines a map u : ¢ — R™, where € is the
additive semigroup of functions f : T — {0} UIN which are Lebesgue measurable.
Let 1 be the constant function equal to 1 on T and 7,, : ¥ — & the map

(LX) = 2 f(@).

xM=p

We shall use Theorem 2.1 in [12] to prove our assertion. For this we check the
following conditions:
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(1) p(nl) = n. This follows from Lemma 7.9.
(i) f £ g= u(f) £ u(g). This follows from Proposition 7.5.
i) f; T f = u(f;) T u(f). This follows from Lemma 7.10.
(v) (T, f)=nu(f). This follows from Proposition 7.3.
(v) u(f) = wu(g) if f and g are equal a.e. w.r.t. Lebesgue measure. This is obvious.

Having checked these conditions, Theorem 2.1 of [12] says precisely that u( f) =
fTI f(2)dA(z). 0

7.12. Remark. The preceding proposition shows that up to a proportionality constant
(depending on the choice of basis of logarithms) A(U) coincides with the entropy
h(ay) of the induced Bogoliubov automorphism oy with respect to the unique
trace state on the CAR-algebra (see [12]).

7.13. Proposition. If 6 > 0 and w € P f(H), then

MU, 0;0) = Him n*ld( U ij;5>.

0</Sn-1

Proof. We have

d( U Ufw;cS)gd(OSjU 1Uf'w;5>+d( U U’w;é)

0=jEn+m—1 n<jsSntm—1

which implies that n7'd (U<, <, U/®;9) is convergent. 0

8. Representations of Amenable Discrete Groups

Here we generalize the context of the preceding section from representations of Z
to representations of certain amenable discrete groups. In the case of representations
quasiequivalent to the regular representation of an i.c.c. group, the entropy equals
the von Neumann dimension (Proposition 8.8).

By G we denote an infinite discrete group with a system of generators S and
llg|l will denote the minimal length of a word in the generators S representing g.
Let K, = {g € G| ||gl| £ n}, we shall assume G satisfies lim,_, oo |Ky||Kpr1] 7! = 1
(clearly this implies G is amenable).

By # we shall denote a separable complex Hilbert space of infinite dimension,
U(s) the unitary operators on S and 7 : G — U(3F) a representation.
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8.1. Definition. If 6 > 0 and w € P f(H) we define
h(m, w;6) = lim sup |K,| ™ d(n(K,)w; ),

n—o0

Ih(r, ;) = lim inf |K,|”'d(n(K,)w; ),
(T, w) = sup A(m,w;d),
6>0
Ih(r, @) = sup lh(n,w;0),
>0
h(n) = sup{h(n, 0)|w € Pf(H)},
Ih(n) = sup{{h(m,w)|w € Pf(H)} .
h(w) will be called the entropy of m and Ih(w) the lower entropy of .

The proofs of the next three propositions are quite standard and will be omitted.

8.2. Proposition. Let w; € Pf(H),j € Nywy Cw, C... be such that U}EN
UgeG n(g)w; spans a dense subspace of #. Then
h(n) = sup h(m, w;),
jeN
Ih(n) = sup [h(m, ;).
jEN

(Note that here our assumption on the growth of G is essential.)
8.3. Proposition. If 1 =7 & my, H# = H 1 D Hy,0; € Pf(H}), then

h(my @ 7o, () @ 0)U (0D w2);0) £ Ay, w1;0) + h(ma, w35 6),
Wy @ 1, (w1 @ OYU(0D wr)) £ h(my, w1)+ h(ma, w3),
W @) £ h(m) + h(ma) .

8.4. Proposition. Let 4" C H, A ;| C H be n(G) invariant closed subspaces and
assume A1 C H '3 C ...\ U;en A = H#. Then

ieN L j
Wl ) < h(m),
lh(n|#) < Ih(n),

h(n) = sup h(n|A;),
JjEN

Ih(ry = sup Ih(r|A;).
JjEN

8.5. Lemma. Let # = #| @ Hs,0; € Pf(H;) be such that E € w; =0 <
< &l £ Co. Let further 0 < 6 < Cy. Then
d((0y ®0)U(0® 0,);0C; 1) = d(ay; C7'V4A8) + d(wy; C71V4) .

Proof. Replacing w; by
@; = {Jl<17" ¢ € oy},
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it is easily seen that the lemma under the more restrictive conditions Cy = C; = 1
implies the lemma in the general case.

Thus we shall assume (€ w; = [|€]|=1and 0 <6 < 1.

Let y € #(# @ # ) be such that

(01 ®0)UVODw2)Cs x -
Let Q be the projection onto ¥, and Py, P, the projections onto #1; #,. Let further
w; = Q(w ©0),0; = Q06 w),
and 4 = QP Q|y. If £ € w; © 0, then

I — )l <o.

Denoting Q¢ =, we have
Inl* 2 1 -6,
and
(An,n) = ||PQE|I?
2 (JlEll = 1P — @)Y’
= (1-9).
Hence denoting by E(4; - ) the spectral measure of A4, we have

2

1 1 1 1
— 5P < i . Z <1-— = . 2
(1-0) = <<I 2E(A, {0,2})n,'1> <1 2“E<A, [O, 2Dn ,
so that
2
“E(A; [0, %Dn <2(1—(1-6)") =46 —26%.
This means )
“r’ —E(A; Gan < 46— 28,
so that

!
/ 1
w; C Y] E(A, (2, 1]))( .
Similarly, since QP,Q|y =1 — A we find

1
’ . x
S

This in turn gives
1
o B0 C\/;,;SE(A; <§,1:|>x,

00w, cmE(A; [05))%,
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and hence
dim E<A; G IDX > d(wy; V46),
dim E(A; {o, %))x > d(wy; V45),
so that

dim y = d(w;; V48) + d(wy; V4d) .
I

8.6. Proposition, Let # = H © H,w; € Pf(H ;) be such that & € w; =0 <
Ci £ ||} £ Gy Let further 0 < 6 < Cy. If m; are unitary representations of G
on ¥, then

Ih(mt) @ mp, (wy BOYU O D an); 5C2“1) > lh(m,w];Cl'l\/ZS)

+ h(my, w2; C5 ' V/45)
Ih(my & 7, (1 & 0) U (08 @) Z h(my, 1) + Ih(my, ) ,
h(my @ my) = h(ny) + h(m) .

Proof. The first inequality follows immediately from 8.5. For the second it suffices
to notice that [h(m,w;d) is a decreasing function of 6. For the last inequality one
uses 8.2 and the fact that /h(n, w) is an increasing function of w. ]

8.7. Proposition. Let © be a unitary representation of G on H# and w € Pf(H),
so that ||| =1 for all £ € w. If & > 0 and 8, = 2"8*"", then denoting n® - -- @
n=n® l,(n copies of m) and by w, the union of the 0 & .. 0D wd0...80,
where o appears in the j™ position (1 £ j £ n). Then

nlh(n, w;0,) < lh(n ® 1, w,; )
< nlh(n,w;9),

nh(m,;6,) £ (T ® 1, w,; 0)
< nh(m,@;9),

nlh(n,0) =1Th(r® 1,,®,),
nh(m,w) = hn ® 1,,w,),
nin)=I(n®1,),
nh(n) =h(n® 1,).

Proof. All this follows easily from nd(w;d,) < d(w,;d) < nd(w,d) which is a
consequence of 8.5. O
8.8. Propesition. Let A; be the left regular representation of G on I*(G). Then

Th(g) = h(ig) = 1.
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If Gis an i.c.c. group and m is quasiequivalent to A, let m be the von Neumann
dimension of n. Then
Ih(n)y=hWn)=m.

Proof. In I*(G) let & be the vector so that &(g) = 04 Then Lemma 7.8 gives
(1= )K,| £ d(n(K,)E;0) £ 1K

which easily gives /h(4,) = h(4,) =1 using 8.2.

If m is an integer the second assertion follows from 8.7. Since a rational number
has an integral multiple applying again 8.7 we infer the second assertion if m is
rational.

The general case follows now since /A(n) and A(n) are increasing functions of
m by 8.4. ]

9. Further Remarks

This section is a collection of remarks about problems concerning approximation:
restrictions to invariant subalgebras, tensor products and last but not least the di-
mension versus rank question.

9.1. Restrictions.

The problem is, whether
ha(a|N) < ha(a),

where N C M is a von Neumann subalgebra of M, so that a(N) = N. There is an
obvious analogue of this question for fat in the A4F-algebra context. Progress on
this question may involve developing further the techniques of Christensen [2].

9.2. Tensor Products.

Propositions 1.9, 2.7, 3.10 and 4.9 naturally lead to the question whether for any
of these entropies the entropy of « ® f actually equals the sum of those of o and

B.

9.3. Dimension versus Rank.

In the definitions of ha and hat one may replace the 6-rank by the J-dimension,
thereby obtaining two invariants had(a) and hadt(e). In more details, we define

d(w; ) = inf{dim A|4 € F(M),w Cs A},

where the J-inclusion is wrt. | |, in the W*-case and wrt || || in the AF-
case. One then defines had(a, w;d), had(a, w), had(a) like in Definition 1.2 and
hadt(a, w; 0), hadt(a, ), hadt(x) like in Definition 2.1 with »(w; ) replaced by
d(w; 9d).
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Similarly one can modify Definition 3.1,
dep,(; 8) = inf{dim Bl(¢, 1, B) € CPAM, ), |( 0 @)(@) — all, < & for a € w},
and the definition in Sect. 4
dep(w; 8 = inf{dim B|(@, Y B) € CPA(M),||({ o @) a) —dl| < é for a € w} .

This can then be followed up with definitions of Acpad (o, w;d), hepad (2, w),
hepad (o) and respectively htd(a, w; 0), htd(a, w), htd(o) by replacing rcp with dep.

Since rank 4 £ dim 4 £ (rank 4)? and rank 4 equals dim 4 if 4 is commuta-
tive, we infer: ha(o) < had(o) < 2ha(e), hat(x) £ hatd(a) < 2hatd(x), hepas(o)
< hepad (o) < 2hepad (o), ht(a) < htd(o) < 2ht(o). If A4 is commutative the
lower bounds for had(e),hadt(a), hepad (o), htd(e) are attained. It is a natural
question whether for Bernoulli shifts 24a(a) = had(a), 2hat(o) = hatd(a),2hcpa,
(o) = hepad (o), 2ht(0) = htd(x). It is also natural to ask whether there are ergodic
automorphisms of the hyperfinite II,-factor for which ha{a) = Ahad(x) or hepa,
(o) = Ahepad (o) with 1 < 2 < 2.

9.4. Miscellaneous.

There are several natural extensions to consider. Most of the facts about entropies of
automorphisms of operator algebras work for endomorphisms. In another direction
the definition of the entropy of a unitary operator easily adapts to a definition of
an entropy for isometric automorphisms of Banach spaces.

Appendix. A Question of Stormer on Implemented Ergodic Transformations

Using the completely positive approximation entropy of Sect. 3 we answer here a
question of Stormer (Problem 4.2 in [11}). The result solving the problem is the
Corollary at the end of this Appendix.

Let (X,u) be a probability measure space and let o be the automorphism of
L*°(X, u) induced by an ergodic measure-preserving transformation 7 of (X, u). On
M = L°(X, 1) >, Z let T be the trace-state corresponding to . Let o7 C L%(X, u)
be a unital finite-dimensional subalgebra (i.e. the functions measurable w.r.t. a finite
measurable partition). We denote by #, the subspace of L2(.#,7),

and by Q, the orthogonal projection of L2(.#, 1) onto #,. Let P; be the orthogonal
projection of #, onto u*.«/(|k| < n) and e;; the partial isometry from u'.o/ to u*.o/
determined by left multiplication by #*~/. We also denote by L, and R, the left
and right multiplication operators by x € .# on L*(.#,1).

Lemma 1.
OnLumOn = > errmiRpi—17)Pr s

k=n
fe+m| Sn
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where f € L™(x,u) and E is the conditional expectation of L>(X, 1) onto /. In
particular

OnL 40y C Y ewRoy ~ B(P([—nn])® o .
=
1] <n

Proof. This is a quite standard computation, which we shall only sketch.
If g € &/, then

Lyn sl g = u™ o™ (f)g,

and hence
PrLumfukg = LurP()Lu—r u’”+kcx_k(f)g
— Ly P a4 (f)g
|0 fm+k+r
WHE@ ™ (f)g ifr=m+k,
so that
5 _J0 ifm+k=+r
PrLulank - {erkRE(a‘k(f)) lf m _1__ k = r.

Since Q, = ZI k|§nPk we easily get the desired result. |

Lemma 2. There is a unital completely positive map
U : BQP([~n,n]) @ o — M,

so that

Ynlew @ £) = @n+ 1)~ (f).

Proof. Since of C L*°(X, ), it will suffice to prove there are completely positive
maps
W, s BUP([=nn]) @ L(X, p) — M,

so that

Yolew ® £) = Qn+ 1) 1kl (f).

Replacing in the construction of Lemma 1, ./ by L*(X, 1) we get a projection Q,}c of
LX) onto Y7, o, u*L*(X, 1) and partial isometries &y from ulL2(X, 1) to u*L?

(X, ) via left multiplication by #*~/. Lemma 1 becomes now

QuLumQp =" 3. EkimiRo—iPr
lkjsn
|k+m)<n

where Py is the projection onto u*L2(X, ) and

0,L.40,C ¥ éuRpooqxyy ~ B(P([—n,n])) @ L¥(X, 1) .
jkj=n
|lj=n

Thus B(I*([—n,n])) ® L>(X, 1) identifies with a subalgebra of B(L*(.#,1)) and we
define y
YuK)=(2n+1)"" S R.KR, .
keZ
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Note that R,réuR,—» = iy p 14+ p» SiNCE

RuréuR,—pu?t'g = Rypéyu' a(g)

k+p

= RpufaP(g) = utTPg = 5k+p,1+pUp+lg

(however, the analogous formula for e;; doesn’t hold!). Hence
Uulew ® )= @n+1)7" 3 Rur(éuRs IR, —»

peEZ

=(2n+1)"! > RuréuLyi oy Ry»
pPEZ

=@n+ D)7 Y & puapLap
peZ

=Qn+ D) Ly—iyipy

Also, clearly l/;n is completely positive and

lh(l)=l/7n< > énn):(2n+1)(2n+1)_1Luo——-1.

—~nZk=<n

Combining Lemma 1 and 2 we immediately get
Lemma 3. Let
Pn M — B(P([—n,n])) ® o
be the unital completely positive map defined by
Ou(x) = 0L 0, € Y enRy =~ B(IH([~m,n))) @ o .

kT <n
it <n

Let further v, : B(I?([—n,n))) ® o/ — M be the unital completely positive map in
Lemma 2. We have

(Y © @ )(x)) = 1(x)
and
0 if |m| > |2n|
(Yn 0 @n)(u"g) = {(2n+ DY wen umdF(E(a*(g))) if |m) < |2n].

|k+m|<n

Proposition. We have
hepa (Ad u) < WT).

Proof. Let Q = (£,...,2,) be a measurable partition of X and yp, the correspond-
ing indicator functions. It will be sufficient in view of Proposition 3.4 to show that

hepar(Ad u,wy) = W(T)
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for wy = {«*z0,| k| £ N,1 £ j £ m}. Like in the proof of Proposition 1.7 we use
McMillan’s theorem to construct for large subalgebras 4; such that

Otj(W()) Cin2 A, for0 < j<s
and dim A4; < 1 + exp(s(A(T) + ¢)). To evaluate
rep(wy U=+ U (Ad u) ™~ (wy); 6)

we use Lemma 3. In the construction of Lemma 3 choose n = CN and & =
0~ "(A4y+3,). Then an element in w, U --- U (Ad u)*~'(wy) is of the form u’”oc’(xgj)
with 0 < ¢ < s and [m| < N. Then the set {k| |k| < n,|k + m| £ n} has = (2C —
2)N elements. With the notations of Lemma 3

o (E(a (e (19,)) — o (o)l < &',

O =t <s k] Enlk+m £n),

since
ki1 -1
) Ca &7 (Asan) -

(Indeed 0 < ¢+ (n— k) < 2n — s and this implies & "=F(wg) C 112 Asi3n.)
We infer

IIA

[Uh © )" (10,)) ~ "0 (10, ) (1 _EC-2 ) QCZ2N 1

2n+1 2n+1
2N +1

< T 112 < 901 2
_2CN+1+8 b +e

Choosing C sufficiently large and ¢ sufficiently small we’ll have
207 46 < 6.
On the other hand
rank((B(I*([~n,n])) ® «)) = 2n + 1)dim o/
< 2n+ D) +exp((s + 3n)}A(T) + £))) -

Clearly

lim sup s~ (log((2n + 1)(1 + exp((s + 3n)AW(T) + e))))) = W(T) + ¢,

§—00

so that
hepa(Ad u,wy; 6) < T+ ¢.

Since 4 > 0 and ¢ > 0 are arbitrary we infer
hepa(Ad u,wy) < W(T) .
The conclusion follows. 2|

In view of Proposition 3.6 and of the inequality #(T) < A(Ad u) we have
Corollary. #(T) = h(Ad u).
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